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We study the interplay between the flow and hydrodynamic gradients in jet quenching at first order in
opacity. We find that the mixed flow-gradient contributions in jet quenching are enhanced by the medium
length and survive in the eikonal limit, dominating over other medium evolution effects. The resulting
modification to the jet quenching parameter and energy loss rate can be substantial, leading to ample
phenomenological implications. We also compute the leading corrections to the jet broadening due to the
flow velocity gradients and consider the leading gradient effects in the medium-induced branching for
general kinematics, extending the recent considerations of jets in inhomogeneous media. These results can
be straightforwardly coupled to matter simulations, providing new opportunities for jet tomography in
heavy-ion collisions.
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I. INTRODUCTION

In-medium energy loss and the related suppression of
energetic partons provide primary evidence for the for-
mation of collective matter in heavy-ion collisions (HICs);
for a review see, e.g., [1–3]. Jets formed through the
branching of such energetic partons interact with the
resulting matter across multiple length scales and are
sensitive to the details of the medium evolution. Thus,
the medium-induced modification of jets can be used for
imaging of the quark-gluon plasma (QGP) created in
HICs, laying the foundation of so-called jet tomography;
see, e.g., [4–12] and references therein.
Describing the interaction of energetic partons with the

medium within the framework of perturbative QCD, one
typically characterizes the matter with a collective back-
ground color field; see, e.g., [13–20]. Partons are then
deflected by the matter field and lose energy in the process,

mainly through gluon bremsstrahlung. The matter field is
inherently stochastic, and hence all observables should be
averaged over its possible configurations. The resulting
formalisms are usually treated under multiple simplifying
assumptions, such as the eikonal approximation (the limit
of infinitely energetic leading parton) or the limit of static,
transversely1 homogeneous matter. Consequently, the
description of jet quenching decouples from the evolution
and structure of the matter (especially in the transverse
directions); see the discussion in [21].
There have been multiple attempts to extend the theo-

retical approaches to jet quenching by including medium
evolution effects with minimal modifications: from taking
matter dilution into account [22–24] or using basic kin-
ematic arguments [25–27], to treating the transverse flow
within phenomenologically motivated models [28,29].
More recently, the theory of jet-matter interactions has
been extended to the case of an evolving medium, includ-
ing the effects of flow [21,30–32] and anisotropies
[21,30,33–44]. In these works, flow- and anisotropy-
induced effects are considered separately. However, such
considerations already allow one to probe the coupling of
jets with a variety of features of the medium evolution.
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In this work, we focus on the interplay between the
effects of flow and anisotropy in jet quenching calculations.
Following [21], we work within the opacity expansion and
consider jet momentum broadening and medium-induced
gluon radiation in an anisotropic flowing matter. First, we
extend the formalism developed in [21], where the structure
of matter is treated within a gradient expansion.2 In [21],
the gradient effects are considered only for momentum
broadening and in the absence of flow or flow velocity
gradients. Here, we start by including the effects of all
hydrodynamic gradients at first order in the gradient
expansion into the jet momentum broadening considera-
tion, going beyond the discussion in [21,37]. Next, we
derive the leading gradient corrections to medium-induced
gluon radiation for general kinematics, extending the
results available in the literature, cf. [21,43]. Finally, we
show that the mixed flow-gradient contributions modify
the final-state parton distributions already in the eikonal
limit, and, moreover, these terms are additionally enhanced
by the medium length. Thus, they dominate over other
medium evolution effects. As a simple illustration of the
effect of these mixed terms, we show that the jet quenching
parameter in flowing anisotropic matter reads

q̂ðzÞ ¼
�
1 − zĝ ·

u
1 − uz

�
q̂0ðzÞ;

where z is the path length of the energetic parton,
the transverse gradients are compactly introduced with

ĝα ≡
�
∇αT δ

δT þ ∇αuz δ
δuz

þ ∇αuβ δ
δuβ

�
, where T is the tem-

perature, u and uz are the transverse and longitudinal
velocity components, q̂0 is the jet quenching parameter of a
static homogeneous matter with the same local properties,
and all these objects should be understood as functions of z.
We argue that such modifications in jet quenching calcu-
lations can be substantial for characteristic evolution of the
QGP in HICs.

II. MOMENTUM BROADENING

In this work, we study the broadening and medium-
induced radiation pattern of a highly energetic parton inter-
acting with nuclear matter within opacity expansion, closely
following the formalism developed in [21,32,37,39,43].
Before turning to particular processes, let us first specify
the details of the setup used in this work. Here, we will
ignore the energy-suppressed spin effects and work with
scalar particles in the fundamental representation. In con-
trast to [21], where themedium-induced emission in flowing
matter is studied in the case of a scalar “gluon,”we focus on
the emission of actual spin-1 gluons of the underlying gauge
theory—see, e.g., [43] for a discussion.

The matter is modeled by a classical stochastic color
field generated by moving massive quasiparticle sources,
neglecting their recoil. This background field can be
written as

gAaμ
extðqÞ ¼

X
i

uμi e
−iðq·xiþqzziÞtai viðqÞð2πÞ

× δðq0 − q · ui − qzuziÞ; ð1Þ

where uμ ¼ ð1; u; uzÞ is the nonrelativistic velocity (i.e., it
is the four-velocity with the relativistic γ factor removed),
viðqÞ is the single-source potential, tai controls the color of
the given source, ðxi; ziÞ are the spatial coordinates of the
ith source, and the sum runs over all the sources in the
medium, while the matter properties can change from point
to point. We will use compact notation—suppressing the i
subscript—where doing so leads to no confusion.
The particular scattering potential vðqÞ is model depen-

dent and there exist multiple choices in the literature; see,
e.g., the discussion in [21,31] Throughout this paper, we
will use the Gyulassy-Wang (GW) model to make results
more explicit, although generalization is straightforward.
The corresponding potential reads

viðqÞ ¼
g2

q2 − μ2i
; ð2Þ

where g is the effective strong coupling inside the medium,
and μi is the Debye mass at the position of the given source.
Finally, one must specify how the final distributions are

averaged over configurations of the background field,
fixing the structure of multipoint stochastic correlators.
Following [21], we assume the color fields to have
Gaussian statistics, taking only pairwise averages into
account and enforcing color neutrality, as it is often used
in perturbative QCD calculations. The averaging over color
sources then results in

htai tbj i ¼
1

2CR̄
δijδ

ab; ð3Þ

where CR̄ is the quadratic Casimir in the representation
opposite to the representation of the color sources. Here, we
will assume that all the sources are in the same fundamental
representation, setting CR̄ ¼ Nc.
In this section, we further derive the gradient correction

to the momentum broadening distribution within flowing,
anisotropic QCD matter to first order in opacity, going
beyond the discussion in [21]. We focus particularly on the
interplay between velocity corrections and spatial gradients
in the matter variables at first subleading order, neglecting
anything suppressed by two or more powers of the initial
energy. At first order in opacity N ¼ 1, up to two inter-
actions in the amplitude squared, there are two types of
contributions to take into account: the single Born (SB)

2See also [45–49] for other applications of the gradient
expansion to probe-matter interactions.

KUZMIN, MAYO LÓPEZ, REITEN, and SADOFYEV PHYS. REV. D 109, 014036 (2024)

014036-2



contribution M1 and the double Born (DB) contribution M2, see Fig. 1. Using this decomposition of the amplitude and
omitting the terms whose average vanishes, we can write its square as

hjMN¼1j2i ¼ hjM1j2i þ hM2M�
0i þ hM�

2M0i; ð4Þ

where M0 corresponds to vacuum propagation.

A. Single Born contribution

We start by considering the SB contribution to the broadening of an energetic (scalar) quark. The corresponding N ¼ 1
amplitude reads

iM1 ¼
Z

d4q
ð2πÞ4 ½it

a
projð2p − qÞμAaμ

extðqÞ�
�

i
ðp − qÞ2 þ iϵ

�
Jðp − qÞ

¼ −
X
i

taprojt
a
i

�
1 −

u · p
ð1 − uzÞE

�Z
q
e−iðq·xiþqzziÞvðqÞ 2ð1 − uzÞE

ðp − qÞ2 þ iϵ
Jðp − qÞ; ð5Þ

where we have used the δ function in (1). In the above
equation, Jðp − qÞ is the source of the initial energetic quark
controlling the initial distribution of energetic partons—
assumed to be centered at x0 ¼ 0 and z0 ¼ 0—and taproj is the
leading parton (“projectile”) color generator. We have also
introduced shorthand notation for integrals running over the
full three-dimensional space as

R
x ≡d3x (and

R
k ≡ d3k

ð2πÞ3) and

over the transverse space as
R
x≡

R
d2x (and

R
k ≡

R
d2k
ð2πÞ2).

