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We present an exploratory N, = 2 lattice QCD study of y,(3823) — 7y, ata pion mass m, ~ 350 MeV.
The related two-point and three-point functions are calculated using the distillation method. The

electromagnetic multipole form factor V(0) = 2.083(11) for J/y — yn, is consistent with previous lattice
results. The form factors £,(0), M,(0), and E5(0) for I'(y., — 7J/w) have the same hierarchy as that
derived from experiments, and the predicted decay width T'(y., — yJ/w) = 368(5) keV is in excellent
agreement with the Particle Data Group value 374(10) keV and previous lattice QCD results in the quenched
approximation. The same strategy is applied to the study of the process y,(3823) — yy.;, and the partial
decay width is predicted to be 337(27) keV. According to the BESIII constraints on the y,(3823) decay
channels and some phenomenological results, we estimate the total width I"(y,(3823)) = 520(100) keV.

DOI: 10.1103/PhysRevD.109.014513

I. INTRODUCTION

Charmonium states are usually thought of as the bound
states of charm quark and antiquark (c¢) in the conven-
tional quark model. Since the charm quark is relatively
heavy, a nonrelativistic description of the internal structure
of charmonium is acceptable to some extent, especially for
the low-lying states. In the nonrelativistic potential model, a
charmonium state can be assigned to a n>S*!' L, state, where
n, S, and L are the radial quantum number, the total spin of
the cc pair, and the orbital angular momentum, respec-
tively. Consequently, it gives the J°¢ quantum number of
the state. For n = 1, the S-wave charmonium (J/y and 7,.)
and the P-wave charmonium (/. and y ; ») have been well
established, but the D-wave supermultiplet (1'D,, 1°D , 3)
is not complete yet. Experimentally, apart from the vector
charmonium y(3770) that is assigned to be (predominantly)
the 13D, state, other 1D charmonium have escaped from the
experimental search for a long time. In 2013, the Belle
Collaboration reported the first evidence for a 27~ charmo-
niumlike state X (3823) of a mass 3823.1 + 1.8 £ 0.7 MeV
in the y. y invariant mass spectrum of the decay processes
B — y.,yK [1]. In 2015, the BESIII Collaboration also
observed X(3823) in the yy.; system with a statistical
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significance of 6.2¢ in the process ete™ — xtn y. 17 [2].
The mass of X(3823) is measured to be 3823.7 £
1.3+ 0.7 MeV, which is consistent with that measured
by Belle and confirms the existence of X(3823). The
properties of X(3823), such as its mass and decay modes
X127 [3], are consistent with the theoretical expectations for
those of the 1D state 1°D,. Now X(3823) is named by
v»(3823) in Particle Data Group (PDG) [4]. The observa-
tion of y,(3823) in the process e*e™ — 7°7%,(3823) by
BESIII [3,5] provides a further support of its quantum
number JP¢ = 27", Recently, the LHCb Collaboration
observed a new charmonium state X(3842) near the DD
threshold using proton-proton collision data [6]. Its mass
My (3g42) = 3842.72 £0.16 = 0.12 MeV and the very small
width T'y(3g42) =2.794+0.51£0.35 MeV suggest X(3842)

to be a candidate for the 1°D5 charmonium state (named as
3 in PDQG). Thus, the 1D spin triplet is in space, while the
spin singlet 1D state 7, is still missing.

The width of y,(3823) is expected to be very small since
it lies a little higher than the DD threshold but lower than
DD* and D* D* threshold. However, v, (3823) cannot decay
into DD whose permitted quantum numbers are JF¢ =
(even)* " and (odd)~". Thus, its major decay modes should
be radiative and hadronic transitions into other charmonium
states. Phenomenological studies predict the partial widths
T(wy = yye1) ~200-300 keV, T'(yy = yx.) ~ 60 keV
[7,8], and T'(w, — J/wzr) ~160 keV [9]. (However,
BESIII gives the upper limits I'(y,(3823) - zt7~J/w)/
T(y,(3823) = yy.1) < 0.06 and T'(y,(3823) = 2°2°J/
vw)/T(y,(3823) = yy.1) <0.11, which are in striking
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contrast to the theoretical expectation.) This indicates y, —
vy might be the most important decay channel. Experi-
mentally, LHCb gives an upper bound I, < 5.2 MeV [10],
while a recent BESIII measurement decreases this limit to be
I, <29 MeV at the 90% confidence level [11]. So
reliable determination of the partial width y,(3823) —
Yxe1 is very helpful to estimate the total width of y,(3823).

A first-principle calculation of ,(3823) decays is
desired two fold. First, charmonium states are located at
the intermediate energy scale of QCD, where both pertur-
bative and nonperturbative physics are present, and char-
monium states are considered as an ideal test ground for
quantum chromodynamics (QCD). Second, the comparison
of the quark model predictions and the first-principle
calculation can indicate to what extent the quark model
describes the properties of charmonium. The numerical
lattice QCD calculation is known as an ab initio approach to
solve the low energy problems of QCD and has been
extensively applied to the study of radiative transition
between various charmonium [12-28].

In this simulation, we calculate the radiative transition
decay width of w, — y 7 in the framework of N, =2
lattice QCD. We compute related two-point and three-point
correlation functions by the implementation of the distil-
lation method [27,29,30]. This smearing technique helps us
use optimized operators of definite momentum at both
source and sink as well as insert a vector current operator of
definite momentum. Therefore, it has efficiently decreased
the errors of physical quantities extracted from the corre-
lation functions. As a calibration of possible systematic
uncertainties with our lattice setup, we also calculate the
radiative transition decay width of J/w — 5.y and y.,, —
J/wy and compare them with previous lattice results and
experimental values.

