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The Brillouin action is a Wilson-like lattice fermion action with a 81-point stencil, which was found
to ameliorate the Wilson action in many respects. The Sheikholeslami-Wohlert coefficient cSW of

the clover improvement term has a perturbative expansion cSW ¼ cð0ÞSW þ g20c
ð1Þ
SW þOðg40Þ. At tree-level

cð0ÞSW ¼ r holds for Wilson and Brillouin fermions alike. We present the Feynman rules for the Brillouin

action in lattice perturbation theory, and employ them to calculate the one-loop coefficient cð1ÞSW with
plaquette or Lüscher-Weisz gluons. Numerically its value is found to be about half that of the Wilson
action.

DOI: 10.1103/PhysRevD.109.014512

I. INTRODUCTION

The (massless) Wilson Dirac operator consists of a term
involving the covariant derivative and the covariant Laplace
operator (also known as the “Wilson term” with r ¼ 1
canonically)

DWðx; yÞ ¼
X
μ

γμ∇std
μ ðx; yÞ − r

2
Δstdðx; yÞ; ð1Þ

where ∇std
μ is the standard two-point derivative and

Δstd the standard nine-point Laplacian. In the Brillouin
Dirac operator these derivatives are replaced by
the 54-point isotropic derivative ∇iso

μ and the 81-point
Brillouin Laplacian Δbri as defined in Ref. [1],
hence

DBðx; yÞ ¼
X
μ

γμ∇iso
μ ðx; yÞ − r

2
Δbriðx; yÞ: ð2Þ

The Brillouin operator takes the explicit form

DBðx;yÞ¼−r
λ0
2
δðx;yÞþ

X�4

μ¼�1

�
ρ1γμ−r

λ1
2

�
WμðxÞδðxþ μ̂;yÞ

þ
X�4

μ;ν¼�1
jμj≠jνj

�
ρ2γμ−r

λ2
4

�
WμνðxÞδðxþ μ̂þ ν̂;yÞ

þ
X�4

μ;ν;ρ¼�1
jμj≠jνj≠jρj

�
ρ3
2
γμ−r

λ3
12

�
WμνρðxÞδðxþ μ̂þ ν̂þ ρ̂;yÞ

þ
X�4

μ;ν;ρ;σ¼�1
jμj≠jνj≠jρj≠jσj

�
ρ4
6
γμ−r

λ4
48

�
WμνρσðxÞ

×δðxþ μ̂þ ν̂þ ρ̂þ σ̂;yÞ; ð3Þ

where jμj ≠ jνj ≠ … is used in a transitive way; i.e. the
sums are over indices with pairwise different absolute
values. In this way the four sums in (3) include all off-axis
points that are one, two, three or four hops away from x
(but at most one unit in each direction), and

WμðxÞ ¼ UμðxÞ; ð4Þ

WμνðxÞ ¼
1

2
ðUμðxÞUνðxþ μ̂Þ þ permÞ; ð5Þ

WμνρðxÞ¼
1

6
ðUμðxÞUνðxþ μ̂ÞUρðxþ μ̂þ ν̂ÞþpermsÞ; ð6Þ

WμνρσðxÞ ¼
1

24
ðUμðxÞUνðxþ μ̂ÞUρðxþ μ̂þ ν̂Þ

×Uσðxþ μ̂þ ν̂þ ρ̂Þ þ permsÞ ð7Þ
are gauge-covariant averages of the connecting paths.
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The contributing points in (3) are weighted by the
coefficients

ðρ1; ρ2; ρ3; ρ4Þ ¼
1

432
ð64; 16; 4; 1Þ; ð8Þ

ðλ0; λ1; λ2; λ3; λ4Þ ¼
1

64
ð−240; 8; 4; 2; 1Þ ð9Þ

in the Brillouin action, whereas with

ðρ1; ρ2; ρ3; ρ4Þ ¼ ð1=2; 0; 0; 0Þ; ð10Þ

ðλ0; λ1; λ2; λ3; λ4Þ ¼ ð−8; 1; 0; 0; 0Þ ð11Þ

we recover the Wilson1 action. The formulation in Eq. (3) is
chosen for clarity and the purpose of doing perturbative
(analytical) calculations. An effective way to implement the
Brillouin operator on modern computer architectures has
been presented in Ref. [4].
Like for the Wilson action we can add a clover improve-

ment term to the Brillouin action

Sclover
B ½ψ̄ ;ψ ; U� ¼

X
x;y

ψ̄ðxÞDBðx; yÞψðyÞ

þ cSW ·
X
x

X
μ<ν

ψ̄ðxÞ 1
2
σμνFμνðxÞψðxÞ;

ð12Þ

where σμν ¼ i
2
ðγμγν − γνγμÞ and Fμν is the Hermitian clover

field strength. If the Sheikholeslami-Wohlert coefficient
cSW [5] is tuned correctly, it will remove (in on-shell
quantities) all effects at OðaÞ coming from the fermion
action. It can be determined nonperturbatively through lattice
QCD simulations [6–8], but it turns out that perturbative
calculations in the small g0 limit help to fit lattice data and
determine cSW as a function of the bare coupling.

Perturbative determinations of cð1ÞSW for the Wilson
fermion action in combination with various gluon actions
have been carried out in Refs. [9–13]. Our article follows
Ref. [12] in methodology, except for a change in the
regularization procedure. This is why we repeat the
calculation for Wilson fermions (with both plaquette and
Lüscher-Weisz glue), to demonstrate that we recover the
known results. Our result for Brillouin fermions with
plaquette glue and r ¼ 1 was presented in Ref. [14]. We
now give results for a range of values of r∈ ½0.5; 1.5�, also
including the Lüscher-Weisz gluon action.

The remainder of this article is organized as follows. In
Sec. II we discuss the Feynman rules needed for the one-
loop determination of cSW and how they are derived from
the Brillouin action. In Sec. III we use some of these
Feynman rules to determine the part of the self-energy Σ0,
which corresponds to the critical mass shift amcrit. These
calculations are carried out for plaquette gluons and
Lüscher-Weisz (i.e. tree-level Symanzik-improved) gluons,
as the latter are frequently used in numerical simulations.
Section IV finally outlines the calculation of the one-loop
value of cSW and presents the results, while Sec. V gives a
summary.

II. FEYNMAN RULES

The basic idea of lattice perturbation theory is to expand
the link variables U in the small coupling limit in terms of
the gluon fields A

UμðxÞ ¼ eig0T
aAa

μðxÞ

¼ 1þ ig0TaAa
μðxÞ −

g20
2
TaTbAa

μðxÞAb
μðxÞ

þOðg30Þ: ð13Þ

Inserting this series into the action yields the Feynman rules
for vertices of n gluons coupling to a quark antiquark pair at
order gn0 (contrary to continuum QCD perturbation theory
where only the qq̄g-vertex exists). We shall see below that
for the one-loop calculation of cSW we need Feynman rules
up to order g30, which means the qq̄g, qq̄gg and qq̄ggg
vertices shown in Fig. 1.
After extracting the relevant Feynman rules in position

space, we Fourier transform the gluon and fermion fields
according to

Aa
μðxÞ ¼

Z
π

−π

d4k
ð2πÞ4 e

iðxþμ̂=2ÞkAa
μðkÞ; ð14Þ

ψðxÞ¼
Z

π

−π

d4p
ð2πÞ4 e

ixpψðpÞ; ψ̄ðxÞ¼
Z

π

−π

d4p
ð2πÞ4 e

−ixpψ̄ðpÞ;

ð15Þ

δðx;yÞ¼
Z

π

−π

d4p
ð2πÞ4e

iðx−yÞp; δðp−qÞ¼ 1

ð2πÞ4
X
x

e−ixðp−qÞ;

ð16Þ

where the identities (16) allow us to perform up to two
integrations, thereby enforcing momentum conservation at
the vertex (for more detail see Appendix A). To make the
lengthy expressions for the Feynman rules more readable,
we use the following shorthand notation for the trigono-
metric functions

1Other values for the weights ρ1;…;4 and λ0;…;4 are possible, as
long as they satisfy certain conditions outlined in Ref. [1]. One
example are the “hypercube fermions” introduced in Ref. [2]. In
the ancillary Mathematica [3] file the weights (8), (9), which
define the Brillouin fermion, may be overwritten by any desired
values.
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sðkμÞ ¼ sin

�
1

2
kμ

�
; cðkμÞ ¼ cos

�
1

2
kμ

�
; ð17Þ

s̄ðkμÞ ¼ sinðkμÞ; c̄ðkμÞ ¼ cosðkμÞ; ð18Þ

s2ðkÞ ¼
X
μ

sðkμÞ2; s̄2ðkÞ ¼
X
μ

s̄ðkμÞ2: ð19Þ

The qq̄gg and qq̄ggg vertices coming from the unim-
proved (cSW ¼ 0) Brillouin action are given in Appendix A,
in Eqs. (A21) and (A22), respectively. They use functions
which are combinations of sine and cosine functions, e.g.

KðscÞ
μν ðp; qÞ ¼ sðpμ þ qμÞ½c̄ðpνÞ þ c̄ðqνÞ�. The expression

for the qq̄g vertex from this part of the action takes the
compact form

Va
1μðp; qÞ ¼ −g0Ta

�
rλ1sðpμ þ qμÞ þ 2iρ1cðpμ þ qμÞγμ þ

X4
ν¼1
ν≠μ

frλ2KðscÞ
μν ðp; qÞ þ 2iρ2ðKðccÞ

μν ðp; qÞγμ − KðssÞ
μν ðp; qÞγνÞg

þ 1

3

X4
ν;ρ¼1
≠ðν;ρ;μÞ

frλ3KðsccÞ
μνρ ðp; qÞ þ 2iρ3ðKðcccÞ

μνρ ðp; qÞγμ − 2KðsscÞ
μνρ ðp; qÞγνÞg

þ 1

9

X4
ν;ρ;σ¼1
≠ðν;ρ;σ;μÞ

frλ4KðscccÞ
μνρσ ðp; qÞ þ 2iρ4ðKðccccÞ

μνρσ ðp; qÞγμ − 3KðssccÞ
μνρσ ðp; qÞγνÞg

�
; ð20Þ

with the momentum assignments shown in Fig. 1. In
addition, each of the three vertices has a contribution

coming from the clover term which is linear in cð0ÞSW. For
the qq̄g vertex it is

Va
1cμðp;qÞ¼ ig0Ta1

2
cð0ÞSW

X
ν

σμνcðpμ−qμÞs̄ðpν−qνÞ; ð21Þ

and the analogous contributions to the qq̄gg and qq̄ggg
vertices are given in Appendix A 2. The vertices given here
are not symmetrized with respect to the incoming gluons.
We do this at the level of the diagrams, where we sum over
all possible connections of internal gluon lines.
Furthermore, we need the propagator of the free