Integrating overqz by residues, we assume that J is slowly
varying, hence there are only four poles in (5) to account for
in the evaluation of the integral. The two poles, coming from
the scattering potential vðqÞ, have a finite imaginary part.
For a sufficiently dilute and longitudinally extended
medium μizi ≫ 1, and so the corresponding contributions
are exponentially suppressed and can be neglected. The
other two poles come from the quark propagator

Qþ
p−q ≃

2E
1þ uz

�
1 −

q · u
2E

�
; ð6aÞ

Q−
p−q ≃

q · u
1 − uz

þ ðp − qÞ2 − p2

2ð1 − uzÞE
; ð6bÞ

where we have accounted for the first terms in the
eikonal expansion. The pole Qþ

p−q is OðEÞ, so its residue
will be highly suppressed by the leading parton energy and
can be neglected. Therefore, the only nonvanishing con-
tribution comes from the residue corresponding to the
pole at Q−

p−q. The integration contour has to be closed
below the real axis enforcing zi > 0. After performing the
qz integration, the SB contribution to the amplitude
reduces to

iM1 ¼ −i
X
i

taprojt
a
i

�
1 −

u · p
ð1 − uzÞE

�Z
q
θðziÞe−iq·xi e−iQ−

p−qzivðq̃Þ 2E
1þ uz

1

Q−
p−q −Qþ

p−q
Jðp − q̃Þ

¼ i
X
i

taprojt
a
i

Z
q
θðziÞe−iq·xie−iQ−

p−qzi

�
1 −

u · ðp − qÞ
ð1 − uzÞE

�
vðq̃ÞJðp − q̃Þ; ð7Þ

where the tilde indicates that q0 and qz have been fixed, and q̃μ ¼ ðq · uþQ−
p−quz; q; Q−

p−qÞμ.

FIG. 1. The single Born amplitude M1 (left) and the double Born amplitude M2 (right) for transverse-momentum broadening.
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We can now square the amplitude and average over
initial and sum over final quantum numbers, as well as
average over the field configurations. We will also assume
that the sources are smoothly distributed, replacing any
sum over the scattering centers by a continuous integral

X
i

fi ¼
Z
x;z

ρðx; zÞfðx; zÞ; ð8Þ

where ρðx; zÞ is the source number density. Doing so yields

hjM1j2i ¼ C
Z
x;q;q0

θðzÞρðx; zÞe−iðq−q0Þ·xe−iðQ−
p−q−Q−

p−q0 Þz

×

�
1 −

u · ðp − qÞ
ð1 − uzÞE

−
u · ðp − q0Þ
ð1 − uzÞE

�
× vðq̃Þv�ðq̃0ÞJðp − q̃ÞJ�ðp − q̃0Þ; ð9Þ

where C ¼ CF
2Nc

. Note that we only explicitly show the
arguments of ρðx; zÞ for illustrative purposes, keeping

the arguments of the other hydrodynamic variables
implicit.
Contrary to the case with vanishing medium velocity, the

qz integration results in a shift in the argument of the
potential and initial source. Expanding these functions, one
readily finds

vðq̃Þ ≃ vðq2Þ
�
1þ q · u

ð1 − uzÞE
ðp − qÞ2 − p2

vðq2Þ
∂v
∂q2

�
; ð10aÞ

Jðp − q̃Þ ≃ JðE; p − qÞ
�
1 −

q · u
ð1 − uzÞ

1

J
∂J
∂E

�
; ð10bÞ

where vðq2Þ ¼ − g2

q2þμ2
.

Upon inspection of (9) and (10), one sees that all the
velocity corrections appearing in the squared amplitude are
proportional to the transverse velocity u. Hence, it is useful
to define a new vector in the transverse plane,

Γðq; q0Þ≡ −
p − q

ð1 − uzÞE
−

p − q0

ð1 − uzÞE
þ q
ð1 − uzÞE

ðp − qÞ2 − p2

vðq2Þ
∂v
∂q2

þ q0

ð1 − uzÞE
ðp − q0Þ2 − p2

v�ðq02Þ
∂v�

∂q02
−

q
ð1 − uzÞ

1

J
∂J
∂E

−
q0

ð1 − uzÞ
1

J
∂J
∂E

; ð11Þ

which enables us to write the averaged squared amplitude in a compact form,

hjM1j2i ¼ C
Z
x;q;q0

θðzÞρðx; zÞvðq2Þv�ðq02ÞJðE; p − qÞJ�ðE; p − q0Þe−iðq−q0Þ·xe−iðQ−
p−q−Q−

p−q0 Þz½1þ u · Γðq; q0Þ�: ð12Þ

All the dependence on the matter’s spatial structure in
(12) comes from the hydrodynamic parameters of the
matter model. In our case of the GW potential, these
parameters are the source spatial density ρðx; zÞ, the Debye
mass μ2ðx; zÞ, and the three components of the velocity
uðx; zÞ and uzðx; zÞ. For arbitrary x dependence in (12), the
final distribution cannot be simplified further. We proceed
by noting that the matter properties are expected to change
sufficiently slowly in the hydrodynamic phase and thus
expand in hydrodynamic gradients transverse to the large
parton momentum pz, see [21]. At the zeroth order, matter
is uniform in the transverse plane, and thus the x integral
trivially results in a δ function, while the longitudinal z
integral is yet to be performed. Then the corresponding
contribution to the squared amplitude reads

hjM1j2i ¼ C
Z

L

0

dz
Z
q
ρðzÞjvðq2Þj2jJðE; p − qÞj2

× ½1þ u · ΓðqÞ� þOð∇Þ; ð13Þ

where ΓðqÞ≡ Γðq; qÞ and we assume that the matter has a
finite longitudinal size L.
Given weak dependence on the transverse coordinates,

any hydrodynamic variable Gðx; zÞ can be expanded about
x ¼ 0, resulting in

Gðx; zÞ ≃GðzÞ þ x · ∇GðzÞ þOð∇2Þ:

Then the transverse integral in (12) can be performed
explicitly by noting that

Z
x
xαe−iðq−q

0Þ·x ¼ ið2πÞ2 ∂

∂ðq − q0Þα
δð2Þðq − q0Þ; ð14Þ

where α runs over the 2D transverse space. With these
replacements, we can express the linear gradient correction
to (13) in a compact form,
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δhjM1j2i ¼ −iC
Z

L

0

dz
Z
Q;q12

δð2Þðq12ÞĝαρðzÞ

×
∂

∂q12;α

�
J

�
E; p − Q −

1

2
q12

�
J�
�
E; p − Qþ 1

2
q12

�
v

��
Qþ 1

2
q12

�
2
�
v�
��

Q −
1

2
q12

�
2
�

× exp

�
−i
�
u · q12
1 − uz

−
q12 · ðp − QÞ
ð1 − uzÞE

�
z

��
1þ u · Γ

�
Qþ 1

2
q12;Q −

1

2
q12

��	
; ð15Þ

where Q≡ 1
2
ðqþ q0Þ, q12 ≡ q − q0, and we have integrated the derivative acting on the δ function by parts. All gradient

corrections can be derived from the same expression upon variation over the corresponding hydrodynamic variable. We use

a shorthand notation, the two-dimensional operator ĝα ≡P
G

�
∇G · δ

δG

�
α
, which should be understood as summed over the

hydrodynamic variables. Note that if a μ-dependent cutoff is introduced for the momentum integration, ĝ should, in
principle, act on such a cutoff as well.
In order to simplify our considerations, we follow [21] and assume that the initial source J and v have, at most, constant

imaginary phases.3 Therefore, all the terms in the integrand of (15)—except for the Landau-Pomeranchuk-Migdal (LPM)
phases [50,51]—are even and regular functions of q12 with zero derivative with respect to q12 at zero. This reduces the
gradient correction to the amplitude to

