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Inspired by self-adjoint extensions of the electric field operator in the Hamiltonian formalism, we extend
the Wilsonian framework of Abelian lattice gauge theory by introducing a modified action parametrized
by an angle α, where the ordinary Wilson theory corresponds to α ¼ 0. Choosing instead α ¼ π (the
“staggered” case) gives the only other theory in the family which preserves all symmetries of the original
model at the microscopic level. We study the case of 3D Uð1Þ pure gauge theory, simulating the staggered
case of this model numerically in its dual formulation. We find evidence of a continuum limit with a
spontaneously broken Z2 single-site translational symmetry, in contrast to the ordinary theory. Moreover,
the confining string fractionalizes into multiple strands which separate spatial regions in distinct ground
states of the broken symmetry.
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I. INTRODUCTION

Symmetry is one of the most important organizing
principles of quantum field theories. In the Wilsonian
framework of renormalization, for example, one includes
in the action of a quantum field theory all terms consistent
with the symmetries of the model. In the context of lattice
field theories, one expects that two actions which share
a sufficiently large subgroup of spacetime, internal,
and gauge symmetries give rise to the same continuum
theory. In lattice gauge theory, typical choices of the lattice
action exactly implement gauge symmetry and the sub-
group of Poincaré invariance associated with discrete
lattice translations and hypercubic spacetime rotations,
but otherwise differ by irrelevant operators. Nevertheless,
such choices of the action have been demonstrated to
recover the continuum gauge theory physics in many
theories. For example, Uð1Þ lattice gauge theory is com-
monly studied using either the standard Wilson action or
the Villain action, which differ in their precise formulation
but share the same symmetries and the same continuum
limit [1–3].
From this point of view, it is natural to construct

alternative discretizations for lattice gauge theories which

may either recover the same continuum limit as standard
theories or converge to a different continuum limit. In the
former case, an alternative discretization can provide a
better approach to the continuum, while in the latter case it
can be useful from a model-building perspective.
In the present work we put forward a method of

generating alternative Abelian lattice gauge theory actions
inspired by first applying a self-adjoint extension to the
electric field operator in the Hamiltonian formalism, then
establishing a path integral using Trotterization. The use of
self-adjoint extensions is natural in the operator language
and manifestly preserves the operator commutation rela-
tions that define the theory. On the other hand, the resulting
lattice gauge theories are far from obvious from a Euclidean
action perspective. In this sense, our work expands the
current framework of lattice gauge theories, potentially
enabling other such reformulations of gauge theories in
ways that are either beneficial for simulation or yield new
continuum gauge theories.
As a demonstration of the approach, we formulate a class

of Uð1Þ lattice gauge theories parametrized by an angle
α∈ ½0; 2πÞ. The choice α ¼ 0 corresponds to the Villain
action, while other choices correspond to novel lattice
actions with Uð1Þ gauge symmetry. Taking α ¼ π is
particularly interesting as it is the only other choice which
preserves all relevant symmetries of the theory, including
charge conjugation and parity. In this work, we therefore
focus on numerically studying the continuum limit of the
α ¼ π theory in three spacetime dimensions. In this case,
the symmetry group of lattice translations is partially
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broken, as translations by a single site in any direction
remain a symmetry of the theory only if combined with an
appropriate internal symmetry transformation, which we
together denote as a “single-site shift” symmetry. This
motivates us to call this the “staggered” case. Translations
by an even number of lattice spacings remain unbroken,
which we expect to be sufficient, together with the hyper-
cubic spacetime symmetry, to recover full Poincaré invari-
ance in the continuum.
Numerical simulation demonstrates that the single-site

shift symmetry is spontaneously broken and remains so as
the continuum limit is approached. These simulations also
demonstrate that the confining string of the theory frac-
tionalizes into two strands separating inner and outer
regions of space which exist in different vacua of the
spontaneously broken symmetry. These observations sug-
gest a continuum gauge theory that is distinct from the
usual Uð1Þ pure gauge theory in 3D. Our numerical
conclusions are supported by an effective theory for the
α ¼ π theory which is derived analytically.
Several features of this model, including a phase diagram

characterized by the breaking of single-site shifts and
charge conjugation, as well as flux string fractionalization,
have been previously observed in the context of quan-
tum link models which display crystalline and nematic
confined phases [4–7], and the former is also observed in
the SUðNÞ quantum spin ladder regularization of 2D
CPðN − 1Þ models at θ ¼ π [8,9]. To the best of our
knowledge, this work represents the first time where such
phenomena are observed in a lattice gauge theory with an
infinite-dimensional Hilbert space. Moreover, systems
where single-site shifts play an important role have gained
interest in recent years in the context of “emanant”
symmetries [10,11].
The remainder of this work is organized as follows. In

Sec. II, we review analytical and numerical results for the
standard three-dimensional Uð1Þ lattice gauge theory. In
Sec. III we introduce the self-adjoint extension of this Uð1Þ
gauge theory and explain how the α parameter is introduced
in the case of general dimensionality. We then specialize to
three dimensions and consider the staggered (i.e., α ¼ π)
theory, discussing its dualization to a height model which
allows numerical simulation without a sign problem.
Section IV details the numerical investigations of the dual
model. We investigate order parameters for the breaking
of the relevant symmetries, and we find evidence that
the α ¼ π theory has a broken Z2 symmetry down to the
continuum limit, a feature which is absent from the
standard Uð1Þ theory. To further characterize the α ¼ π
theory, we also present numerical calculations of its mass
and string tension. In Sec. V we analytically derive an
effective theory from the microscopic degrees of freedom,
which is consistent with the results obtained via numerical
simulation. Finally, in Sec. VI we summarize and conclude
with an outlook on future steps.

II. Uð1Þ LATTICE GAUGE THEORY IN 3D

In this section we review the standard Uð1Þ lattice gauge
theory in three dimensions, as it is understood analytically
and numerically in both the action and Hamiltonian for-
mulation. While our construction of the α ≠ 0 Abelian
gauge theory is valid in any dimension, as we will see
in later sections, in this work we focus on the three-
dimensional case. As such, an understanding of the
standard three-dimensional Abelian gauge theory sets a
baseline expectation against which the α ≠ 0 theory can be
compared.

A. Action formulation of the standard Abelian
gauge theory

The standard path integral formulation of Uð1Þ lattice
gauge theory in 3D is defined in terms of Uð1Þ-valued
variables arranged on the links of a 3D Euclidean spacetime
lattice. The discretized action is commonly chosen to be
one of two equivalent formulations, either the Wilson
action or the Villain action. The partition function in the
Villain formulation is given by

Z ¼
 Y

l∈ links

Z
2π

0

dφl

! Y
p∈ plaq

Xþ∞

np¼−∞

!

× exp

�
−

1

2e2
X
p

�ðdφÞp − 2πnp
�
2

�
; ð1Þ

where l runs over links connecting neighboring sites of the
lattice and p runs over the plaquettes of the lattice. Labeling
the ordered links in the plaquette p from 1 to 4, we define

ðdφÞp ≡ φ1 þ φ2 − φ3 − φ4: ð2Þ

In Eq. (1) we have absorbed the lattice spacing a in the
dimensionless coupling e2. Unless otherwise specified, in
the rest of this work we set a ¼ 1.
The theory has been rigorously shown to be confining at

all values of the coupling, and the asymptotic scaling of the
mass and string tension near the continuum limit e2 → 0
have also been analytically computed [12]. In particular, the
mass gap m scales as (restoring the lattice spacing a)

a2m2 ¼ 8π2

e2
exp
�
−2π2v0=e2

�
; ð3Þ

where v0 ≈ 0.2527. On the other hand, the string tension σ
scales as (again, restoring the lattice spacing a)

a2σ ¼ c̃
4π2

ame2; ð4Þ

in terms of a dimensionless constant c̃. These results have
found numerical confirmation [13–16], and the constant
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c̃=4π2 ≈ 0.21 was estimated in [13]. As the continuum is
approached, we then see that the dimensionless ratios

σ

m2
→ ∞;

ða2σÞ
ðamÞe2 →

c̃
4π2

: ð5Þ

Equation (5) shows that the theory has several inequivalent
length scales, even in the continuum. As such, different
continuum limits may be obtained depending on what
quantity is taken as the standard of length. In a continuum
limit where the mass m is held fixed in physical units,1 the
string tension becomes infinite, and the theory is equivalent
to a free scalar (the “photoball”) of mass m [12]. If the
string tension σ is held fixed instead, the mass (in physical
units) goes to zero. Finally, the dimensionful bare coupling
e2=a has dimensions of energy, and can be held fixed as a
third possible prescription to obtain a continuum limit, with
the corresponding continuum theory conjectured to be free
electrodynamics [12]. For further discussion of the con-
tinuum limits of this theory, see [13].
The analytical and numerical analysis of the theory is

much simplified in its dual formulation. In particular,
the partition function in Eq. (1) can be rewritten in terms
of integer-valued height variables hx ∈Z associated
with sites x of the dual lattice. In terms of these new
variables, the partition function is given (up to constant
prefactors) by [2,17]

Z ¼
� Y

x∈ sites

Xþ∞

hx¼−∞

	
exp

�
−
e2

2

X
hxyi

ðhx − hyÞ2
�
; ð6Þ

where the product over x enumerates sites of the dual lattice
and the sum over hxyi enumerates pairs of neighboring dual
sites x and y.
The dualization forms the basis of our analytical under-

standing of the theory near the continuum. Near the
continuum limit the integer height variables can be replaced
with real scalars, which results in the Sine-Gordon
model [12,18]

Z ¼
�Y

x

Z þ∞

−∞
dϕx

	
exp

�
−
1

2

X
hxyi

ðϕx − ϕyÞ2

þ 2e−2π
2v0=e2

X
x

cos

�
2πϕxffiffiffiffiffi
e2

p
	�

; ð7Þ

where ϕx is a real scalar field. This provides an effective
description of the theory that is valid for small e2. In Sec. V
we extend these results to the α ¼ π case.