This paper is organized as follows. Section II introduces
the strategies for computing the form factors for radiative
decays. In Sec. III, we explain the numerical details such
as the gauge ensembles and the calculation of two-point
and three-point functions using the distillation method.
Section IV presents the lattice results of the transition
processes J /y — 1., ¥eo = J/wy and y, = y. 7, as well
as the related discussions. Section V is the summary of
this work.

II. FORMALISM

For a radiative transition process i(p;) = vf(py).
the partial decay width can be expressed in terms of
the electromagnetic multipole form factors F(Q?) at
Q? = 0, namely,

1 ld|
a
2+ 1 m?

F(0). (1)
k

L(i = fr) =

where @ = 1/137 is the fine structure constant at the charm

quark scale; q is the momentum of the photon in the final
. (m*—m?2)

state with |q| = —,~ and 0> = —¢*> = (pi — py)* The

multipole form factors F;(Q?) are encoded in the matrix

element of the electromagnetic current J;;(0) between the

initial and final hadron states, namely,

<fvpf7 rf|‘];etm(0) i7pivri>
=Y ak(pi. s €%, ) F(QP), (2)
3

where (") refers to the polarization vectors (tensors) of the
initial and the final hadron states; «; are known functions of
Pi>Df elrir) that are determined through the multipole
decomposition [12,14,16].

The matrix element on the left-hand side can be extracted
from the following three-point correlation functions with an
insertion of the local current J§™(x), i.e.,

Gty tiprpi) = Ze_ipf'xeiq'y
Xy

X (QITO (1. x) " (1. y)
x 07(0,0)|Q). (3)

where O(t;,x) and O] (0,0) are interpolating operators
for the final and the initial hadron states, respectively, q =
p; — Py is the momentum of the (virtual) photon, and J3™ is
the electromagnetic vector current whose explicit form is

J;m(x) = Zqu/Tq(x)}’yl/’q(x)

- %Z(x)yﬂc(x)

2e
=5 )
with ¢ referring to u, d, s, ¢, b quark flavors. For
charmonium radiative decays, since u, d, s, b quarks
contribute to G, (12, t; P2, p1) through disconnected quark
diagrams, which are suppressed by OZI rules, we only
consider the electromagnetic current of charm quark with
Q. = 2e/3 in the practical calculation.

After inserting a complete set of states between the
electromagnetic vector current and the interpolating oper-
ators, Eq. (3) has the following asymptotic form in the 7, >
t> 1 limit,

1p>>1 e Erty o= (Ei—Ep)t
Gty t;ps Pi) — ERIE )

x (QlO;|f(ps)) (i(p)O]12)
X (f(pp)l " (0)]i(py))- (5)
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TABLE I. Parameters of the gauge ensemble.
L’xT B a;' (GeV) 13 m, (MeV) N,
16> x128 2.0 6.894(51) ~5.3  348.5(1.0) 689

In order to extract the matrix element (f|J;™(0)i), we need
to the energies and spectral weight of the final and the
initial states, i.e., E;, Ey, (Q|O/[f(p,)), and (i(p;)|O71Q).
They can be determined from the two-point correlation
function,

C(t.p) = Ze-ip-x Q|O(t,x)O0(0,0)|Q)

_ slio0ler S
ZP)* sy
2E(p) e Ep) (t > o0), (6)

where E(p) is the energy of the ground state |1, p), and
Z(p) = (Q|O(0)|1,p) is defined. So the key problem in
this work is to calculate the two-point and three-point
functions, from which the transition amplitude can be
derived. It should be notified that the polarizations of J # 0
particles are not spelled out explicitly in the discussion
above for simplicity, but are taken into account the in the
concrete calculations.

III. SIMULATION DETAILS

We use a subset of the Ny=2 gauge ensemble
generated on an L? x T = 16 x 128 anisotropic lattice
with the anisotropy parameter ¢ = a,/a, = 5.3 (a, and qa,
are the spatial and temporal lattice spacings, respectively)
[31]. The sea quark mass is tuned to give the pion mass
m, =~ 350 MeV. The parameters of the gauge ensemble are
listed in Table I. For the valence charm quark, we adopt the
clover fermion action in Refs. [32-34], and the charm quark
mass parameter is set by (m, +3m;,,)/4 = 3069 MeV.
For each source time slice 7€[0,7 — 1] on each gauge
configuration, the perambulators of charm quark are calcu-
lated in the Laplacian Heaviside (LH) subspace spanned by
N,.. = 50 eigenvectors with lowest eigenvalues.

TABLE IL
these states are also presented for comparison.

A. Charmonium spectrum

In this section, we introduce briefly the distillation
method to compute two-point correlation function [29].
The distillation method provides automatically the
Laplacian Heaviside (LH) smearing scheme for quark
fields. The LH smeared charm quark field on each time
slice ¢ is defined as

N =3 Oy, (ely. 1), (7)

() being defined by the
Nyc} that span the LH

with the smearing function Uy y

eigenvectors {f;")(t), n=1,2,...,
subspace, namely,

Og(0) =Y &’ (0" (). (8)

Subsequently, each interpolation operator O in Egs. (3)
and (6) is built in terms of ¢®)

= e (Lx)(xy: ) (Lx).  (9)

where I'(x,y; ) is a specific combination of y matrices
and the discretized covariant derivatives and dictates the
quantum number of the operators. (The I’s for the
charmonium states involved in this work are listed in
Table I1.) A normal Fourier transformation can project out
the operator that annihilates a charmonium state with a
definite spatial momentum p,

= Ze‘il"y(’)(t, X)
y

E[Z’XD el F Dzwcw]()
= [e0r(p)dd](1), (10)

where the subscripts X, y, z, w in the second row mean that
the spatial coordinates are viewed as matrix indices with
the duplicated subscripts being summed implicitly, and
['(z,p) in the third row is [[(p)]y, (1) = e "P*T'yy(t). The
two-point correlation function can be expressed as

