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We discuss the possibility to obtain a massive Landau gauge, based on the local composite operator
effective action framework combined with the Zimmermann reduction of couplings prescription. As a way to
deal with the gauge ambiguity, we check that the ghost propagator remains positive, a necessary condition for
gluon field configurations beyond the Gribov region to be negligible. We pay attention to the Becchi-Rouet-
Stora-Tyutin invariance of the construction, allowing for a future generalization to a class of massive linear
covariant gauges. As a litmus test, we compare our predictions to the lattice data for the two-point functions in
Landau gauge introducing the “dynamically infrared-safe” renormalization scheme, including the renorm-
alization group optimization of both the gap equation and the two-point functions. We also discuss the relation
to and differences with the Curci-Ferrari model, the usefulness of which in providing an effective perturbative

description of nonperturbative Yang-Mills theories became clear during recent years.
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I. INTRODUCTION

Recently, the Curci-Ferrari (CF) model [1,2] has wit-
nessed a revived interest in works like [3—11] thanks to its
capability to describe rather well the n-point functions of
gauge theories in the Landau gauge, next to allowing a
perturbative sneak peek into the phase diagram [12-14]. As
of now, however, the success in matching the model to
lattice data relies on the fitting of both the gauge coupling ¢
and the Curci-Ferrari mass m [4,5,8].

A possible route toward a first-principle derivation of
the model, including a determination of m from the sole
knowledge of g at a given scale, was formulated in [15]
based on a weighing over the Gribov copies. It was
implemented successfully in a class of nonlinear gauges
that contains the Landau gauge as a limiting case [16].
Unfortunately, the dynamical mass generation mechanism
identified in this reference fails precisely in this limit.
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A more recent attempt was done in [17], directly in the
Landau gauge. It was found that the system exhibits two
phases, one of which corresponds to a massive implemen-
tation of the Landau gauge bearing some resemblance
with the Curci-Ferrari model, with however gapped ghost
degrees of freedom. As discussed in [17], the presence of
massive ghosts is not incompatible with the lattice results,
for the latter are not a direct measurement of the ghost
propagator but rather the averaging of the Faddeev-Popov
operator —d, D, which remains massless in both of the
above mentioned phases. A more serious difficulty is,
however, that the gluon mass identified in [17] appears as a
mere gauge-fixing parameter whose value is not determined
in terms of g. Although it remains yet to be seen how much
the correlators computed within this approach are sensitive
to this gauge-fixing parameter, this could potentially
compromise the comparison to lattice data.

On the other hand, it has been known for some time that
dimension-two condensates such as (AfA¢) can be dynami-
cally generated in the Landau gauge via the local composite
operator (LCO) formalism [18] and the minimization of the
vacuum energy. A natural question that emerges is then
what connection do these condensates bear with the Curci-
Ferrari model (or similar approaches), and to which extent
do they allow one to reproduce the Landau gauge corre-
lators evaluated on the lattice. The current note aims at
investigating these questions. Since our goal is to even-
tually extend the approach to covariant gauges, we will pay

Published by the American Physical Society


https://orcid.org/0000-0002-1758-7878
https://orcid.org/0000-0002-3670-171X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.014037&domain=pdf&date_stamp=2024-01-30
https://doi.org/10.1103/PhysRevD.109.014037
https://doi.org/10.1103/PhysRevD.109.014037
https://doi.org/10.1103/PhysRevD.109.014037
https://doi.org/10.1103/PhysRevD.109.014037
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

COMITINI, DE MEERLEER, DUDAL, and SORELLA

PHYS. REV. D 109, 014037 (2024)

particular attention to the Becchi-Rouet-Stora-Tyutin
(BRST) invariance of the construction.

Two-dimensional condensates are of course not free of
ambiguities due to their composite nature that requires
extra renormalization. However, since the correlators of the
primordial fields do not depend on this additional sub-
tractions, at least not at an exact level, it is possible to
exploit the reduction of coupling technique [19,20] in order
to fix this arbitrariness in some way, as we recall below.
In fact, one could envisage using similar ideas to fix the
arbitrariness in the choice of the gluon mass in the approach
of [17], at least for the evaluation of physical observables.

II. THE BRST-INVARIANT CONDENSATE
A. BRST-invariant gauge field

Our starting point is the Euclidean Yang-Mills action in
d = 4 — e dimensions supplemented with a linear covariant
gauge fixing:

! 1 a pa a i ha a ~a a
St = /d"X<ZF,wF,w+§b2 +ib*9,A4 + ¢4, Db ¢
(1)

with Fj; = 90,A7 — 0,A; + g szAl’jAg the non-Abelian field-
strength tensor and Dzb = 5‘”’6” + gf”CbA; the covariant
derivative in the adjoint representation. Since our choice is
to preserve BRST invariance at each step, we should only
consider BRST-invariant gluon mass operators, constructed
out of a BRST-invariant version of the gauge field. To this
purpose, we insert into the corresponding path integral a
unity 1 = N [ DEDTDiDye det(A(£)), with

S, = / d'x(1"0,A" +7°9,Di (AM)nP)  (2)

and

2i oh'
Aap(&) = E’Tr{raa—é,,h}, (3)

the appropriate normalization being collected in A/. Here,
we introduced the local but nonpolynomial composite field

J— h.a a l
Al = Ayt = hTA,h +§hfaﬂh, (4)

with
h = el% = ¢i9¥'t", (5)

where the # denote the generators of the su(N) algebra and
the & are akin to Stueckelberg fields. The fields 7 and #*
are additional (anticommuting) ghosts that, together with
the &-dependent determinant det(A(&)), account for the

Jacobian arising from the change of variables & — A",
which is itself needed in order to treat the functional
distribution §(d,A}:) that appears after integration over .
As we will show in Appendix A, so long as the theory is
defined in dimensional regularization, the determinant
gives no contribution to the partition function at any fixed
order in perturbation theory. For this reason, in what
follows we will drop det(A(£)) and write the unity in
the form 1 = N [ DEDrDifDne™'.

We stress that, when writing equations such as (1) or (2),
we are disregarding the presence of Gribov copies. The
justification is twofold. First, in this work, we restrict to
perturbation theory for the evaluation of both the correla-
tion functions and the vacuum energy. Second, we will
soon check that the dynamically generated condensate is
such that the ghost propagator remains positive, a necessary
condition for the functional integral to be dominated by
configurations within the first Gribov region.

The action (2) is here used as a way to treat, within a
local setup, a BRST-invariant quantity AZ that becomes
nonlocal on shell. The nonlocal on-shell nature of A,’j
becomes explicit after one solves the condition GMAZ =0
iteratively for & using

(Ah)z :Aﬁ _aﬂgu _gfabcAlljgc_gfabcfbaﬂgc 4o, (6)

Indeed, this leads to the infinite series of terms:

0A . g 0A g 0A ig|0A
o )

which eventually gives the transverse on-shell expression

9,0,
A;]j = (5;w - gz >¢w (8)
with
. oA ig[0A _ 0A
¢y:Ay_lg|:¥7Av:|+E|:Evav¥:|+"" (9)

It can be shown that the on-shell expression (9) is gauge or
BRST invariant order per order. We will have nothing to
say about large gauge transformations. At the level of the
off-shell or local formulation (2), the BRST invariance is
explicit if one supplements the usual BRST transformation

g .
sAy = —Dl‘jbcb, sct = Ef“b‘cbcc,

sc¢ = ib?, sb? =0, (10)

with the following transformations for the remaining fields:

st =0, st =sn"=0, sh=—igc?(t*)*nki. (11)
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The BRST transformation remains nilpotent (s> = 0) over
the extended field space and it is immediate to check that

s(AM)2 =0, (12)

which is nothing but the infinitesimal version

of (AV)U™h = (AUVT)h = AR,

For later purpose, we also mention that A,ﬁ‘ becomes A, in
the Landau gauge (at least perturbatively) as it is easily
checked from (9) using 9,4, = 0. We refer to e.g. [21-23]
for more details, including the connection of the repre-
sentation (9) with the (local) minimization of the £,-norm
of the gauge field.

B. BRST-invariant condensate

Having gone through this preparatory phase, we are now
ready to investigate the vacuum structure of the local action
S%z,[ = S%(IKA + S}, which is perturbatively equivalent to (1).
In particular, we shall analyze the possible formation
of a BRST-invariant condensate (A"A%). To this purpose,
we couple the corresponding gluon mass operator to a
source' J:

J J?
sP =50+ / d’x <Zz S AL = (E+ 80w 5>. (13)

Here, we introduced the relevant renormalization factors
and counterterms in the J-dependent piece of the action, as
these will concern us most here,” next to the necessary
powers of y to ensure that dim { = 0 (for later use, we also
note that dimJ = 2). More precisely, starting from bare
fields, parameters and sources, which we denote by a
subscript b, we write

JyAl AL = JZ,Z0,ALAL = ZJALAL, (14)
from which we deduce that the renormalization of the
source is

z (15)

= Z_Iqh .
Similarly,
Cpliy = (C+ 80 e, (16)

The (pure vacuum) counterterm o 8£J° is necessary to
remove the vacuum divergences in the generating

"The method presented here was first worked out in [24]; see
also [18,25,26]. We will however slightly adapt the discussion to
point out some new, yet unnoticed, features, which also facilitate
the interpretation.