B. Hamiltonian formulation of the standard Abelian
gauge theory

As we will see in the next sections, the α ≠ 0Uð1Þ gauge
theory is most easily understood in the Hamiltonian
formulation. In this section, we review the Hamiltonian
formulation of the standard Uð1Þ gauge theory.
In the Hamiltonian formulation of lattice gauge theo-

ries [19], time is continuous while space is discretized into
a square (in general: hypercubic) lattice. The temporal
gauge A0 ¼ 0 is chosen. A classical configuration of the
theory is given by an assignment of a group-valued variable
Ul ∈Uð1Þ to each spatial link l of the lattice. In the
quantum theory, the Hilbert space on each link l is therefore
given by Hl ≡ L2ðUð1ÞÞ, the space of square-integrable
functions on Uð1Þ. The elements jψi of this space may be
expanded in terms of wave functions ψðφlÞ over the
angular variable φl ∈ ½0; 2π� associated with theUð1Þ group
element by Ul ¼ expðiφlÞ as

jψi ¼
Z

2π

0

dφlψðφlÞjUli; ð8Þ

where the orthonormal basis fjUig may be interpreted as a
position basis in group space. The wave functions satisfy

ψð2πÞ ¼ ψð0Þ;
Z

2π

0

dφjψðφÞj2 < ∞: ð9Þ

The total Hilbert space Htot is then given by the tensor
product of these spaces over all links,

Htot ¼ ⊗
l∈ links

Hl: ð10Þ

The Hamiltonian may be obtained by studying the
transfer-matrix formulation of the path integral and taking
the continuous-time limit, giving

H ¼ e2

2

X
l∈ links

E2
l þ

1

2e2
X

p∈ plaqs

B2
�ðdφÞp�: ð11Þ

Here ðdφÞp is the plaquette variable on spatial plaquettes p
defined as in Eq. (2) above, while the electric field operator
El on spatial link l is given by

El ¼ −i
∂

∂φl
: ð12Þ

Therefore, on each link the theory is analogous to the
familiar problem of a quantum mechanical particle on the
circle [20,21]; the Uð1Þ variable Ul ¼ exp ðiφlÞ identifies
the position of the particle on the circle, while the electric
field El is the canonical momentum conjugate to the
position. The magnetic energy term B2ð·Þ couples these
links together, and for the standard Uð1Þ gauge theory it

1In this case, Eq. (3) implicitly defines a function e2ðaÞ which
represents the renormalization trajectory of the dimensionless
coupling as the continuum limit is approached while m is kept
fixed, such that e2ðaÞ → 0 as a → 0 (and therefore also am → 0
since m is held fixed).
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may be chosen as the Wilson term, Villain term, or any
other term equivalent up to lattice artifacts. In the previous
section, we have chosen the Villain formulation for the
Euclidean action of the theory, since it leads to the simpler
partition function. Therefore, we here also choose the
Villain term, which is easiest to define in exponential
form as

exp
�
−B2ððdφÞpÞ=2e2

�
¼
X
n∈Z

exp

�
−

1

2e2
X
p

�ðdφÞp − 2πn
�
2

	
: ð13Þ

For comparison, the Wilson plaquette term would take the
form B2ððdφÞpÞ ¼ 1 − cos ððdφÞpÞ.
In order to correctly implement the gauge symmetry,

only some states in the total Hilbert space Htot should be
considered as physical. In particular, one includes in the
physical Hilbert space Hphys only those states jψi which
satisfy the Gauss law constraint

Gxjψi ¼ 0; Gx ¼
X
i

�
Ex;xþî − Ex−î;x

�
; ð14Þ

where the sum over i runs over all spatial directions and î is
the unit vector oriented in the ith spatial direction. Both
choices of magnetic energy B2ð·Þ discussed above are
designed to commute with the Gauss law operators Gx, so
that the Gx operators commute with the Hamiltonian and
gauge symmetry is properly respected.

III. Uð1Þ GAUGE THEORY WITH AN α ANGLE

We next describe the construction of a class of Abelian
gauge theories inspired by self-adjoint extensions. Starting
from the Hamiltonian formulation of the standard Uð1Þ
gauge theory, we extend its Hilbert space in the most
general way consistent with the gauge symmetry. The
possible extensions are characterized by an angle α, where
the choice α ¼ 0 corresponds to the standard Uð1Þ theory.
The action formulation of the theory is then constructed via
Trotterization from the Hamiltonian. In order to preserve
cubic symmetries of the action, and thus Lorentz invariance
in the continuum limit, the magnetic terms in the action are
appropriately modified. The resulting theory explicitly
breaks charge conjugation and parity unless α ¼ 0 or
α ¼ π. We therefore choose to focus on α ¼ π for more
detailed study. This construction, which is quite natural in
the Hamiltonian formulation, leads to a fairly complicated
action which does not fall within the Wilsonian framework
of gauge theories, but still shares all the symmetries of the
standard Uð1Þ gauge theory. Importantly, this includes
exact Uð1Þ gauge symmetry, which is therefore inherited
by the continuum theory. While the construction applies to
arbitrary spacetime dimension, we further focus on the three-
dimensional case and dualize the theory, which removes the

sign problem present in the original action formulation and
results in a theory suitable for numerical study.

A. Self-adjoint extension of the Hamiltonian

We have seen in the previous sections that the Hilbert
space of the standard Uð1Þ gauge theory is given, on each
lattice link, by the square-integrable functions on Uð1Þ. In
the usual formulation, the state jψi is defined by wave-
functions satisfying the periodicity and integrability con-
ditions in Eq. (9). The left side of Eq. (9) ensures that the
wavefunctions are continuous on the periodic Uð1Þ mani-
fold. However, the probabilistic interpretation of quantum
theories only requires that the absolute value squared
jψðφÞj2 be periodic on Uð1Þ for the wave function to
provide a representation of the Uð1Þ symmetry. It is
therefore consistent to relax the first condition of Eq. (9)
and instead require only that the wave function be periodic
up to an arbitrary phase,

ψð2πÞ ¼ eiαψð0Þ: ð15Þ

Such a modification is familiar from the quantum mecha-
nics of a rotor (see for example [20]). In fact, on each
link the electric Hamiltonian − e2

2
∂
2
φ is equivalent to the

Hamiltonian of a free nonrelativistic particle on the circle.
Considering this fictitious particle to have charge 1, twist-
ing the wave functions by the α angle is equivalent to
threading a magnetic flux equal to α through the circle on
which this charged particle lives.
The choice in Eq. (15) may also be understood in a more

mathematical way as a self-adjoint extension [22,23]. The
Hamiltonian of the standard Uð1Þ gauge theory involves
the electric field operator El ¼ −i∂=∂φl, which acts sep-
arately on the Hilbert space of each link. A basic require-
ment is that the electric field must be self-adjoint, so that it
has real eigenvalues and an orthonormal basis of eigen-
functions. This is necessary so that the Hamiltonian and the
Gauss law have their expected properties. Equation (15)
then describes the most general choice for the wave
function ψðφÞ which is consistent with self-adjointness
of the electric field.
In principle, this choice only modifies the Hilbert space

of the theory, and operators such as the electric field and the
Hamiltonian are only affected through their domain of
definition. For simplicity, however, we choose to map the
Hilbert space of twisted wave functions defined by Eq. (15)
to the ordinary Hilbert space of periodic wave functions via

ψðφÞ → e−iφα=2πψðφÞ: ð16Þ

This mapping modifies the definition of the electric field
operator, sending it to

E0
l ¼ El þ

α

2π
: ð17Þ
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The family of theories defined by the introduction of the
angle α can then by identified with theories over the
ordinary Hilbert space, where instead the Hamiltonian is
defined in terms of a modified electric field as in Eq. (17).
The family of Hamiltonians obtained by all such modifi-
cations of the electric field operator are naturally motivated
by self-adjoint extensions and maintain the gauge sym-
metry of the theory. Defining the self-adjoint extension by
Eq. (17) also makes it clear that this is still consistent with
the Gauss law constraint given in Eq. (14).
The choice of wave functions in Eq. (15), or the

equivalent modification to the electric field operator in
Eq. (17), generally affects the other symmetries of the
theory. Under charge conjugation, the link variables trans-
form as Ul → U�

l and the electric fields transform as
El → −El. This maps α → −α in either the wave function
definition or electric field definition. Therefore, unless
α∈ f0; πg, the resulting theory explicitly breaks charge
conjugation. There is also an implicit choice of orientation
in the definition of α, which is more clearly seen when
considering the modification to the electric field operator in
Eq. (17), because this operator is directional. Choosing
α∈ f0; πg also ensures that the theory preserves parity,
which reverses this direction and thus sends α → −α. In
fact, discrete rotations would also be broken by a choice of
α ∉ f0; πg unless the orientations of these terms are care-
fully chosen across all links, further motivating the restric-
tion to these values.
In ð1þ 1ÞD, the substitution (17) in the gauge theory

Hamiltonian is equivalent to introducing a topological θ
term where θ corresponds to α [21]. In ð3þ 1ÞD, the
topological θ term is instead introduced by the replacement
E⃗ → E⃗ − θ

8π2
B⃗, which preserves Lorentz-invariance [21].