The interpolating operators [36] and masses of charmonium states involved in this work. The PDG masses values [4] of

Meson Me J/w Xel X 78

r Vs Vi YiVs \sijk|7jvk(Qijk7jvk) |€ijk|75}'jvk(gijk757jvk)
m (MeV) 2976.8(0.4) 3099.9(0.4) 3563.1(1.6) 3610.8(1.7) 3907.5(7.6)

m (MeV) (PDG) [4] 2983.9(0.4) 3096.900(0.006) 3510.67(0.05) 3556.17(0.07) 3823.7(0.5)
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FIG. 1. Charmonium effective mass plateaus. From lower to
higher values, the plateau corresponds to the charmonium state

Mes ‘,/l//’ Xels Xe2s W2 respeCtively'

C(z,p) = (@[ (p)Uec](r)[e0r (p)Te] (0)[€)
= T (0, )@}, (. P) 74 (1, 0) @5, (0. p). (11)

where 7,,(,0) = & (t)M~"(t,0),(0) is the perambulators
that are obtained by inverting the Dirac matrix M on sources
£,0){g=1,.... Ny }. @}, (1, p) = [E.T(P)E,] (1) is the
elemental that reflects the structure of the corresponding
operator. In this study, we calculate the spectrum of
charmonium states 7., J/W, ¥.1» X2 W>). The mass values
for these meson are listed in Table II, where also listed are
the I operators in Eq. (9) for the charmonium states
involved in this work. Figure 1 shows the effective mass
functions ma; = ln% of the correlation functions of
these charmonium states. In the calculation of charmonium
two-point functions, we do not include the contribution
from the disconnected diagrams, which are expected to be
negligible. (This is also supported to some extent by a recent
lattice QCD study [35]).

B. Three-point functions

Since the operators O; ; are constructed in terms of the
LH smeared quark fields [see Eq. (9)], the Wick’s con-
traction of the three-point correlation function in Eq. (3)
results in the explicit expression for a given t,

Gruilty t:psD;)

= (Q|[e0r (p)Oe)(15)J,, (1) [e0r (p;) D (0)]1€)

= (Q[[cOrY (p,)Bcl(ty) ey, (1) [T (p;)Oe](0)[€2)

= T (0, 1)@y (7, P 1) G pgu (17, 1,0) @4, (0. ), (12)

where G, (t7,1,0) = & (t) )M~ (t;, 1), M~ (£,0)&,(0) is
called generalized perambulator. The schematic diagram

Y (t, q)

) C C
(I)Fl (Oa pl)

c C

7—(07 tf)

1
P (tfapf)

FIG. 2. The schematic diagram of the calculation three-point
function using the distillation method. The filled black line is
the perambulator 7(0,¢,) of the charm quark. The red line with
the vector current insertion is the generalized perambulator
g,,qﬂ(tf, t,0) in Eq. (12). The hatched ellipses indicates the wave

functions ®*/ of the initial and final charmonia.

for the calculation of G ,;(¢) is shown in Fig. 2, where the
hatched ellipses stand for the wave functions @'/ of
the initial and final charmonia, and the filled black line
is the perambulator z(¢,, t,) of the charm quark, while the
red line with the vector current insertion is the generalized
perambulator, which are calculated separately owing to the
insertion of the local current [30].

To reduce the unknown factors in Eq. (5), the ratio
between the three-point function and the two-point function
is introduced, i.e.,

R.(1.1)) :Zi(pi)zf(pf)nyi(tf’t;pfvpi)
e Cr(ty—1,ps)Ci(t,p;)

N (f(pp)u(0)]i(pi))
4E(ppE(p:i)

(13)

Here, the second line is valid when ¢ P> 1 and only the
ground state dominates. C; and Cy are two-point correla-
tion functions of the initial state and the final state,
respectively. G,;(t7,1;ps.P;) is a three-point correlation
function. Since the matrix element (f(p/)|/,(0)]i(p;)) is
independent of ¢, it can be derived in the plateau region that
R, (t,1;) is independent of ¢ where the ground states of the
initial and final state charmonia dominate the contribution.
After the matrix element is obtained at each value of Q2,
we can use the multipole expansion expression Eq. (2) to
extract the form factors F;(Q?). In order to give a
theoretical prediction of the partial decay width using
Eq. (1), we need the on-shell form factors F;(Q* = 0),
which can be determined through the interpolation or
extrapolation of F;(Q?) with respect to Q. Usually, one
can use the quark model-inspired function forms to do the
interpolation or extrapolation (see below), or just use
polynomials of Q? in the neighborhood of Q? = 0.

IV. CHARMONIUM RADIATIVE TRANSITIONS

Since we have only one gauge ensemble of a single lattice
spacing, a single light quark mass, we first calculate the

014513-4
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partial decay widths T'(J/y — yn.) and T'(y., = yJ/y).
The comparison of our results with those of previous lattice
calculations and experimental values is used as a calibration
of the possible systematic uncertainties of our lattice setup.
Then, the similar calculation is applied to the process
Yo = YXel-

The continuum current form in Eq. (4) is not conserved
on the lattice and should be renormalized. We adopt the
strategy used in Refs. [12,16] to determine the renormal-
ization factor Zy. By calculating the relevant electromag-
netic form factors of 7., we obtain Z{, = 1.165(3) for the
temporal component of J;™ and Z3, = 1.118(4) for its
spatial components [25,26]. In this work, only the spatial
components of J;™ are involved in the calculation, and the
renormalization constant Zj, is incorporated implicitly in the
current insertion.