Brillouin fermion

SBðkÞ ¼
�X

μ

γμ∇iso
μ ðkÞ − r

2
ΔbriðkÞ

�
−1

¼ −
P

μγμ∇iso
μ ðkÞ − r

2
ΔbriðkÞ

r2
4
ΔbriðkÞ2 − ðPμ∇iso

μ ðkÞ2Þ ð22Þ

with the Fourier transforms of the “free” derivative∇iso
μ and

Laplace operator Δbri

∇iso
μ ðkÞ ¼ i

27
s̄ðkμÞ

Y
ν≠μ

ðc̄ðkνÞ þ 2Þ; ð23Þ

ΔbriðkÞ ¼ 4ðcðk1Þ2cðk2Þ2cðk3Þ2cðk4Þ2 − 1Þ; ð24Þ
whereupon the fermion propagator takes its final form

SBðkÞ ¼
− i

27

P
μðγμs̄ðkμÞ

Q
ν≠μðc̄ðkνÞ þ 2ÞÞ − 2rðcðk1Þ2cðk2Þ2cðk3Þ2cðk4Þ2 − 1Þ

4r2ðcðk1Þ2cðk2Þ2cðk3Þ2cðk4Þ2 − 1Þ2 þ 1
729

P
μðs̄ðkμÞ2

Q
ν≠μðc̄ðkνÞ þ 2Þ2Þ : ð25Þ

For the gluonic part of the action we consider the standard plaquette action (c0 ¼ 1, c1 ¼ 0) as well as the tree-level
Symanzik improved “Lüscher-Weisz” action (c0 ¼ 5

3
, c1 ¼ − 1

12
) [15]

FIG. 1. Momentum assignments for the vertices with one, two and three gluons.
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Sg½U� ¼ −
2

g20

X
x

Re

�
c0
X
plaq

Trð1 −UplaqðxÞÞ þ c1
X
rect

Trð1 −UrectðxÞÞ
�
; ð26Þ

where “plaq” stands for all 1 × 1 plaquettes, “rect” for all
1 × 2 rectangular loops and the coefficients fulfil
c0 þ 8c1 ¼ 1. The gluon propagator GμνðkÞ and the
three-gluon vertex Vabc

g3μνρðk1; k2; k3Þ for these actions in
general covariant gauge are given in Appendix A 3 and
were derived in Refs. [16,17]. We follow the convention of
inflowing momenta, see Fig. 2, and use the Feynman gauge
(α ¼ 1) in our calculations.
We have used a computer algebra system (Mathematica

[18]) to derive the Feynman rules and have additionally
checked some of the calculations by hand.

III. SELF-ENERGY CALCULATION

Let us apply the Feynman rules to the calculation of the
self-energy of the fermion

Σ ¼ g20CF

16π2

�
Σ0

a
þOða0Þ

�
ð27Þ

to first order. It is given by the “tadpole” and “sunset”
diagrams shown in Fig. 3, and yields the additive mass shift

amcrit ¼ −
g20CF

16π2
Σ0: ð28Þ

The contributing integrals for the two diagrams are

g20CFΣ
ðtadpoleÞ
0 ¼

Z
π

−π

d4k
ð2πÞ4

X
μ;ν;a

½GμνðkÞVaa
2μνðp;p;k;−kÞ�p¼0;

ð29Þ

g20CFΣ
ðsunsetÞ
0 ¼

Z
π

−π

d4k
ð2πÞ4

X
μ;ν;a

½Va
1μðp; kÞGμνðp − kÞ

× SðkÞVa
1νðk; pÞ�p¼0: ð30Þ

These are simple and well known integrals in the Wilson/
plaquette case (see for example Ref. [19]). Results for the
Wilson/Symanzik case can be found in Ref. [13].
Complete results for Wilson or Brillouin fermions with a

clover term and plaquette or Symanzik glue are given in
Table I. The tadpole contribution is exactly the same for
Wilson and Brillouin fermions with plaquette glue but not
any more identical with the Symanzik-improved Lüscher-
Weisz gluon propagator. It also gains no additional terms
from the inclusion of the clover term. The sunset contri-
bution, however, does. It takes the form

ΣðsunsetÞ
0 ¼ ΣðsunsetÞ

00 þ cð0ÞSWΣ
ðsunsetÞ
01 þ ðcð0ÞSWÞ2ΣðsunsetÞ

02 ; ð31Þ

where the tree-level value of the improvement coefficient,

cð0ÞSW ¼ r, is to be used for a complete one-loop result. The

coefficients ΣðsunsetÞ
00 ;ΣðsunsetÞ

01 ;ΣðsunsetÞ
02 are given in Table II.

FIG. 3. Tadpole (left) and sunset (right) diagrams of the quark
self-energy.

TABLE I. Contributions to the self-energy Σ0 for r ¼ 1 and
Nc ¼ 3 coming from the tadpole and sunset diagrams, along with
the sum.

Action ΣðtadpoleÞ
0 ΣðsunsetÞ

0 Σ0

Wilson/Plaquette −48.9322ð1Þ 16.9458(1) −31.9864ð1Þ
Brillouin/Plaquette −48.9322ð1Þ 17.7727(1) −31.1595ð1Þ
Wilson/Symanzik −40.5177ð1Þ 16.6854(1) −23.8323ð1Þ
Brillouin/Symanzik −39.0998ð1Þ 16.3742(1) −22.7256ð1Þ

TABLE II. Contributions to the self-energy ΣðsunsetÞ
0 of the

sunset diagram at different orders of the tree level value cð0ÞSW
(for r ¼ 1 and Nc ¼ 3).

Action ΣðsunsetÞ
00 ΣðsunsetÞ

01 ΣðsunsetÞ
02

Wilson/Plaquette −2.5025ð1Þ 13.7331(1) 5.7151(1)
Brillouin/Plaquette −5.0086ð1Þ 12.9489(1) 9.8325(1)
Wilson/Symanzik 0.0745(1) 11.9482(1) 4.6627(1)
Brillouin/Symanzik −2.8534ð1Þ 11.3450(1) 7.8826(1)

FIG. 2. The three-gluon vertex.
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Figure 4 shows Σ0 for values of r ranging from 0.5 to 1.5,
along with quadratic fit functions for the reader’s conven-
ience. Further details are given in Appendix C. Overall we
find that switching from Wilson to Brillouin fermions
decreases jΣ0j ∝ amcrit only marginally, while replacing

plaquette gluons by Lüscher-Weisz gluons has a much
more significant effect.

IV. PERTURBATIVE DETERMINATION OF cSW

The improvement coefficient cSW in Eq. (12) has a
perturbative expansion

cSW ¼ cð0ÞSW þ g20c
ð1Þ
SW þOðg40Þ ð32Þ

in powers of the bare coupling g20 ¼ 2Nc=β. It can be
calculated via the quark-quark-gluon-vertex function

Λa
μðp; qÞ ¼

X∞
L¼0

g2Lþ1
0 ΛaðLÞ

μ ðp; qÞ; ð33Þ

where L is the number of loops.

A. Tree level

At the tree level the expression (33) is given by the lattice
qq̄g vertex, which is the sum of (20) and (21). Expanding it
to first order in a gives

Λað0Þ
μ ðp; qÞ ¼ Va

1μðap; aqÞ ¼ −g0Ta

�
iγμð2ρ1 þ 12ρ2 þ 24ρ3 þ 16ρ4Þ

þ a

�
r
2
ðpμ þ qμÞðλ1 þ 6λ2 þ 12λ3 þ 8λ4Þ þ

i
2
cSW

X
ν

σμνðpν − qνÞ
�
þOða2Þ

�
; ð34Þ

where cSW ¼ cð0ÞSW at leading order in g0, and sandwiching this expression with on-shell spinors u and ū yields

ūðqÞΛað0Þ
μ ðp;qÞuðpÞ ¼ −g0TaūðqÞ

�
iγμð2ρ1 þ 12ρ2 þ 24ρ3 þ 16ρ4Þ þ

a
2
½rðλ1 þ 6λ2 þ 12λ3 þ 8λ4Þ− cð0ÞSW�ðpμ þ qμÞ

�
uðpÞ

þOða2Þ ð35Þ

and hence the condition cð0ÞSW ¼ rðλ1 þ 6λ2 þ 12λ3 þ 8λ4Þ
to eliminate OðaÞ contributions at tree level. From
Eqs. (9) and (11) we see that both actions fulfill
ðλ1 þ 6λ2 þ 12λ3 þ 8λ4Þ ¼ 1. Thus the tree-level improve-
ment coefficient is equal2 to the Wilson parameter r for
both Wilson and Brillouin fermions.

B. One-loop level: Setup

At the one-loop level the general form of the vertex
function is3

g30Λ
að1Þ
μ ðp; qÞ ¼ −g30TaðγμF1ðp; qÞ þ a½=qγμF2 þ γμpF3

þ ðpμ þ qμÞG1 þ ðpμ − qμÞH1

þOðp2; q2; pqÞ� þOða2ÞÞ; ð36Þ

where the F2, F3 andH1 terms do not contribute to on-shell
quantities [12].
At order g30 Eq. (34) with cSW ¼ cð0ÞSW þ g20c

ð1Þ
SW þ � � �

contributes a single term, involving cð1ÞSW. Together with the
one-loop vertex function (36) and going on shell we get

g30ūðqÞ
�
a
2
cð1ÞSWðpμ þ qμÞTa þΛað1Þ

μ ðp;qÞ
�
uðpÞ

¼ g30ūðqÞTa

�
−γμF1 þ

a
2
ðpμ þ qμÞðcð1ÞSW − 2G1Þ þOða2Þ

�

× uðpÞ ð37Þ

FIG. 4. Self-energy Σ0 of Wilson and Brillouin fermions as a
function of r.

2Some authors write rcSW instead of cSW in Eq. (12), such that
cð0ÞSW always equals 1. However, the one-loop value cð1ÞSW does not
naturally factorize in this way, and has a complicated, non-
polynomial r dependence.