On the other hand, the replacement (17) is not Lorentz-
invariant in dimensions higher than ð1þ 1ÞD, and, as we
will see in a moment, we therefore need to appropriately
modify the partition function of the theory in order to
restore Lorentz invariance. In this sense the α angle
represents one possible higher-dimensional generalization
of the two-dimensional θ term.

B. Action formulation for the α ≠ 0 theory

The action formulation can be obtained from the
Hamiltonian formulation via Trotterization. In the “position
basis” fjUig forU ¼ eiφ ∈Uð1Þ, the magnetic Hamiltonian
is diagonal. The matrix elements of the exponential of
the electric Hamiltonian can be computed by inserting a
basis of “momentum eigenstates” fjmig, where m∈Z,
which satisfy

hUjmi ¼ 1ffiffiffiffiffiffi
2π

p eimφ ð18Þ

and diagonalize the electric field E ¼ −i∂φ þ α
2π accor-

ding to

Ejmi ¼
�
mþ α

2π

	
jmi: ð19Þ

By inserting resolutions of the identity in terms of fjmig
and applying Poisson summation, one obtains

hU0je−Δτe22 E2 jUi

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πe2Δτ

p e−i
α
2πðφ0−φÞ

×
X
m∈Z

exp

�
−

1

2e2Δτ
ðφ0 − φ − 2πmÞ2

	
eiαm: ð20Þ

Since we are working in the temporal gauge, the matrix
element above describes the path integral weight of each
timelike plaquette. Meanwhile, the path integral weight of
each spacelike plaquette is simply given by the exponential
e−ΔτB

2ððdφÞpÞ, because the operator ðdφÞp is diagonal in the
“position basis” fjUig describing the link variables in the
path integral.
As remarked in the Introduction, we aim to construct a

theory which shares as many of the symmetries of the
standard Uð1Þ theory as possible. In particular, we would
like to construct a theory which is invariant under the
hypercubic subgroup of the Lorentz symmetry that remains
on the Euclidean lattice. Since we are interested in working
on isotropic lattices, one can set as usual Δτ ¼ 1. For
α ¼ 0, the weight of the timelike plaquettes given in
Eq. (20) is then identical to the weight of the spacelike
plaquettes using the Villain term given in Eq. (13).
This leads to the partition function in Eq. (1) for the usual
theory with the Villain action, which is manifestly isotropic
and invariant under the group of Euclidean hypercubic
symmetries.
In order to obtain an isotropic lattice theory for α ≠ 0,

we match the spatial plaquette terms in the lattice action to
the spacetime plaquette terms Eq. (20) derived by the
Trotterization steps above. We note that the Hamiltonian
arising from considering the one-timestep transfer matrix
then includes an imaginary magnetic field term B2ð·Þ.
However the two-timestep transfer matrix remains positive
definite and gives rise to a Hermitian Hamiltonian, indicat-
ing that this still corresponds to a well-defined quantum
theory. The partition function for generic α is then given by

Z ¼
 Y

l

Z
2π

0

dφl

!Y
p

"X
m∈Z

e−i
α
2πðdφÞp

× exp

�
−

1

2e2
�ðdφÞp − 2πm

�
2

	
eiαm

#
: ð21Þ

This partition function is gauge invariant and is invariant
under cubic rotations. For α ¼ 0 the partition function
Eq. (21) reduces to the partition function Eq. (1) of the
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ordinary theory. As remarked above, choosing α ¼ 0 or
α ¼ π also explicitly preserves parity invariance of the
action, making the action invariant under the full cubic
symmetry subgroup of the Lorentz symmetry.
While the partition function in Eq. (21) generally suffers

from a sign problem, this can be completely resolved by
dualization. Following a similar procedure to the one used
to arrive at Eq. (6) in the α ¼ 0 theory, the partition function
for the three-dimensional α ¼ π theory can be dualized to
that of a height model,

Z ¼
0
@Y

x odd

X
hx ∈Zþ1

2

1
A Y

y even

X
hy ∈Z

!

× exp

"
−
e2

2

X
hxyi

�
hx − hy

�
2

#
: ð22Þ

Details of the dualization are presented in Appendix A.
Here each lattice site at position x⃗ ¼ ðx0; x1; x2Þ is said to
be even or odd according to the parity of x0 þ x1 þ x2, as
shown in Fig. 1. The only difference compared to Eq. (6) is
the assignment of half-integer height variables on the odd
sites of the lattice. In particular, all the nearest neighbors of
integer-valued height variables are half-integer, and vice
versa. This should be contrasted with the related case of
quantum link models, where the staggering is only realized
in the space directions [4–7].

C. Symmetries and order parameters

The staggered height model defined by the partition
function Eq. (22) enjoys the following symmetries:
(1) Global Z-invariance: hx → hx þ c where c is any

constant integer. Note that under this transformation
the integer and half-integer nature of the height
variables is preserved. Importantly, this symmetry
should be understood as a redundancy in our
description of the system, whereby the overall height
around which the height variables fluctuate is
irrelevant [12]. All observables are therefore re-
quired to be Z-invariant.

(2) Z2 charge conjugation C: hx → −hx. Again, this
transformation respectively maps integers and half-
integers to integers and half-integers. Note that the
standard Uð1Þ theory also enjoys this symmetry, but
for α ≠ 0, only the choice α ¼ π leads to an action
invariant under charge conjugation.

(3) Z2 single-site shift symmetry S: hx → hxþμ̂ þ 1
2

where μ is any spacetime direction. Note that the
half-integer offset is required in order to preserve the
integer and half-integer nature of the height varia-
bles. While S as defined is not technically speaking a
Z2 symmetry (i.e. it does not square to the identity,
but rather to a translation), it can be made so by
combining it with parity P and charge conjugation C
in any order. For example CPS∶ hx → −h−xþμ̂ − 1

2

squares to the identity.
(4) Translations by an even number of lattice spacings:

While translations by one lattice spacing swap
integers and half-integers, translations by an even
number of lattice spacings preserve the nature of the
height variables. We expect that invariance under
these symmetries is enough to recover full transla-
tional invariance in the continuum.

(5) Remnant Lorentz symmetry: The action of the height
model is fully isotropic and thus invariant under the
group of Euclidean cubic rotations and, for α ¼ π,
also reflections. This corresponds to all spacetime
symmetries of the cubic lattice, and we therefore
expect to recover a Lorentz-invariant theory in the
continuum.

An analogy for the shift symmetry comes from staggered
fermions, where the fermion degrees of freedom are spread
over multiple lattice sites and translations by one lattice site
are a symmetry of the action only when combined with an
extra internal rotation [24]. The single-site shift symmetry
of staggered fermions can break spontaneously [25], and,
as we will see, this also happens in our model. Moreover,
quantum link models [4–7], as well as the quantum-spin
ladder regularization of CPðN − 1Þ models [8,9], provide
further examples of theories with a phase diagram char-
acterized by the breaking of charge conjugation and single-
site shifts.
In order to investigate the possible breaking of charge

conjugation C and the shift symmetry S, we construct
appropriate order parameters, along the lines of [4–9]. One
order parameter is defined by

OCS ¼
X
x

ð−1Þxhx ¼
X
x even

hx −
X
x odd

hx; ð23Þ

and changes sign under either S or C. Note that OCS is a
sum of local observables and invariant under the global
Z-symmetry. We expect OCS to acquire a vacuum expect-
ation value only if both C and S are spontaneously broken;
either symmetry remaining unbroken is sufficient for OCS

FIG. 1. A subset of the three-dimensional dual lattice, depicting
the staggered integer (black dots) and half-integer (white dots)
height variables associated respectively with even and odd
dual sites.
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to have zero vacuum expectation value. It is therefore
important to also construct an observable which is sensitive
to only one of the two symmetries. In particular, we define a
second-order parameter

OS ¼
X

c∈ cubes

X
x∈ c

ð−1Þxðhx − h̄cÞ2; ð24Þ

where the sum runs first over all elementary cubes c in the
dual lattice, and then over dual sites x within each cube.
The average height variable within the cube is defined as

h̄c ¼
1

8

X
x∈ c

hx: ð25Þ

The observable OS is C-invariant, but changes sign under
the shift symmetry S. We therefore expect it to acquire a
vacuum expectation value if the single-site shift symmetry
S is broken. The somewhat complex construction of OS is
required in order to obtain an observable with the correct
symmetry properties, which is at the same time the sum of
local terms (the cubes) and invariant under the global Z
symmetry.