As shown in Fig. 2, the current insertion to each quark
line gives the same result, so we only consider one of the
two insertions. On the other hand, the electric charge Q. =
2e/3 of the charm quark is not included in J,, in the practical
calculation for simplicity; therefore, the form factors
F,(Q?) extracted from three-point functions is related to
the original ones F;(Q?) in Eq. (2) by the convention

FI0) = 2% 5 x Fy(0Y) (14)

This convention applies to all the form factors considered in
this work.

The radiative transitions in this study are all studied in
the rest frame of the initial state; namely, the spatial
momentum of the initial state is set to be p; = 0 such that
q = —p;. The momentum mode n = (n;,n,,n3) of the
final state momentum p; = Lz—;[\_n is represented by (0,0,0),
(0,0,1),(0,1,1),(0,0,2),(0,1,2), or (1,1,2), meaning that all
the momentum modes that can be obtained by applying the
lattice symmetry operation to each mode n in the list are
sorted in the same mode denoted by n. Obviously, for a
specific transition process, the p;’s in each mode give the
same Q> = —(E; —m;)* +p7, and the Q® of different
modes are different from each other.

A J/w =1,
The transition amplitude for the process for J/w — 1.y
involves only one form factor V(Q?) [12,15],

el fy (pi).7)
_2v(QY)

= ePrp . pise,(Pir). 15
gy PruPis /(Pi-7) (15)

In practice, we derive the transition amplitude using
Eq. (13) first and then obtain V(Q2;r, t;) by solving
Egs. (14) and (15) for each momentum p; of the final

2.00
1.75 ]
X
150
x {txx *Xxy, X X
x Xx, X 8
1.25 1
L, o,
& xX. iﬁﬁ x
S ooy ¥ e %, X
(N *% sz LS
x
0.757;3 x
x x %
0.50{% e
x Ve
xﬁ
951 % 0oy % o2 ¥ (027 * %
¥ 01y (0.1,2) *
0.00 . : . . . s
0 10 2 30 10 50 60

-1
ta,

FIG. 3. The ¢ dependence of V(Q?). The momentum of final
particle is py = i—’i (nynyn, ); the legend denotes explicit value of
(ny,ny, n;). The points are lattice data, and the shaded bands are
the fit results using the function form in Eq. (16).

state. For ¢, = 64a,, the ¢ dependence of V(Qz; t,tr) for
different values of Q2 is shown in Fig. 3, where the
obvious 7 dependence near ¢ = 0 and = 1, is attributed to
the contamination from higher initial states and higher
final states, respectively. Therefore, we use the following
function form:

V(Q%t,t5) =V (0¥ (1+8,e2 +6,(Q)e~271), (16)

to fit the data at different Q> simultaneously. Since we set
the initial state to be in its rest frame and let the final state
move with a specific momentum, the parameters d; and A,
describe the contribution from the higher initial states and
are thereby uniform for all the different values of Q?
involved, while the parameters 6, and A, for the higher
final states have Q” dependence. The fit results are also
illustrated by colored bands in Fig. 3, where one can see
the fit form in Eq. (16) describes the data very well. The
fitted values of V(Q?) are shown in Table III. In order to
obtain the on-shell form factor V(Q? = 0), which enters
the partial decay width as

64 ql’ N
Uy — ) = a9

=—a—07 2, 17
27 (my + my) an

we perform a Q’-interpolation using the function form

e =v0ew(-2). )

inspired by the quark model [12] (as shown in Fig. 4).
Finally, we get the result

014513-5
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TABLE III. The form factor V(Q?) at different Q2.

n 0%(GeV?) V(Q?)
0,2,2) 2.04 1.288(26)
0,1,2) 1.29 1.499(10)
0,0,2) 1.04 1.512(8)
0,1,1) 0.52 1.784(10)
(0,0,1) 0.25 1.910(9)
0 2.083(11)

V(0)=2.083(11),  p=468(3) MeV. (19)

The value of fitted parameter V(0) is consistent with the
previous lattice results, as listed in Table IV. By using the
experimental values of m,,, and m, _, we predict the partial
width T'(J/y — yn.) = 2.77(3) keV, which is consistent
with previous lattice results but is still larger than the PDG
average I'(J/y — yn.) = 1.57(37) keV [4].

B. X2 = vJ/w
The multipole decomposition of the transition amplitude
for the decay y., — yJ/y is expressed as

Jy@r r)"0)xea(pis 1))
= quE (Q%) + uM,(0?) + o, E5(0?)
+ a,C(Q%) + @, C,(0%). (20)

where afj (k=1,2,...,5) are Lorentz covariant kinematic
functions of p; ; and polarization vectors of J/y and y»,
whose explicit expressions can be found in the Appendix
and also in Refs. [14,16]. It should be noted that the J = 2
(for example, the spin of y., and y,) representation in the
continuum breaks into £ and T, irreducible representations
of the octahedral group on a finite lattice. It is observed that

2.2

V(Q*)
v

X
= ® V(0) = 2.083(11)

2.0 4
1.8 | X

1.6 A

V(Q?)

1.4 {

1.24

1.0

0.0 05 10 15 20
Q*(GeV?)
FIG.4. The Q? extrapolation of V(Q?). The shaded band shows

the fit result using Eq. (18), and the black point is the value of
V(Q?* = 0) through the Q? extrapolation.

TABLE IV. The comparison of the form factor V(0) in this
work with those in previous lattice QCD studies.

V(0) Reference
1.85(4) [12]
2.01(2) [15]
1.92(3)(2) [37]
1.90(7)(1) [18]
1.83-2.07 [27]
1.8649(73) [38]
2.083(11) This study

this breaking effect is negligible as manifested by the nearly
degenerate masses of tensor mesons derived from the E
operator and T, operator. Subsequently, the multipole
decomposition is performed on the basis of £ @ T, [36].