δhjM1j2i ¼ C
Z

L

0

dz
Z
q
ĝαρðzÞ

��
−

uα

1 − uz
þ ðp − qÞα
ð1 − uzÞE

�
z

�
½vðq2Þ�2jJðE; p − qÞj2

h
1þ u · ΓðqÞ

i
: ð16Þ

B. Double Born contribution

Next we turn to the DB diagram, see Fig. 1, which gives the second contribution to the transverse-momentum broadening
and corresponds to the double-scattering amplitude,

iM2 ¼
Z

d4q1
ð2πÞ4

d4q1
ð2πÞ4 ½igt

b
projð2p − q2ÞνAbν

extðq2Þ�
�

i
ðp − q2Þ2 þ iϵ

�

× ½igtaprojð2ðp − q2Þ − q1ÞμAaμ
extðq1Þ�

�
i

ðp − q1 − q2Þ2 þ iϵ

�
Jðp − q1 − q2Þ: ð17Þ

Unlike the case of the SB diagram, both field insertions inM2 come at the amplitude level, and to the first order in opacity
the DB diagram combines with the vacuum amplitude iM0 ¼ JðpÞ. Averaging over the stochastic fields and summing the
quantum numbers, we find that

hM2M�
0i ¼ C

X
i

�
1 − 2

u · p
Eð1 − uzÞ

�Z
q1;q2

e−iðq1þq2Þ·xi−iðq1zþq2zÞzivðq1Þvðq2Þ

×
2Eð1 − uzÞ

ðp − q2Þ2 þ iϵ
2Eð1 − uzÞ

ðp − q2 − q1Þ2 þ iϵ
Jðp − q2 − q1ÞJ�ðpÞ; ð18Þ

where we have used the constraints coming from the external field fixing the temporal components of the two momenta. We
further note that, as in the SB case, the dominant contribution to the q1z integral corresponds to the pole at
q1z ¼ −q2z þQ−

p−q1−q2 − iϵ. Thus,

3Indeed, for arbitrary complex functions J and v one would expect additional contributions proportional to, e.g., J�ðpÞ∇↔pJðpÞ.
While nontrivial phases, controlling such structures, are not expected in the commonly used models for the source potential, the
initial source is generally less constrained. Here, we will imply this assumption, leaving the case of more general initial distributions
aside.
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hM2M�
0i ¼ iC

X
i

Z
q1;q2

θðziÞe−iðq1þq2Þ·xie−iQ
−
p−q1−q2 ziJðE; p − q1 − q2ÞJ�ðpÞ

�
1 −

u · ð2p − q1 − q2Þ
ð1 − uzÞE

−
u · ðq1 þ q2Þ

1 − uz

1

J
∂J
∂E

�

×
2E

1þ uz

vðq̃1Þvðq2Þ
ðq2z −Qþ

p−q2 − iϵÞðq2z −Q−
p−q2 þ iϵÞ ; ð19Þ

where the tilde serves to remind one that q1z and q10 are
fixed, which introduces a nontrivial q2z dependence into
vðq̃1Þ.
Turning to the q2z integration, one must also note that the

Fourier factor is independent of q2z, and the residues of the
scattering potential poles are no longer suppressed.
Therefore, the residues of the all six poles may contribute.
The two poles of the second scalar propagator are given by
Q�

p−q2 , while the four poles coming from the scattering
potentials read

vðq̃1Þ∶P�
1 ≡Q−

p−q1−q2 −
uz

1−u2z
ðu ·q1Þ�

i
1−u2z

R1; ð20aÞ

vðq2Þ∶ P�
2 ≡ uz

1 − u2z
ðu · q2Þ �

i
1 − u2z

R2; ð20bÞ

where, keeping the expressions compact, we have intro-
duced the shorthand notation

R2 ≡ ð1 − u2zÞðq2 þ μ2Þ − ðu · qÞ2 ≥ 0: ð21Þ

Then, introducing the source number density, we can write
the full DB contribution as

hM2M�
0i þ c:c: ¼ iC

Z
x;q1;q2

θðzÞρðx; zÞJðE; p − q1 − q2ÞJ�ðpÞ
�
1 −

u · ð2p − q1 − q2Þ
ð1 − uzÞE

−
u · ðq1 þ q2Þ

1 − uz

1

J
∂J
∂E

�

×
h
e−iðq1þq2Þ·xe−iQ

−
p−q1−q2zIDB − eiðq1þq2Þ·xeiQ

−
p−q1−q2 zI�

DB

i
; ð22Þ

with

IDB≡
Z

dq2z
2π

2E
1þuz

vðq̃1Þvðq2Þ
ðq2z−Qþ

p−q2 − iϵÞðq2z−Q−
p−q2 þ iϵÞ :

ð23Þ

At zeroth order in gradients, the hydrodynamic param-
eters are considered to be constant in the transverse plane,
and integrating over x sets q1 ¼ −q2 ≡ q. Therefore, only
the imaginary part of the integral Im IDBðq;−qÞ contrib-
utes to (22). The DB contribution then simplifies to

hM2M�
0i þ c:c: ¼ −C

Z
L

0

dz
Z
q
ρðzÞ½vðq2Þ�2jJðE; pÞj2

×

�
1 −

2u · p
ð1 − uzÞE

−
u · p

ð1 − uzÞE
q2

v2
∂v2

∂q2

�
þOð∇Þ: ð24Þ

Introducing a new transverse vector

ΓDBðqÞ≡ −2
p

ð1 − uzÞE
−

p
ð1 − uzÞE

q2

½vðq2Þ�2
∂v2

∂q2
; ð25Þ

we can reexpress (24) in a compact form analogous to (13),

hM2M�
0i þ c:c: ¼ −C

Z
L

0

dz
Z
q
ρðzÞ½vðq2Þ�2jJðE; pÞj2

× ½1þ u · ΓDBðqÞ� þOð∇Þ: ð26Þ

Following the same logic as before, we replace the linear
dependence in x by a derivative of a δ function
δð2Þðq1 þ q2Þ. Integrating by parts and using shorthand
notation, we find the leading gradient corrections to (22),
which read

δhM2M�
0i þ c:c: ¼ C

Z
L

0

dz
Z
Q;q12

ð2πÞ2δð2Þð2QÞ
2

ĝα
∂

∂Qα

�
ρðzÞJðE; p − 2QÞJ�ðpÞ

�
1 − 2

u · ðp − QÞ
ð1 − uzÞE

− 2
u · Q
1 − uz

1

J
∂J
∂E

�

×
h
e−iQ

−
p−q1−q2 zIDB þ eiQ

−
p−q1−q2 zI�

DB

i	
; ð27Þ
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where Q ¼ 1
2
ðq1 þ q2Þ and q12 ¼ q1 − q2. The structure of

this expression is more involved, and so it is instructive to
consider each contribution separately. First, when the
derivative acts on the terms in the first line of (27), the
only q12 dependence enters through Re IDBðq12; 0Þ. Its
angular average scales as 1

E and can be explicitly derived.
When the derivative hits the LPM phases, the integrand is
proportional to Im IDBðq12; 0Þ, and, after averaging over
the angles, the corresponding contribution looks like a
naive combination of gradient and flow corrections in [21].

Finally, when the derivative acts on the integral IDB, only

its real part contributes. Its eikonal term Re I ð0Þ
DB is a regular,

even function of Q, and its derivative at Q ¼ 0 is zero. In

turn, the subeikonal part satisfies ∂

∂Qα
Re I ð1Þ

DBðq12; 0Þ ¼
− ∂

∂Qα
Re I ð1Þ

DBð−q12; 0Þ. Since the rest of the integrand in
(27) is q12 independent, the corresponding contribution to
the integral vanishes after angular averaging. Combining
these contributions, we find

δhM2M�
0i þ c:c: ¼ C

Z
L

0

dz
Z
q
ĝαρðzÞ½vðq2Þ�2jJðE; pÞj2

�
−

1

jJj2
∂jJðE; pÞj2

∂pα

πg4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2 − u2z

p
4μð1 − uzÞE

δð2ÞðqÞ
½vðq2Þ�2

þ z

�
uα

1 − uz
−

pα
ð1 − uzÞE

�
½1þ u · ΓDBðqÞ�

	
: ð28Þ

Finally, one may notice that working with scalar quarks
we have to treat the seagull vertex present in the theory and
required by consistency. This contribution is commonly
omitted in the jet quenching calculations based on scalar
QCD, since it is expected to be subeikonal; see, e.g., the
discussion in [21]. However, it may contribute to the leading
subeikonal corrections and cannot be ignored here. It can be
easily checked that the corresponding contribution appears
only in the presence of transverse anisotropy and has the
same structure as the term in the first line of (28). This
subeikonal term is additionally suppressed by the smallness
of the gradients with no length enhancement and thus
appears to be subleading to the rest of the terms. In what
follows,wewill neglect such terms, keeping only the length-
enhanced subeikonal gradient corrections and consequently
neglecting all the diagrams involving the seagull vertex.