IV. NUMERICAL SIMULATION

In order to investigate the C and S symmetry structure
and the phase diagram of the theory, we numerically
simulated the staggered height model using cluster
Monte Carlo algorithms [26–28]. The simulations were
performed on L3 lattices from L ¼ 32 up to L ¼ 256 and
couplings between e2 ¼ 0.3 and e2 ¼ 2.0. As remarked in
previous sections, we expect the continuum limit as
e2 → 0, much like in the standard Uð1Þ gauge theory.
Unless specifically noted, all quantities are given in lattice
units in the following discussion.

A. Order parameters

To study the symmetry structure of the theory, it is useful
to consider histograms of the order parameters OS and
OCS as well as the normalized susceptibilities O2

S=V
2 and

O2
CS=V

2 in terms of the lattice volume V ¼ L3. For a
spontaneously broken symmetry, we expect to see a
volume-independent susceptibility and a double-peaked
histogram for sufficiently large volumes. This implies that
the relevant operator acquires a vacuum expectation value.
The operator OS demonstrates a clear signal of sponta-

neous breaking of S symmetry over the couplings studied.
The relevant numerical data is shown in Fig. 2. In
particular, for couplings e2 ≳ 0.65 the normalized suscep-
tibility O2

S=V
2 is essentially volume-independent. Further

confirmation can be found in the histogram of the values of
OS=V, which shows two clearly defined peaks becoming
sharper as the volume is increased. For e2 ≲ 0.65, the
normalized susceptibility O2

S=V
2 begins to develop volume

dependence, with decreasing susceptibility as the volume
increases until the volume is sufficiently large. This indi-
cates that many of the ensembles correspond to physical
volumes that are too small to exhibit spontaneous sym-
metry breaking. The finite-volume symmetry restoration
occurs for smaller and smaller values of the coupling as the
volume is increased, which is consistent with it being a
finite-volume effect.
Figure 2 also shows a fit of the data from the largest

volume to a functional form fðe2Þ ¼ A exp ð−B=e2Þ over
the range of couplings 0.50 ≤ e2 ≤ 0.80; these couplings
are large enough to avoid symmetry restoration from the
finite volume and are small enough to remain close to the
continuum limit. The fit form is inspired by the analytic
results for the standardUð1Þ theory [for example Eq. (3)] as
well as by the effective theory for the α ¼ π theory [see
Eq. (52)] and provides an excellent fit to the data. Such a
functional form would also imply that the S symmetry

FIG. 2. Left: histogram of the operatorOS normalized by the volume V at e2 ¼ 0.70. Right: susceptibility ofOS normalized by V2 as a
function of e2 for several volumes, with a fit of the large-volume data to the form A exp ð−B=e2Þ. The vertical line is located at the
coupling e2 ¼ 0.70 where the histogram is shown. The double-peaked structure at large volume (left) and scaling as V2 (right) indicates
spontaneous breaking of the S symmetry.
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remains broken down to the continuum e2 → 0. In order
to test whether the symmetry is restored at some small,
but nonzero value of e2, we also introduced an offset in
the fit form, which was therefore modified to fðe2Þ ¼
A exp ð−B=ðe2 − e2cÞÞ, giving a value e2c ¼ 0.04ð11Þ,
which is consistent with zero. Overall, we interpret the
numerical evidence to mean that the S symmetry is broken
for a wide range of couplings, possibly down to e2 → 0
although we cannot strictly exclude that it could be restored
at some small but nonzero e2. Importantly, we note that
even though the single-site shift symmetry S is broken,
translation symmetry by an even number of lattice spacings
remains unbroken, and we therefore expect to recover full
translational invariance in the continuum.
The situation is quite different for the observable OCS,

whose numerical data is shown in Fig. 3. In this case the
normalized susceptibility O2

CS=V
2 decreases with the vol-

ume for all couplings considered, indicating that OCS does
not acquire a vacuum expectation value. The decrease is
less clear in the central region, 0.70≲ e2 ≲ 0.80, especially
for the larger volumes. However, the histogram for
e2 ¼ 0.70 shows that while two peaks appear to be forming
for small volumes, they merge into a single peak around
zero as the volume is increased. Therefore the observable
OCS does not acquire a vacuum expectation value at any
value of the coupling, which means that at least one of C or
S remains unbroken. Since we have seen that S is broken,
the data implies that charge conjugation C remains unbro-
ken for all values of the couplings studied.

B. Mass

The mass and string tension for the staggered height
model were also measured. These are particularly interest-
ing because they can be compared with the effective theory
prediction which we derive in Sec. V as well as with the
analytical and numerical results for the standard Uð1Þ
theory.

The mass may be measured from the exponential
decay of correlations between height variables hx and hy
with increasing distance, after appropriate momentum
projection and subtractions [26,29]. The correlation func-
tion ðhx − hyÞ2 is appropriately invariant under the global
Z-symmetry. However, since it does not factorize into a
product of operators which are local in time, one may worry
that it does not admit a proper spectral interpretation. In
fact, while each of the three terms ðhx − hyÞ2 ¼ h2x þ h2y −
2hxhy admits a proper spectral interpretation, their indi-
vidual expectation values are not well-defined because they
are not Z-invariant. Introducing transfer-matrix eigenstates
fjnig, on a lattice of time extent T one finds for T → ∞,

hðhx − hyÞ2i ¼ h0jh2xj0i þ h0jh2yj0i − 2h0jhxj0ih0jhyj0i
− 2
X
n>0

h0jhxjnihnjhyj0ie−ðEn−E0Þt; ð26Þ

where t is the time separation between x and y. The
expectation values in the first line are not individually
Z-invariant, but the Z-dependence cancels between these
terms, leaving a simple t-independent vacuum contribution.
On the other hand, the matrix elements h0jhxjni are
Z-invariant for n ≠ 0 and are therefore well-defined. By
subtracting the constant vacuum contribution, the expo-
nential decay of the correlation function ðhx − hyÞ2 thus
probes the nonvacuum states in the symmetry sector of the
operator hx.
The mass is extracted from the same numerical simu-

lations based on the cluster algorithm as used for the order
parameters above. It is important to note that we are
primarily interested in the behavior of this mass in the
phase with the correct symmetry structure. In particular, as
shown in Fig. 2, the broken Z2 symmetry is restored at
small couplings due to finite volume effects. Working at a
certain fixed volume L3, we therefore limit the range of
couplings included in fits to those where the symmetry

FIG. 3. Left: histogram of the operatorOCS normalized by the volume at e2 ¼ 0.70. Right: susceptibility ofOCS normalized by V2 as a
function of e2 for several volumes. The vertical line is located at the coupling e2 ¼ 0.70 where the histogram is shown. A single
histogram peak at large volumes (left) and scaling smaller than V2 (right) indicates that either the C or S symmetries are unbroken.
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remains broken, though the mass has been measured for all
simulated couplings.
The results of the numerical simulations for the mass of

the α ¼ π theory are shown in Fig. 4 for L ¼ 256 and a
range of couplings, together with a fit to an exponential
form. Simulations were performed for several volumes;
this allows us to establish that the points in the range
e2 ∈ ½0.6; 1.0� suffer from finite-volume effects and are
therefore excluded from the fit. The mass of the α ¼ π
theory decreases much more quickly as e2 is decreased
compared to the standard theory. In fact, according to
the effective theory for α ¼ π [Eq. (52)], the constant in the
exponent should be twice as large as compared to the
standard theory. We have attempted to fit our data for
the largest volume in the range [1.1, 2.0] where it does not
suffer from finite-volume effects. For the fit, we chose a
function of the form

fðe2Þ ¼ Agðe2Þ expð−B=e2Þ; ð27Þ

where g represents different choices of prefactor. We
considered gðe2Þ ¼ 1 [simple exponential decay], gðe2Þ ¼
1=e2 [effective theory prediction, Eq. (52)], and gðe2Þ ¼
1=

ffiffiffiffiffi
e2

p
[behavior of the standard theory, Eq. (3)]. All three

choices provide acceptable fits to the data, with the
effective theory prediction slightly favored. The fits have
a χ2=d:o:f: ≈ 0.80, 0.95, 0.78, and exponent B ¼ 4.85ð7Þ;
6.33ð7Þ; 5.59ð7Þ, respectively. As such, our data is in
qualitative agreement with the effective theory prediction
of 2π2v0 ≈ 4.99 in Eq. (52) for the exponent B. However,
the data is not sufficiently precise to distinguish the three
cases for gðe2Þ, and we are working at a range of couplings

which is sufficiently far from the continuum where cor-
rections to scaling are likely important. Similarly to what
was done for the observable OS in Sec. IVA, we have
also attempted to introduce an offset by replacing e2 with
e2 − e2c in the fit forms, in order to test the hypothesis that
the transition takes place at a nonzero critical value of the
coupling e2c ≠ 0. In all cases, we have found the offset e2c to
be consistent with zero within error.