The decay width for y., — J/yy involves only three on-
shell form factors, namely, E,(0), M,(0), and E3(0), by the
formula

_16 lal
45 m)zh

x (|1, (0)F + |M5(0) + | E5(0)). (21)

F(Zc2 - }’J/l//)

So we focus on the extraction of these three form factors at
different Q and then perform the interpolation (extrapo-
lation) to get the on-shell values. The procedure is very
similar to that of V(Q?) for J/w — yn, except that t; is
48a, instead of 1, = 64a,. (We also calculate the three-
point function with 7, = 64a, and find the signals are very
bad.) The ¢ dependences of £, (Q?; ) My(0% 1y, 1), and
E5(0% t;. t) are shown in Fig. 5. By fitting these quantities
using the function similar to Eq. (16), namely,

F(Q% 1) = (@) (1 + 8 (02"
+80(Q2)e ), (22)

where Fk with k=1, 2, 3 refer to El, Mz, and E;,
respectively. The form factors F(Q?) at different Q2 are
listed in Table V. For E;(Q?) and M,(Q?), the on-shell

values F,(Q? = 0) are interpolated through the function
form

2
Fu(@) = Fu0)1 +u0?) exp(-125). - (23)
k

Since the values of £5(Q?) are very small, we use a linear
function E5(Q?) = E5(0) 4+ aQ? to perform the extrapo-
lation. The fits for three form factors are illustrated in Fig. 6
by shaded bands. The extrapolated values of F' «(0) are also
listed in Table V. The values of the on-shell form factors in
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FIG. 5. Form factors £,(Q?), M,(Q?), and E5(Q?) versus ta;" for the radiative transition y., — J/yy. The momentum of final

2

particle is py = ;- (ny ny n, ), and the legend denotes explicit values of (n,, n,, n.). The points are lattice data, and the shaded bands are

the fit results using the function form in Eq. (22).

TABLE V. The explicit value of the form factors E,(Q?),
M,(Q?%), and E;(Q?) for radiative transition y., — J/yy.
The values are in physical units and are converted by
a;! = 6.894(31) GeV.

0? E(0?) M, (0?) E5(0?)
n (GeV?) (GeV) (GeV) (GeV)
(0,1,2) 1.21 0.609(28) —1.006(31) 0.0608(92)
(0,0,2) 091 0.995(18) —0.986(20) —0.011(12)
(0,1,1) 0.33 1.634(14) —0.679(14) 0.0321(51)
(0,0,1) 0.033 1.948(15) —0.324(40) 0.0459(51)
(0,0,0) -0.27 2.396(14) e i
0 2.025(13) —-0.267(38) 0.0362(42)
2.5 7% - -
¥ B(@) ¥ £(0) =2025013)
2.01 y, ¥ @) ¥ Nn(0)=-0207(38)
o 1 B £ B3(0) = 0.0362(42)
1.51
= 1.0+ X
= 05 *
g .
0.0 T A * & &
Yy
—0.5
¥
—1.01 ¥ ¥
-15

02 00 02 04 06 08 10 12
Q(GeV?)

FIG. 6. The Q7 interpolations or extrapolations of £,(Q?),
M,(Q%), and E5(Q%) for x5 — 71 /w. E\(Q7), M»(Q?) are fitted
using Eq. (23), while £5(Q?) is fitted using a linear equation in
0?. The shaded bands illustrate the fit results, and the black
points are the values at Q? = 0.

the last row of Table V indicate that the electric dipole (E;)
contribution dominates the decay process y., — yJ/y, and
the hierarchy |E|(0)| > |M,(0)| > |E;(0)] is described by
the two ratios

_ M,(0) -
"o VE (02 + M5 (0)2 + E5(0) 0.130(18),

_ E5(0) B
as = \/E1(0)2 n M2(0)2 > E3(0)2 = 0.0177(21), (24)

which are in agreement with the PDG values a, =
—0.11(1) and a3 = —0.003(10) [4].

With the interpolated values of F,(0) and the exper-
imental value of the masses of the mesons involved, the
partial decay width of the decay y ., is predicted to be

Ty — yJ/w) =368(5) keV, (25)
which can be compared with the PDG average of 374
(10) keV [4] as well as the previous lattice results of 361
(9) keV [16] and 380(30) keV [14]. This comparison
calibrates the uncontrolled systematic uncertainties of
our calculation to some extent.

C.yy = xar

The multipole decomposition of the transition matrix
elements for y, — yy. (27~ — 17)is exactly the same as
that for y,, — yJ/w 2T = 177) [see Eq. (20)] [14,16].
The calculation of the related three-point function in Eq. (3)
is performed in the rest frame of the initial state y,. The
subtlety in this case is that the generic quark bilinear
operator Os; ~ yysy;w for y., couples both pseudoscalar
mesons and axial vector mesons with the overlapping
factors

(Qlwysyiw(0)[07(p)) = Zppi,

(Qlysrap(0)[ 1+ (p. 7)) = Zye (p).  (26)
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0.54f e

0.52F= T

0.5F -

Eat
++

0.48F o

0.44k Tt

10 15 20 25 30 35 40 45 50

FIG. 7. The effective energies of the correlation functions of
O2.(1) (green) and OF (1, p) (red) for p mode n = (0,0, 1). The
black lines show the values of E, (pa,) and E,  (p)a,, respec-
tively. Obviously, the optimized operator O¢F (¢, p) couples to y.
when 7 is large.