3The function F1ðp; qÞ gives the continuum result, while
F2…; H1 are the limits of Lorentz-invariant functions of the
outer momenta p, q for p; q → 0.
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and this results in the condition

cð1ÞSW ¼ 2G1 ð38Þ

to eliminate OðaÞ contributions at the one-loop level. We
use the following equation (given in Ref. [12]) to extractG1

from the off-shell vertex function

g30T
aG1

¼−
1

8
Tr

��
∂

∂pμ
þ ∂

∂qμ

�
Λað1Þ
μ −

�
∂

∂pν
−

∂

∂qν

�
Λað1Þ
μ γνγμ

�
μ≠ν

p;q→0

:

ð39Þ

The six diagrams that contribute at the one-loop level are
shown in Fig. 5.
We use Mathematica [3] notebooks that take the pre-

viously generated Feynman rules as input and construct from
them the relevant integrals corresponding to the six dia-
grams. Next, Eq. (39) gets applied to each integral, and the
resulting expressions are added and numerically integrated
over the four-dimensional Brillouin zone. For individual
diagrams the integrals (with one exception) are divergent and
need to be regularized, which is explained below.

C. One-loop level: Regularization

The sum of all diagrams is finite and can be numerically
integrated without further ado (“all in one approach”). As a
check and to compare results with other calculations it is
very helpful to calculate the contribution from each dia-
gram separately. Five of the six diagrams are logarithmi-
cally IR divergent. Therefore we need to regularize these
integrals and extract the divergent part before we can
evaluate them numerically. To this end we subtract from

each divergent lattice integral the simplest logarithmically
divergent lattice integral

B2 ¼
Z

π

−π

d4k
ð2πÞ4

1

ð4s2ðkÞÞ2 ð40Þ

multiplied with an appropriate prefactor. The integral B2 is
regularized by a small fictitious gluon mass μ

B2ðμÞ ¼
1

16π2
ð− lnðμ2Þ þ F0 − γEÞ þOðμ2Þ; ð41Þ

where γE ¼ 0.57721566490153ð1Þ is the Euler-Mascheroni
constant and F0 a lattice constant given in Ref. [20]
as F0 ¼ 4.369225233874758ð1Þ.
Because in the sum of all diagrams the divergencies

cancel, we can add arbitrary constants to B2. We like to
compare our results to those by Aoki and Kuramashi in

Ref. [12], who calculated cð1ÞSW for the Wilson action and for
various improved gauge actions. They used a slightly
different method of regularization and encoded the diver-
gence in

L ¼ 1

16π2
ln

�
π2

μ2

�
: ð42Þ

In essence they used the following two divergent
continuum-like integrals

L1 ¼
Z

π

−π

d4k
ð2πÞ4

1

k2ðk2 þ μ2Þ ¼ LþOðμ2Þ; ð43Þ

L2 ¼
Z

π

−π

d4k
ð2πÞ4

1

ðk2 þ μ2Þ2 ¼ L −
1

16π2
þOðμ2Þ ð44Þ

FIG. 5. The six one-loop diagrams contributing to the vertex function.
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coming from the expansion of the lattice Feynman rules to
OðaÞ. The integral L1 appears in diagrams (a, e, f) of Fig. 5,
whereas L2 appears in diagrams (b, c) of Fig. 5. Hence the
relations

L1 ¼ B2ðμÞ þ
1

16π2
ðlnðπ2Þ − F0 þ γEÞ ð45Þ

L2 ¼ B2ðμÞ þ
1

16π2
ðlnðπ2Þ − F0 þ γE − 1Þ ð46Þ

will convert our results to those in the formalism of
Ref. [12] (see Tables III and IV below).
With this setup the calculation is straightforward, though

tedious. As mentioned before, we useMathematica to carry
out the algebraic manipulations [18] and the files are
available as ancillary material [3]. In case of diagram (c)
in Fig. 5 the calculation can be carried out by hand, the
essential steps being given in Appendix B.

D. One-loop level: Results

The numerical results for each diagram and their sum is
given in Table III for Wilson and Brillouin fermions, with
plaquette and Lüscher-Weisz glue. Table IV contains the
same results converted into the formalism of Ref. [12].
Our numbers in the “Wilson” columns agree with (and
improve on) the numbers given there. Throughout the “sum”
(which results from adding the six regulated single-diagram
contributions) agrees with the result of the direct numerical
integration of the unregularized (finite) “all in one” approach.
A closer look at Table III reveals interesting features. The

second column indicates that not only the divergent parts of
all diagrams in Fig. 5 would cancel, but also that of diagram
(a) would cancel the combined (e, f) divergence, and that
(b) cancels (c). This allows us to split the sum of all
diagrams into two finite parts, one proportional to Nc
[coming from diagrams (a, d, e, f) in Fig. 5] and one
proportional to 1=Nc [from diagrams (b, c, d)]. The
corresponding coefficients are given in Table V for

TABLE V. Coefficients of Nc and 1=Nc in cð1ÞSW and the full result for Nc ¼ 3 for r ¼ 1.

Action Nc 1=Nc cð1ÞSW for Nc ¼ 3

Wilson/Plaquette 0.098842471(1) −0.08381750ð1Þ 0.26858825(1)
Wilson/Symanzik 0.0718695(1) −0.05809245ð1Þ 0.1962445(1)
Brillouin/Plaquette 0.04578552(1) −0.04119226ð1Þ 0.12362580(1)
Brillouin/Symanzik 0.032600(1) −0.0275974ð1Þ 0.088601(1)

TABLE III. Divergent and constant contributions to cð1ÞSW from each diagram for Nc ¼ 3 and r ¼ 1. The second
column gives the coefficients in front of the logarithmically divergent B2ðμÞ ¼ 1

16π2
ð− lnðμ2Þ þ F0 − γEÞ.

Diagram B2 Wilson/Plaquette Brillouin/Plaquette Wilson/Symanzik Brillouin/Symanzik

(a) −1=3 0.009852153(1) 0.0100402212(1) 0.01048401(1) 0.0108335(1)
(b) −9=2 0.125895883(1) 0.098371668(1) 0.1285594(1) 0.102829(1)
(c) þ9=2 −0.124125079ð1Þ −0.100558858ð1Þ −0.1337781ð1Þ −0.1098254ð1Þ
(d) 0 0.297394534(1) 0.142461144(1) 0.2354388(1) 0.1120815(1)
(e) þ1=6 −0.020214623ð1Þ −0.013344189ð1Þ −0.022229808ð1Þ −0.013659ð1Þ
(f) þ1=6 −0.020214623ð1Þ −0.013344189ð1Þ −0.022229808ð1Þ −0.013659ð1Þ
Sum 0 0.26858825(1) 0.12362580(1) 0.1962445(1) 0.088601(1)

TABLE IV. Divergent and constant contributions to cð1ÞSW from each diagram for Nc ¼ 3 and r ¼ 1. The second
column gives the coefficients in front of the logarithmically divergent L≡ 1

16π2
lnðπ2=μ2Þ. This corresponds to the

formalism used in Ref. [12].

Diagram L Wilson/Plaquette Brillouin/Plaquette Wilson/Symanzik Brillouin/Symanzik

(a) −1=3 0.004569626(1) 0.0047576939(1) 0.00520148(1) 0.0055510(1)
(b) −9=2 0.083078349(1) 0.055554134(1) 0.1142384(1) 0.088508(1)
(c) þ9=2 −0.081307544ð1Þ −0.057741323ð1Þ −0.1194571ð1Þ −0.0955044ð1Þ
(d) 0 0.297394534(1) 0.142461144(1) 0.2354388(1) 0.1120815(1)
(e) þ1=6 −0.017573359ð1Þ −0.010702925ð1Þ −0.019588545ð1Þ −0.011018ð1Þ
(f) þ1=6 −0.017573359ð1Þ −0.010702925ð1Þ −0.019588545ð1Þ −0.011018ð1Þ
Sum 0 0.26858825(1) 0.12362580(1) 0.1962445(1) 0.088601(1)
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r ¼ 1, and setting Nc ¼ 3 is found to reproduce the

previous results for cð1ÞSW.
For any Nc the value of cð1ÞSW for Brillouin fermions is

about half the value for Wilson fermions. This holds with
plaquette glue and with Lüscher-Weisz glue. In addition,
we have performed the same calculations for several values
of the Wilson parameter r in the range 0.5, 0.6, ..., 1.5. The
results are shown in Fig. 6 and listed in the tables of
Appendix D.

V. SUMMARY

This paper provides Feynman rules for the Brillouin
fermion action, and lists the vertices qq̄g, qq̄gg, qq̄ggg that
come from the unimproved part of the fermion action. In
addition, each one of these vertices receives a contribution

from the clover term which is proportional to cð0ÞSW and
known from Refs. [12,13], since it is the same for Wilson
and Brillouin fermions.
As a warm-up exercise we calculate the self-energy

contribution Σ0 ∝ 1=a, which encodes the critical mass
amcrit of Brillouin fermions. We do this for the plaquette
gluon action and the Lüscher-Weisz gluon action, with the
Wilson parameter in the range r∈ f0.5; 0.6;…; 1.5g. We
find that the critical mass nearly matches the one of Wilson

fermions, and the tree-level improvement in the gluon
sector reduces it (for both fermion actions) by about 25%.

Last but not least the well-known tree-level result cð0ÞSW ¼
r is complemented with the one-loop result cð1ÞSW for
Brillouin fermions. The sum of the six diagrams is finite
and ready for numerical integration. On a diagram-by-
diagram basis, five of the diagrams are IR divergent and
need regularization. We propose a slightly different regu-
larization technique than Ref. [12], but the “translation
rules” Eqs. (45) and (46) establish complete agreement of
our results for the Wilson action with those in the literature,
except that it is easier to reach good numerical precision
with our quantity B2 as defined in Eqs. (40) and (41).
The results are given in Sec. IV and Appendix D for the

range r∈ ½0.5; 1.5� of the Wilson lifting parameter r and
arbitrary Nc. These results are ready for use in numerical
simulations, and will reduce the leading cutoff effects from
Oða logðaÞÞ to Oða log2ðaÞÞ. Of course our hope is that
these results will eventually be complemented with a non-
perturbative determination of cSW for a variety of couplings.
We envisage that future (nonperturbative) data for cSW of the
Brillouin action will be fitted with a rational ansatz of the
form cSW ¼ ð1þ c1g20 þ c2g40 þ � � �Þ=ð1þ d1g20 þ � � �Þ,
where the difference c1 − d1 is restricted to obey our one-
loop perturbative calculation. This is exactly what was done
for Wilson fermions in Refs. [6–8], and we hope that the
improvement program for Brillouin fermions will be sim-
ilarly successful.

ACKNOWLEDGMENTS

We thank Stefano Capitani and Johannes Weber for
useful discussion related to this work.