C. Energy-momentum dispersion relation

We next consider analogous correlation functions at
nonzero momentum. The operator

hðk⃗; tÞ≡X
x⃗

eix⃗·k⃗hðx⃗; tÞ ð28Þ

creates a state at nonzero momentum k⃗ as long as it is
compatible with the finite-volume quantization condition
k⃗ ¼ 2π

L ðn1; n2Þ with n1;2 ∈Z. For all k⃗ ≠ 0⃗, the operator

hðk⃗; tÞ isZ-invariant. In this case, we are free to analyze the
relatively simpler correlation functions

Cðk⃗; tÞ≡ hhð−k⃗; tÞhðk⃗; 0Þi; ð29Þ

which require no vacuum subtraction. Fitting these corre-
lation functions to single exponentials yields an estimate
of the energy Eðk⃗Þ of the lowest-lying state with given
momentum k⃗.
To study Eðk⃗Þ, we performed measurements across a

variety of momenta for four choices of the bare coupling e2

at L ¼ 96, making sure that our choices of couplings all lie
within the correct symmetry phase for the volume used
[see Fig. 2]. Figure 5 plots the lattice-units quantities
Ê2 ¼ 4 sinhðaE=2Þ2 and k̂2 ¼ 4 − 2

P
i cosðakiÞ which

give lattice approximations to a2E2 and a2k⃗2 inspired by
the simple lattice discretization of a relativistic free particle.
In the continuum limit, these are expected to satisfy
Ê2 ¼ k̂2. This reference relation is shown by the diagonal
line in the plot, and the data can be seen to approach this
scaling as the coupling e2 is taken smaller. Further
measurements would be required to reliably extrapolate
to the continuum relation, but the data shown already
strongly suggest the emergence of the full Oð3Þ spacetime
symmetry group corresponding to a Euclidean representa-
tion of a relativistic theory in the continuum limit.

D. String tension

To measure the string tension, we choose to insert a pair
of static charges, one positive and one negative, directly in
the partition function. We then employ two complementary
methods; one based on a direct measurement of the

FIG. 4. Mass m of the α ¼ π theory for various values of the
coupling e2, given in lattice units. Finite volume effects can be
seen from the measurements at smaller volumes diverging from
larger volumes as e2 is taken small. The fit is performed with data
in the range e2 ∈ ½1.1; 2.0�, with the fit form motivated by our
effective theory for α ¼ π [Eq. (52)].
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system’s energy with the charges inserted [4,30] and
another based on the snake algorithm [31,32].
In both cases, a static charge propagating in time at spatial

position x⃗ is represented in the original theory by a Polyakov
loop Pðx⃗Þ wrapping around the time direction, i.e.

Pðx⃗Þ ¼
YT−1
t¼0

eiφtðt;x⃗Þ; ð30Þ

where expðiφtðt; x⃗ÞÞ is the Uð1Þ link variable at position
ðt; x⃗Þ oriented in the time direction. The expectation value
of the correlator of a charge pair may be expressed directly
in the dual theory by [12]

hPðx⃗1Þ�Pðx⃗2Þi ¼
1

Z

 Y
x∈ sites

X
hx

!

× exp

"
−
e2

2

X
hxyi

�
hx − hy þ shxyi

�
2

#
; ð31Þ

where all quantities on the right-hand side live on the dual
lattice. Here sl is a field of “dislocations” defined on links
of the dual lattice by

sl ¼
��1 ⋆l∈A

0 otherwise
; ð32Þ

where ⋆l is the plaquette in the original lattice dual to link l,
and A is any surface (i.e. connected collection of plaquettes
in the original lattice) bounded by the two Polyakov loops
at spatial positions x⃗1 and x⃗2. The sign of sl is positive or
negative depending on the orientation in which the link l is
traversed. The expectation value hPðx⃗1Þ�Pðx⃗2Þi is inde-
pendent of deformations of the surface A, and for conven-
ience in simulations we choose A to be the rectangular
surface bounded by the Polyakov loops at x⃗1 and x⃗2 which
does not cross the boundary. An example of the geometry
of the Polyakov loops, rectangular surface A, and the
corresponding dual links is shown in Fig. 6.
There also exist topologically inequivalent surfaces

bounded by the same Polyakov loops; for example, the
surface starting at x⃗1 and wrapping backwards through the
lattice boundary to x⃗2 cannot be obtained by local defor-
mations of our choice of surface which goes forwards from
x⃗1 to x⃗2 without crossing the boundary. The choice between
these topologically inequivalent surfaces amounts to a
choice of boundary conditions in the dual theory, which
are equivalent up to finite-volume effects. Our choice of
surface allows us to suppress the wraparound contributions
and get more precise estimates of the string tension using
separations jx⃗1 − x⃗2j ≥ L=2 in the following.
The Polyakov loop correlator hPðx⃗1Þ�Pðx⃗2Þi can be

interpreted as the ratio of two partition functions, one with
the static charge pair and one in the vacuum sector. To do
this, we define the generalized partition function Z½s� in the
background of the dislocations sl by

Z½s�¼
 Y

x∈sites

X
hx

!
exp

"
−
e2

2

X
hxyi

�
hx−hyþshxyi

�
2

#
: ð33Þ

Note that Z½0� ¼ Z coincides with the partition function of
the staggered height model Eq. (22), and we then have

FIG. 5. Measurements of the energy-momentum dispersion
relation for a range of couplings, plotted using the lattice-units
quantities Ê2 ¼ 4 sinhðaE=2Þ2 and k̂2 ¼ 4 − 2

P
i cosðakiÞ in-

spired by the dispersion relation of a free relativistic particle on
the lattice. In the continuum limit of a relativistic theory, the
dispersion relation is expected to converge to the limit Ê2 ¼ k̂2

indicated by the black line. A clear trend towards this relativistic
relation can be observed as the bare coupling is decreased
towards the continuum limit. All measurements were performed
on an L ¼ 96 lattice volume.

FIG. 6. An example of the relation between a Polyakov loop
(bold lines), the corresponding surface in the original lattice (gray
surface), and the dual links l (links between black/white dual
sites) for which sl is nonzero. The orientation of the Polyakov
loops gives an orientation to the surface, determining the signs for
the dislocation variables sl. For clarity, only a two-dimensional
slice of the 3D volume is shown.
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hPðx⃗1Þ�Pðx⃗2Þi ¼ Z½s�=Z½0�; ð34Þ

for s defined as in Eq. (32).
Variations on the “snake algorithm” have been intro-

duced to effectively evaluate such ratios of partition
functions [31,32]. The basis of these approaches is to
measure ratios of partition functions Z½snþ1�=Z½sn� using
independent Monte Carlo calculations, finally giving the
desired ratio Z½s�=Z½0� by a telescoping product. We adopt
an analogous simulation strategy, using a series of Monte
Carlo simulations to evaluate the ratios of Polyakov loop
correlators separated by a variety of spatial distances
aligned along the x-axis (the 1̂ direction) of the lattice.
Each Monte Carlo evaluation is constructed to evaluate

hPððRþ 1Þ1̂þ x⃗0Þ�Pðx⃗0Þi
hPðR1̂þ x⃗0Þ�Pðx⃗0Þi

≡ Z½sRþ1�
Z½sR�

; ð35Þ

for some spatial separation R. The fields sRþ1 and sR are
determined by the Polyakov loop geometries, as discussed
above, and only differ in whether they include the column
of dual links corresponding to the plaquettes between
spatial sites R1̂þ x⃗0 and ðRþ 1Þ1̂þ x⃗0.
To gain further insight into the nature of the confining

string, we also adopt a second simulation strategy to
measure the energy of the static charges based on the
Hamiltonian of the system. Since the partition function Z½s�
may be expressed in terms of a Hamiltonian H via the
relation Z½s� ¼ trðe−βHÞ, it is possible to obtain hHi by
analytically differentiating Z½s� with respect to β. One
then obtains hHi as an observable that is amenable to
Monte Carlo simulation with respect to the probability
distribution defined by Z½s�, in particular

hHi ¼ e2

2T

*
−
X

hxyitime

�
hx − hy þ shxyi

�
2

þ
X

hxyispace

�
hx − hy þ shxyi

�
2

+
; ð36Þ

where hxyitime and hxyispace denote links in the time and
space directions, respectively. A careful derivation of this
result is presented in Appendix B. One expects Eq. (36) to
be valid only in the continuum limit, but it can still be used
to give qualitative information about the structure of the
confining string and to cross-check the string tension close
to the continuum limit. In particular, an advantage of this
formulation is that one may also measure the local energy
contribution by any individual link and thus visualize the
energy distribution of the confining string. As a simulation
strategy, the energy (36) is measured using Monte Carlo
evaluations at several particle-antiparticle separations R,
obtaining EðRÞ as a function of R. These Monte Carlo

estimates are given by separate Metropolis simulations with
fixed static charge pairs for each separation.
From either approach, the string tension σ has then been

extracted by fitting

EðRÞ ¼ −
1

T
lnhP�ðx⃗1ÞPðx⃗2Þijjx⃗1−x⃗2j¼R ð37Þ

to the theoretical predictions of the energy of the confining
string, which for large separations R ≫ 1=

ffiffiffi
σ

p
is given

by [33–37]