when the spatial momentum p is nonzero. Therefore,
the contribution from pseudoscalar mesons (mainly 7,.)
should be eliminated when the three-point function
Gyui(tr. t:ps.p;) in Eq. (3) is computed. This is accom-
plished by choosing an optimized operator that couples
predominantly to axial vector mesons. In doing so, for
index i of Os; and each momentum p with p; # 0, we
adopt the momentum projected operator (’)2 to calculate

the correlation matrix
cl - <<9|0§<r>02*"<o>|9> <9102,-<r>02*"<o>9>>_
(QIOE(1OET(0)|Q) (Q|OE (1)L (0)|2)
(27)

Since OF couples exclusively to pseudoscalar mesons
(n. and its excited states), for properly chosen ¢ and f,
by solving the generalized eigenvalue problem C(7)v =
At —15)C(to)v with v = (v;,v,) being an eigenvector,

we can obtain the optimized operator that couples to axial
vector mesons as follows:

05} (1,p) = v1 O5 (1) + ,05,(1). (28)

The effectiveness of this prescription is illustrated by
Fig. 7, where the effective energies are plotted for the
correlation function of Os; (in green) and that of the
optimized operator O%F (in red) for the momentum mode

= (0,0, 1). It is seen that the effective energy of the
former does not show a plateau but tends to the energy of
n. when ¢ increases, while the effective energy of the latter
reaches a plateau of a value consistent with the energy of
X1 at this momentum. Therefore, for each momentum p
mode of the final state y.;, we use the optimized operator
O to calculate the three-point function Gy,; in Eq. (3).
The related transition matrix elements are extracted sim-
ilarly to the cases of J/w —yn, and y., - yJ/w
through Eq. (13).

The electromagnetic multipole decomposition of the
matrix element is exactly the same as that for y ., — yJ/w
and is expressed in terms of five form factors E;(Q?),
M,(Q?), E5(Q?%), C,(Q?), and C,(Q?). Considering that
the final state photon is transversely polarized, only the
former three form factors contribute to the partial width of
the process y, — yy.», namely,

6||

ap (|E1(0)|2+|Mz( )P +1E5(0)).

Cys = rxe) =

(29)

For different values of 02, the three form factors £, (Q?),
M,(Q?), and E5(Q?) are extracted similarly to the case of
X2 — vJ/w, as shown in Fig. 8, where the shaded bands
illustrate the fit results using Eq. (16). The final values of
form factors E,(Q?), M,(Q?), E;(Q?) are listed in
Table VI along with the extrapolated values at Q> =0

Ei(Q%)a M(Q)a Ey(Q%)a;
0.5 0.00 0.15
SN TRl B it Penoian
0.4 —0.059 *rzg b
ol xx**i*i**i$i**¥**ixx (| o 1 Ed % ]1 1 0.10
0.29 xxx : X o }’0,‘}' ] y 11 £1¥¥¥***$¥* %[%I%%%ii
y —0.201 é r% ¥
s !{#H“Hﬁﬂmﬁﬁ}mm}ig it l” Hm HH 1
ot } 1 ‘1[ l. { % % 0 ~0.05 % %
—0.14 —0351 % (001 % (002
—0.2 —0.40 oLy L) —0.10

0 5 10 15 L 20 25 30

FIG. 8.

10

15 20 25 30 0 5 10 15 20 25 30
ta; ! ta; !

Form factors E,(Q?), M,(Q?), and E5(Q?) versus ta;! for the radiative transition y, — y.;7. The momentum of final particle

is pr = 5 2% (nynyn,), and the legend denotes explicit values of (n,,n,, n.). The points are lattice data, and the shaded bands are the fit

results using the function form in Eq. (22).
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3
¥ ¥ B ¥ £1(0)=217(10)
¥ @) ¥ Wh0)=-1.22(11)
2 X L B B E4(0) = 0.346(47)
b3
= ¥
$ f
& i
< = x . i
= 01
—1
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202 00 02 04 06 08 10 12 14
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FIG. 9. The Q7 interpolation or extrapolation of E,(Q?),
M5(Q%), and E5(Q?) for yry — yyc1. E1(Q?), My(Q?) are fitted
using Eq. (23), while E5(Q?) is fitted using a linear equation in
0?. The shaded bands illustrate the fit results. and the black
points are the values at Q* = 0.

using Eq. (23). The fits of form factors are illustrated in
Fig. 9. After putting the values of F(Q* =0) into
Eq. (29), the partial decay width of y, — yy,; is predicted
to be

T(ys = rxa) = 337(27) keV. (30)

It is seen that, although the dominant electric dipole (E;)
contribution is similar to the case of y., — yJ/w, the
contributions from the magnetic quadrupole (M,) and the
electric octupole (E3) are substantial. Accordingly, we
give the predictions

D. Discussion

As has been shown in the previous sections, the
obtained form factors for transitions J/y — yn. and y ., —
yJ/w based on our lattice setup are consistent with
previous lattice results. Especially, our prediction for
the partial width and the hierarchy of |E(0)| > |M,(0)| >
|E3(0)| of the process y., — yJ/y are in quantitatively
agreement with the experimental data. This comparison
justifies the reliability of our predictions for the proc-
eSS Yo = ¥YXer-

There have been quite a lot of phenomenological
studies on radiative charmonium transitions using various
theoretical frameworks, such as the nonrelativistic QCD
approach (NRQCD), the nonrelativistic quark models
(QM) with different confining potentials, the relativistic
quark models, the Bethe-Salpeter wave function method,
etc. Their predictions for the partial decay widths of
Xeo = vJ/y and y, — yy. are collected in Table VII
along with the precise references. Also shown are the
previous lattice QCD predictions in the quenched approxi-
mation (QLQCD), the experimental values, and the results
in this work.