APPENDIX A: FEYNMAN RULES

1. Feynman rules of the Brillouin action

a. The qq̄g vertex

As a short example we show in some detail how to derive
the part of the qq̄g vertex Va

1μðp; qÞ proportional to λ2 and
ρ2, i.e. we start with the following term of the Brillouin
action

X
x;y

ψ̄ðxÞ
�X�4

μ;ν¼�1
jμj≠jνj

�
ρ2γμ − r

λ2
4

�
WμνðxÞδðxþ μ̂þ ν̂; yÞ

�
ψðyÞ: ðA1Þ

First we rewrite the sum, such that it is over positive indices only

X
x;y

X4
μ;ν¼1
μ≠ν

ψ̄ðxÞ
��

ρ2γμ − r
λ2
4

�
ðWμνðxÞδðxþ μ̂þ ν̂; yÞ þWμ−νðxÞδðxþ μ̂ − ν̂; yÞÞ

þ
�
−ρ2γμ − r

λ2
4

�
ðW−μνðxÞδðx − μ̂þ ν̂; yÞ þW−μ−νðxÞδðx − μ̂ − ν̂; yÞÞ

�
ψðyÞ; ðA2Þ

FIG. 6. The one-loop values of cð1ÞSW for Wilson and Brillouin
fermions with Nc ¼ 3 as a function of r.

MAXIMILIAN AMMER and STEPHAN DÜRR PHYS. REV. D 109, 014512 (2024)

014512-8



where γ−μ ¼ −γμ has been used. We insert

WμνðxÞ ¼
1

2
ðUμðxÞUνðxþ μ̂Þ þUνðxÞUμðxþ ν̂ÞÞ ðA3Þ

expanded to order g0, hence we replace

WμνðxÞ → ig0Ta 1

2
ðAa

μðxÞ þ Aa
νðxþ μ̂Þ þ Aa

νðxÞ þ Aa
μðxþ ν̂ÞÞ; ðA4Þ

Wμ−νðxÞ → ig0Ta 1

2
ðAa

μðxÞ − Aa
νðxþ μ̂ − ν̂Þ − Aa

νðx − ν̂Þ þ Aa
μðx − ν̂ÞÞ; ðA5Þ

W−μνðxÞ → ig0Ta 1

2
ð−Aa

μðx − μ̂Þ þ Aa
νðx − μ̂Þ þ Aa

νðxÞ − Aa
μðx − μ̂þ ν̂ÞÞ; ðA6Þ

W−μ−νðxÞ → ig0Ta 1

2
ð−Aa

μðx − μ̂Þ − Aa
νðx − μ̂ − ν̂Þ − Aa

νðx − ν̂Þ − Aa
μðx − μ̂ − ν̂ÞÞ; ðA7Þ

where we have used

U−μðxÞ ¼ U†
μðx − μ̂Þ ¼ 1 − ig0TaAa

μðx − μ̂Þ þOðg20Þ: ðA8Þ

Next we insert the Fourier transforms of ψ̄ , ψ , A and δ. One example term reads

X
x;y

X4
μ;ν¼1
μ≠ν

ψ̄ðxÞ
�
ρ2γμ − r

λ2
4

�
Aa
μðxÞδðxþ μ̂þ ν̂; yÞψðyÞ

¼
X
x;y

X4
μ;ν¼1
μ≠ν

Z
π

−π

d4q
ð2πÞ4

Z
π

−π

d4k
ð2πÞ4

Z
π

−π

d4r
ð2πÞ4

Z
π

−π

d4p
ð2πÞ4 ðA9Þ

×e−ixqψ̄ðqÞ
�
ρ2γμ − r

λ2
4

�
eiðxþμ̂=2ÞkAa

μðkÞeiðxþμ̂þν̂−yÞreiypψðpÞ: ðA10Þ

The sum over y introduces ð2πÞ4δðr − pÞ, which lets us perform the r integral. Then the sum over x introduces
ð2πÞ4δðq − p − kÞ, which enforces momentum conservation at the vertex and allows us to perform the k integral. As a result
we are left with

X4
μ;ν¼1
μ≠ν

Z
π

−π

d4q
ð2πÞ4

Z
π

−π

d4p
ð2πÞ4 ψ̄ðqÞ

�
ρ2γμ − r

λ2
4

�
ψðpÞAa

μðq − pÞe i
2
ðqμþpμÞeipν ðA11Þ

and together with the term −ð−ρ2γμ − r λ2
4
ÞAa

μðx − μ̂Þδðx − μ̂ − ν̂; yÞ this yields the contribution

ρ2γμ cos
�
1

2
ðpμ þ qμÞ þ pν

�
−
rλ2
4

sin
�
1

2
ðpμ þ qμÞ þ pν

�
ðA12Þ

to the qq̄g vertex. Adding all the other terms and some more trigonometric manipulations will finally result in what is shown
in Eq. (20).
The procedure for the qq̄gg and qq̄ggg vertices is basically the same. After Fourier transforming the fields, we integrate

out the gluon momentum k1 and find ourselves left with expressions containing p; q; k2 and p; q; k2; k3, respectively. At this
point some diligence is needed to rename the indices in terms containing for example Aa

νðk1ÞAb
μðk2Þ or Aa

ρðk1ÞAb
νðk2ÞAc

μðk3Þ
such that everything is proportional to Aa

μðk1ÞAb
νðk2Þ and Aa

μðk1ÞAb
νðk2ÞAc

ρðk3Þ, respectively.
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b. Notation details

The following combinations of sine and cosine functions are very convenient to shorten the lengthy expressions for the
vertices

KðfgÞ
μν ðp; qÞ ¼ fðpμ þ qμÞ½ḡðpνÞ þ ḡðqνÞ�; ðA13Þ

KðfghÞ
μνρ ðp; qÞ ¼ fðpμ þ qμÞfḡðpνÞh̄ðpρÞ þ ḡðqνÞh̄ðqρÞ þ ½ḡðpνÞ þ ḡðqνÞ�½h̄ðpρÞ þ h̄ðqρÞ�g; ðA14Þ

KðfghjÞ
μνρσ ðp; qÞ ¼ fðpμ þ qμÞf2½ḡðpνÞh̄ðpρÞj̄ðpσÞ þ ḡðqνÞh̄ðqρÞj̄ðqσÞ�

þ ½ḡðpνÞ þ ḡðqνÞ�½h̄ðpρÞ þ h̄ðqρÞ�½j̄ðpσÞ þ j̄ðqσÞ�g; ðA15Þ

LðfgÞ
μν ðp; q; kÞ ¼ fðpμ þ qμ þ kμÞgð2pν þ kνÞ; ðA16Þ

LðfghÞ
μνρ ðp; q; kÞ ¼ fðpμ þ qμ þ kμÞgð2pν þ kνÞ½h̄ðpρÞ þ h̄ðpρ þ kρÞ þ h̄ðqρÞ�; ðA17Þ

LðfghjÞ
μνρσ ðp; q; kÞ ¼ fðpμ þ qμ þ kμÞgð2pν þ kνÞ

× fh̄ðpρÞj̄ðpσÞ þ h̄ðpρ þ kρÞj̄ðpσ þ kσÞ þ h̄ðqρÞj̄ðqσÞ
þ ½h̄ðpρÞ þ h̄ðpρ þ kρÞ þ h̄ðqρÞ�½j̄ðpσÞ þ j̄ðpσ þ kσÞ þ j̄ðqσÞ�g; ðA18Þ

MðfghÞ
μνρ ðp; q; k1; k2Þ ¼ fðpμ þ qμ þ k1μ þ k2μÞgð2pν þ k1ν þ 2k2νÞhð2pρ þ k2ρÞ; ðA19Þ

MðfghjÞ
μνρσ ðp; q; k1; k2Þ ¼ fðpμ þ qμ þ k1μ þ k2μÞgð2pν þ k1ν þ 2k2νÞhð2pρ þ k2ρÞ

× fj̄ðpσÞ þ j̄ðpσ þ k2σÞ þ j̄ðpσ þ k1σ þ k2σÞ þ j̄ðqσÞg; ðA20Þ

with f; g; h; j∈ fs; cg.

c. The qq̄gg vertex

The qq̄gg vertex for the Brillouin action takes the form

Vab
2μνðp; q; k1; k2Þ ¼ ag20T

aTb

�
−
1

2
rλ1δμνcðpμ þ qμÞ þ iρ1δμνsðpμ þ qμÞγμ

þ rλ2

�
ð1 − δμνÞLðssÞ

μν ðp; q; k2Þ −
1

2
δμν

X4
α¼1
α≠μ

KðccÞ
μα ðp; qÞ

�

þ rλ3

�
2

3
ð1 − δμνÞ

X4
ρ¼1

≠ðρ;μ;νÞ

LðsscÞ
μνρ ðp; q; k2Þ −

1

6
δμν

X4
α;ρ¼1
≠ðα;ρ;μÞ

KðcccÞ
μαρ ðp; qÞ

�

þ rλ4

�
1

6
ð1 − δμνÞ

X4
ρ;σ¼1

≠ðρ;σ;μ;νÞ

LðssccÞ
μνρσ ðp; q; k2Þ −

1

18
δμν

X4
α;ρ;σ¼1
≠ðα;ρ;σ;μÞ

KðccccÞ
μαρσ ðp; qÞ

�

þ iρ2

�
2ð1 − δμνÞ½LðcsÞ

μν ðp; q; k2Þγμ þ LðscÞ
μν ðp; q; k2Þγν� þ δμν

X4
α¼1
α≠μ

½KðscÞ
μα ðp; qÞγμ þ KðcsÞ

μα ðp; qÞ�
�
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þ iρ3

�
4

3
ð1 − δμνÞ

X4
ρ¼1

≠ðρ;μ;νÞ

½LðcscÞ
μνρ ðp; q; k2Þγμ þ LðsccÞ

μνρ ðp; q; k2Þγν − LðsssÞ
μνρ ðp; q; k2Þγρ�

þ 1

3
δμν

X4
α;ρ¼1
≠ðα;ρ;μÞ

½KðsccÞ
μαρ ðp; qÞγμ þ 2KðccsÞ

μαρ ðp; qÞγρ�
�

þ iρ4

�
1

3
ð1 − δμνÞ

X4
ρ;σ¼1

≠ðρ;σ;μ;νÞ

½LðcsccÞ
μνρσ ðp; q; k2Þγμ þ LðscccÞ

μνρσ ðp; q; k2Þγν − 2LðssscÞ
μνρσ ðp; q; k2Þγρ�

þ 1

9
δμν

X4
α;ρ;σ¼1
≠ðα;ρ;σ;μÞ

½KðscccÞ
μαρσ ðp; qÞγμ þ 3KðccscÞ

μαρσ ðp; qÞγρ�
��

ðA21Þ

and needs to be complemented with the piece linear in cð0ÞSW ¼ r that comes from the clover term.