EðRÞ ¼ Aþ σR −
B
R
þOð1=R2Þ: ð38Þ

Alternatively, the estimates of the string tension can be
directly obtained from the snake algorithm approach, which
most directly gives access to finite differences of the energy

EðRþ 1Þ − EðRÞ ¼ σ þOð1=R2Þ: ð39Þ

We have also used this method to obtain precise estimates
of σ from the snake algorithm without fitting and without
needing to perform Monte Carlo evaluations for all R.
The two methods give consistent results when compared
on identical lattice parameters, and we therefore adopt
the latter approach for all following measurements of σ,
averaging estimates from several choices of R ≈ L=2 to
minimize the higher-order effects.
In order to test this method, we have used it to compute

the string tension in the standard three-dimensional Uð1Þ
gauge theory, and we have obtained results compatible with
both the analytical predictions Eq. (4) and results previ-
ously published in the literature [13]. The static charge
potentials measured by the snake algorithm and the
Hamiltonian method were also compared and found to
agree with improving accuracy as e2 was taken small,
corresponding to the continuum limit where both defini-
tions are the same.
The results of the numerical simulations for the string

tension are shown for the α ¼ π theory in Fig. 7 for
L∈ f64; 96; 128; 192g. The string tension clearly decreases
in lattice units towards the continuum limit, as expected.
In contrast to the mass, however, one sees statistically
significant finite volume effects throughout the range of
couplings studied. We have also compared to simulations
of the ordinary Uð1Þ gauge theory with α ¼ 0, in which
case the finite volume effects are less significant.
The structure of the string in the α ¼ π theory provides a

potential explanation for this feature. To investigate this
structure, we consider the local electric field

E⃗ðxÞ ¼ �hx − hxþ2̂ þ s2ðxÞ;−hx þ hxþ1̂ − s1ðxÞ
�
; ð40Þ

where the dislocation sμðxÞ ¼ sl on the link l connecting x
and xþ μ̂, and local energy density terms
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u0ðxÞ ¼
�
−
�
hx − hxþ0̂ þ s0ðxÞ

�
2

;

uiðxÞ ¼
��
hx − hxþî þ siðxÞ

�
2i; ð41Þ

which together define the Hamiltonian energy density
HðxÞ ¼ u0ðxÞ þ u1ðxÞ þ u2ðxÞ in Eq. (36). Figure 8
depicts an example of the measured energy density terms
and electric field for the coupling e2 ¼ 2.0 and a particular
separation of the static charge and anti-charge. The electric
field lines have the typical structure associated with a
positive and negative charge pair. On the other hand, the
energy density depicts a clear fractionalization of the
confining string into two strands for the α ¼ π theory.
We have observed a similar fractionalized structure for all
couplings considered, however the choice of coupling
e2 ¼ 2.0 results in the clearest pictures. This string frac-
tionalization suggests that the linear scaling regime of the
static charge potential may only set in at larger physical
distances, explaining the relatively strong finite-volume
effects observed in the string tension.
The confining string also shows a nontrivial interplay

with the phase structure of the theory. We define local
versions of the order parameters OCS and OS, which are
invariant under the global Z-symmetry and under defor-
mations of the arbitrary surface connecting the two
Polyakov loops. For OCS we define

OCSðxÞ ¼
ð−1Þx
12

X
μ̂∈ f�0̂;�1̂;�2̂g

�
hx − hxþμ̂ þ sμðxÞ

�
: ð42Þ

While the expression is complicated, one can also define a
local version OSðxÞ of the operator OS. In order to make it

invariant under deformations of the surface bounded by the
Polyakov loops, one rewrites it in terms of link variables
hx − hxþμ and then replaces hx−hxþμ → hx−hxþμþ sμðxÞ.
In the case where there are no static charges, summing
over these local observables recovers the original order
parameters,

OCS ¼
X
x

OCSðxÞ; OS ¼
X
x

OSðxÞ: ð43Þ

To understand the relation between the order parameter
structure and the broken symmetry, we perform measure-
ments using an ensemble where no tunneling events
occurred, which would otherwise wash out the figure.
Figure 9 shows the resulting distributions of the observ-

ables OSðxÞ and OCSðxÞ in the presence of the flux string.
The OSðxÞ observable shows that inside and outside the
two strands the system is found in two different ground
states of the broken Z2 symmetry S. This indicates that
the individual strands of the fractionalized string play the
role of domain walls between the two vacua of the spon-
taneously broken symmetry. Meanwhile, the OCSðxÞ
observable takes nonzero values within each strand of
the fractionalized string, which is consistent with explicit
breaking of C symmetry by the insertion of static charges
with particular positive and negative values. This order
parameter remains zero outside the static charge system as
expected from the lack of symmetry breaking observed in
the vacuum sector for OCS. In both cases, the particular
signs of the order parameters where they are nonzero is not
fixed, but spontaneously selected; they are flipped by
tunneling events between the vacua of the spontaneously
broken S symmetry.

E. Mass and string tension scaling

A key prediction for both the ordinary α ¼ 0 theory
[see Eq. (4)] and the α ¼ π theory (see Sec. V) is that
(in units where a ¼ 1) σ should scale as me2. This implies
the three possible continuum limits discussed in Sec. II. By
comparing our mass and string tension data, we could
attempt to validate this scaling prediction. However, the
strong finite volume effects in both the mass and string
tension make it difficult to reliably determine an infinite
volume ratio σ=me2 to be extrapolated towards the con-
tinuum limit.
Instead, we performed an additional set of Monte Carlo

calculations extrapolating along a line of constant physics
in a fixed physical volume, as defined by fixing mL to a
constant value. As long as mL ≫ 1, we expect the argu-
ment for the scaling of string tension with mass to still
hold. Thus by studying these constant physical volume
ensembles, we can determine whether such ratio has a finite
continuum limit. To perform this study, we used five
different lattice sizes with couplings tuned to fix mL to

FIG. 7. String tension σ of the α ¼ π theory for various values
of the coupling e2, given in lattice units. Statistically significant
finite-volume effects can be observed over the entire range of
couplings, potentially reflecting the more diffuse structure of the
double-stranded confining string in this theory.
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FIG. 9. Local OS (left) and OCS (right) observables measured in the presence of two static charges on the ensemble with coupling
e2 ¼ 2.0 and lattice size L ¼ 64. Shown are the Euclidean-time-averaged measurements over the spatial L × L lattice. The OS
observable shows that the two string strands separate regions that correspond to the two ground states of the broken Z2 symmetry, while
the OCS observable shows that the two strands themselves break charge conjugation.

FIG. 8. Time-averaged local energies and electric field on a spatial L × L lattice measured in the presence of two static charges on the
ensemble with coupling e2 ¼ 2.0 and size L ¼ 64. The first figure (top left) shows the field lines of the electric field E⃗ defined in
Eq. (40). The last three figures (top right through bottom right) show the local energy defined in Eq. (41) in the three spacetime
directions. In all three figures, the brightest pixels corresponding to contact energy terms are masked. The energy distributions clearly
depict fractionalization of the flux string into two strands.
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6, 8, and 10, as detailed in Table I. We use a prescription of
extracting the string tension by the snake algorithm
approach described above with measurements of the energy
differences based on a window of separations R ≈ 5L=8.
This value was chosen to maximally suppress the Oð1=R2Þ
terms while avoiding the boundary of the lattice. Finally,
we use the fact that (in lattice units) the ratio can be
written as

σ

me2
¼ σL

e2ðmLÞ : ð44Þ

Using the fixed choice of mL instead of direct measure-
ments of the mass allows a much more precise determi-
nation of this ratio, although this neglects systematic
uncertainties from mistunings of the mass.
The resulting measurements of the ratios are shown in

Fig. 10. At the available lattice spacings, the ratio deter-
mined for each of the fixed physical volumes can be seen
to approximately plateau. Nevertheless, at the smallest e2,
corresponding to the smallest lattice spacing, the data
continue to rise indicating that even finer lattices would
be required to confirm the scaling behavior.