*The other corresponding factors in S%\),[ are tacitly assumed
but not spelled out.

functional W[J], with W[J] = —In [Dfields e~5’, hence
its appearance as an additive renormalization. Let us stress
that these vacuum divergences do not affect the divergences
appearing in correlation functions with at most one inser-
tion of A,A,,. Therefore, we can (and will) consider only
renormalization schemes where all renormalization factors,
including Z,, are ¢ independent.
In general, from (16) it follows that

¢
B, = =2y,8+ 9,
I

06§

6=(e- 271)5C—ﬂas (17)

where y% =y,;J. We immediately discarded terms that

vanish in the € = 07 limit. We will recall below that, in
principle, it is possible to choose 6§ merely proportional to
¢ such that { + 6 = Z:{, henceforth implementing multi-
plicative renormalization also for the vacuum divergences.

We note that from (17), or directly from (16), it follows
that a finite shift implies that

8 = 60 + 60 = ¢ — ¢ — 5¢fin, (18)

making ¢ + 6¢ invariant. The shift 6 can depend on all
other variables. The invariance of { + 6 under such shifts
was first discussed in [25].

From the generating functional W|[J], one can introduce
the field

o= =2, 2. (19)
which becomes the argument of the effective action
I'(6)=W(J)— [dxJo, with /66 =—J. As usual,
the benefit of such a construct is that it allows one to
access the zero source limit of o, and therefore (AZAL); o,
from the minimization of I'[¢]. In particular, a nontrivial
minimum is tantamount to the dynamical generation of a
condensate (AZA"), ,#0. We mention here that the
nonpositivity of the integration measure associated to the
action (1) could potentially jeopardize the usual relation
between the limit of zero sources and the minimization of
I'[6]. However, we shall later verify that the dynamically
generated condensate is such that the ghost propagator
remains positive, suggesting that field configurations with
negative measure have a subdominant effect and, therefore,
that the minimization prescription can be used. Strictly
speaking, a similar check should be done with the new
ghost fields # and 7.

To actually compute the effective action, it is computa-
tionally simplest to rely on Jackiw’s background field
method [27,28]. In the present context, this is not easily
done a priori due to the coupling of J to a composite
operator and to the presence of the quadratic term o J.
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We can however easily remedy this situation following
[18,24]. We insert a unity 1 = N [ Do e, with

He Z, h e 2
2Zgg/ddx<a—7ALAZ+Z¢C,u J)

_ K d Zy han 2
S N Y
2z¢g/ x(” 2 S ”>

J J?
+ / dx (Ja -7, EA,’}AZ + Zelu* ?) . (20)

Sy =

The last two terms of the third line cancel exactly the two
J-dependent terms in (13) hereby defining a new sourced
action

sP =53+ / dxJo. (21)

with 83 = S0 + 51 + S5, and

p z
S, = 2Z<C/ddx (02 — Z,0AlAl + 4(AQAZ)2>_ (22)

The source now couples linearly to a primary field o
[whose expectation value is of course (19)] and the back-
ground field method can be implemented as usual. Of

course, integrating exactly over o, working with SQA will

give completely equivalent result as with S%Q,I The sit-

uation will only get interesting if the dynamics of the
theory would prefer to assign a nonvanishing vacuum
expectation value to ¢. This is a possibility that we now
investigate. Before doing so, we also notice that the bare
action only depends on the combination® ¢ + 5, which
we already argued to be independent of the finite parts
in 6. Without loss of generality, we can thus renormalize
the vacuum divergences in a computationally efficient
scheme as MS.

To do so, we first notice that, given the BRST invariance
of both the action and the mass operator AZA,},’ as well as the
fact that the a-dependent part of the action is BRST exact in
the limit of zero sources, the expectation value of ¢ does not
depend on « in this limit.* Therefore, we can (and will)
choose to work in the Landau gauge, o — 0, in which case
the (7, £) integration can also be done exactly, leading to the
on-shell identification A” — A [29]. At one-loop order, one
obtains

*In the more general case where we would not have multipli-
cative renormalizability of the vacuum divergences, we simply
have to replace Z-{ by { +6¢ in (22).

The argument goes as follows:

d
%(‘f)J—»O x —i/ddx<s(A,’Z'”A,’Z"’Edbd)> =0.

2

x L In <q2 s ;) (23)

where, as usual, we have divided the effective action by the
space-time volume to compute the effective potential V(o)
and we have included an extra factor u° to ensure that
dimV = 4. We have also treated 6Z, =Z, — 1 and 6Z; =
Z: — 1 = 6{/{ as higher loop corrections, neglecting them
in the one-loop term and expanding to first order in 6 in
the tree-level term. After explicitly computing the integral
and absorbing the divergence in 6 using the minimal
subtraction scheme, one arrives at the expression

4 2_ 772
mt 3N [Inﬂ—2+§], (24)
m 6

2¢ 2 —
Vie) =12 (1—§>+(N2—1)uﬂf

2 6472

where we have defined

m?* = —utc/l. (25)

C. Reduction of couplings

Various remarks are in order at this point. First, the trivial
solution m? = 0 is always a maximum of the potential
since V”(m* — 0) = —oo. This shows that, in the present
approach and at the present order of evaluation, a con-
densate (AZA"), , is dynamically generated (independ-
ently of the value of ().

Beyond this proof of existence, the next pressing
question is the size of the condensate. Here, however,
we face a serious problem: while the running of { with  is
entirely fixed from the renormalization factor, its value at a
chosen initial scale fij is arbitrary and impacts directly on
the size of the condensate. On the other hand, it is easily
shown that 6W/6¢ f J?. This means that, were we to
work exactly, { should not influence any quantity with less
than two J derivatives, in the limit of zero sources, or, in
other words, at the minimum of the effective action. This
includes the correlation functions for the primary fields but
also the condensate itself (A"A%),_ . Of course, at a given
order of approximation, a spurious dependence with respect
to ¢ is to be expected but the previous argument shows that,
given a prescription for choosing {, we can test a priori
how the ¢ independence (re)emerges as the approximation
is improved. Let us now discuss two possible prescriptions
that could be used.

A first possibility would be to impose the ¢ independ-
ence of certain quantities such as the condensate or the
value of the potential at the minimum. At the present order,
this is not very useful because (i) the constraint does not fix
any particular value of ¢ and (ii) it leads to m> = 0 which
we have already argued to correspond to an unstable state.
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It would be interesting to see how this constraint is
modified at the next order of approximation. We leave
this interesting question for a future investigation.

Another possibility is to follow the prescription of
[18,24]. Indeed, despite the presence of two coupling
constants, ¢> and ¢, ¢* runs as usual, that is, separately
from {. Moreover, at an exact level, the value of { does not
affect the quantities that we are after, namely the correlation
functions for the primary fields. This makes our situation
suitable for the Zimmermann reduction of couplings pro-
gram [19] (see also [20] for a recent overview), in which
case one coupling (here () is reexpressed as a series in the
other (here ¢%), so that the running of ¢ controlled by 7,(g*)
is then automatically satisfied. This selects one consistent
coupling ¢(g?) from a whole space of couplings ¢, and it is
also the one (unique) choice compatible with multiplicative
renormalizability, ¢ + 6 = Z:6¢. This approach was also
applied to the Gross-Neveu model in [30], reporting very
good agreement with the exactly known mass gap in this
toy model.

In the MS scheme, one finds [3,18]

N’—-19 161N?>-1 o

2 = _— el = —
&) N 13+52 1672 o e

+8 4
(26)

which is a particular solution of

M%s(gz) — 2, (PP) + 5. (27)

which evidently draws from (17).

From our point of view, this choice is consistent with the
perturbative approach followed in this work, where any
quantity is assumed to admit an expansion (be it a Laurent
expansion) in powers of ¢°.

Noticing that

2,.€
m == =g (1 7 %) (28)

with m3 = —¢*uc/¢,, and expanding to order O(¢°), the
potential becomes

V(m3) = <§(2)_Cl> %_Mmg [mﬁz_ks}

2 647° mi 6
9N’ —1m¢ 3(N*-1 > 113
== m—g— ( 5 >mg lnﬂ—z—l—— )
3 N 28  G4n m2 39
(29)

As already mentioned above, this potential admits a non-
trivial minimum for m3 > 0. Since m3 = —¢*c/{, with
o >0, we should then expect ¢ < 0. The sign is

compatible with (19) in the zero-source limit. Indeed,
under the assumption that configurations beyond the
Gribov horizon are negligible (which we check below),
(19) implies Z,o > 0. Moreover, since Z, diverges neg-
atively [18,31], it follows that ¢ < 0 (and in practice we
find o < 0).