d. The qq̄ggg vertex

The qq̄ggg vertex for the Brillouin action takes the form

Vabc
3μνρðp;q;k1;k2;k3Þ¼a2g30T

aTbTc

�
1

6
δμνδμρðrλ1sðpμþqμÞþ2iρ1cðpμþqμÞγμÞ

þrλ2

�
1

2
δμνð1−δμρÞLðcsÞ

μρ ðp;q;k3Þþ
1

2
δνρð1−δμνÞLðscÞ

μν ðp;q;k2þk3Þþ
1

6
δμνδμρ

X4
α¼1
α≠μ

KðscÞ
μα ðp;qÞ

�

þrλ3

�
−
2

3
ð1−δμνÞð1−δμρÞð1−δνρÞMðsssÞ

μνρ ðp;q;k2;k3Þþ
1

3
δμνð1−δμρÞ

X4
α¼1

≠ðα;μ;ρÞ

LðcscÞ
μρα ðp;q;k3Þ

þ1

3
δνρð1−δμνÞ

X4
α¼1

≠ðα;μ;νÞ

LðsccÞ
μνα ðp;q;k2þk3Þþ

1

18
δμνδμρ

X4
α;β¼1
≠ðα;β;μÞ

KðsccÞ
μαβ ðp;qÞ

�

þrλ4

�
−
1

3
ð1−δμνÞð1−δμρÞð1−δνρÞ

X4
σ¼1

≠ðσ;μ;ν;ρÞ

MðssscÞ
μνρσ ðp;q;k2;k3Þþ

1

12
δμνð1−δνρÞ

X4
α;σ¼1

≠ðα;σ;μ;ρÞ

LðcsccÞ
μρασ ðp;q;k3Þ

þ 1

12
δνρð1−δμνÞ

X4
α;σ¼1

≠ðα;σ;μ;νÞ

LðscccÞ
μνασ ðp;q;k2þk3Þþ

1

54
δμνδμρ

X4
α;β;σ¼1
≠ðα;β;σ;μÞ

KðscccÞ
μαβσ ðp;qÞ

�

þ iρ2

�
1

3
δμνδμρ

X4
α¼1
α≠μ

½KðccÞ
μα ðp;qÞγμ−KðssÞ

μα ðp;qÞγα�þδμνð1−δμρÞ½LðccÞ
μρ ðp;q;k3Þγρ−LðssÞ

μρ ðp;q;k3Þγμ�

þδνρð1−δμνÞ½LðccÞ
μρ ðp;q;k2þk3Þγμ−LðssÞ

μρ ðp;q;k2þk3Þγν�
�

þ iρ3

�
−
4

3
ð1−δμνÞð1−δμρÞð1−δνρÞ× ½MðcssÞ

μνρ ðp;q;k2;k3ÞγμþMðscsÞ
μνρ ðp;q;k2;k3Þγν

þMðsscÞ
μνρ ðp;q;k2;k3Þγρ�þ

1

9
δμνδμρ

X4
α;β¼1
≠ðα;β;μÞ

½KðcccÞ
μαβ ðp;qÞγμ−KðsscÞ

μαβ ðp;qÞγα−KðscsÞ
μαβ ðp;qÞγβ�

−
2

3
δμνð1−δμρÞ

X4
α¼1

≠ðα;μ;ρÞ

½LðsscÞ
μρα ðp;q;k3Þγμ−LðcccÞ

μρα ðp;q;k3ÞγρþLðcssÞ
μρα ðp;q;k3Þγα�
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−
2

3
δνρð1 − δμνÞ

X4
α¼1

≠ðα;μ;νÞ

½−LðcccÞ
μνα ðp; q; k2 þ k3Þγμ þ LðsscÞ

μνα ðp; q; k2 þ k3Þγν þ LðscsÞ
μνα ðp; q; k2 þ k3Þγα�

�

þ iρ4

�
−
2

3
ð1 − δμνÞð1 − δμρÞð1 − δνρÞ

X4
σ¼1

≠ðσ;μ;ν;ρÞ

½MðcsscÞ
μνρσ ðp; q; k2; k3Þγμ þMðscscÞ

μνρσ ðp; q; k2; k3Þγν

þMðssccÞ
μνρσ ðp; q; k2; k3Þγρ −MðssssÞ

μνρσ ðp; q; k2; k3Þγσ�

þ 1

27
δμνδμρ

X4
α;β;σ¼1
≠ðα;β;σ;μÞ

½KðccccÞ
μαβσ ðp; qÞγμ − KðssccÞ

μαβσ ðp; qÞγα − KðscscÞ
μαβσ ðp; qÞγβ − KðsccsÞ

μαβσ ðp; qÞγσ�

−
1

6
δμνð1 − δμρÞ

X4
α;σ¼1

≠ðα;σ;μ;ρÞ

½LðssccÞ
μρασ ðp; q; k3Þγμ − LðccccÞ

μρασ ðp; q; k3Þγρ þ LðcsscÞ
μρασ ðp; q; k3Þγα þ LðcscsÞ

μρασ ðp; q; k3Þγσ�

þ 1

6
δνρð1 − δμνÞ

X4
α;σ¼1

≠ðα;σ;μ;νÞ

½LðccccÞ
μνασ ðp; q; k2 þ k3Þγμ − LðssccÞ

μνασ ðp; q; k2 þ k3Þγν þ LðscscÞ
μνασ ðp; q; k2 þ k3Þγα

þ LðsccsÞ
μνασ ðp; q; k2 þ k3Þγσ�

��
ðA22Þ

and needs to be complemented with the piece linear in cð0ÞSW ¼ r that comes from the clover term.

2. Feynman rules of the clover term

Here we give the contributions to the q̄qgg and q̄qggg vertices coming from the clover term. Similar expressions can be
found in Refs. [12,13].

Vab
2cμνðp; q; k1; k2Þ ¼ iacð0ÞSWg

2
0T

aTb

�
1

4
δμν

X
ρ

σμρsðqμ − pμÞ½s̄ðk2ρÞ − s̄ðk1ρÞ�

þ σμν½cðk1νÞcðk2μÞcðqμ − pμÞcðqν − pνÞ −
1

2
cðk1μÞcðk2νÞ�

�
; ðA23Þ

Vabc
3cμνρðp; q; k1; k2; k3Þ ¼ ia2cð0ÞSWg

3
0T

aTbTc

�
δμνδμρ

X
α

σμα

�
−

1

12
cðqμ − pμÞs̄ðqα − pαÞ

−
1

2
cðqμ − pμÞcðqα − pαÞcðk3α − k1αÞsðk2αÞ

�

þ δμνσμρ

�
−
1

2
cðqμ − pμÞcðqρ − pρÞcðk1ρ þ k2ρÞsðk3μÞ þ

1

4
sðk1μ þ k2μÞcð2k2ρ þ k3ρÞ

�

þ δνρσμν

�
−
1

2
cðqμ − pμÞcðqν − pνÞcðk2μ þ k3μÞsðk1νÞ þ

1

4
sðk2ν þ k3νÞcðk1μ þ 2k2μÞ

�

þ δμρσμν

�
1

2
cðqν − pνÞcðk3ν − k1νÞsðk1μ þ 2k2μ þ k3μÞ

��
: ðA24Þ

3. Feynman rules of the gauge action

The following gluon propagator and three-gluon vertex have been derived in Refs. [16,17]. The gluon propagator in a
general covariant gauge is

GμνðkÞ ¼
1

4ðs2ðkÞÞ2
�
αsðkμÞsðkνÞ þ

X
ρ

ðδμνsðkρÞ − δμρsðkρÞÞsðkρÞAρνðkÞ
�
; ðA25Þ
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and we shall use the Feynman gauge with α ¼ 1. The symmetric matrix A is given by

AμνðkÞ ¼
ð1 − δμνÞ
ΔðkÞ

�
ðs2ðkÞÞ2 − 4c1s2ðkÞ

�
2
X
ρ

sðkρÞ4 þ s2ðkÞ
X
ρ≠μ;ν

sðkρÞ2
�

þ 16c21

��X
ρ

sðkρÞ4
�

2

þ s2ðkÞ
X
ρ

sðkρÞ4
X
τ≠μν

sðkτÞ2 þ ðs2ðkÞÞ2
Y
ρ≠μ;ν

sðkρÞ2
��

; ðA26Þ

with the denominator taking the form

ΔðkÞ ¼
�
s2ðkÞ − 4c1

X
ρ

sðkρÞ4
��

s2ðkÞ − 4c1

�
ðs2ðkÞÞ2 þ

X
τ

sðkτÞ4
�
þ 8c21

�
ðs2ðkÞÞ3 þ 2

X
τ

sðkτÞ6 − s2ðkÞ
X
τ

sðkτÞ4
��

− 16c31
X
ρ

sðkρÞ4
Y
τ≠ρ

sðkτÞ2: ðA27Þ

Similarly, the three-gluon vertex depicted in Fig. 2 is found to be

Vabc
g3μνρðk1; k2; k3Þ ¼ −

ig0
6
fabcðc0Vð0Þ

g3μνρðk1; k2; k3Þ þ c1V
ð1Þ
g3μνρðk1; k2; k3ÞÞ ðA28Þ

with

Vð0Þ
g3μνρðk1; k2; k3Þ ¼ 2½δμνsðk1ρ − k2ρÞcðk3μÞ þ 2 cyclic perms�; ðA29Þ

Vð1Þ
g3μνρðk1; k2; k3Þ ¼ 8Vð0Þ

g3μνρðk1; k2; k3Þ
þ 8½δμνðcðk3μÞ½sðk1μ − k2μÞðδμρs2ðk3Þ − sðk3μÞsðk3ρÞÞ − sðk1ρ − k2ρÞðsðk1ρÞ2 þ sðk22ρÞÞ�
þ sðk1ρ − k2ρÞðsðk1μÞsðk2μÞ − cðk1μÞcðk2μÞsðk3μÞ2ÞÞ þ 2 cyclic perms�: ðA30Þ