C. Final parton distribution and its moments

The final-state parton distribution can be related
to the squared amplitude of the process and is defined by

E
dN

d2pdE
≡ 1

2ð2πÞ3 hjMj2i; ð29Þ

where we have chosen E and the two transverse compo-
nents of the momenta as the independent variables.
Introducing the initial parton distribution E dN ð0Þ

d2pdE ≡
1

2ð2πÞ3 jJðE; pÞj2 and taking the combined effects of flow

and gradient corrections together, we find

E
dN

d2pdE
¼ E

dN ð0Þ

d2pdE
þ C

Z
L

0

dz
Z
q

��
1 − ĝα

ðuE − pþ qÞαz
ð1 − uzÞE

�
½1þ u · ΓðqÞ�E dN ð0Þ

d2ðp − qÞdE

−
�
1 − ĝα

ðuE − pÞαz
ð1 − uzÞE

�
½1þ u · ΓDBðqÞ�E

dN ð0Þ

d2pdE

	
ρðzÞ½vðq2Þ�2; ð30Þ

where the terms appearing at the second subeikonal order
should be neglected. Integrating the final-state distribution
over the transverse momentum, one can show that the number
of energetic partons is unchanged as long as the initial distribu-
tion falls fast enough at infinity, as required by unitarity.
It is instructive to consider how a particular ensemble of

partons is modified by a flowing anisotropic distribution of
matter. To do so, we focus on a narrow initial distribution
parametrized as

E
dN ð0Þ

d2pdE
¼ fðEÞ

2πw2
e−

p2

2w2 : ð31Þ

Starting with the corresponding family of partons in the
initial state, one may understand how their distribution
changes by focusing on the leading moments of the final-
state distribution, defined as
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hpα1…pαni≡
R
pðpα1…pαnÞE dN

d2pdER
p E

dN ð0Þ
d2pdE

¼ ð2πÞ2
Z
p

ðpα1…pαnÞ
fðEÞ E

dN
d2pdE

: ð32Þ

The process of jet-transverse-momentum broadening is
often quantified with the so-called jet quenching parameter,
which is argued to control many of the related processes.
Thus, we start by computing the quadratic moment
given by

hp2i ¼ 2w2 þ C
Z

L

0

dz

�
1 − zĝ ·

u
1 − uz

�
ρðzÞ

Z
q
q2½vðq2Þ�2;

ð33Þ

where the first term corresponds to the vacuum part of (30)
and is fixed by the width of the initial distribution. Varying
this moment with the medium length L—understood as the
path length traveled by the parton—we find

q̂ðLÞ ¼
�
1 − Lĝ ·

u
1 − uz

�
q̂0ðLÞ; ð34Þ

where q̂0ðLÞ ¼ CρðLÞ Rq q2½vðq2Þ�2 corresponds to the
limit of static transversely homogeneous matter, and all
hydrodynamic variables and their gradients should be

understood as functions of L. Thus, we can see that the
interplay between the transverse medium structure and flow
modifies the even moments of the final-state distribution,
including the fundamental jet quenching parameter, at the
leading eikonal order. Moreover, this modification is length
enhanced and, consequently, expected to be the dominant
effect of the medium’s evolution. This is one of the main
results of this work.
Following [21,32,37], we also consider the leading odd

moments of the final distribution, which vanish in the case
of static and isotropic matter (for isotropic initial distribu-
tion), but generated by flow and gradient effects. One
readily finds that

hpαi ¼ −
1

2
C
Z

L

0

dz

�
1 − zĝ ·

u
1 − uz

�
ρðzÞ

×
uα

ð1 − uzÞE
Z
q
q2
�
E
f0ðEÞ
fðEÞ þ q2

∂

∂q2

�
½vðq2Þ�2;

ð35Þ

where we recognize the same rescaling factor as in the case
of even moments combined with the averaged transverse
momentum obtained in [21,32].
As shown in [21,37], the directional gradient effects

appear only in higher odd moments of the final parton
distribution. Focusing on the cubic moment, we find

hpαp2i ¼ C
Z

L

0

dz
Z
q

�
2w2zĝα

q2

ð1 − uzÞE
−
1

2

�
1 − zĝ ·

u
1 − uz

�
uα

ð1 − uzÞE

× q2
�
8w2 þ ð10w2 þ q2Þq2 ∂

∂q2
þ ð4w2 þ q2ÞEf0ðEÞ

fðEÞ
�	

ρðzÞ½vðq2Þ�2; ð36Þ

which agrees with the results of [21,37] in the limit of static
matter at first order in opacity and can be compared to the
results of [21] in the homogeneous limit at w ¼ 0.

III. MEDIUM-INDUCED GLUON SPECTRUM

In this section, we will derive the medium-induced
radiation spectrum in an evolving inhomogeneous nuclear
matter at the first order in opacity and discuss the resulting
modifications of the energy loss. This consideration is
technically more involved, and here we will focus on two
particular types of the medium evolution effects. First, we
will study how the transverse gradients of μ and ρ modify
the full gluon spectrum in the absence of any flow, at the
first order in opacity, but in full kinematics, thereby
extending the results of [21,43]. Second, we will search
for the mixed flow-gradient effects analogous to the
multiplicative modification in (34), keeping only the
leading terms in the eikonal expansion. For notational

compactness, we will put the two types of gradient
corrections together in intermediate equations, although
one should note that the subeikonal terms sourced by the
transverse flow (and their combinations with the leading
gradient corrections) are omitted.4 In the absence of uz
gradients, the longitudinal flow effects can be obtained
with the corresponding boost, and for simplicity, we will
set uz ¼ 0.
Before turning to details, we should note that the external

field (1) has been obtained from the classical field equation
in the Lorenz gauge. However, it is convenient to impose a
stronger gauge condition, additionally requiring n · A ¼ 0.

4It should be mentioned here that in this limit the class of
diagrams involving the seagull or four-gluon vertices can be
freely neglected. Indeed, they contribute as gradient corrections
and appear only at the first subeikonal order, lacking any length
enhancement in the absence of the transverse flow.
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In this gauge, only the two physical gluon polarizations
appear, and the consideration simplifies. This constraint is
compatible with the form of (1), and one may choose nμ to
be any vector transverse to the velocity uμ. Here, we will
use nμ ¼ ð0; 0; 1Þ, since Az

ext ¼ 0 for uz ¼ 0. In this gauge,
the propagator of a gluon is given by

GμνðkÞ ¼
−iNμνðkÞ
k2 þ iϵ

; ð37Þ

where the numerator is transverse to the gauge vector n and
gluon momentum k,

NμνðkÞ ¼ gμν þ n2
kμkν

ðk · nÞ2 − k2n2
þ k2

nμnν
ðk · nÞ2 − k2n2

− ðk · nÞ kμnν þ kνnμ
ðk · nÞ2 − k2n2

: ð38Þ

The polarization vector now satisfies k · ϵðkÞ ¼ n · ϵðkÞ ¼
0 and can be parametrized as

ϵ�μðkÞ ¼
�
ϵ · k
ω

; ϵ; 0

�
; ð39Þ

where ϵ is the transverse polarization,5 k ¼ ðω; k; kzÞ, and
we keep the polarization index implicit.
Following the notation of [21,43], we consider the

leading perturbative contribution to the medium-induced
branching of the initial energetic quark to an on-shell quark
of momentum ðp − kÞμ and an on-shell gluon of momen-
tum kμ, working at the leading eikonal order but to all
orders in LPM phases. We also rely on the broad source
approximation, assuming that the dependence of the initial
source on the transverse momenta is sufficiently weak.
Under the aforementioned assumptions, the vacuum emis-
sion amplitude (see Fig. 2) corresponding to the zeroth
order in opacity, reads

iR0 ¼ ½igtrprojð2p − kÞμϵ�μðkÞ�
i

p2 þ iϵ
JðpÞ

≃ −gtrproj
2ð1 − xÞϵ · ðk − xpÞ

ðk − xpÞ2 JðpÞ; ð40Þ

where trproj comes from the emission vertex, r is the color of
the final gluon, x ¼ ω

E is its energy fraction, and one may
recognize the (light-front) wave function of the splitting

ψðx; k − xpÞ ¼ 2ð1−xÞϵ·ðxp−kÞ
ðk−xpÞ2 , which controls the branching

probability; see, e.g., the discussion in [52]. In turn, at the
first order in opacity N ¼ 1, there are nine diagrams
contributing to the amplitude of the medium-induced
branching shown in Figs. 3 and 4, and we will consider
them one by one in what follows.