F. Discussion

Our results provide evidence for a continuum limit of
the α ¼ π theory which is distinct from that of the α ¼ 0
theory, despite both theories having exact Uð1Þ gauge
symmetry, charge conjugation symmetry, macroscopic
translational symmetry, and cubic symmetry. In particular,
the order parameters suggest that the α ¼ π theory has a
continuum limit obtained as e2 → 0 where the Z2 sym-
metry S is spontaneously broken and charge conjugation
symmetry is unbroken. This theory also shows qualitatively
different behavior, most strikingly in the fractionalization
of the confining flux string. This behavior is confirmed by
the effective theory for the α ¼ π theory which we derive in
Sec. V. The data for the mass and the string tension are also
compatible with the effective theory predictions, although
better control of the finite-volume effects and the correc-
tions to scaling is required in order to test quantitative
agreement.
Both the string fractionalization and the phase separation

have been previously observed in the context of quantum
link models [4–7]. In the results observed for some such
quantum link models, a spontaneous breaking of parity
symmetry was also observed in the static charge system,
so that the strands of the string formed an asymmetric
arrangement. On the other hand, our results for the α ¼ π
theory do not demonstrate any such parity breaking.

V. EFFECTIVE THEORY

In order to better understand the behavior of the α ¼ π
theory and confirm our numerical results, in this section we
derive an effective theory following [12]. As we have seen
in Sec. II, the standard Abelian gauge theory in three
dimensions has been shown to be equivalent to a Sine-
Gordon model with action [2,12,18,38]

S½ϕ� ¼ 1

2

X
hxyi

ðϕx − ϕyÞ2 − 2λ
X
x

cos

�
2πϕxffiffiffiffiffi
e2

p
	
; ð45Þ

where ϕx is a real scalar field and λ≡ e−2π
2v0=e2 . This

effective theory is valid for small e2, where the continuum
limit is expected to lie. The derivation leading to Eq. (45)
can be performed also in the case of our staggered height
model, and the corresponding effective theory is given
again by a Sine-Gordon model with a staggered potential,

S½ϕ� ¼ 1

2

X
hxyi

ðϕx − ϕyÞ2 − 2λ
X
x

ð−1Þx cos
�
2πϕxffiffiffiffiffi
e2

p
	
: ð46Þ

Nonrelativistic versions of Eq. (46) have been discovered
as effective descriptions of quantum antiferromagnets [39].
Due to the staggering, this model, unlike the action in
Eq. (45) does not immediately admit an analytical con-
tinuum limit. We therefore rewrite it in terms of variables

TABLE I. Choices of coupling constant e2 and lattice size L
tuned over a variety of lattice spacings to fix mL to 6, 8, and 10.

mL ¼ 6 L 64 96 128 192 256
e2 1.35 1.29 1.23 1.12 1.09

mL ¼ 8 L 64 96 128 192 256
e2 1.68 1.50 1.39 1.24 1.18

mL ¼ 10 L 64 96 128 192 256
e2 1.92 1.65 1.49 1.33 1.25

FIG. 10. Measured ratios σ=me2 across a range of ensembles
tuned to fix mL to 6, 8, and 10, given in lattice units. The
resulting ratios can be seen to plateau towards small e2, corres-
ponding to smaller lattice spacings, but a notable rise is still
present at the smallest lattice spacings accessible. Nevertheless,
the measured ratios are quite distinct from estimates of the scaling
ratio c̃=4π2 ≈ 0.21 in the α ¼ 0 theory [13].
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which, as we will see, allow a continuum description.
Following the discussion in [39], we define sum and
difference variables

χx ¼
ϕx þ ϕxþμ̂

2
; ξx ¼

ϕx − ϕxþμ̂

2
; ð47Þ

defined to live only on the even lattice sites. In particular,
this definition singles out a specific direction μ and
combines the scalar fields on the even site x and odd site
xþ μ̂ into the sum and difference variables on the even
sites. This mapping is one-to-one and has a unit Jacobian.
The arbitrary choice of direction disappears in the final
result. Substituting into the effective theory, we find that ξ
has a mass of the order of the lattice cutoff; we therefore
ignore all of its gradients [39] and find

S½χ; ξ� ¼
X
x

�
1

2
ð∇⃗χxÞ2 þ 12ξ2x

þ 4λ sin

�
2πχxffiffiffiffiffi
e2

p
	
sin

�
2πξxffiffiffiffiffi
e2

p
	�

: ð48Þ

In Eq. (48) the sum is taken only over the even sites of the
original hypercubic lattice. The corresponding lattice, the
one on which the effective theory in Eq. (48) is defined, is
therefore a three-dimensional lattice of tetrahedra and
octahedra; each point is connected to nearest neighbors

in four directions, and in particular ð∇⃗χxÞ2 is the sum of the
squares of the lattice derivatives in the four directions.
Since it is an isotropic kinetic term on the lattice, we expect
that it will become a Lorentz-invariant kinetic term in the
continuum limit. Next, we again use the fact that ξ has a
mass of the order of the lattice cutoff to integrate it out. Its
mean-field value is given by [39]

ξx ≈ −
π

3

λffiffiffiffiffi
e2

p sin

�
2πχxffiffiffiffiffi
e2

p
	
; ð49Þ

which we substitute back into the action to find

S½χ� ¼ e2

4π2
X
x

�
1

2
ð∇⃗χxÞ2 þ 8

3
π4

λ2

e4
cosð2χxÞ

�
; ð50Þ

where we also redefined χx →
ffiffiffiffi
e2

p
2π χx for clarity.

As is clear from Eqs. (46) and (48), this model admits
a global Z symmetry which acts as χx → χx þ 2π. We
identify this symmetry with the global Z redundancy of the
original model, meaning configurations of χx which differ
by an integer multiple of 2π are identified. With this in
mind, the final effective theory in Eq. (50) has a Z2 × Z2

global symmetry structure generated by

C∶ χx → −χx þ π S∶ χx → χx þ π: ð51Þ

In particular, C2 ¼ S2 ¼ 1 and CS ¼ SC∶ χx → −χx. The
global Z2 × Z2 symmetry structure of this model is the
same as that of the original height variables, although it is
unclear how to trace the action of the original symmetries
onto the scalar field in the effective theory.
The double cosine potential has minima at χ ¼ �π=2,

which implies that the C symmetry remains unbroken,
while S (and therefore also CS) is broken. This is again the
same symmetry breaking structure that we observe numeri-
cally, as shown in Sec. IV. We therefore identify the C
symmetry of the effective theory with charge conjugation
and the S symmetry with the single-site shift in the original
model. While for the standard effective theory in Eq. (45)
all minima of the potential are physically equivalent
because they are related by a global Z redundancy, this
is no longer the case in our staggered model, where we find
a proper Z2 symmetry breaking.
Much like in the standard theory (see Sec. II), the effec-

tive theory suggests two different ways of taking the
continuum limit. In one case, one defines a mass (restoring
the lattice spacing a)

a2m2 ¼ 32π4

3

1

e4
expð−4π2v0=e2Þ; ð52Þ

where e2 is the dimensionless coupling. Similarly to the
discussion in Sec. II, keeping the mass m fixed in physical
units and sending the lattice spacing to zero forces e2 → 0.
In this case, the height of the potential which separates the
two physical minima becomes infinite, and therefore one
finds that in the continuum this system consists of a free
massive scalar field of mass m describing the fluctuations
around a spontaneously selected vacuum. In particular,
Eq. (52) is consistent with the qualitative numerical
observation (see Fig. 4 and the discussion in Sec. IV)
that the exponent of the exponential decay of the mass is
roughly twice as large in the staggered theory compared to
the standard case.
It is also possible to take a different continuum limit,

where the string tension instead is held fixed. In a semi-
classical approximation [38], one again finds that also in
this case the string tension scales like σ ∼me2. In the dual
theory, the string tension can be interpreted as the interface
tension between different minima of the potential. Since the
staggered model has physically inequivalent minima, this
continuum limit corresponds to a nontrivial theory where it
is still possible to tunnel between the two inequivalent
minima or to have domains of opposite minima separated
by domain walls. The picture of the string tension as the
interface tension between different broken symmetry
ground states is also clear from Fig. 8.