III. TWO-POINT FUNCTIONS

Let us now study how the dynamically generated
condensate affects the Landau gauge two-point correlation
functions. Rewriting the field ¢ in (22) as its vacuum
expectation value which we also denote ¢ and a fluctuating
part 6o, we find that the free gluon propagator is similar to
the one in the Curci-Ferrari model:

5P (p) PuP

— v : i _ uPv

D, (p) = m with P, (p) =6, 7
(30)
The ghost propagator is simply G(p) = 5%/ p?, while the

do propagator is {/uf. Moreover, in addition to the usual
Landau gauge vertices, we have a AAdo vertex

”
2

and a new AAAA vertex

55, (31)

ﬂé‘

A1 (5“"’6""%,,5/06 + 5“"6”"5,,[,5,,6 + 5“"5”"6”65y,,). (32)

We mention that, strictly speaking, (', and therefore m?,
have a perturbative expansion in terms of ¢y, {;, ... which
one needs to take into account in order to evaluate the
correlation functions at a given order. One could define the
Feynman rules in terms of this expanded parameters.
However, it is more convenient, and equivalent, to consider
the Feynman rules in terms of {~! and m? and reexpand
them only at the end of the calculation, when necessary.

A. Ghost propagator and Gribov horizon

Using the above derived Feynman rules, we find that the
one-loop ghost propagator coincides with the one com-
puted in the CF model. We can use this remark to elucidate
the role of the dynamical condensate within the context of
Gribov’s construction [32] to avoid multiple solutions to
the Landau gauge condition.

Following Gribov’s original setup [32], the ambiguity
related to the presence of Gribov copies is handled by
restricting the domain of integration in the functional
integral to the Gribov region Q = {A{|d,A} =0,
M@ (A) > 0}, where M is the Faddeev-Popov operator,
Mab = —@,DZ” . As it is apparent from the definition of the
region Q, the ghost propagator (¢%c”) > 1.€., the inverse of
M remains positive within Q. The positiveness of the
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ghost propagator is thus a necessary condition for any
approach to be compatible with a restriction to the Gribov
region Q, and we can check to what extent our gluon mass
scale is consistent with such condition.

We parametrize the ghost two-point vertex as

2
Fgc) = Zcp2 + Zgh(pz)
= p*(L = ou(p?)). (33)
where ., (p?) = —p?[o,u(p?) + 6Z.), with6Z, = Z, — 1,
is the ghost self-energy and we have factored out the trivial

color structure 5°. At one-loop order, one finds—modulo
renormalization—

o o PPy [ dig Pu(q)
oau(p”) =9 N
(P") p* ) Qo) (p-9)7*(q®

2

+m?)’ (34)
where, to the present accuracy, m“ can be expanded to
leading order in ¢* that is replaced by m3 (which we keep
denoting m? for simplicity from here onward). As o,,,(p?)
is a decreasing function of the momentum square p? [33],
the positivity of the ghost propagator will be ensured by
demanding that ,,(0) < 1. Using dimensional regulariza-
tion in the MS scheme,5 one finds

c (Pz) = % - (p2 + m2)3 In p2 + m?
gh 4 m2p4 m2
2 2 2 m2

+ T 3 2Jrs} (35)
m?m? " p i

where we have reparametrized the coupling by defining

1= (36)

This leads to

6,1(0) = % [m (Z-Z) + a , (37)

in the zero-momentum limit. The positivity condition
translates then into

m? > jtel ). (38)

On the other hand, the minimum of the potential (24) is
located at

(39)

>This can be checked against the more general one-loop result
for o'(pz) derived in Sec. II B in [34], by setting there a = %,
v=m% w=0, and b = 0.

It is easily checked that this value obeys the positivity
bound (38) for any value of 4, clarifying then the role the
dynamical condensate plays in relationship to the issue of
gauge copies.

B. Gluon propagator

Similarly, the gluon two-point vertex reads

2
rﬁn}Ab = Zyp*Ph + (1 4+ 62y — 5Z,)m?5,, + 2 1

4.2 (ue\2 ¢
5 () e fpee

452 o [ i@ +2 [ pate)]. @0

4! ¢
where we have again factored out the trivial color structure
5% and it is understood that m? and ¢ need to be expanded
to the appropriate order, namely to leading order, except for
the tree-level mass term m? that needs to be expanded to
next-to-leading order according to (28). Up to the combi-
nation Z, — Z, whose relation to the mass counterterm in
the CF model we have not worked out yet, the first line is
the one-loop Ff/i as computed in the CF model with mass
m?. The two other contributions correspond to two new
diagrams that arise from the vertices (31) and (32).

Now, the terms involving D, cancel between the last
two lines of (40) and we are left with

T5,, = Zap*Ph
—1lu 1

~1 . 41

cw-n e, [ (@1)

Writing (23) in terms of m? and setting V'(m?) =0,
we find

+ (1 + 522 - 5Z§)m26;w + [Hglz:,lf]/w

d—1ut 1
2 CJog+m>

0= (1-0Z;)m*+ (N* - 1) (42)

This implies that
2
rf*,l)Au = ZAPZPlva + 522’"25/41/ + [Hycnlzr,lf]yy‘ (43)

For the above equation to make sense, we see that m*5Z,
should correspond to the mass counterterm in the CF model
Smegp = m*(6Z, + 6Z5%5). We have checked that this is
indeed the case using the value for 6Z, given in [18]. This is
of course no surprise since a constant source J plays exactly
the same role as the Curci-Ferrari mass and therefore
Zy = Z5, or, owing to (15), Z, = Z,Z5%.

Interestlngly, the constant ¢ disappears from the gluon
self-energy [see Eq. (43)] once the latter is computed on
the shell of the gap equation. This could have been
foreseen, given that such a parameter was not present in
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the Faddeev-Popov action in the first place; see our earlier
made comments. Nonetheless, an implicit dependence on ¢
still survives via the solutions of the mass gap equation.

From (43), it is evident that, although the condensate acts
as a mass for the tree-level propagator, it disappears from the
tree-level term at one-loop order.® Thus the LCO approach
does not lead to the CF model but rather to something more
akin to the screened massive approach of [35-37] where the
mass disappears from the loops as the order of approximation
is increased. Of course, such a reorganization of the pertur-
bative expansion does not necessarily lead to a trivial
reformulation of the theory without condensates. In this
respect, it would be interesting to push the present approach
to the next order and identify quantities that remain constant
and different from their corresponding predictions in the
absence of condensate. We leave this interesting question for
future work. Nonetheless, in Appendix B we already offer a
generic argument as to why the tree-level mass indeed should
cancel upon using the gap equation.

C. The dynamically infrared-safe scheme
and the renormalization group

We would now like to compare our results to lattice data.
To this purpose, we need to choose a renormalization
scheme that is free of Landau poles and that yields a gluon
propagator which displays the desired infrared behavior.
The renormalization factors we need to fix are Z,, Z,., Z;
and Z,. We will also redefine Z; to better match our
scheme, rather than using MS like we did in Sec. I B. Since
Z ultimately only affects the solution to the gap equation,
we will postpone this to the next section.

To begin with, since we are in the Landau gauge, in order
to fix the coupling renormalization Z, we can impose the
Taylor condition

Z,Z,7% = 1. (44)

In the Taylor scheme, the running of A is completely
determined by the anomalous dimensions y, and y,. of the
gluon and ghost propagators:

d/l dInZ,
dy # du

B = A=Mya+2y.). (45)

(’Stn’ctly speaking, the gluon propagator is obtained after

considering F&zﬁ)ﬂ, F,(Si)A and F{(Si)% and inverting

(2) 2 2) (2)
1—‘AA - r/(‘Xt)‘)a [rgaﬁa} FDUA

Fortunately, using that {~! ~ ¢?

r2 ~r? ~ ¢ while 2. ~ ¢ which means that the extra

term can be neglected at the present order of accuracy. We also
note that 1“225)6 vanishes in the zero-momentum limit from

symmetry considerations.

, it is easily shown, however, that

where

dInZ,
dinp ’

dInZ,
dlnu -~

YA = c = (46)
Z, and Z, themselves can be defined in the momentum
subtraction (MOM) scheme, as is appropriate for a com-
parison with the lattice data. Namely, if we renormalize the
gluon and ghost propagators at the scale u so that

IO (P2 =) =T (P> = ?) =1 (47)

(here Ff/il denotes the transverse component of the gluon
two-point vertex), then, going back to (43) and (33),

2

2
m l_ernF.Llf(P2 = Hz)
~ 82y — — =L
7

Zy=1 5 , (48)

72_ 7 (49)

where Hglz:_lw is the transverse component of the CF gluon
polarization [5]:

., /lm 9\ /2 i
HCIZJJIK(,MZ) = 6 <13l — z) (; + 1I1—2>

m
am? [242
- | == = 1261> + 2t + (* = 2)* Int
2472 [ 3 +204 (7 =2)r I
—2(t4+ 13 =10t + 1) In(z + 1)
—32(t 4+ 4)32(2 — 20t + 12)

WL

Vitd+ 1

with ¢ = %> /m?. Observe that the first of the conditions in
(47) is especially suitable to our model, which does not
have a tree-level mass term in the inverse propagator.
Indeed, due to the cancellations which occur in (41) as
soon as the gap equation is enforced, (47) is favored over

conditions such as TC"(42) = u? + m?, which is often
used for renormalizing the gluon propagator in the CF
model [5].