A. Single Born contributions

1. The amplitude level

Let us start by computing the simplest contribution to the
medium-induced branching, RA, which corresponds to the
initial-state scattering. This amplitude reads

iRA ¼
Z

d4q
ð2πÞ4 ½igt

r
projð2p − kÞνϵ�νðkÞ�

i
p2 þ iϵ

½itaprojð2p − qÞμgAaμðqÞ� i
ðp − qÞ2 þ iϵ

Jðp − qÞ

¼ 2ð1 − xÞϵ · ðk − xpÞ
ðk − xpÞ2

X
i

trprojt
a
projt

a
i

Z
q
e−iðqi·xiþqzziÞ ð2gEÞvðqÞ

ðp − qÞ2 þ iϵ
Jðp − qÞ; ð41Þ

where we have explicitly used the constraint on q0. Turning
to the qz integration, we again assume that the residues of
the scattering potential poles are exponentially suppressed.

In turn, the poles coming from the quark propagator are
given by

Qþ
p−q ≃ 2E

�
1 −

q · u
2E

�
; ð42aÞ

Q−
p−q ≃ q · u −

ð1 − xÞk2 þ xðp − kÞ2 − xð1 − xÞðp − qÞ2
2xð1 − xÞE ;

ð42bÞ

FIG. 2. The elementary vacuum splitting, corresponding to the
zeroth order in opacity expansion.

5The transverse polarization vectors are functions of k, since
the sum over polarizations should be properly normalized.
However, up to the higher subeikonal corrections, we find thatP

λ ϵ
λ
αϵλβ ¼ δαβ þOð 1

ω2Þ, with α and β running in the 2D trans-
verse space.
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while the initial source is assumed to result in no new poles. Thus, collecting all the relevant contributions, we can write the
initial-state scattering amplitude as

iRA ¼ −ig
2ð1 − xÞϵ · ðk − xpÞ

ðk − xpÞ2
X
i

trprojt
a
projt

a
i

Z
q
θðziÞe−iq·xie−iQ−

p−qzivðq2ÞJðE; p − qÞ: ð43Þ

The next diagram corresponds to the final-state scattering process in the quark line, and its amplitude reads

iRB ¼
Z

d4q
ð2πÞ4 ½it

a
projð2ðp − kÞ − qÞμgAaμ

ext�
i

ðp − k − qÞ2 þ iϵ

×½igtrprojð2ðp − qÞ − kÞνϵ�νðkÞ�
i

ðp − qÞ2 þ iϵ
Jðp − qÞ; ð44Þ

which, after both q0 and qz integrals are evaluated, can be rewritten as

iRB ¼ ig
X
i

taprojt
a
i t

r
proj

Z
q
θðziÞe−iq·xi

2ð1 − xÞϵ · ðk − xðp − qÞÞ
ðk − xðp − qÞÞ2

h
e−iQ

−
p−qzi − e−iQ

−
p−k−qzi

i
vðq2ÞJðE; p − qÞ; ð45Þ

where we have used the explicit form of the poles of the second quark propagator

Qþ
p−k−q ≃ 2ð1 − xÞE

�
1 −

q · u
2ð1 − xÞE

�
; ð46aÞ

Q−
p−k−q ≃ q · uþ ðp − k − qÞ2 − ðp − kÞ2

2ð1 − xÞE : ð46bÞ

FIG. 3. The three single Born diagrams contributing to the medium-induced radiation at the first order in opacity.
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Turning to the last SB contribution in the amplitude, corresponding to the final-state scattering in the emitted gluon line, we
write

iRC ¼
Z

d4q
ð2πÞ4 ið2p − k − qÞμtaproj

−iNμνðk − qÞ
ðk − qÞ2 þ iϵ

Γabc
ναρðk − q; q;−kÞgAbαðqÞϵ�ρðkÞ i

ðp − qÞ2 þ iϵ
Jðp − qÞ; ð47Þ

FIG. 4. The six double Born diagrams contributing to the medium-induced radiation at the first order in opacity.
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where Γabc
ναρðk − q; q;−kÞ is the three-gluon vertex defined as

Γabc
μνρðk; p; qÞ ¼ gfabc½gμνðk − pÞρ þ gνρðp − qÞμ þ gρμðq − kÞν�; ð48Þ

with all the momenta going toward the vertex. SinceNμν, ϵ�μ, and A
aμ
ext are all transverse to nμ ¼ ð0; 0; 1Þ by construction, the

product of these three objects and the three-gluon vertex is independent of the z components of momenta, resulting in no
new poles. Performing both the q0 and qz integrals, we can write RC as

iRC ¼ g
X
i

fabctaprojt
b
i

Z
q
θðziÞe−iq·xi

2ð1 − xÞϵ · ðk − ð1 − xÞq − xpÞ
ðk − ð1 − xÞq − xpÞ2 vðq2Þ

h
e−iQ

−
p−qzi − e−iQ

−
k−qzi

i
JðE; p − qÞ; ð49Þ

where the poles of the gluon propagator have been used,

Qþ
k−q ≃ 2xE

�
1 −

q · u
2xE

�
; ð50aÞ

Q−
k−q ≃ q · uþ ðk − qÞ2 − k2

2xE
: ð50bÞ

2. SB contributions to the squared amplitude

Now we are in position to obtain the full SB contribution
to the amplitude squared. As done in the case of jet
broadening, we have to average over initial and sum over
final quantum numbers, as well as perform the medium
averages.
Let us start by squaring RA, which after averaging but

before integrating over the transverse coordinates results in

hjRAj2i ¼
C2
F

2Nc
g2

4ð1 − xÞ2
ðk − xpÞ2

Z
x;q;q̄

θðzÞρðx; zÞe−iðq−q̄Þ·x

× e−iðQ
−
p−q−Q−

p−q̄Þzvðq2Þvðq̄2Þ
× JðE; p − qÞJ�ðE; p − q̄Þ; ð51Þ

where the color factors combine into an overall multiple
C2
F

2Nc
. In the case of a transversely homogeneous matter,

corresponding to the zeroth order in the gradient expansion,
we can readily evaluate the x integral. It results in a

constraint ð2πÞ2δð2Þðq − q̄Þ, and integrating over one of
the momenta, the standard form of the leading contribution
is obtained. In turn, treating the gradient corrections as in
the broadening case, one may note that only the LPM
phases contribute to the momentum derivative at q − q̄ ¼ 0.
Thus, up to the first order in gradients and in the eikonal
limit for the flow-induced terms, the corresponding con-
tribution to the amplitude squared reads

hjR2
Aji¼

C2
F

Nc
g2
Z

L

0

dz
Z
q

2ð1−xÞ2
ðk−xpÞ2

�
1− ĝ ·

�
u−

p−q
E

�
z

�
×ρðzÞ½vðq2Þ�2jJðE;p−qÞj2: ð52Þ

It should be stressed that if the subeikonal flow corrections,
scaling as Oð⊥EÞ, were added here, they would mix with the
eikonal gradient terms, scaling as OðjujzÞ, giving contri-
butions of orderOðjuj2 ⊥

E zÞ, which are formally of the same
smallness as the subeikonal (but length-enhanced) gradient
corrections, scaling as Oð⊥E zÞ. These are the terms that we
omit in our consideration, focusing on the two limits
described above: (i) keeping the terms scaling as Oð⊥E zÞ,
but with no transverse flow, and (ii) keeping only the
eikonal gradient corrections in the presence of a trans-
verse flow.
Squaring RB and averaging the result over the back-

ground field configurations, we find

hjRBj2i ¼
C2
F

2Nc
g2

Z
x;q;q̄

θðzÞρðx; zÞe−iðq−q̄Þ·x × 4ð1 − xÞ2ðk − xðp − qÞÞ · ðk − xðp − q̄ÞÞ
ðk − xðp − qÞÞ2ðk − xðp − q̄ÞÞ2 vðqÞvðq̄ÞJðE; p − qÞJ�ðE; p − q̄Þ

×
h
e−iðQ

−
p−q−Q−

p−q̄Þz þ e−iðQ
−
p−k−q−Q

−
p−k−q̄Þz − e−iðQ

−
p−q−Q−

p−k−q̄Þz − eiðQ
−
p−q̄−Q

−
p−k−qÞz

i
: ð53Þ

Accounting for the fact that this SB contribution involves two LPM phases, we find that up to the first order in gradients the
corresponding contribution to the amplitude squared reads
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hjRBj2i ¼
C2
F