TABLE VII. Comparison of the predictions of ['(y., — yJ/y)
and [T'(w, — yy.1) by different theoretical formalism. The ab-
breviations in the most right column refer to the nonrelativistic
QCD approach (NRQCD), the nonrelativistic quark models
(QM), the relativistic quark models (RQM), the Bethe-Salpeter
equation (BS), and the quenched lattice QCD (QLQCD) calcu-
lations, respectively. Various confining potentials are adopted in
QM and RQM approaches, and the details can be found in the
corresponding references. The experimental value and the pre-
dictions of this work are shown in bold numbers.

Ty = yJ/y) keV)  T(y; = yye) (keV) Formalism
a, = > :00) = = = —0.485(37), 282 [39] 250 [40] NRQCD
\/El (0> + M5(0)* + E5(0) 401 [39] NRQCD
a5 = ) —0.137(19).  (31) 315 260 QM [41]
VE (02 + M,(0)> + E5(0)? 424 307 QM [8]
473 342 QM [42]
309 208 QM [42]
327 281 QM [43]
338 291 QM [43]
TABLE VI The explicit values of form factors E,(Q?), 313 268 RQM [8]
M,(Q?), and E5(Q?) for radiative transition y, — y.i7. 448 297 RQM [7]
~ A A 309 215 RQM [7
0 E©) M) EQ) e o ROM (1]
n (GeV?) (GeV) (GeV) (GeV) 397 215 ROM [7]
0,1,2) 1.27 0.35(15) ~1.15(15) 0.133(62) 265 BS [44]
(0,0,2) 1.00 0.92(22)  -1.14095)  0.108(22)
(0,1,1) 0.44 1.09(15) ~1.24(10) 0.203(33)  36109) QLQCD [16]
(0,0,1) 0.16 1.72(10) ~1.07(18) 0.451(69)  330(50) QLQCD [14]
(0,0,0) -0.12 2.60(11) 368(5) 33727) This work
0 2.17(10) ~1.22(11) 0.346(47)  374(10) PDG2022 [4]
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As far as the y., — yJ/y transition is concerned, the
phenomenological predictions of the partial width range
from 280 to 450 keV and are consistent with the exper-
imental value 374(10) keV when considering the theoreti-
cal uncertainties owing to the model assumptions. The
values by QLQCD are more converged and agree quanti-
tatively with the PDG value. Our result I'(y ., — yJ/y) =
368(5) keV is the first prediction from the lattice QCD
with light dynamical quarks and is in excellent agreement
with QLQCD results and the PDG value.

We also give the first lattice QCD prediction
[(yy = yye) = 337(27) keV, whose central value is
slightly larger than the phenomenological predictions (see
Table VII), most of which are below 300 keV. On the other
hand, BESIII measured the branching-fraction ratios
B(w,(3823) - X)/B(y,»(3823) — yy.;) with X referring
to the decay channels yy., #ta~J/y, °2°T /vy, nJ /v,
7°J /yr, and yy o [3], which are quoted in Table VIIL. These
ratios are equivalently the ratios of the corresponding partial
decay widths T'(y,(3823) — X)/T'(y,»(3823) — yy.;). Ba-
sed on these results, we can estimate the total width of yr, as
follows:

(i) T(w,(3823) = yx.2): According to the branching-
fraction ratio measured by BESIII, this partial width
is estimated to be 94759 keV.

(i) T'(y,(3823) - zxJ/w): Although BESII gives
individual upper limits for the branching-fraction
ratios 0.06 and 0.11 for z*7z~J/w and 7°7z°J/w
decay channels, respectively, the isospin sym-
metry implies that T'(ztz~J/y)/T(z°z°J /w) ~ 2.
Therefore, we assume I'(y,(3823) — zzJ/w)/
['(w,(3823) = yx.1) < 0.1, which implies I'(y,
(3823) — znJ/y) < 34(3) keV. This is compatible
with the QM prediction I'(y,(3823) — znJ/y) ~
45 keV [41], but much smaller than the value of
160 keV predicted by Ref. [9].

(iii) T'(y,(3823) — nJ/w): The flavor SU(3) symmetry
requires the # in the final state is produced through
gluons coupling to its flavor singlet component. The
small # —#' mixing angle 6 (the partial width is
proportional to sin?6@) and the centrifugal barrier

TABLE VIII.  The branching-fraction ratios % mea-

sured by BESIII [3] with X referring to the decay channels yy ..,
ata ]y, 2°7° Jy, nJ [y, 2°J [y and yy .

B(y»(3823)—X)

Channel (X) By, (3823)~7z.1)
17453 0.281011 £0.02
xtnJ/w <0.06
70700y <0.11

nd Jy <0.14
2y <0.03

YX 0 <0.24

(n and J/y are in P wave) suppresses the decay
rate of this process, but the QCD U,(1) anomaly
enhances the coupling of gluons to # and may
counteract the suppression. Referring to the

. . . B(w(3770)—znld w)
branching-fraction ratio BlyBT0)=nl/w) ~3 [4],

I'(y,(3823) — nJ/w) < 20 keV might be a reason-
able estimate even though BESIII gives a higher
upper limit.

(iv) T(w,(3823) = yx.0.1.): These two partial widths
are predicted to be ~1 keV by a phenomenological
study through the Bethe-Salpeter equation ap-
proach [44].

(v) T'(y,(3823) — 72°J/w): The partial width of this
isospin breaking decay channel can be neglected.

(vi) T'(w,(3823) — light hadrons): The total decay
widths of y,(3823) — light hadrons can be approxi-
mated by T'(w> — ggg) ~ 36 keV [41].