At this stage, 6Z, in (48) remains yet undetermined.
Before discussing its definition, let us explore how Z, is
relevant to renormalization, starting from the gluon mass

m?. In the present model, we do not really have a mass
renormalization factor since m> = —g?6/{, is defined only
at the renormalized level. This is at variance with the CF
model, where it is found [4,5,26] that 8, = m?(y4 + 7.).
However, we can rewrite m? in terms of u-independent bare
quantities modulo p-dependent renormalization factors.
Explicitly, we have
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5 _ QZﬂE

28, 7P

2nE 7
<A2> _ _gb:u 2
200 ZiZy

m

(3. 61

It follows that the u dependence of m? is encoded in the
prefactor

Z;

= 7,72, 52
ZAZA 24 ¢ ( )

where we have used the Taylor condition (44). In particular,
the y dependence of m? is entirely governed by Z, and Z,.,
with the square mass beta function f,» reading

dm?

B = g = m?(yy +27,). (53)
L

Furthermore, as we have seen in Sec. II B, Z, plays
the same role as Z AZSn’; in the CF model. Since the latter
enjoys a non-nilpotent BRST symmetry which implies that
ZS;Z 1Z.1is UV finite, we deduce that, in the present model,
Z»Z, should also be UV finite.” The most obvious con-
dition to impose for defining Z, would then be Z,Z, =1
[26]. However, there are good reasons to use a slightly
different definition.

To see why an alternative condition to Z,Z, =1 is
appropriate in the present renormalization scheme, it is
instructive to compute the low-energy limit of the beta
function 8, while keeping 5Z, arbitrary. As u> — 0, we
have—see Egs. (35), (37), and (50)—

) 3m? (2 5

e ) = X (T g o) +oud). (54
3 (25 R

o (W) = —Tﬂ (;*6+ ln%> TOu). (9)

where the O(u?) term in Hg;flf contains a logarithm of z2.
Plugging these into (48) and (49) and using (46) while
neglecting any higher-order term in the renormalization
scale and in the coupling, we find that the gluon and ghost
anomalous dimensions have the following asymptotic
behavior:

3002 5 @\ m?
yA:{2522+2(8+6+1nmz)]uz+0(ﬂ0)7 (56)

Ve =0(?). (57)

By (45), these yield

"This can also be seen either by an explicit calculation starting
from (48) and (49) or from the fact that a constant source J plays
the role of the square mass in the Curci-Ferrari model and
therefore Z;, = Z,/Z, = ZS};

3./2 5 7>\ am?
B, = [2522+7 <E+6+lnﬁ>} ”—2+0(u°)- (58)

For most values of 6Z,, subject to the sole condition that y,
(or, equivalently, ;) do not contain divergences, we find
that

i 2m?
" 42

Il (u = 0), (59)

which is equivalent to®

Au) el O(u — 0). (60)
This behavior is consistent with the one found for the Taylor
coupling on the lattice [38]. On the other hand, suppose that
0Z, = —0Z,, as would be the case to one loop if we decided

to choose our renormalization condition according to
Z,Z. = 1. Then we would have, by (49) and (55),

=2

2 5 I
—+—-+In— 2 1
Q+6+nw)+0wm (61)

31
0Z, = -6Z, = )
yielding 8, — constant x A? in the low-energy limit. This is
equivalent to A(u) o 1/Inu®> — 0 as u — 0.

While having a running coupling that vanishes logarith-
mically at zero momentum might not be an issue in and of
itself, if we insist that Z,Z,. = 1 in the Taylor scheme, then
we run into the conclusion that the gluon propagator
remains massless at low energy, when improved by the
methods of the renormalization group (RG). In order to see
this, let us first write down the explicit expression for the
RG-improved gluon two-point vertex in the present
scheme. Denoting by Ffal( p;u) the two-point vertex
renormalized by minimal subtraction at the scale 4, one has

T (pip) = pPexp {— /ﬂp%m(ﬁ)}. (62)

As already observed in [39] based on the relation
m? « ¢*(A?), Z,Z. = 1 implies y, = —y,, so that, by (53),

P = }/cmz- (63)
The gluon anomalous dimension y4 can then be rewritten as

/)7/1 ﬁ m?
=—"-2—, 64
YA P m2 ( )
where in deriving the above equality we used the Taylor

condition. We then compute

¥*Here we are assuming that m? does not vanish as y — 0. As
we will see later on, this is indeed the case.
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/”@ <~)_/"d~ Ldi 2 dm?
o AT T m i

1y (M) m ()
- (/1(#) m4<p>)‘ (65)

Our final expression for the RG-improved gluon two-point
vertex therefore reads

2 Au) m*(p)

Ap) m*(u)

We remark that this expression is valid in any scheme in
which y, = —y,. holds together with the Taylor condition.

Now, since according to (57) (and by dimensional
counting)

5 (psp) = (66)

2

rew) 2t (u—0). (67)

using f3,» = y.m?, we find that

dm? )
vy o< Au® (u—0). (68)
Provided that the running coupling vanishes at zero
momentum (whether logarithmically or quadratically is
irrelevant), the above equation implies that m?(u) saturates
to a constant in the low-energy limit. Therefore, as p — 0,
we find that

I3 (pip) ~j—p) (p = 0). (69)

We now see why having a logarithmically vanishing cou-
pling spoils the infrared behavior of the RG-improved gluon

propagator: if A(p) ~1/1np?, then Fﬁal(p) ~ p*1n p?,

implying that the propagator diverges at p = 0.
Ultimately, the reason why we found this divergence is
that the specific choice Z,Z,. = 1, which to one loop is
equivalent to 6Z, = —6Z,, kills the deep-infrared m?/u?
term in the beta function f,. Using such a condition,
however, is not at all forced on us by any consistency
requirement: so long as the divergences in 6Z, and 6Z,. are
taken to be equal with an opposite sign, we are free to
choose the finite part of Z, according to the needs of our
scheme. Therefore, instead of picking the single value that
yields a diverging propagator, we decide to use a slightly
different renormalization condition for 6Z,, namely

0Zy = —6Z, + lif%[5zc]ﬁnv (70)
=

where [6Z,], is the finite part of 6Z,. In other words, we
start from 0Z,. and subtract from it its zero-energy finite
term. Note that in the MOM scheme any ji-dependent term

must actually be regarded as part of the divergence, since ji
is an arbitrary scale introduced by dimensional regulari-
zation which needs to be absorbed by renormalization.

Going back to (61), we see that, to leading order, the
above condition is equivalent to

54 54

6Z, = —6Z, +§ or Z,Z.=1 +§. (71)

Immediately, we find that in the scheme defined by (70),

which henceforth we will refer to as the dynamically

infrared-safe (DIS) scheme, the beta function f; regains
its infrared m?/u® term:

— + O0(u?). (72)

As discussed earlier, this implies that A vanishes quadrati-
cally as ¢ — 0. Furthermore, since the difference between
0Z, and —6Z, is a p-independent constant, the relation
v2 = —v, still holds despite being Z,Z. # 1. Therefore,
the expression in (66) for the RG-improved gluon two-
point vertex is still valid in the DIS scheme, as well as the
asymptotic behavior described by (69). However, this time
A(p) ~ p?, so that

T (psp) — const(p — 0) (73)

and the propagator saturates to a constant at zero momen-
tum, as it should be.

In the present scheme, the gluon and ghost anomalous
dimensions y, and y. read, respectively,

A 163
=—— |17 ——+12t—F1Int
A= "6 2 !
+(2t=3)(t=2)*(t+1)*In(z + 1)
Vi+4d—/t
832t 143 =92 +20t-36 ln< ,
( ) Vitd+ /i

(74)

A
Ve = —2—t2[2t2 +2t=FInt+ (t=2)(t+ 1)*In(r + 1)],
(75)

where t = y?>/m?. In the UV, the ordinary Yang-Mills
behavior, namely

134 3

J’A_’_T7 Ve =

(4= ), (76)

is recovered. As we will see, the RG-improved gluon and
ghost propagators computed from these anomalous dimen-
sions are in very good agreement with the lattice data over a
wide range of momenta.
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Finally, let us write down an expression analogous
to (66) for the RG-improved ghost two-point vertex. In
. 2 .
general, the two-point vertex Iz, (p;u) renormalized by
minimal subtraction at the scale x can be written as

% (pip) —pzeXP{—/ﬂp%n(ﬂ)}- (77)

= f,2/m?, we compute

rdi . /p 1 dm?
—vc(f) = | di———
/u RO AT

) o

In particular, the ghost two-point vertex can be expressed in
terms of the running gluon mass squared m?(p) as

Since in our scheme y,

2 mZ(”)
m*(p)’

' (piy) = p (79)

The above equation tells us that the ghost propagator
diverges like 1/p? at zero momentum and that the ghost
form factor—as a function of momentum—has the same
behavior as the running gluon mass squared, being essen-
tially equal to it modulo a constant factor of m=2(u).

In the next section, we will redefine the gap equation in
order to derive suitable initial conditions for the RG flow of
the theory. These will be used to compute the RG-improved
gluon and ghost propagators, which we will then compare
with the lattice data in a later section.