APPENDIX B: EXAMPLE CALCULATION OF DIAGRAM (C) IN FIG. 5

The integral corresponding to diagram (c) in Fig. 5 is

Λað1ÞðcÞ
μ ¼ 6

Z
π

−π

d4k
ð2πÞ4

X
ν;ρ;σ;τ

X
b;c

Vb;c
2νρðp; q; k; q − p − kÞGνσðkÞGρτðp − qþ kÞVabc

3gμστðq − p;−k; p − qþ kÞ: ðB1Þ

The prefactor 6 ¼ 2 · 3 is due to the possible permutations of the internal gluon lines. The simplest form of this integral is in

the case of the Wilson fermion action and the plaquette gluon action. In order to compute GðcÞ
1 by Eq. (39), we need the

derivatives

∂

∂pν
Λað1ÞðcÞ
μ

����
μ≠ν

p;q¼0

¼ g30NcTa

Z
π

−π

d4k
ð2πÞ4

�
−3s̄ðkμÞs̄ðkνÞ þ is2ðkÞs̄ðkμÞγν

64ðs2ðkÞÞ3

− icð0ÞSW ·
3cðkμÞ2c̄ðkνÞσμν þ s̄ðkμÞ

P
ρσνρs̄ðkρÞ

64ðs2ðkÞÞ2
�
; ðB2Þ

∂

∂qν
Λað1ÞðcÞ
μ

����
μ≠ν

p;q¼0

¼ g30NcTa

Z
π

−π

d4k
ð2πÞ4

�
3s̄ðkμÞs̄ðkνÞ þ is2ðkÞs̄ðkμÞγν

64ðs2Þ3

þ icð0ÞSW ·
3cðkμÞ2c̄ðkνÞσμν þ s̄ðkμÞ

P
ρσνρs̄ðkρÞ

64ðs2ðkÞÞ2
�
; ðB3Þ
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∂

∂pμ
Λað1ÞðcÞ
μ

����
p;q¼0

¼ g30NcTa

Z
π

−π

d4k
ð2πÞ4

�
3s̄ðkμÞ2 − 3c̄ðkμÞs2

64ðs2ðkÞÞ3 − icð0ÞSW

s̄ðkμÞ
P

ρσμρs̄ðkρÞ
64ðs2ðkÞÞ2

�
; ðB4Þ

∂

∂qμ
Λað1ÞðcÞ
μ

����
p;q¼0

¼ −
∂

∂pμ
Λað1ÞðcÞ
μ

����
p;q¼0

: ðB5Þ

Here we may use that under the integral only even functions will survive, therefore terms of the form sðkμÞsðkνÞ and
s̄ðkμÞs̄ðkνÞ with μ ≠ ν do not contribute. This yields

g30T
aGðcÞ

1 ¼ −
1

8
Tr

�
−
�

∂

∂pν
−

∂

∂qν

�
Λað1Þ
μ γνγμ

�
μ≠ν

p;q→0

; ðB6Þ

¼ −
1

8
g30NcTa

Z
π

−π

d4k
ð2πÞ4 Tr

��
3s̄ðkμÞs̄ðkνÞ
32ðs2ðkÞÞ3 þ icð0ÞSW

ð3cðkμÞ2c̄ðkνÞ − s̄ðkμÞ2Þσμν
32ðs2ðkÞÞ2

�
γνγμ

�
; ðB7Þ

¼ g30Ncc
ð0Þ
SWT

a

Z
π

−π

d4k
ð2πÞ4

3cðkμÞ2c̄ðkνÞ − s̄ðkμÞ2
64ðs2ðkÞÞ2 ; ðB8Þ

and this integral is divergent and cannot be directly calculated numerically. In order to regularize it we subtract the simple
lattice integral B2

Z
π

−π

d4k
ð2πÞ4

�
3cðkμÞ2c̄ðkνÞ − s̄ðkμÞ2

64ðs2ðkÞÞ2 − c ·
1

ð4s2ðkÞÞ2
�

¼ finite; ðB9Þ

where all we need to know is the appropriate coefficient c. We can determine it easily by restoring factors of the lattice
spacing k → ak, expanding the first term to lowest order in a

Z
π

−π

d4k
ð2πÞ4

3

4

1

ðk21 þ k22 þ k23 þ k24Þ2
þOða2Þ ðB10Þ

and reading off c ¼ 3=4. Thus the contribution to cð1ÞSW coming from diagram (c) in Fig. 5 is

cð1ÞðcÞSW ¼ 2GðcÞ
1 ¼ cð0ÞSWNc

�
3

2
B2ðμÞ − 0.041375026ð1Þ

�
; ðB11Þ

¼ 9

2
B2ðμÞ − 0.124125079ð1Þ; ðB12Þ

where we have set cð0ÞSW ¼ r ¼ 1 and Nc ¼ 3 in the last step.

APPENDIX C: SELF-ENERGY AS A FUNCTION OF r

To complement the results presented in Sec. III, Table VI shows our results for the self-energy Σ0=a for eleven values of
the Wilson parameter r between 0.5 and 1.5. The four options of the overall action (Wilson/Brillouin fermions on plaquette/
Lüscher-Weisz glue) are given with a split-up between the tadpole and sunset contributions and the combination of the two
diagrams.
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APPENDIX D: RESULTS FOR cð1ÞSW
AS A FUNCTION OF r

To complement the results presented in Sec. IV,
Table VII shows our results for the one-loop clover
coefficient cð1ÞSW for 11 values of the Wilson parameter r
between 0.5 and 1.5. The physical number of colors,
Nc ¼ 3, has been plugged in. The four columns encode

for the overall action (Wilson/Brillouin fermions on
plaquette/Lüscher-Weisz glue), respectively.
To enable the reader to adjust the result to arbitrary Nc,

Table VIII gives the parts ∝ Nc and ∝ 1=Nc separately.
Plugging Nc ¼ 3 reproduces the results listed in Table VII.
For future reference the split-up into contributions per
diagram (for Nc ¼ 3) is given in Table IX for Wilson
fermions and in Table X for Brillouin fermions, respectively.

TABLE VI. Self energy Σ0 of Wilson and Brillouin fermions for Nc ¼ 3 with plaquette and tree-level Symanzik improved (“Lüscher-
Weisz”) gauge action as a function of r.

ΣðtadpoleÞ
0 ΣðsunsetÞ

0 Σ0

r Wil./Plaquette Bri./Plaquette Wil./Plaquette Bri./Plaquette Wil./Plaquette Bri./Plaquette

0.5 −24.4661ð1Þ −24.4661ð1Þ 3.7505(1) 4.1566(1) −20.7156ð1Þ −20.3094ð1Þ
0.6 −29.3593ð1Þ −29.3593ð1Þ 6.3797(1) 7.0854(1) −22.9797ð1Þ −22.2739ð1Þ
0.7 −34.2525ð1Þ −34.2525ð1Þ 9.0474(1) 9.8887(1) −25.2052ð1Þ −24.3638ð1Þ
0.8 −39.1458ð1Þ −39.1458ð1Þ 11.7083(1) 12.5913(1) −27.4375ð1Þ −26.5545ð1Þ
0.9 −44.0390ð1Þ −44.0390ð1Þ 14.3433(1) 15.2139(1) −29.6956ð1Þ −28.8251ð1Þ
1.0 −48.9322ð1Þ −48.9322ð1Þ 16.9458(1) 17.7727(1) −31.9864ð1Þ −31.1595ð1Þ
1.1 −53.8254ð1Þ −53.8254ð1Þ 19.5147(1) 20.2804(1) −34.3108ð1Þ −33.5450ð1Þ
1.2 −58.7186ð1Þ −58.7186ð1Þ 22.0517(1) 22.7465(1) −36.6669ð1Þ −35.9721ð1Þ
1.3 −63.6119ð1Þ −63.6119ð1Þ 24.5597(1) 25.1785(1) −39.0522ð1Þ −38.4333ð1Þ
1.4 −68.5051ð1Þ −68.5051ð1Þ 27.0415(1) 27.5823(1) −41.4636ð1Þ −40.9227ð1Þ
1.5 −73.3983ð1Þ −73.3983ð1Þ 29.5000(1) 29.9625(1) −43.8983ð1Þ −43.4358ð1Þ

r Wil./Symanzik Bri./Symanzik Wil./Symanzik Bri./Symanzik Wil./Symanzik Bri./Symanzik

0.5 −20.2588ð1Þ −19.5499ð1Þ 4.7572(1) 4.6636(1) −15.5016ð1Þ −14.8863ð1Þ
0.6 −24.3106ð1Þ −23.4599ð1Þ 7.1298(1) 7.1531(1) −17.1808ð1Þ −16.3068ð1Þ
0.7 −28.3624ð1Þ −27.3699ð1Þ 9.5352(1) 9.5532(1) −18.8272ð1Þ −17.817ð1Þ
0.8 −32.4142ð1Þ −31.2799ð1Þ 11.9382(1) 11.8810(1) −20.4760ð1Þ −19.399ð1Þ
0.9 −36.4659ð1Þ −35.1898ð1Þ 14.3235(1) 14.151(1) −22.1425ð1Þ −21.04ð1Þ
1.0 −40.5178ð1Þ −39.0998ð1Þ 16.6854(1) 16.374(1) −23.8323ð1Þ −22.73ð1Þ
1.1 −44.5695ð1Þ −43.0098ð1Þ 19.0229(1) 18.560(1) −25.5467ð1Þ −24.45ð1Þ
1.2 −48.6213ð1Þ −46.9198ð1Þ 21.3369(1) 20.716(1) −27.2844ð1Þ −26.20ð1Þ
1.3 −52.6731ð1Þ −50.8298ð1Þ 23.6293(1) 22.846(1) −29.0438ð1Þ −27.98ð1Þ
1.4 −56.7248ð1Þ −54.7397ð1Þ 25.9021(1) 24.956(1) −30.8228ð1Þ −29.78ð1Þ
1.5 −60.7766ð1Þ −58.6497ð1Þ 28.1575(1) 27.048(1) −32.6191ð1Þ −31.60ð1Þ

TABLE VII. Coefficient cð1ÞSW for Wilson and Brillouin fermions for Nc ¼ 3 as a function of r.

cð1ÞSW (Nc ¼ 3)

r Wilson/Plaquette Brillouin/Plaquette Wilson/Symanzik Brillouin/Symanzik

0.5 0.15603501(1) 0.064568(1) 0.1121103(1) 0.045279(1)
0.6 0.17891256(1) 0.076957(1) 0.1292256(1) 0.054428(1)
0.7 0.20141780(1) 0.089006(1) 0.14607072(1) 0.063298(1)
0.8 0.2237942(1) 0.100777(1) 0.1628066(1) 0.071932(1)
0.9 0.2461643(1) 0.123626(1) 0.1795168(1) 0.080360(1)
1.0 0.26858825(1) 0.12362580(1) 0.1962445(1) 0.088601(1)
1.1 0.29109341(1) 0.13474599(1) 0.21301078(1) 0.096670(1)
1.2 0.31369009(1) 0.14568094(1) 0.22982530(1) 0.104577(1)
1.3 0.33637959(1) 0.15643861(1) 0.2466912(1) 0.112330(1)
1.4 0.38202196(1) 0.16702454(1) 0.2636083(1) 0.119934(1)
1.5 0.35915870(1) 0.17744258(1) 0.2805746(1) 0.127392(1)
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TABLE VIII. Parts ∝ Nc and ∝ 1=Nc of cð1ÞSW for Wilson and Brillouin fermions as a function of r.