VI. CONCLUSIONS

In the present work, we have shown that the usual Uð1Þ
lattice gauge theory may be extended by an additional
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parameter α which modifies the Hilbert space per gauge
link while preserving both the gauge symmetry and the
remnant lattice Lorentz symmetry. We focused on the
specific case of three spacetime dimensions with α ¼ π,
which preserves all symmetries of the standard Uð1Þ
theory, including charge conjugation and parity. After
dualization, one obtains a height model which we have
numerically simulated. We have also analytically derived
an effective theory which provides predictions for the
symmetry breaking structure as well as the scaling of
the mass and string tension. We have compared our
numerical results for the staggered theory (α ¼ π) with
our analytical predictions as well as with the analytical and
numerical predictions available for the standard theory
(α ¼ 0). Our results provide evidence that the α ¼ π theory
has a spontaneously broken Z2 single-site shift symmetry,
which remains unbroken in the standard theory, indicating
that the α ¼ π theory approaches a different continuum
limit than the standard Uð1Þ theory.
We have also obtained results for the mass and string

tension. In particular, both quantities scale differently in the
continuum limit compared to the ordinary theory. By
inserting the charges directly in the partition function,
we have also obtained data for the local energy distribution
of the system with static charges, which shows that the
confining flux string fractionalizes into two strands. Our
numerical results are compatible with the analytical pre-
dictions from the effective theory for the α ¼ π theory. The
strands separate the system into two regions which live in
different ground states of the broken Z2 symmetry.
The idea behind this work may be extended in several

directions. It would be immediate to generalize these
results to a different number of spacetime dimensions.
The Hamiltonian construction is valid in any dimension,
but the dual theory would no longer be a scalar theory. For
example, in four dimensions, the dual theory would be a
gauge theory with a discrete gauge field. One could also
study the theory at values of α ∉ f0; πg, which explicitly
breaks charge conjugation and parity, but may nonetheless
be interesting gauge theories. Perhaps the most interesting
direction would be the extension to the non-Abelian case.
Just as the introduction of an α angle in the Uð1Þ theory is
equivalent to threading a fictitious magnetic flux through
the Uð1Þ circle defining the Hilbert space at each link, an
analogous construction is possible in the non-Abelian case
as given in [40,41]. In the case of SUð2Þ, for example, this
construction places a magnetic monopole at the center of
the 3-sphere manifold of SUð2Þ, resulting in a modification
of the Hilbert space of integrable functions on SUð2Þ while
preserving the gauge symmetry.
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APPENDIX A: DUALIZATION TO A HEIGHT
MODEL IN 3D

The path integral of the 3D Uð1Þ gauge theory can be
dualized to a model of discrete height variables for any
value of α. The starting point for this dualization is given by
the partition function in Eq. (21), reproduced below for
convenience,

Z ¼
�Y

l

Z
2π

0

dφl

	Y
p

"X
m∈Z

e−i
α
2πðdφÞp

× exp

�
−

1

2e2
�ðdφÞp − 2πm

�
2

	
eiαm

#
: ðA1Þ

It is helpful to use Poisson summation to first rewrite this
expression as

Z ¼
�Y

l

Z
2π

0

dφl

	Y
p

"X
n∈Z

eiðdφÞpne−e2
2
ðnþ α

2πÞ2
#
: ðA2Þ

Note that one could also arrive at the above form by
skipping the Poisson summation originally applied to
derive Eq. (20).
To render the integrals over the continuous Uð1Þ

variables tractable, we next rewrite the path integral over
link variables into a path integral over plaquette variables,

�Y
l

Z
2π

0

dφl

	
¼
�Y

p

Z
2π

0

dΦp

	Y
c

"X
h∈Z

eihðdΦÞc

#
:

ðA3Þ

Here, the product
Q

c enumerates the three-dimensional
unit cubes of the lattice, the Fourier series of the Dirac delta
has been introduced using sums over h, and

ðdΦÞc ¼
X
i<j

X
k

ϵijk
�
Φij;xþk̂ −Φij;x

� ðA4Þ

is the exterior derivative of the plaquette variables Φ asso-
ciated with cube c rooted at site x. Note that Eq. (A3) is
exact only in the infinite volume limit, as discussed further
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at the end of this section. With this rewriting, the variables
ðdφÞp are replaced with the new integration variables Φp,
yielding

Z ¼
�Y

c

X
hc ∈Z

	Y
p

�Z
2π

0

dΦp

X
n∈Z

eiΦpðn−ðd�hÞpÞe−e2
2
ðnþ α

2πÞ2
�
;

ðA5Þ

where ðd�hÞp ¼Pk ϵijkðhx − hx−k̂Þ in terms of the orien-
tation ðijÞ and base site x of the plaquette p. Integrating out
the Φp gives simple Kronecker delta functions over the
integer sums, and resolving these results in the partition
function of a height model,

Z ¼
�Y

c

X
hc ∈Z

	Y
p

exp

�
−
e2

2

�ðd�hÞp þ α=2π
�
2

	
: ðA6Þ

To complete the dualization, we go to the dual lattice.
Cubes c in the original lattice are dual to sites x in the dual
lattice, while plaquettes p are dual to lattice edges hxyi,
giving

Z ¼
�Y

x

X
hx ∈Z

	
exp

�
−
e2

2

X
hxyi

�
hx − hy þ α=2π

�
2

	
; ðA7Þ

where now all quantities refer to the dual lattice. Note that
there is an ambiguity in the direction of the links hxyi in the
sum. Reversing the direction in which the link hxyi appears
in the sum is equivalent to locally flipping the sign of α on
this link. Note that an ambiguity on the choice of orien-
tation of the plaquettes is also present in the original
formulation. One simple prescription, consistent with the
largest translational symmetry group, is to choose the direc-
tion of the links in the sum to always be oriented in the
forward μ̂ direction for each lattice orientation, meaning
we sum over all links hxyi with y ¼ xþ μ̂ for some
μ∈ f0; 1; 2g. However, this prescription explicitly breaks
lattice rotational symmetry, requiring each rotation to be
combined with spatial inversions to remain a good sym-
metry of the theory. Instead, we choose to orient links hxyi
in the sum such that x is always an odd site (i.e., x0 þ
x1 þ x2 is odd) and y is therefore always an even site. This
preserves lattice rotational symmetry and all translations by
multiples of two lattice sites. The sum over odd sites can
then be modified to absorb the α=2π factor by instead
summing over hx ∈Zþ α=2π, resulting in the final dual
partition function

Z ¼
0
@Y

x odd

X
hx ∈Zþ α

2π

1
A Y

y even

X
hy ∈Z

!

× exp

"
−
e2

2

X
hxyi

�
hx − hy

�
2

#
: ðA8Þ

In this case, single-site translations are explicitly broken
and must be combined with charge conjugation and a non-
integer shift of the height variables to recover a symmetry
transformation, as explained in Sec. III C. Note that for
α∈ f0; πg these two prescriptions are equivalent in infinite
volume.
In fact, as stated, the duality transformation carried out in

this section is only valid in infinite volume. This is true in
general for dualities. In finite volume the partition function
in Eq. (21) would dualize to a sum of partition functions
for the dual theory in Eq. (22) with different boundary
conditions, which is hard to study. Nonetheless, as is
standard in the literature, results obtained in the two
formulations will agree if the volume is sufficiently large.

APPENDIX B: DERIVATION OF THE ENERGY
OPERATOR

In order to measure the string tension, we insert static
charges directly in the action and measure the resulting
energy, similarly to [4,30]. In particular, we know that the
partition function Z½s� with the charges inserted may be
written in terms of a Hamiltonian H as

Z½s� ¼ trðe−ϵTHÞ; ðB1Þ

where ϵ is the time step and T is the number of time steps.
Then we see that the energy of the system, i.e. the
expectation value of the Hamiltonian, is given by

hHi ¼ 1

Z
trðH e−ϵTHÞ ¼ −

1

ZT
∂

∂ϵ
Z: ðB2Þ

Expressing the partition function in terms of the height
variables and taking the appropriate derivative, one can
then obtain an expression for hHi which is amenable to
Monte Carlo simulation.
As we have seen in Sec. IV D, the partition function with

the insertion of the two charges is given by

Z ¼
 Y

x∈ sites

X
hx

!
exp

"
−
e2

2

X
hxyi

�
hx − hy þ shxyi

�
2

#
; ðB3Þ

where shxyi is defined in Eq. (32). In order to take the
derivative, we restore the lattice spacing, which we set
equal to ϵ in the time direction and equal to a in the space
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directions. The sum over links discretizes an integral over
volume, and is therefore associated with units of ϵa2. The
finite difference hx − hy discretizes a derivative, and there-
fore comes with units of 1=a in the space directions and
1=ϵ in the time direction; hence time links carry units of
a2ϵ × ð1=ϵÞ2 ¼ a2=ϵ, while space links carry units of
a2ϵ × ð1=aÞ2 ¼ ϵ, so that overall the action becomes

S ¼ a2e2

2ϵ

X
hxyitime

�
hx − hy þ shxyi

�
2

þ ϵe2

2

X
hxyispace

�
hx − hy þ shxyi

�
2; ðB4Þ

where hxyitime and hxyispace denote links in the time and
space directions respectively. It is then straightforward to

differentiate the partition function Z½s� with respect to ϵ.
Setting back ϵ ¼ a, one then obtains (in lattice units)

hHi ¼ e2

2T

*
−
X

hxyitime

ðhx − hy þ shxyiÞ2

þ
X

hxyispace
ðhx − hy þ shxyiÞ2

+
: ðB5Þ

This expression can be computed via Monte Carlo simu-
lation. It is important to note that, since we have a finite
time step ϵ ¼ a, the expression Z½s� ¼ trðexpð−ϵTHÞÞ is
valid only up to Trotterization artifacts. Therefore, we
expect the equality in Eq. (B5) to be valid only in the
continuum limit a → 0.
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