D. Gap equation revisited and the RG flow

The gap equation allows us to fix the initial value of the
gluon mass m? in the RG flow starting from the initial
renormalization scale p and coupling 4. Analogously as
for the propagators, we will benefit from the RG invariance
of the effective potential (29) to optimize it. We can first
Work in the MS scheme to do so. As per construction
B dy =0, or,

0 d d
(7 PU) a4 B ) 5o )V =0, (80

we can use this RG equation to resum all leading logs.
Therefore, we set

Vip(m)=—

13 N (81)

9N —1m* &
_2

=0

with vy =1 and u = ¢*In(m?/p?). Setting B =

_292 2:;0=Olﬁrl(gz)rhLl and ﬂmz(gz)/m =g Zn OYH( 2) ’
we get from (80) at leading order

0 o]

(o + Po) Zvn”" — (Pou+1 Z n+1)v,, u" =0.

n=0 n=0
(82)

This can be rephrased as

(ro + Fo) F(u) = (Bou + 1)F'(u) = 0 (83)

with F(u) = > % ;v,u". Using vy = 1, the solution reads

Fu) =
and the optimized potential becomes

9 N2 —1m*(in)
1B N 247

(1 +ﬁ0u)1+y“/ﬂ°, (84)

Vi(m)= m (ﬁ)) lﬂo/ﬁo.

(1 T Bog? () ™
i
(85)

The above RG methodology was borrowed from [40]; see
also [41] for further interesting comments about RG log
resummations. In Appendix C, we have taken a closer look
at the effective potential.

It can be easily seen that at this order, the last factor
mt(g) _ m(m)
20°(m) " 2g°(m)
tially large logs are resummed, and thereby also establish-
ing the explicit zz independence of the improved effective
potential; see also [41].

Expressing everything in terms of A, we obtain as

solution of a{x)/# =0 in the MS scheme

amounts to replacing clearly showing poten-

B3
M sas() = e (36)
as fip = and Yo = (136 7y; See e.g. [3] and (63). For
later usage in Appendlx C, we already mention f; = 3(31‘21;' s 7
_95N?
and y, = ~ 24(1622)

In order to make use of this solution in the DIS scheme,
we first need to perform a scheme conversion from MS to
DIS, using the appropriate renormalization factors. Going
back to (44) and (52) we see that, at a fixed renormalization
scale,

Zs pisZ? DIS
2 c, 2
Mpis =5 Miss (87)
Zz M_SZC MS s
ZapisZ: pis
Apis = 7 7 s (88)
AMS™ . MS
or, to one loop, since Z, 5235 = =1,
52
miyg = |1 g (6Zepis = 02, 555) | s (89)
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100
o8l
S
[0
[O)
= o6l
=
[0
(0
E — Dis
T 04 MSbar
02}
o.of
0.0 0.2 0.4 06 0.8 10 12
My =1GeV)
FIG. 1. Solutions of the gap equation in the DIS and MS

schemes at the renormalization scale uy = 1 GeV.

Apis = [1+ (6Zapis — 0Z 4 15)
+ 2(6ZC,DIS - 5ZC,M_S)M’M_S (90)

Of course, to lowest order, the mass and coupling on which
the renormalization factors depend can be computed in any
of the two schemes.

In what follows, we will fix the renormalization scale to
be equal to yg = 1 GeV—i.e., the scale at which we start
the renormalization group flow—and use Aps(¢g) as our
independent variable. Then we will compute Ayg(4o) as a
function of Apg (ko) using (90), plug the result into (86) to
obtain the solution of the MS resummed gap equation, and
finally convert the solution to the DIS scheme using (89).
Doing so yields the DIS mass mjg(yg) corresponding
to the DIS coupling Apis(ig) by virtue of the MS gap
equation. In Fig. 1 we show the solutions of the gap
equation, both in the MS and in the DIS scheme, at the scale
1o = 1 GeV. As we can see, the conversion modifies only
slightly the relation between the mass and coupling, at least
for not so large values of 4.

Dropping the subscript for the DIS quantities, with the
DIS my = m(uy) = my,; computed at the initial scale u, as
a function of the DIS coupling Ag = A(ug) as detailed
above, in Fig. 2 we display some of the solutions to the
beta-function equations in the DIS scheme. As we can see,
the running coupling has no infrared Landau pole’ and
vanishes like p? as p — 0, as we anticipated in the last
section. The absence of Landau poles in the running
coupling is a necessary condition for the self-consistency

*We checked that this behavior persists to very large values of
the coupling 4, at the initial scale ¢y = 1 GeV. Indeed, we could
not find any value of 1, for which the running coupling diverges.

0.8

— Ao =0.2, mg = 0.35 GeV
Ao = 0.3, mg = 0.49 GeV
06F  — Ag=0.4, my=0.594 GeV
— Ao =0.5, mg = 0.676 GeV
— Ao = 0.6, mg = 0.744 GeV

Ap)

. . . .
0.01 0.05 0.10 0.50 1 5 10
p [GeV]

— Ao =0.2, mg = 0.35 GeV
0.9 Ao = 0.3, my = 0.49 GeV
— Ap = 0.4, mp = 0.594 GeV

08 — Ap=0.5, my=0.676 GeV
— Ap=0.6, mp = 0.744 GeV
= 07 0 0
[0
o,
= 0.6
£
0.5

o ©
w ES

1 " " P B | " " P B

0.1 05 1 5 10
p [GeV]

FIG. 2. DIS running coupling (top) and mass (bottom) for
different values of the coupling 4 at the initial scale yy = 1 GeV,
with the corresponding mass m, computed by solving the gap
equation.

of any perturbative approach to quantum chromodynamics
and one which is shared by most of the models which treat
the gluons as massive—see e.g. [10,37]. Indeed, it is
precisely the existence of a gluon mass scale that makes
it possible for the running coupling to change its behavior

and decrease as the momentum decreases. At large ener-

gies, since f3; — —%’12 as u — oo by (74) and (75), the

coupling runs just like in ordinary Yang-Mills theory.

Finally, at zero momentum the running gluon mass
saturates to a constant m(0), again in agreement with
our analysis of Sec. III C. Since 3, < 0, with my = m, an
increasing function of A, m(0) increases with the initial
value of the coupling. It attains the expected order of
magnitude when 4, 2 0.2-0.3, which corresponds to values
of the coupling 12 0.4-0.5 at the peak (equivalently,
a, 2 1.7-2.1). In the UV, we find that

3Am?

(4 = o0), o1

yielding a mass that decreases like 4% (u) ~ [In(42)] % at
large energies, thereby restoring the massless, asymptoti-
cally free, UV limit.
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4F
" — Dynamical model
5 — CF model
L]
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Zof
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C
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200 |
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0.0k, 1 s s s 1 s s . L . . . L
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FIG.3. RG-improved gluon propagator (top), gluon form factor

(middle) and ghost form factor (bottom) in the DIS scheme,
renormalized at uy = 1 GeV, together with the lattice data of [38]
and analogous CF model results (red curves) for comparison; see
the text for details. The initial value of the coupling 1, = 0.473
was obtained by fitting the combined lattice data for the gluon
and ghost form factors. The initial value of the gluon mass m, =
0.655 GeV was computed by using the gap equation as described
in Sec. III D.

E. Comparison with the lattice data

We are now in a position to compare the predictions of
our model with the lattice data, more precisely the 80%,
f = 6.0 gluon and ghost datasets of [38]; see also [42]. In
Fig. 3 we show the RG-improved gluon propagator, gluon
form factor and ghost form factor renormalized at the scale

o = 1 GeV. In order to obtain the two-point functions, we
fitted the initial value of the couplinglo by the least-squares
method using the combined lattice data of [38] for the
gluon and ghost form factors, with the gluon mass my =
mg, computed from the gap equation as a dependent input,
as described in the previous section. The fit yielded a value
of 1y =0.473, which corresponds to a,(uy) = 1.981,
my = 0.655 GeV, and Ayg(uo) = 0.316.

Both the form factors turn out to be in very good
agreement with the lattice data at moderate to high
energies—up to 8§ GeV—despite the gluon falling slightly
below the lattice in the UV and slightly above it at
intermediate energies. On the other hand, at momenta
p < 0.5 GeV, the RG-improved functions are suppressed
with respect to their lattice analogs. This behavior is not
unseen at one loop in massive expansions of Yang-Mills
theory [43], at least as far as the gluon is concerned. Indeed,
itis shown by the CF model itself, when the latter is fitted to
the lattice data by the same procedure used for our fit."!
Previous studies of the CF model [8] suggest that this
behavior could improve by going to two loops.

The running coupling A( p) and mass m(p) given the initial
value 1, = 0.473 and the gap equation are shown in Fig. 4.
The maximum of the coupling occurs at p =~ 0.64 GeV,
where 4~ 0.66 (i.e., a, ~2.77). At zero momentum, the
running mass saturates to m(0) =~ 0.78 GeV.

In Fig. 5 we compare the lattice data for the Taylor
coupling to our running coupling a,(p). Since the fitted 4
[equivalently, a(uo)] is a one-loop estimate of the cou-
pling, a rescaling of a,(p) is needed in order to match the
lattice. In our case, we had to divide a;(p) by 2.2 in order to
align the former both to the lattice UV tail and to the value
of a, at the initial renormalization scale py. At gy = 1 GeV,
the rescaled value of the coupling «; is found to be 0.90.

F. Testing the stability of the DIS scheme

In order to test the stability of the DIS scheme, it is useful
to extend the results presented in Secs. IIIC-IIIE to
different initial renormalization scales y, and to alternative
renormalization parameters.

For the purposes of this section, we shall denote with AZ
the quantity defined as

"In order to simplify the numerical calculations, we used the
MS coupling Ay (#o) at g as the fit parameter and then obtained
the DIS scheme A, using Eqgs. (86) and (90).