Nc
g2

Z
L

0

dz
Z
q

4ð1 − xÞ2
ðk − xðp − qÞÞ2

�
1 − ĝ ·

�
u −

p − q
2E

−
p − k − q
2ð1 − xÞE

�
z

�

×

�
1 − cos

�ðk − xðp − qÞÞ2
2xð1 − xÞE z

��
ρðzÞ½vðq2Þ�2jJðE; p − qÞj2: ð54Þ

The last SB contribution RC, corresponding to the final-state scattering process in the emitted gluon line, also involves
two LPM phases, and, after squaring and averaging, it reads

hjRCj2i ¼
CFCA

2Nc
g2

Z
x;q;q̄

θðzÞρðx; zÞe−iðq−q̄Þ·x

×
4ð1 − xÞ2ðk − ð1 − xÞq − xpÞ · ðk − ð1 − xÞq̄ − xpÞ

ðk − ð1 − xÞq − xpÞ2ðk − ð1 − xÞq̄ − xpÞ2 vðqÞvðq̄ÞJðE; p − qÞJ�ðE; p − q̄Þ

×
h
e−iðQ

−
p−q−Q−

p−q̄Þz þ e−iðQ
−
k−q−Q

−
k−q̄Þz − e−iðQ

−
p−q−Q−

k−q̄Þz − eiðQ
−
p−q̄−Q

−
k−qÞz

i
: ð55Þ

As in the cases ofRA andRB, the only nonvanishing contribution to the linear gradient correction comes from the derivative
acting on the phases, and we find

hjRCj2i ¼ CFg2
Z

L

0

dz
Z
q

4ð1 − xÞ2
ðk − ð1 − xÞq − xpÞ2

�
1 − ĝ ·

�
u −

p − q
2E

−
k − q
2xE

�
z

�

×

�
1 − cos

�ðk − ð1 − xÞq − xpÞ2
2xð1 − xÞE z

��
ρðzÞ½vðq2Þ�2jJðE; p − qÞj2: ð56Þ

The three SB interference terms can be computed following the very same procedure—the x dependence of the matter
parameters is expressed through the corresponding momentum derivatives. However, the light-front wave functions are
structurally different in the direct and conjugated amplitudes, and that results in a new class of gradient corrections. For
instance, the interference term hRAR�

Bi can be written as

hRAR�
Biþ c:c:¼CF

N2
c
g2
Z

L

0

dz
Z
q

2ð1−xÞ2ðk−xpÞ · ðk−xðp−qÞÞ
ðk−xpÞ2ðk−xðp−qÞÞ2

�
½1− ĝ ·uz�

�
1− cos

�ðk−xðp−qÞÞ2
2xð1−xÞE z

��

þ ĝ ·

�
p−q
E

z−
�
p−q
2E

zþ p−k−q
2ð1−xÞEz

�
cos

�ðk−xðp−qÞÞ2
2xð1−xÞE z

��

−xĝ ·

�
k−xðp−qÞ

ðk−xðp−qÞÞ2−
k−xp

2ðk−xpÞ · ðk−xðp−qÞÞ
�
sin

�ðk−xðp−qÞÞ2
2xð1−xÞE z

�	
ρ½vðq2Þ�2jJðE;p−qÞj2; ð57Þ

where the sine phase structure has no explicit length enhancement since it involves no momentum derivatives of the LPM
phases. In turn, the two other combinations read

hRAR�
Ci þ c:c:¼ −CFg2

Z
L

0

dz
Z
q

2ð1− xÞ2ðk− xpÞ · ðk− ð1− xÞq− xpÞ
ðk− xpÞ2ðk− ð1− xÞq− xpÞ2

�
½1− ĝ · uz�

�
1− cos

�ðk− ð1− xÞq− xpÞ2
2xð1− xÞE z

��

þ ĝ ·

�
p− q
E

z−
�
p− q
2E

zþ k− q
2xE

z

�
cos

�
k− ð1− xÞq− xp2

2xð1− xÞE z

��

þ ð1− xÞĝ ·
�

k− ð1− xÞq− xp
ðk− ð1− xÞq− xpÞ2 −

k− xp
2ðk− xpÞ · ðk− ð1− xÞq− xpÞ

�

× sin

�ðk− ð1− xÞq− xpÞ2
2xð1− xÞE z

�	
ρ½vðq2Þ�2jJðE;p− qÞj2; ð58Þ
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and

hRBR�
Ci þ c:c: ¼ −CFg2

Z
L

0

dz
Z
q

2ð1 − xÞ2ðk − xðp − qÞÞ · ðk − ð1 − xÞq − xpÞ
ðk − xðp − qÞÞ2ðk − ð1 − xÞq − xpÞ2

×

�
½1 − ĝ · uz�

�
1þ cos

�
q · ð2k − ð1 − 2xÞq − 2xpÞ

2xð1 − xÞE z

�

− cos

�ðk − ð1 − xÞq − xpÞ2
2xð1 − xÞE z

�
− cos

�ðk − xðp − qÞÞ2
2xð1 − xÞE z

��

þ ĝ ·

�
p − q
E

z −
�
p − q
2E

zþ p − k − q
2ð1 − xÞE z

�
cos

�ðk − xðp − qÞÞ2
2xð1 − xÞE z

�

−
�
p − q
2E

zþ k − q
2xE

z

�
cos

�ðk − ð1 − xÞq − xpÞ2
2xð1 − xÞE z

�

þ
�
p − k − q
2ð1 − xÞE zþ k − q

2xE
z

�
cos

�
q · ð2k − ð1 − 2xÞq − 2xpÞ

2xð1 − xÞE z

��

− ĝ ·

�
ð1 − xÞ k − ð1 − xÞq − xp

ðk − ð1 − xÞq − xpÞ2 −
k − xp

2ðk − xðp − qÞÞ · ðk − ð1 − xÞq − xpÞ

þ x
k − xðp − qÞ

ðk − xðp − qÞÞ2
��

sin

�ðk − xðp − qÞÞ2
2xð1 − xÞE z

�

− sin

�ðk − ð1 − xÞq − xpÞ2
2xð1 − xÞE z

�
− sin

�
q · ð2k − ð1 − 2xÞq − 2xpÞ

2xð1 − xÞE z

��	
× ρðzÞ½vðq2Þ�2jJðE; p − qÞj2; ð59Þ

where the color factors can also be verified in the limit of homogeneous matter.

B. Double Born diagrams

Here, we consider the six DB contributions in the amplitude of the gluon radiation, see Fig. 4. Following [21], we note
that, after averaging over medium configurations, the propagator poles, governing the q1z integral, cancel q2z in the
exponential factors (except for a part ofRG), and the contour can be closed in both directions. The scattering potentials are
needed for convergence and should be taken into account explicitly.
Starting with RD, corresponding to the case of two initial-state scatterings, we find its contribution to the squared

amplitude,

hRDR�
0i þ c:c: ¼ i

C2
F

Nc
g2

Z
x;q1;q2

θðzÞρðx; zÞ 4ð1 − xÞ2
ðk − xpÞ2 J

�ðE; p − q1 − q2ÞJðE; pÞ

×
h
e−iðq1þq2Þ·xe−iQ

−
p−q1−q2 zID − eiðq1þq2Þ·xeiQ

−
p−q1−q2 zI�

D

i
; ð60Þ

where the integral ID is defined as

ID ¼
Z

dq2z
2π

Evðq2Þvð eq1Þ
ðq2z −Qþ

p−q2 − iϵÞðq2z −Q−
p−q2 þ iϵÞ ; ð61Þ

with q̃1μ ¼ ðu · q1; q1;−q2z þQ−
p−q1−q2Þ. This integral can be explicitly evaluated, and since it involves no length-enhanced

terms, we keep only its eikonal part. Then,

ImIDðq;−qÞ ≃
1

4
½vðq2Þ�2;

ReIDðq;−qÞ ≃
2ðu · qÞ3 − 3ðu · qÞðμ2 þ q2Þ

8R3
0

½vðq2Þ�2; ð62Þ
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where R0 is given by (21) at uz ¼ 0. One should also note that ∂

∂ðq1þq2ÞReID

����
q1¼−q2

¼ 0, and it results in no eikonal gradient

corrections. Thus, keeping only the terms with nonzero angular average, we find

hRDR�
0i þ c:c: ¼ −

C2
F

Nc
g2

Z
L

0

dz
Z
q

2ð1 − xÞ2
ðk − xpÞ2

�
1 − ĝ ·

�
u −

p
E

�
z

�
cos

� ðk − xpÞ2
2xð1 − xÞE z

�
ρðzÞ½vðq2Þ�2jJðE; pÞj2: ð63Þ

Similarly, for the contribution to the amplitude squared with two final-state scatterings in the quark line RE,
we find6

hRER�
0i þ c:c: ¼ −i

C2
F

Nc
g2

Z
x;q1;q2

θðzÞρðx; zÞ 4ð1 − xÞ2ðk − xpÞ · ðk − xðp − q1 − q2ÞÞ
ðk − xpÞ2ðk − xðp − q1 − q2ÞÞ2