Summing over all the contributions mentioned above, we
can give a raw estimate of the total width of y,(3823),

I(y,(3823)) ~ 520 & 100 keV, (32)

where the uncertainty mainly comes from the partial widths
of ¥»(3823) — yy.1, % and can be reduced by a refined
lattice QCD calculation of I'(y,(3823) — yy.;) and a direct
lattice calculation of T'(y,(3823) — yy.,) in the future.

V. SUMMARY

We perform an exploratory N, = 2 lattice QCD study on
the radiative transition y,(3823) — yy.; in the framework
of the distillation method. On a single gauge ensemble with
a pion mass m, ~ 350 MeV, the electromagnetic multipole
form factors are extracted for the processes J/y — y1,,
Yoo = yJ/w and w, — yy.,. The obtained V(0)=
2.083(11) for J/w — yn. is consistent with previous lattice
results, but the result T'(J/y — yn.) = 2.77(3) keV is still
larger than the PDG average. For y., — yJ/y, we extract
the on-shell form factors E,(0), M,(0), and E5(0), whose
hierarchy |E;(0)| > |M,(0)| > |E3(0)| is in quantitative
agreement with the experimental results. We predict
Ty — yJ/y) = 368(5) keV, which is in excellent agree-
ment with the PDG value 374(10) keV and previous
QLQCD results. This is the first result from lattice QCD
with dynamical light quarks. No quenched effects are
observed here.

We present the first lattice QCD prediction of the partial
decay width I'(w,(3823) — yy.1) = 337(27) keV, whose
central value is higher than most of the phenomenological
results. According to the BESIII measurement of branch-
ing fractions of w,(3823) decay channels and some
phenomenological results, we estimate the total width
I'(y,(3823)) = 520(100) keV. A direct lattice QCD cal-
culation of the partial widths of wy = ¥y, ¥x 0, Y0 Will
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APPENDIX: MULTIPOLE DECOMOPOSITION OF (V|j*|T)

Generally speaking, the radiative transition amplitude of the process (JA) = (J'A') +r(4,),
M(2,) = (S XN 0)[T0) € (2)), (A1)

can be expressed in terms of the electromagnetic multipole form factors £, M, and C; as [14,16]

2k + 1 k 1 . .
z\/;[ )“6P) ¢Mk2(1 — (=)kP) | (ka3 J'A £+ 11J2),
2k+1 11/
M, =0) = Z\/;:l —)k8P) (kO3 J'A'|J4), (A2)

where J(J') and A(1") are the spin and the helicity of the initial(final) state meson, respectively, and 8P is the product of the

parities of the initial and final states. Note that the number of form factors are determined by the Clebsch-Gordan

coefficients (k4,; J'A’|J4) for given J and J'. Constrained to the case of the initial J* = 2* meson (T) and the final J* = 17

meson (V) in this study, it is easy to see that only the form factors E;, M,, and Ej are involved in the partial decay width.
On the other hand, the Lorentz structure of the transition matrix of 7 — V + y can be written as

(Vs r2)lIE™0)|T(pis 1)) = a(Q)A, + b(Q%)B, + ¢(Q*)C, + dr(Q*)Dy + dy(Q*)Dy + fv(Q)F),  (A3)
with the definitions
Aﬂzeyy(pivrl)e*y(pf7r2)’ BﬂEeﬂl/(l’i’rl)p}/‘(e*(pf’rZ)'pi)v C =¢€ (pfer)(eaﬂ(plvrl)pfpf)

D} = p;,(eqpe™*(Dy, rz)Pfr% D) = pruleqs(pinr1)e™*(py, rz)pfc),
Fj = piu(eqp(pis rl)P?P?)@*(Pf, ) pi), Fy = pruleqs(pis rl)P?Pfc)(a(Pf’ ) pi)- (A4)

Here, the C and P parity conservation is assumed implicitly. In the practical calculation of this work, the polarization vectors
€,,(p;.r1) of the tensor state T in the above equations are expressed on the basis of E ® T, since E and T, are the
subduced irreducible representation of the J = 2 representation of the rotational group SO(3) onto the lattice symmetry

group, namely, the octahedral group O. Although E and T, are different representations for a finite lattice spacing, their
differences are tested to be negligible in our lattice setup. Along with the Ward identity,

HV(p )M ()T (pi)) = —i(pi = pp) V()T (2)IT(pi)) =0, (AS)
and combining Egs. (A1)-(A4), after some calculus one obtains

(V(ps.r2)[J5(0)|T(pin 1)) = ayE1(Q?) + aiMy(Q%) + ay E5(Q?) + i C1 (Q?) + o, C5(0?), (A6)
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where Q> = —(p; — p;)* = —¢* is defined, and the explicit expressions of a, are as follows [14,16]:

m; 2

92

3 m; m;
a) = \/; {—A” + a (w—ms)B, + 0 (D] —m;D)) +— (0 — my)(—wF} + m;F))|,

1 m; 2m? m; m?
@ = \/;{A” - 5’ (w+m;)B, — Ql C, - ﬁ(a)le —m;D)) + 9—’2((602 + wmy = 2m3)Fj 4 mi(w — mf)F,‘:)] ,

5m? m;

1

m12 2 5 5\ pr 7 1%
+E —|w —|—4a)mf+§mf F, +m; Ea)+4mf Fy
3 m;

nm;
al = \/;Q\/? [(mj% — wm;)DI + (m? — wom;)D} — a (@ = my)((m} — om;)Fj + (m} — a)m,»)FX)} .
5 2 m 2 T 2 v_ M 3 2 T 2 1%
a = gQ\/? (my — wm;)D,, + (m;j — wm;)D, —go \@tams ((ms —wm;)F, + (m; —om;)F)|. (A7)
In the expressions above, we introduce two Lorentz invariant quantities,
Pi* D
Q= (p;-ps)? —mim;, = Tf (A8)
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