""We should remark that the CF fit shown in Fig. 3 is not part
of the original studies on the subject, but rather it was made anew
starting from the combined gluon and ghost lattice form factors of
[38] for the purpose of comparison. In more detail, the RG-
improved CF functions were computed in the so-called infrared-
safe scheme [5], rescaled so that Fﬁ&(p)/p2 =latp =1GeV,
like in our DIS scheme. The rescaling factor could as well be
determined by leaving it as a free parameter of the fit, in which
case the CF propagators would significantly improve—especially
in the UV. However, we chose not to do so, in order to make the
comparison to our results more immediate.
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saturates to a finite value as p — 0. It thus makes sense to
06 ask whether choosing a constant other than 5/8 in AZ
would substantially alter our results.

o In Figs. 6 and 7 we answer this question by fitting the
04f lattice data while setting AZ = 320% thatis, AZ =4 3.
S oak Additionally, we integrate the RG flow starting from three

different initial renormalization scales—uy =1, 2 and
0.2F 5 GeV—in order to test the scale dependence of the
scheme. The fit parameters—reported in Table [—were

0.1F . . . .
obtained by adapting the procedure laid out in Secs. III D
00} - . . . . and IITE to the new renormalization parameters.
0 2 4 6 8
p [GeV]
0.851
ror — AZ coeff =58
0.80F — AZ coeff =112
0.75F 08r — AZcoeff =34
0.70F :‘é 06}
; I§
38 i
2 oesf 3
= QU
= 04f
0.60F
0.55F 021
0.50
0.0t ! L L L
O 45 1 1 1 1 1 1 0 2 4 6 8
o 2 4 6 8 10 p[GeV]
p[GeV]
) — AZ coeff =58
FIG. 4. Running coupling (top) and mass (bottom) correspond-  AZ coeff = 1P
ing to the fit in Flg 3. — AZ coeff =3/4
=10
AZ =27,Z.-1. (92) 73
o
In our previous analysis, we took AZ = % the latter being o5k i
equal to the one-loop zero-momentum limit of the finite
part of 6Z.. While natural in many respects, this choice is
far from unique: in Sec. III C we saw that any nonzero AZ
. . 0.0t ! ! L L
of the form const x 4 yields a gluon propagator which 0 P p 5 8
p[GeV]
25} .
/ .'. — AZ coeff =58
20F : —— AZ coeff =112
— AZ coeff =3/4
0.0 . . . .

0 2 4 6 8
; ; i : ; picev]
p [GeV]
FIG. 6. RG-improved gluon form factor in the DIS scheme at
FIG. 5. Running coupling corresponding to the fit in Fig. 3, different initial renormalization scales p and for different AZ’s.
rescaled by a factor of 1/2.2. Lattice data from [38]. See the text Top: uy =1 GeV. Middle: uy =2 GeV. Bottom: py =5 GeV.
for details. See the text for details.
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FIG. 7. RG-improved ghost form factor in the DIS scheme at
different initial renormalization scales p and for different AZ’s.
Plots as in Fig. 6.

It is clear from the fits that increasing or decreasing
the value of the coefficient of 4 in AZ does not have a
significant impact on the qualitative behavior of the
scheme. Quantitatively, a change in the initial values of
the coupling constant A, largely compensates for the
difference in the coefficients, although some deviation
from our previous results can be observed in the inter-
mediate- to high-energy regime of the gluon sector and in
the low-energy regime of the ghost sector at yy = 1 GeV
and—Iless prominently—at py = 2 GeV.

As for the change of the initial renormalization scale,
increasing 4 yields a worse match with the lattice data,

TABLE I. Parameters obtained by fitting the lattice data to the
DIS scheme RG-improved gluon and ghost form factors, for
different initial renormalization scales p, and renormalization
parameters AZ. The cells contain the values (1, my[GeV]) of the
fitted initial DIS coupling constant g = A(yg) and of the initial
DIS gluon mass parameter mg = mg(yy) computed by solving
the gap equation.

po/ AZ 22 51/8 31/4

1 GeV  (0.516, 0.673)  (0.473,0.655)  (0.439, 0.639)
2GeV  (0.179, 0.622)  (0.168, 0.587)  (0.160, 0.560)
5GeV  (0.085,0.567)  (0.082,0.533)  (0.079, 0.505)

especially at intermediate energies in the gluon sector and
at low energies in the ghost sector. Nonetheless, we assess
that the agreement between the dynamical model or DIS
scheme and the lattice can be still considered satisfactory,
given that the present results are obtained by a one-loop
calculation and by fitting a single free parameter.

G. SU(2)

To end our overview of the dynamical model, we should
mention that some preliminary tests were performed in
order to evaluate whether the DIS scheme is also capable
of capturing, qualitatively and quantitatively speaking, the
SU(2) pure Yang-Mills dynamics. In general, as displayed
in Figs. 8 and 9, these tests showed a worse agreement with
the lattice data of [34,44-46] in comparison to SU(3). We
believe this could be mostly due to a failure of the simple
one-loop approximation in the ghost sector, exemplified by
the fact that we were not able to obtain a fit of the lattice
data for the ghost form factor alone.

In more detail, we performed simple two-parameter
fits of the SU(2) gluon and ghost form factors, both
separately and simultaneously, at the initial renormalization
scale yg = 1 GeV. The simultaneous fit of the two form
factors—shown in Fig. 8—yielded an unsatisfactory agree-
ment with the lattice data of [34,44-46], especially in the
gluon sector. A good match of the gluon form factor or
propagator, on the other hand, was obtained at the expense
of the ghost form factor by fitting the former on its own—
see Fig. 9. Interestingly, in this second case, the fitted value
of the coupling constant A(xy) = 0.35 was found to be
nearly half that obtained by simultaneously fitting the two
form factors—i.e., A(uy) = 0.59. As for the fit of the ghost
form factor alone, our employed algorithm was not able to
reach convergence and provide us with meaningful values
of the parameters.

Some insight into these results can be gained by taking
the Curci-Ferrari model as a reference. A reiteration of the
SU(2) Curci-Ferrari fits [8] using the procedure described
in footnote 11—see Figs. 8 and 9—displays most of the
features we just reported for the DIS scheme: fitting the
gluon form factor alone does not yield a good agreement
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FIG. 8. RG-improved SU(2) gluon propagator (top), gluon

form factor (middle) and ghost form factor (bottom) in the DIS
scheme, renormalized at uy = 1 GeV, together with the lattice
data of [34,44—46] and analogous CF model results (red curves)
for comparison. The gluon and the ghost form factors were fitted
simultaneously; see the text for details.

with the lattice data for the ghost sector, which only
improves when a simultaneous fit of both the form factors
is performed; this in turn re%uires a more-than-doubled
value of the coupling constant' and leads to a worse match
in the gluon sector. We should note that, as far as the
dynamical model or DIS scheme is concerned, this kind of

"2(uo) = 0.63 and A(uy) = 0.30 for the simultaneous gluon-
ghost and gluon-only CF fits, respectively.
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FIG. 9. RG-improved SU(2) gluon propagator (top), gluon
form factor (middle) and ghost form factor (bottom) in the DIS
scheme, renormalized at g = 1 GeV, together with the lattice
data of [34,44-46] and analogous CF model results (red curves)
for comparison. Fit of the gluon form factor alone; see the text for
details.

behavior is unseen in SU(3), where fitting the lattice data to
the gluon and/or the ghost form factors, either simulta-
neously or separately, yields essentially the same value of
the coupling constant."” Despite these similarities, however,
there is one major difference between the two models: just

BAt o =1 GeV, A(ug) = 0.47 and A(uy) = 0.48 for the
one-parameter gluon-only and ghost-only DIS SU(3) fits,
respectively.
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like in SU(3), instead of quickly saturating and deviating
from the lattice data as in the DIS scheme, the one-loop
RG-improved Curci-Ferrari ghost form factor manages to
reproduce the data well down into the deep IR. In fact, at
variance with the DIS scheme, fitting the ghost form factor
alone is actually possible within the CF model—at the price
of a further increase in the value of the coupling constant."*
We can then conclude that two main factors are at play in
making the DIS scheme perform worse in SU(2) than in
SU(3): (i) at one loop, a suboptimal agreement within the
ghost sector makes it harder to obtain a good overall fit of
the lattice data; (ii) this mismatch pushes toward larger
values of the coupling constant, where the one-loop
approximation is less trustworthy. Since finding a good
two-parameter fit of the SU(2) data was not possible within
the present approach, we did not try implementing the gap
equation and attempt a one-parameter fit. We leave a more
in-depth analysis of the SU(2) case to a future study.

IV. CONCLUSIONS

We showed that the nonvanishing of a nonlocal BRST-
invariant mass dimension-two condensate in pure Yang-
Mills theory can be probed in any linear covariant gauge
by minimizing an effective potential for the condensate,
leading to a dynamical gluon mass which value is fixed in
terms of a gap equation. For renormalization purposes
of the potential, we had to introduce a novel coupling, but
by resorting to a procedure known as the reduction of
couplings, this parameter could be expressed as a power
series in the usual coupling constant.