Nc 1=Nc

r Wilson/Plaquette Brillouin/Plaquette Wilson/Plaquette Brillouin/Plaquette

0.5 0.05715043(1) 0.023738(1) −0.046248854ð1Þ −0.0199408ð1Þ
0.6 0.0656271(1) 0.028384(1) −0.0539062426ð2Þ −0.0245934ð1Þ
0.7 0.07396653(1) 0.032891(1) −0.06144543ð1Þ −0.02900721ð1Þ
0.8 0.08225622(1) 0.037284(1) −0.0689235ð1Þ −0.0332272ð1Þ
0.9 0.09054080(1) 0.041578(1) −0.07637429ð1Þ −0.037282ð1Þ
1.0 0.09884247(1) 0.04578551(1) −0.08381749ð1Þ −0.04119225ð1Þ
1.1 0.10717161(1) 0.049912(1) −0.09126427ð1Þ −0.0449695ð1Þ
1.2 0.1155323(1) 0.053963(1) −0.0987207ð1Þ −0.04862324ð1Þ
1.3 0.1239253(1) 0.057942(1) −0.1061899ð1Þ −0.05215987ð1Þ
1.4 0.1323498(1) 0.061850(1) −0.1136732ð1Þ −0.05558402ð1Þ
1.5 0.1408040(1) 0.065691(1) −0.1211708ð2Þ −0.0588991ð1Þ

r Wilson/Symanzik Brillouin/Symanzik Wilson/Symanzik Brillouin/Symanzik

0.5 0.04087367(1) 0.016533(1) −0.0315321ð1Þ −0.0129631ð1Þ
0.6 0.04718026(1) 0.019944(1) −0.0369456ð1Þ −0.0162088ð1Þ
0.7 0.05338807(1) 0.023240(1) −0.04228046ð1Þ −0.01926933ð1Þ
0.8 0.0595545(1) 0.026441(1) −0.04757044ð1Þ −0.02217492ð1Þ
0.9 0.0657097(1) 0.029558(1) −0.05283676ð1Þ −0.0249463ð1Þ
1.0 0.0718695(1) 0.032600(1) −0.05809245ð1Þ −0.0275974ð1Þ
1.1 0.07804196(1) 0.035572(1) −0.063345328ð1Þ −0.03013818ð1Þ
1.2 0.08423066(1) 0.038478(1) −0.06860003ð1Þ −0.03257563ð1Þ
1.3 0.09043698(1) 0.041323(1) −0.0738592ð1Þ −0.03491483ð1Þ
1.4 0.09666103(1) 0.044107(1) −0.0791243ð1Þ −0.0371596ð1Þ
1.5 0.1029022(1) 0.046832(1) −0.08439603ð1Þ −0.0393127ð1Þ

TABLE IX. Contributions to cð1ÞSWWilson for Nc ¼ 3 from each diagram as a function of r.

Wilson/Plaquette

r (a) (b) (c)

0.5 −1=6B2 þ0.0048466288ð1Þ −9=4B2 þ0.066223184ð1Þ 9=4B2 −0.062062540ð1Þ
0.6 −1=5B2 þ0.005811036ð1Þ −27=10B2 þ0.078124152ð1Þ 27=10B2 −0.074475047ð1Þ
0.7 −7=30B2 þ0.0068019364ð1Þ −63=20B2 þ0.090021110ð1Þ 63=20B2 −0.086887555ð1Þ
0.8 −4=15B2 þ0.007810019ð2Þ −18=5B2 þ0.1019435380ð1Þ 18=5B2 −0.099300063ð1Þ
0.9 −3=10B2 þ0.00882832ð2Þ −81=20B2 þ0.113901379ð1Þ 81=20B2 −0.11171257ð1Þ
1.0 −1=3B2 þ0.009852153ð1Þ −9=2B2 þ0.125895883ð1Þ 9=2B2 −0.124125079ð1Þ
1.1 −11=30B2 þ0.010878501ð1Þ −99=20B2 þ0.13792469ð1Þ 99=20B2 −0.136537587ð1Þ
1.2 −2=5B2 þ0.011905489ð1Þ −27=5B2 þ0.149984155ð1Þ 27=5B2 −0.148950095ð1Þ
1.3 −13=30B2 þ0.012931987ð1Þ −117=20B2 þ0.16207045ð1Þ 117=20B2 −0.161362603ð1Þ
1.4 −7=15B2 þ0.013957336ð1Þ −63=10B2 þ0.174179964ð1Þ 63=10B2 −0.17377511ð1Þ
1.5 −1=2B2 þ0.014981183ð1Þ −27=4B2 þ0.186309485ð1Þ 27=4B2 −0.18618762ð1Þ

r (d) (e) (f)

0.5 0.148697267(1) 1=12B2 −0.000834765ð1Þ 1=12B2 −0.000834765ð1Þ
0.6 0.178436720(1) 1=10B2 −0.00449215ð1Þ 1=10B2 −0.00449215ð1Þ
0.7 0.208176174(1) 7=60B2 −0.00834693ð1Þ 7=60B2 −0.00834693ð1Þ
0.8 0.237915627(1) 2=15B2 −0.01228747ð1Þ 2=15B2 −0.01228747ð1Þ
0.9 0.267655081(1) 3=20B2 −0.01625395ð1Þ 3=20B2 −0.01625395ð1Þ
1.0 0.297394534(1) 1=6B2 −0.020214623ð1Þ 1=6B2 −0.020214623ð1Þ
1.1 0.327133988(1) 11=60B2 −0.02415309ð1Þ 11=60B2 −0.02415309ð1Þ
1.2 0.356873441(2) 1=5B2 −0.02806145ð1Þ 1=5B2 −0.02806145ð1Þ

(Table continued)
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TABLE IX. (Continued)

r (d) (e) (f)

1.3 0.386612895(2) 13=60B2 −0.03193657ð1Þ 13=60B2 −0.03193657ð1Þ
1.4 0.416352348(2) 7=30B2 −0.03577792ð1Þ 7=30B2 −0.03577792ð1Þ
1.5 0.446091802(2) 1=4B2 −0.03958640ð1Þ 1=4B2 −0.03958640ð1Þ

Wilson/Symanzik

r (a) (b) (c)

0.5 −1=6B2 þ0.005143110ð1Þ −9=4B2 þ0.065608ð1Þ 9=4B2 −0.06688903ð1Þ
0.6 −1=5B2 þ0.00618956ð1Þ −27=10B2 þ0.0781430ð1Þ 27=10B2 −0.08026684ð1Þ
0.7 −7=3B2 þ0.00725233ð1Þ −63=20B2 þ0.09070162ð1Þ 63=20B2 −0.0936446ð1Þ
0.8 −4=15B2 þ0.00832513ð1Þ −18=5B2 þ0.103291488ð1Þ 18=5B2 −0.1070225ð1Þ
0.9 −3=10B2 þ0.00940336ð1Þ −81=20B2 þ0.11591188ð1Þ 81=20B2 −0.12040026ð1Þ
1.0 −1=3B2 þ0.01048401ð1Þ −9=2B2 þ0.1285594ð1Þ 9=2B2 −0.1337781ð1Þ
1.1 −11=30B2 þ0.011565172ð1Þ −99=20B2 þ0.1412300ð1Þ 99=20B2 −0.14715587ð1Þ
1.2 −2=5B2 þ0.0126457266ð1Þ −27=5B2 þ0.15391985ð1Þ 27=5B2 −0.1605337ð1Þ
1.3 −13=30B2 þ0.01372504ð1Þ −117=20B2 þ0.16662571ð1Þ 117=20B2 −0.1739115ð1Þ
1.4 −7=15B2 þ0.01480276ð1Þ −63=10B2 þ0.17934475ð1Þ 63=10B2 −0.1872893ð1Þ
1.5 −1=2B2 þ0.0158788ð1Þ −27=4B2 þ0.19207465ð1Þ 27=4B2 −0.2006671ð1Þ

r (d) (e) (f)

0.5 0.11771939(1) 1=12B2 −0.004735883ð1Þ 1=12B2 −0.004735883ð1Þ
0.6 0.1412633(1) 1=10B2 −0.008051702ð1Þ 1=10B2 −0.008051702ð1Þ
0.7 0.1648071(1) 7=60B2 −0.011522869ð1Þ 7=60B2 −0.011522869ð1Þ
0.8 0.18835102(1) 2=15B2 −0.01506930ð1Þ 2=15B2 −0.01506930ð1Þ
0.9 0.21189490(1) 3=20B2 −0.01864652ð1Þ 3=20B2 −0.01864652ð1Þ
1.0 0.2354388(1) 1=6B2 −0.022229808ð1Þ 1=6B2 −0.022229808ð1Þ
1.1 0.25898265(1) 11=60B2 −0.0258056ð1Þ 11=60B2 −0.0258056ð1Þ
1.2 0.2825265(1) 1=5B2 −0.0293666ð1Þ 1=5B2 −0.0293666ð1Þ
1.3 0.3060704(1) 13=60B2 −0.032909247ð1Þ 13=60B2 −0.032909247ð1Þ
1.4 0.3296143(1) 7=30B2 −0.0364321ð1Þ 7=30B2 −0.0364321ð1Þ
1.5 0.3531582(1) 1=4B2 −0.0399350ð1Þ 1=4B2 −0.0399350ð1Þ

TABLE X. Contributions to cð1ÞSWBrillouin for Nc ¼ 3 from each diagram as a function of r.