JðE; pÞJðE; p − q1 − q2Þ

×
h
e−iðq1þq2Þ·x

�
e−iQ

−
p−q1−q2 z − e−iQ

−
p−k−q1−q2

z
�
IE − eiðq1þq2Þ·x

�
eiQ

−
p−q1−q2z − eiQ

−
p−k−q1−q2

z
�
I�
E

i
; ð64Þ

where

IE ¼
Z

dq2z
2π

ð1 − xÞEvðq2Þvðq̃1Þ
ðq2z −Qþ

p−k−q2 − iϵÞðq2z −Q−
p−k−q2 þ iϵÞ ; ð65Þ

with q̃1μ ¼ ðu · q1; q1;−q2z þQ−
p−k−q1−q2Þ. Evaluating this integral, one may note that at the leading order in the eikonal

expansion IE ≃ ID, and we can again utilize (62). Thus, expanding in gradients, we find that

hRER�
0i þ c:c: ¼ −

C2
F

Nc
g2

Z
L

0

dz
Z
q

2ð1 − xÞ2
ðk − xpÞ2

�
½1 − ĝ · uz�

×

�
1 − cos

� ðk − xpÞ2
2xð1 − xÞE z

��
þ ĝ ·

�
p − k

ð1 − xÞE z −
p
E
z cos

� ðk − xpÞ2
2xð1 − xÞE z

��

þ xĝ ·
k − xp

ðk − xpÞ2 sin
� ðk − xpÞ2
2xð1 − xÞE z

�	
ρðzÞ½vðq2Þ�2jJðE; pÞj2: ð66Þ

Turning to the contribution with two final-state scatterings in the gluon line, we have to deal with a product of two gluon
propagators and two three-gluon vertices. As in the case ofRC above, this product does not depend on the z component of
momenta since Nμν, uμ, and ϵ�μ are transverse to nμ, resulting in no new poles. Averaging the corresponding contribution to
the amplitude squared, we write it as

hRFR�
0i þ c:c: ¼ −i

CF

2
g2

Z
x;q1;q2

θðzÞρðx; zÞ 8ð1 − xÞ2ðk − xpÞ · ðk − ð1 − xÞðq1 þ q2Þ − xpÞ
ðk − xpÞ2ðk − ð1 − xÞðq1 þ q2Þ − xpÞ2 JðE; pÞJ�ðE; p − q1 − q2Þ

×
h
e−iðq1þq2Þ·x

�
e−iQ

−
p−q1−q2 z − e−iQ

−
k−q1−q2

z
�
IF − eiðq1þq2Þ·x

�
eiQ

−
p−q1−q2z − eiQ

−
k−q1−q2

z
�
I�
F

i
; ð67Þ

where

IF ¼
Z

dq2z
2π

xEvðq2Þvðq̃1Þ
ðq2z −Qþ

k−q2 − iϵÞðq2z −Q−
k−q2 þ iϵÞ ; ð68Þ

with q̃1μ ¼ ðu · q1; q1;−q2z þQ−
k−q1−q2Þ. At the leading order in the eikonal expansion, one finds that IF ≃ ID, and we can

again utilize (62). Expanding in gradients and treating x integral in the same fashion, one finds

6Taking the first q1z integral, we pick up two residues, corresponding to the poles Q−
p−q1−q2 and Q−

p−k−q1−q2 . At eikonal order, the
scattering potentials look the same for both residues and the Fourier phases can be pulled out as a common factor for IE.
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hRFR�
0iþ c:c:¼−CFg2

Z
L

0

dz
Z
q

2ð1−xÞ2
ðk−xpÞ2

�
½1− ĝ ·uz�

�
1− cos

� ðk−xpÞ2
2xð1−xÞEz

��
þ ĝ ·

�
k
xE

z−
p
E
zcos

� ðk−xpÞ2
2xð1−xÞEz

��

− ð1−xÞĝ · k−xp
ðk−xpÞ2 sin

� ðk−xpÞ2
2xð1−xÞEz

�	
ρðzÞ½vðq2Þ�2jJðE;pÞj2: ð69Þ

Now we can turn to a more involved diagram, having two final-state scatterings in different lines. The corresponding
contribution to the amplitude squared can be written as

hRGR�
0i þ c:c: ¼ i

CF

2
g2

Z
x;q1;q2

θðzÞρðx; zÞ 4ð1 − xÞðk − xpÞ · ðk − q2 − xðp − q1 − q2ÞÞ
ðk − xpÞ2

× JðE; pÞJ�ðE; p − q1 − q2Þ
h
e−iðq1þq2Þ·x

�
e−iðQ

−
k−q2

þQ−
p−k−q1

Þz − e−iQ
−
p−q1−q2 z

�
IG

− eiðq1þq2Þ·x
�
eiðQ

−
k−q2

þQ−
p−k−q1

Þz − eiQ
−
p−q1−q2 z

�
I�
G

i
; ð70Þ

where IG ≡
�
e−iðQ

−
k−q2

þQ−
p−k−q1

Þz − e−iQ
−
p−q1−q2 z

�
−1
IG, and

ĪG ≡
Z

dq2z
2π

Evðq2Þ
ðq2z −Qþ

k−q2 − iϵÞðq2z −Q−
k−q2 þ iϵÞðq2z −Qþ

p−q1−q2 þQ−
p−k−q1 − iϵÞ�

vðq01Þe−iðQ
þ
p−k−q1

þq2zÞz

q2z þQ−
p−k−q1 −Qþ

p−q1−q2 − iϵ
−

ð1 − xÞvðq̃1Þe−iQ
þ
p−q1−q2 z

−q2z þQþ
p−q1−q2 −Qþ

p−k−q1 − iϵ

�
; ð71Þ

with q01μ ¼ ðu · q1; q1;Q
þ
p−k−q1Þ and q̃1μ ¼ ðu · q1; q1;−q2z þQþ

p−q1−q2Þ. Evaluating this integral, we close the contour
below the real axis so the explicit exponential factor can be utilized. In the eikonal limit, we further find that

ImIGðq1; q2Þ ≃ −
1

2

ð1 − xÞ
ðk − q2 − xðp − q1 − q2ÞÞ2

vðq21Þvðq22Þ;

ReIGðq1; q2Þ ≃ 0: ð72Þ

Thus, the corresponding contribution to the amplitude squared reads

hRGR�
0i þ c:c: ¼ CFg2

Z
L

0

dz
Z
q

2ð1 − xÞ2ðk − xpÞ · ðkþ q − xpÞ
ðk − xpÞ2ðkþ q − xpÞ2

×

�
½1 − ĝ · uz�

�
cos

�
q · ð2ðk − xpÞ þ qÞ

2xð1 − xÞE z

�
− cos

� ðk − xpÞ2
2xð1 − xÞE z

��

þ ĝ ·

�
p − k − q
2ð1 − xÞE zþ kþ q

2xE
z

�
cos

�
q · ð2ðk − xpÞ þ qÞ

2xð1 − xÞE z

�
− ĝ ·

p
E
z cos

� ðk − xpÞ2
2xð1 − xÞE z

�

þ
�
x −

1

2

�
ĝ ·

�
2

kþ q − xp
ðkþ q − xpÞ2 −

k − xp
ðk − xpÞ · ðkþ q − xpÞ

�

×

�
sin

�
q · ð2ðk − xpÞ þ qÞ

2xð1 − xÞE z

�
þ sin

� ðk − xpÞ2
2xð1 − xÞE z

��	
ρðzÞ½vðq2Þ�2jJðE; pÞj2; ð73Þ

where the gradient corrections have been treated in the same way as before.
The two remaining DB diagrams are not expected to contribute in the eikonal limit, since they have the gluon emission

vertex in between the two interactions, attached to the same source. Starting with the case of initial- and final-state
scatterings in the quark lines, we can write the corresponding contribution as
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hRHR�
0i þ c:c: ¼ i