The computation of the potential and condensate was
carried out in Landau gauge, in which case the nonlocal
condensate reduces to just (A%) and computations drasti-
cally simplify.

The renormalization group improvement of the gluon
and ghost propagators was performed in a newly intro-
duced renormalization scheme termed the dynamically
infrared-safe scheme. In the infrared, the dynamically
massive model reproduces the expected, nonpertur-
bative behavior of pure Yang-Mills theory not only
qualitatively—by the saturation of the gluon propagator
at zero momentum—but also quantitatively, as demon-
strated by a comparison with the lattice data. In the UV,
where the effects of the gluon condensate are negligible as
shown explicitly by renormalization group arguments, it
reduces to ordinary perturbation theory.

Our results thus indicate that the BRST-invariant gluon
condensate is a good candidate for explaining by which
mechanism dynamical mass generation occurs in the
gluon sector of pure Yang-Mills theory.15 Albeit that the

M 2(uo) = 0.92 for the ghost-only CF fit.

"Needless to say, other approaches to dynamical gluon mass
generation exist than those mentioned already; see for example
[47-52].

eventually dynamically massive model shares many simi-
larities with the Curci-Ferrari model, it is different as
highlighted in the text.

A logical next step would be to extend the propagator
and renormalization group analysis to other linear covariant
gauges, in which case the Nielsen identities [53—56] might
prove valuable to get a grip on the gauge (in)dependent
contributions. Going beyond the Landau gauge will also
require to take into proper account the then explicit non-
local nature of the condensate, based on [57].
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APPENDIX A: PERTURBATIVE DECOUPLING
OF THE DETERMINANT det (A(£)) IN
DIMENSIONAL REGULARIZATION

In order to localize the BRST-invariant gluon field A7, in
Sec. IT A we introduced a unity into the partition function in
the form

=N / DEDDifDye=St det(A(€)). (A1)
The latter is obtained by a change of variables F — £ in the
functional integral

1:/DF5(F) =(F=0-A"

_ / Dfdet<5(66'—;h))6(0-f‘h)
— / Dédet (—0- D(AM)A(E))5(a- A"),  (A2)

followed by the factorization of the functional determinant
and the rewriting of det(—a - D(A")) in terms of a functional
integral over a pair of ghost fields (5, 7) and of (0 - A") in
terms of its z-Fourier transform. This is analogous to the
Faddeev-Popov procedure which is routinely carried out to
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derive the partition function of pure Yang-Mills theory in the
Landau gauge, with the ghosts 77 and 7 in place of the standard
ghost fields ¢ and ¢ and the Fourier field 7 in place of the
Nakanishi-Lautrup field b.

In the context of gauge fixing, thanks to the gauge
invariance of the partition function, one usually exchanges
AL’ for A, in (A1) and (A2) by a change of the gluon field
integration variables, after which the only &-dependent
term left in the unity is the determinant det(A(¢)). It is easy
to see, then, that the £-integral decouples from the rest of
the partition function, so that the former can be absorbed
into the normalization factor . On the other hand, our
introduction of the unity in Sec. I A is carried out at a stage
in which the partition function is already gauge fixed.
Therefore, no change of variable Af; - A 4 can be performed,
and, in a generic linear covariant gauge, the nondecoupled
field £ must be treated on the same footing as the other
dynamical fields of the theory.

Nevertheless, it can still be shown that the deter-
minant det(A(&)) does not perturbatively contribute to the
n-point functions of the theory, as long as it is defined in
dimensional regularization. As a consequence, when doing
calculations in perturbation theory using dimensional
regularization, the determinant can be suppressed by setting
det(A(¢)) = 1.

In order to prove our statement, we first rewrite the
determinant in terms of a functional integral over a new pair
of ghost fields (4,4):

det(A(&)) = /DZD/Iexp{—/ddx/_laAab(é)ﬂb}. (A3)
Since perturbatively

7

(&) = 8up =3 Fanel + 5, Face eare€ 4+ (A4)
we may reexpress (A3) as
det(A(¢)) = / DiDre~Uot), (AS5)
where
Iy = / dixipn®, (A6)
= [ e @ (A7)
having defined
Qup(&) = Nap(&) = Sap- (A8)

The action term /; contains the interaction between (4, )
and ¢£. The latter is quadratic in the ghost fields, with its &

FIG. 10. Loop contributing to the ghost average in (A10)
(example for the case n = 6). The dashed line is the (4,4)
zero-order propagator.

dependence encoded in the function Q;,(&). Iy, on the
other hand, contains the zero-order ghost propagator, which
is easily seen to be Q*’(p) = 6*” in momentum space or
Q% (x) = 6°5(x) in coordinate space.

Now, consider the vacuum expectation value (O) of an
operator O which does not depend on the newly introduced
fields (4,2). This can be computed as

©) =197 200 _ (001 o
<€ >0
=3 0 0 (A9)
n=0 :

where the subscript O denotes that the average is to be taken
with respect to the action I, plus any other (1, 1)-indepen-
dent term originally present in the full action of the theory.
(OI1) ¢ conn explicitly reads

<01’11>0,conn_/Hddxi<OHQajbj(€(xj))>
i=1 J=1 00,conn

X (AN (e JAP (). A% (2, ) A ()

gh,conn>

(A10)

where the subscript 00 denotes that the first average is to be
taken with respect to the full, (1, 1)-independent action,
whereas the subscript “gh” denotes that the second average
is to be taken with respect to the zero-order ghost action
I,. Diagrammatically, for each n > 1, the ghost average
receives contributions from a single ghost loop, depicted in
Fig. 10. In coordinate space, suppressing the color struc-
ture, the diagram reads

(=) (n = 1)18(x; — x9)...8(x,1 —x,)8(x, —x;)  (All)

or, equivalently,
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(=1)(n - 1)!6(0)/d"xH6(xi —x), (A12)
i=1
where 6(0) is a Dirac delta in coordinate space:
dlq
00)= | —=1. Al3
0= [ 5 (A13)

Therefore, for n > 1,
<017>0,conn = (—1)(}’1 - 1)'5(0)
< [ dex(OTHQ ) g (A1

where Q" () is the matrix product of n factors of Q(&) and

the trace is taken over the color indices.
In dimensional regularization, the integral in (Al3)

vanishes [58]. It follows that (OI7)y .o = 0 for every
n > 1, so that, going back to (A9),
(0) = (O)o = (O)o, (A15)

where to obtain (O),, we have integrated out the free
ghost action [ from (O),. What (A15) means is that the
perturbative corrections to the vacuum expectation value
(O) due to the determinant det(A(¢)) vanish in dimen-
sional regularization. Therefore, the vacuum expectation
value of any operator O in the full theory can be computed
by setting det(A(¢)) = 1 in its dimensionally regularized
partition function.

One may have noticed that our proof—aside from
dimensional regularization—relies exclusively on the fact
that A() is equal to the unit matrix to lowest order in
perturbation theory. The question arises, then, whether the
proof is general enough to apply to the determinant of any
such matrix. The answer is that, in general, it does not.
Indeed, setting §(0) = 0 in dimensional regularization is
allowed if and only if the calculations can be carried out
without spoiling the symmetries of the theory.

While Lorentz invariance is clearly preserved by the
action in (A3), showing that the latter does not violate the
BRST invariance of the full action of the theory requires us
to extend the symmetry to the ghost fields 1 and . Indeed,
a straightforward calculation starting from (11) and the
definition of A, (&) in (3) yields

SAab(é) = Aac(é)l}‘}c)(ca 5)7 (A16)
with
P (c, &) = —a(as;,a) ; (A17)

so that the ghosts must have nonvanishing BRST trans-
formations if (A3) is to be invariant. Since the BRST

transformation does not act on the antighost index of
Ay (), it is reasonable to define

54T = =Wi(c,E)AP, 527 =0, (A18)
where sA% is chosen so that s(A1) = 0. (A3)—and the full
action of the theory together with it—is invariant with respect
to these extended BRST transformations. The nilpotency
of the extended BRST operator is then easily proved by
observing that s>A,;,(¢) = O—which holds thanks to the
nilpotency of s on the fields £ and c—implies that

0= 5Agp = Moo (PGWY + 55, (A19)
that is, s¥ = —W2. When plugged into (A18), the latter
ensures that s?1¢ = s24* = 0.

APPENDIX B: UNITY AT WORK

As shown in the main text, a one-loop computation
shows that the ¢ action with ¢ — o + 6o leads to

IHoor — 2 2 L T1GP (p2, m?) + Tiee?

(B1)
where the mass term will be canceled by the self-energy
contributions originating from the extra terms in the action,
when using the gap equation % =0 [cf. (43)]. With the
“extra” part, we mean the diagrams that are generated by
the extra vertices arising from the do part of the o
Lagrangian, meaning the 56A> and A* vertices; see
Egs. (31) and (32).

This will actually be a more generic feature of the
dynamical model. More precisely, the tree-level mass will
always cancel against certain contributions coming from
the extra diagrams.

Let us now try to show this by making use of the “power
of unity.” We will work with a simplified notation, to make
things clear. But the general argument readily applies to the
case under study.

Let us consider a theory, Theory 1, with a partition
function [[dA]e™S*), but we could also add a unity to get
Theory 2 with a partition function

/DAe_%S(A) X /Dae_z_lhfdx“(”_#)z.