Brillouin/Plaquette

r (a) (b) (c)

0.5 −1=6B2 þ0.00455393ð1Þ −9=4B2 þ0.052949245ð1Þ 9=4B2 −0.050279429ð1Þ
0.6 −1=5B2 þ0.005634969ð1Þ −27=10B2 þ0.061774874ð1Þ 27=10B2 −0.06033531ð1Þ
0.7 −7=30B2 þ0.00673256ð1Þ −63=20B2 þ0.07076411ð1Þ 63=20B2 −0.07039120ð1Þ
0.8 −4=15B2 þ0.00783569ð1Þ −18=5B2 þ0.07987858ð1Þ 18=5B2 −0.0804470863ð1Þ
0.9 −3=10B2 þ0.00893906ð1Þ −81=20B2 þ0.08908850ð1Þ 81=20B2 −0.0905029720ð1Þ
1.0 −1=3B2 þ0.010040221ð1Þ −9=2B2 þ0.098371668ð1Þ 9=2B2 −0.100558858ð1Þ
1.1 −11=30B2 þ0.01113809ð1Þ −99=20B2 þ0.107711629ð1Þ 99=20B2 −0.1106147437ð1Þ
1.2 −2=5B2 þ0.012232304ð1Þ −27=5B2 þ0.117096140ð1Þ 27=5B2 −0.12352029ð1Þ
1.3 −13=30B2 þ0.013322836ð1Þ −117=20B2 þ0.126515999ð1Þ 117=20B2 −0.13072652ð1Þ
1.4 −7=15B2 þ0.01440984ð1Þ −63=10B2 þ0.135964212ð1Þ 63=10B2 −0.14078240ð1Þ
1.5 −1=2B2 þ0.01549358ð1Þ −27=4B2 þ0.145435401ð1Þ 27=4B2 −0.150838287ð1Þ
r (d) (e) (f)

0.5 0.073247934(1) 1=12B2 −0.007951680ð1Þ 1=12B2 −0.007951680ð1Þ
0.6 0.087413353(1) 1=10B2 −0.00876542ð1Þ 1=10B2 −0.00876542ð1Þ
0.7 0.101417385(1) 7=60B2 −0.0097580591ð1Þ 7=60B2 −0.0097580591ð1Þ

(Table continued)

CALCULATION OF cSW AT ONE-LOOP ORDER FOR … PHYS. REV. D 109, 014512 (2024)

014512-17



[1] S. Dürr and G. Koutsou, Brillouin improvement for Wilson
fermions, Phys. Rev. D 83, 114512 (2011).

[2] W. Bietenholz, R. Brower, S. Chandrasekharan, and U. J.
Wiese, Progress on perfect lattice actions for QCD, Nucl.
Phys. B, Proc. Suppl. 53, 921 (1997).

[3] See the Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevD.109.014512 for Mathe-
matica notebooks for the generation of the Feynman
rules and the analytical derivation and numerical integ-
ration of the perturbative integrals presented in this
article.

[4] S. Dürr, Portable CPU implementation of Wilson, Brillouin
and Susskind fermions in lattice QCD, Comput. Phys.
Commun. 282, 108555 (2023).

[5] B. Sheikholeslami and R. Wohlert, Improved continuum
limit lattice action for QCD with Wilson fermions, Nucl.
Phys. B259, 572 (1985).

[6] K. Jansen, C. Liu,M. Lüscher, H. Simma, S. Sint, R. Sommer,
P. Weisz, and U. Wolff, Nonperturbative renormalization of
lattice QCD at all scales, Phys. Lett. B 372, 275 (1996).

[7] M. Lüscher, S. Sint, R. Sommer, and P. Weisz, Chiral
symmetry and O(a) improvement in lattice QCD, Nucl.
Phys. B478, 365 (1996).

[8] M. Lüscher, S. Sint, R. Sommer, P. Weisz, and U. Wolff,
Nonperturbative O(a) improvement of lattice QCD, Nucl.
Phys. B491, 323 (1997).

[9] R. Wohlert, Improved continuum limit lattice action for
quarks, DESY Report No. DESY 87-069, 1987.

TABLE X. (Continued)

r (d) (e) (f)

0.8 0.115260026(1) 2=15B2 −0.01087479ð1Þ 2=15B2 −0.01087479ð1Þ
0.9 0.12894128(1) 3=20B2 −0.01207857ð1Þ 3=20B2 −0.01207857ð1Þ
1.0 0.142461144(1) 1=6B2 −0.013344189ð1Þ 1=6B2 −0.013344189ð1Þ
1.1 0.155819619(1) 11=60B2 −0.01465430ð1Þ 11=60B2 −0.01465430ð1Þ
1.2 0.169016705(1) 1=5B2 −0.01599680ð1Þ 1=5B2 −0.01599680ð1Þ
1.3 0.182052403(1) 13=60B2 −0.01736306ð1Þ 13=60B2 −0.01736306ð1Þ
1.4 0.194926711(1) 7=30B2 −0.018746916ð1Þ 7=30B2 −0.018746916ð1Þ
1.5 0.207639631(1) 1=4B2 −0.02014387ð1Þ 1=4B2 −0.02014387ð1Þ

Brillouin/Symanzik

r (a) (b) (c)

0.5 −1=6B2 0.0049948(1) −9=4B2 0.0535829(1) 9=4B2 −0.05491268ð1Þ
0.6 −1=5B2 0.0061572(1) −27=10B2 0.063236(1) 27=10B2 −0.06589522ð1Þ
0.7 −7=30B2 0.0073273(1) −63=20B2 0.0730149(1) 63=20B2 −0.07687776ð1Þ
0.8 −4=15B2 0.0084985(1) −18=5B2 0.082888(1) 18=5B2 −0.0878603ð1Þ
0.9 −3=10B2 0.00966762(1) −81=20B2 0.092832(1) 81=20B2 −0.0988428ð1Þ
1.0 −1=3B2 0.0108335(1) −9=2B2 0.102829(1) 9=2B2 −0.1098254ð1Þ
1.1 −11=30B2 0.0119957(1) −99=20B2 0.112865(1) 99=20B2 −0.1208079ð1Þ
1.2 −2=5B2 0.0131542(1) −27=5B2 0.122933(1) 27=5B2 −0.1317904ð1Þ
1.3 −13=30B2 0.0143091(1) −117=20B2 0.133025(1) 117=20B2 −0.14277298ð1Þ
1.4 −7=15B2 0.0154608(1) −63=10B2 0.143136(1) 63=10B2 −0.1537555ð1Þ
1.5 −1=2B2 0.0166094(1) −27=4B2 0.153262(1) 27=4B2 −0.1647381ð1Þ
r (d) (e) (f)

0.5 0.05771118(1) 1=12B2 −0.008049ð1Þ 1=12B2 −0.008049ð1Þ
0.6 0.06885251(1) 1=10B2 −0.0089611ð1Þ 1=10B2 −0.0089611ð1Þ
0.7 0.07986020(1) 7=60B2 −0.0100132ð1Þ 7=60B2 −0.0100132ð1Þ
0.8 0.09073426(1) 2=15B2 −0.0111642ð1Þ 2=15B2 −0.0111642ð1Þ
0.9 0.10147468(1) 3=20B2 −0.012386ð1Þ 3=20B2 −0.012386ð1Þ
1.0 0.1120815(1) 1=6B2 −0.013659ð1Þ 1=6B2 −0.013659ð1Þ
1.1 0.12255461(1) 11=60B2 −0.0149691ð1Þ 11=60B2 −0.0149691ð1Þ
1.2 0.13289412(1) 1=5B2 −0.016307ð1Þ 1=5B2 −0.016307ð1Þ
1.3 0.14309999(1) 13=60B2 −0.017666ð1Þ 13=60B2 −0.017666ð1Þ
1.4 0.15317223(1) 7=30B2 −0.019040ð1Þ 7=30B2 −0.019040ð1Þ
1.5 0.1631108(1) 1=4B2 −0.020426ð1Þ 1=4B2 −0.020426ð1Þ

MAXIMILIAN AMMER and STEPHAN DÜRR PHYS. REV. D 109, 014512 (2024)

014512-18

https://doi.org/10.1103/PhysRevD.83.114512
https://doi.org/10.1016/S0920-5632(96)00818-3
https://doi.org/10.1016/S0920-5632(96)00818-3
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
http://link.aps.org/supplemental/10.1103/PhysRevD.109.014512
https://doi.org/10.1016/j.cpc.2022.108555
https://doi.org/10.1016/j.cpc.2022.108555
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1016/0370-2693(96)00075-5
https://doi.org/10.1016/0550-3213(96)00378-1
https://doi.org/10.1016/0550-3213(96)00378-1
https://doi.org/10.1016/S0550-3213(97)00080-1
https://doi.org/10.1016/S0550-3213(97)00080-1


[10] M. Lüscher and P. Weisz, O(a) improvement of the axial
current in lattice QCD to one loop order of perturbation
theory, Nucl. Phys. B479, 429 (1996).

[11] S. Aoki, R. Frezzotti, and P. Weisz, Computation of the
improvement coefficient cSW to one loop with improved
gluon actions, Nucl. Phys. B540, 501 (1999).

[12] S. Aoki and Y. Kuramashi, Determination of the improve-
ment coefficient cSW up to one loop order with the conven-
tional perturbation theory, Phys. Rev. D 68, 094019
(2003).

[13] R. Horsley, H. Perlt, P. E. L. Rakow, G. Schierholz, and A.
Schiller, Perturbative determination of c(SW) for plaquette
and Symanzik gauge action and stout link clover fermions,
Phys. Rev. D 78, 054504 (2008).

[14] M. Ammer and S. Dürr, cSW at one-loop order for brillouin
fermions, Proc. Sci. LATTICE2022 (2023) 289.

[15] M. Lüscher and P. Weisz, On-shell improved lattice gauge
theories, Commun. Math. Phys. 97, 59 (1985); 98, 433(E)
(1985).

[16] P. Weisz, Continuum limit improved lattice action for pure
Yang-Mills theory (I), Nucl. Phys. B212, 1 (1983).

[17] P. Weisz and R. Wohlert, Continuum limit improved lattice
action for pure Yang-Mills theory (II), Nucl. Phys. B236,
397 (1984); B247, 544(E) (1984).

[18] Wolfram Research Inc., Mathematica, Version 13.2,
Champaign, IL (2022).

[19] S. Capitani, Lattice perturbation theory, Phys. Rep. 382, 113
(2003).

[20] G. Burgio, S. Caracciolo, and A. Pelissetto, Algebraic
algorithm for the computation of one loop Feynman dia-
grams in lattice QCD with Wilson fermions, Nucl. Phys.
B478, 687 (1996).

CALCULATION OF cSW AT ONE-LOOP ORDER FOR … PHYS. REV. D 109, 014512 (2024)

014512-19

https://doi.org/10.1016/0550-3213(96)00448-8
https://doi.org/10.1016/S0550-3213(98)00742-1
https://doi.org/10.1103/PhysRevD.68.094019
https://doi.org/10.1103/PhysRevD.68.094019
https://doi.org/10.1103/PhysRevD.78.054504
https://doi.org/10.22323/1.430.0289
https://doi.org/10.1007/BF01206178
https://doi.org/10.1007/BF01205792
https://doi.org/10.1007/BF01205792
https://doi.org/10.1016/0550-3213(83)90595-3
https://doi.org/10.1016/0550-3213(84)90543-1
https://doi.org/10.1016/0550-3213(84)90543-1
https://doi.org/10.1016/0550-3213(84)90563-7
https://doi.org/10.1016/S0370-1573(03)00211-4
https://doi.org/10.1016/S0370-1573(03)00211-4
https://doi.org/10.1016/0550-3213(96)00428-2
https://doi.org/10.1016/0550-3213(96)00428-2