We understand that this is still the same theory as the
(exact) Gaussian integral over o yields a unity.16 This
means that (connected) correlation functions remain
unchanged: (A...A), = (A...A),."” We have temporarily
introduced the (loop counting) factor #. Clearly, by
identifying order per order in 7, the equivalence between

(B2)

We did not write global normalization factors.
"With “A” a shorthand for all original fields.
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(A...A), and (A...A), will also hold order per order in

perturbation theory, seen as formal power series in 7.
Let us illustrate it explicitly: the extra vertices introduced

by the unity, (31) and (32), are visually represented by

A A A
—f
A A A

We get at one-loop a contribution proportional to

<AA>2)(;tan = (B3)

+ =0.

Using the trivial (constant) propagator (o) = 1 and the
correct symmetry factors, we end up with

@0l =¢ [y 139 [an -3¢ [@an). o4

which is indeed equal to zero.
Next, we consider the possibility that ¢ develops a
vacuum expectation value, namely

c— (6)+86=0+bo (B3)

with per definition (S¢) = 0. In this case, the partition
function will read

/DAe_S[A]_fd4X90A2 / Déae—%fd“x(ﬁa—#)ze—fd“x(%)‘

(B6)

The first exponential will still yield a unity; the second
consists of a constant and will play no role in correlation
functions (but it does in the quantum effective action). The
term linear in 6o we dropped, as this will cancel order per
order by removing all do-tadpole graphs, which is equiv-
alent to (80) = 0, or, extremization of the effective action
with respect to o, that is, the gap equation; see e.g. [28].
Finally, there is also an effective mass term for the A field
that we included in the original action, that is, with a
“dynamically massive” A field.

At one loop, we would now get

(AAYO = wﬁu + W

extra

+

i

These two diagrams are completely similar to those in the
last line of (40); when resummed into the inverse propa-
gator they will annihilate the tree-level mass term upon
using the gap equation ‘;—Z =0, as it follows from direct
computation also here. The first diagram in the first line is
nonzero, but it will cancel against other (nonwritten)
tadpole contributions. Notice that we did not explicitly
use the underlying unity at this point.

We can reconsider the three diagrams in the first line of
(B7) also from the unity viewpoint though. In that case, the
three diagrams cancel against each other, just as before.
However, this means we have removed one, but not all,
tadpole contributions, meaning that there will be a net
tadpole correction to (AA)LF! which actually corresponds
to minus the first diagram, upon amputating the external A
legs of course. But due to the gap equation, this is nothing
else than the tree-level mass, up to the sign.

It is clear this observation will continue to hold through
at any order n: we can always keep the necessary tadpole
(sub)graphs to get all diagrams that make up the unity order
per order (the sum of which diagrams will then lead to a
zero), and the remaining contribution will be the (usually
never written) “counterterm” that eliminates the tadpoles,
up to the sign. As at one loop, this will exactly kill the tree-
level mass due to the gap equation. Overall, we will thus be
left by the same diagrams of the Curci-Ferrari model, up to
the tree-level mass. Notice though that the mass running
in the loops will still need an appropriate reexpansion up to
the considered order, as the actual mass is defined from
m? = —ufc/¢(g); see Eq. (25). This will lead to further
differences with the Curci-Ferrari case.

APPENDIX C: A FEW MORE WORDS ABOUT
THE EFFECTIVE POTENTIAL

In (81), we constructed an RG improved potential up to
leading log (LL) order. The solution (86) corresponds to a
genuine stationary point as 24t = (. Upon closer inspec-

om

tion we notice it actually corresponds to a minimum of
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Re(V) and a maximum of Im(V). We kept however using
(86) as a solution to the gap equation in the remainder of
the paper.'® Before discussing the validity of this approxi-
mation, we note that we chose to minimize V;; (m(f)) with
respect to the variable m(i). Up to the considered order,
as noted below (85), one can reinterpret it in terms of
V(m(fp = m)) and thence minimize with respect to m(m)
rather than m(j). We did not do so, as our eventual interest
lies in the RG flow of the propagators in the DIS scheme,
with initial conditions set at z,. This would require, after
having minimized with respect to m(m), to flow this MS
solution from ji = m to ji = Jiy using the MS anomalous
dimensions, followed by converting it to the desired initial
value in the DIS scheme via the conversion (87). As we do
not expect the MS scheme to be trustworthy at lower scales,
we intentionally first set iz = iy and then directly extract an
estimate for the MS initial conditions at the chosen, high
enough, scale jij, followed by the conversion to DIS.

In passing, we notice here that for the LL minimum
solution (86), ﬂdiﬁmsol.M—s = 0 up to the considered order.
Although it might look strange to find a RG-invariant
solution of the LL gap equation, this will be always the case
in the LL case, which after all is based on the zeroth-order
(“classical”) potential, dressed with logs. This common
feature can be easily checked using the related formalisms
of [40,41] as for single scale theory, the LL potential will
always have the structure of (85) with a solution similar to
(86). This no running of the solution is thus an artifact of
the LL approximation.

This being said, we can now have a look at what happens
when we include the next-to-leading-log (NLL) correc-
tions. As we know the first term of the NLL series, we can
use this to our advantage. Indeed, generalizing (81), we
may write

9N —1m* [& =
VaiL(m) = BN 27 <Z v + g anun>

n=0 n=0
9 N2 —1m*
= — —(F G R Cl1
PESI (F + o). (e
113N

where wy = — e, as it follows from (29). The function
F(u) was already determined in (84), and upon imposing
(80) to next-to-leading order, we get

By +r1)F(u) +roG(u)

— (1 4+ pou)G' (u) + <y2—0—ﬂ] u)F’(u) =0, (C2)

"There is actually also the solution at m> = 0. However, this is
not to be trusted. To keep the expansion under control, we should
then assume y ~ 0, implying g*> ~ co in the MS scheme, thence
invalidating the expansion. The relevant expansion parameter at
fo = 1 GeV, Ay (uo) = 0.316, is sufficiently small to trust the
used expansion more or less, with moreover mg, /fi, close to 1.

010
Re(ViL)
””” Im(ViL)
0.05 Re(Vi)
""" Im(Viw)
<
& 0.00 =
>
-0.05F
O T a0 08 10 1z 14
m [GeV]
FIG. 11. Leading Vi (m) and next-to-leading log V1 (m)

renormalization group improved effective potential at jiy = 1 GeV
with choice of parameter Ayg(up) = 0.316 (see Sec. IIIE).

which solves uniquely to
1
G =
)= 5820
+ 2880y 7% u +In(1 4 fou) > (2880
+ 1443y + 288,70 + 2886173 + 1445473)).
(C3)

(1+ Bou)ro/P°(=113N B3 — 288B0B1vom*u

As a check on this result, reexpanding (C1) up to order g>
gives the correct terms upon comparison with the two-loop
MS effective potential as it was computed first in [18], later
on verified in [59], up to the constant term of the two-loop
piece of course, which is the first of the next-to-next-to-
leading log order terms.

Focusing on the SU(3) case and setting as before
Ayis(o) = 0.316 at i = py = 1 GeV, we come to Fig. 11,
where both the LL and NLL potential are shown. We see
that going to next-to-leading log order in the RG improved
expansion does shift the location of the minimum to around
0.8 GeV, but it does land in the region where the improved
NLL potential is real valued. For the record, we refrain
from using this minimum in Sec. III'V, as we only solved
the two-point functions RG flow at leading order. Actually,
the potential is rather flat in the region of interest, so let us
see what happens in terms of a variable ji, which will also
allow to verify if the expected UV RG asymptotics is
reached. We first convert the fit value g5 (1) = 0.316 into
the corresponding Agzg value through inversion of the two-
loop expression

2
1 1 3 In lnA"Tm
folni—\ " Poponi
MS MS

7 (R) (C4)

at i = pg, yielding Agyg = 0.630 GeV. Feeding this and
(C4) back into Vi (m) allows one to show the potential
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FIG. 12. Next-to-leading log V1 (m) renormalization group
improved effective potential for various values of ji.

for various values of fi, as shown in Fig. 12. We observe a
clear, real-valued minimum which lowers for growing ji. At
last, solving for the minimum leads to Fig. 13, shown
together with a fitted (over the interval u = [5, 10] GeV)

i\ o/ss
MS

(C5)
consistent with the expected UV RG behavior in terms of
dlnm/dlnji = (yy/2)g* + - --. For too low values of fi,
i.e., too close to the MS Landau pole at i = Ayg, we
should not trust the results anymore. The Landau pole is
eventually also what pushes the potentials in Fig. 12 to —oco
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FIG. 13. Running minimum of Vy;; (m) (green) compared to

the expected UV asymptotics (red); see Eq. (C5).

and eventually into the complex region for too small m,
making the quantity S,g(ji) ln’;‘—; too large. In any case,

log RG resummations capture information from all orders,
while the gap equation imposes a further constraint
between terms of different orders. It would be interesting
to investigate more sophisticated RG improvements of the
effective potential, so that for example the RG flow of the
solution is strictly consistent with the anomalous dimension
of the mass at the chosen order, for any value of the RG
scale, but this falls beyond the scope of the current paper.
This might also further complicate the numerics (stability)
of the fitting procedure. We plan to come back to this in
future work.
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