CF

N2
c
g2

Z
x;q1;q2

θðzÞρðx; zÞ 4ð1 − xÞ2ðk − xpÞ · ðk − xðp − q2ÞÞ
xðk − xpÞ2

×
h
e−iðq1þq2Þ·xe−iQ

−
p−q1−q2 zIH − eiðq1þq2Þ·xeiQ

−
p−q1−q2 zI�

H

i
JðE; pÞJ�ðE; p − q1 − q2Þ; ð74Þ

where

IH ¼
Z

dq2z
2π

Evðq̃1Þvðq2Þ
ðq2z −Qþ

p−q2 − iϵÞðq2z −Q−
p−q2 þ iϵÞðq2z −Qþ

p−k−q2 − iϵÞðq2z −Q−
p−k−q2 þ iϵÞ ; ð75Þ

and q̃1μ ¼ ðu · q1; q1;−q2z þQ−
p−q1−q2Þ. Evaluating this integral, we indeed find that it is energy suppressed IH ¼ Oð⊥EÞ,

and RH does not contribute in the considered limit.
Similarly, turning to the last contribution with initial-state scattering in the quark line and final-state scattering in the

gluon line, we write it as

hRIR�
0i þ c:c: ¼ −i

CF

2
g2

Z
x;q1;q2

θðzÞρðx; zÞ 4ð1 − xÞðk − xpÞ · ðk − ð1 − xÞq2 − xpÞ
ðk − xpÞ2

×
h
e−iðq1þq2Þ·xe−iQ

−
p−q1−q2 zI I − eiðq1þq2Þ·xeiQ

−
p−q1−q2zI�

I

i
JðE; pÞJ�ðE; p − q1 − q2Þ; ð76Þ

where

I I ¼
Z

dq2z
2π

Evðq̃1Þvðq2Þ
ðq2z −Qþ

p−q2 − iϵÞðq2z −Q−
p−q2 þ iϵÞðq2z −Qþ

k−q2 − iϵÞðq2z −Q−
k−q2 þ iϵÞ ; ð77Þ

and q̃1μ ¼ ðu · q1; q1;−q2z þQ−
p−q1−q2Þ. One may readily show that this integral is also energy suppressed and cannot

contribute to the squared amplitude in the considered limit.

C. Final distribution and its properties

The final-state parton distribution can now be expressed through the emission amplitude squared as

E
dN ð1Þ

d2kdxd2pdE
≡ 1

½2ð2πÞ3�2
1

xð1 − xÞ hjRN¼1j2i; ð78Þ

where the superscript indicates that only N ¼ 1 terms are included. It depends on the source of energetic quarks and allows
for the study of how an ensemble of quarks radiates while propagating through the matter. In this work, we assume that the
initial distribution E dN ð0Þ

d2pdE is a slowly varying function of the transverse momentum, setting E dN ð0Þ
d2ðp−qÞdE ≃ E dN ð0Þ

d2pdE.

In what follows, we use a set of shorthand notation in order to make the final expressions more compact. First, we
introduce the characteristic LPM phases, entering the final-state distribution,

ϕ ¼ ðk − xðp − qÞÞ2
2xð1 − xÞE z; ϕ̄ ¼ ðk − ð1 − xÞq − xpÞ2

2xð1 − xÞE z;

ϕ0 ¼
ðk − xpÞ2
2xð1 − xÞE z; ϕG ¼ q · ð2ðk − xpÞ þ qÞ

2xð1 − xÞE z:

It is also convenient to reexpress the light-front wave functions through their normalized arguments,

κ ¼ k − xðp − qÞ
ðk − xðp − qÞÞ2 ; κ̄ ¼ k − ð1 − xÞq − xp

ðk − ð1 − xÞq − xpÞ2 ;

κ0 ¼
k − xp

ðk − xpÞ2 ; κG ¼ kþ q − xp
ðkþ q − xpÞ2 :
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Finally, we associate the particular momentum structures in the gradient corrections with the diagrams where they appear
for the first time,

DA ¼ p − q
E

z; DB ¼ p − q
2E

zþ p − k − q
2ð1 − xÞE z; DC ¼ p − q

2E
zþ k − q

2xE
z;

DD ¼ p
E
z; DE ¼ p − k

ð1 − xÞE z; DF ¼ k
xE

z; DG ¼ p − k − q
2ð1 − xÞE zþ kþ q

2xE
z:

Let us now focus on the limit of static inhomogeneous matter, setting u ¼ 0 and keeping the leading subeikonal (but
length-enhanced) terms. The resulting distribution extends the consideration in [21], where the gradient corrections to the
jet broadening were studied within the opacity expansion, to the case of in-medium branching. It is obtained in the full
kinematics, although only up to the first order in opacity, extending the recent results for the all-order soft gluon spectrum in
inhomogeneous matter in [43]. Combining the contributions to the amplitude squared derived in Sec. III at u ¼ 0, we find

E
dN ð1Þ

d2kdxd2pdE
¼ ð1 − xÞg2

ð2πÞ3x
C2
F

Nc

�
E
dN ð0Þ

d2pdE

�Z
L

0

dz
Z
q

×

�
κ20ð1þ ĝ · DAÞ þ 2κ2ð1 − cosϕÞð1þ ĝ · DBÞ þ 2

Nc

CF
κ̄2ð1 − cos ϕ̄Þð1þ ĝ · DCÞ

þ κ0 · κ
2CFNc

�
2ð1 − cosϕÞ þ 2ĝ · ðDA − DB cosϕÞ − xĝ ·

�
2κ − κ2

κ0
κ0 · κ

�
sinϕ

�

−
Nc

2CF
κ0 · κ̄

�
2ð1 − cos ϕ̄Þ þ 2ĝ · ðDA − DC cos ϕ̄Þ þ ð1 − xÞĝ ·

�
2κ̄ − κ̄2

κ0
κ0 · κ̄

�
sin ϕ̄

�

−
Nc

2CF
κ · κ̄

�
2ð1þ cos ðϕ − ϕ̄Þ − cos ϕ̄ − cosϕÞ

þ 2ĝ · ðDA − DB cosϕ − DC cos ϕ̄þ ðDB þ DC − DAÞ cos ðϕ − ϕ̄ÞÞ

− ĝ ·

�
2ð1 − xÞκ̄ − κ0

κ20

κ̄2κ2

κ · κ̄
þ 2xκ

�
ðsinϕ − sin ϕ̄ − sin ðϕ − ϕ̄ÞÞ

�
− κ20 cosϕ0ð1þ ĝ · DDÞ − κ20½ð1 − cosϕ0Þ þ ĝ · ðDE − DD cosϕ0Þ þ xĝ · κ0 sinϕ0�

−
Nc

CF
κ20½ð1 − cosϕ0Þ þ ĝ · ðDF − DD cosϕ0Þ − ð1 − xÞĝ · κ0 sinϕ0�

þ Nc

CF
κ0 · κG

�
ðcosϕG − cosϕ0Þ þ ĝ · ðDG cosϕG − DD cosϕ0Þ

þ
�
x −

1

2

�
ĝ ·

�
2κG − κ2G

κ0
κ0 · κG

�
ðsinϕG þ sinϕ0Þ

�	
ρðzÞ½vðq2Þ�2: ð79Þ

Taking the limit of homogeneous matter with ĝ ¼ 0, we can readily check that this expression agrees with the result for the
N ¼ 1 in-medium branching; see, e.g., [52].
To make the features of the final-state parton distribution more apparent, it is instructive to consider the small-x limit

of (79), where the distribution is known to take a particularly simple form in the case of homogeneous matter [18]. In this
limit, ϕ ¼ ϕ0, ϕG ¼ ϕ̄jq→−q − ϕ0, κ ¼ κ0, and κG ¼ κ̄jq→−q. Keeping only the subeikonal terms that scale as 1

xE, we set
DA ¼ DB ¼ DD ¼ DE ¼ 0, then

E
dN ð1Þ

d2kdxd2pdE
¼ g2CF

ð2πÞ3x
�
E
dN ð0Þ

d2pdE

�Z
L

0

dz
Z
q

×

�
2k · q

k2ðk − qÞ2
�
1 − cos

�ðk − qÞ2
2xE

z

���
1þ ĝ · ðk − qÞ

2xE
z

�
−
ĝ · k
k2

�
z
xE

−
1

k2
sin

�
k2

2xE
z

��

þ k · ðk − qÞ
k2ðk − qÞ2

�
ĝ · ðk − qÞ

xE
z − ĝ ·

�
2

k − q
ðk − qÞ2 −

k
k · ðk − qÞ

�
sin

�ðk − qÞ2
2xE

z

��	
ρðzÞ½vðq2Þ�2: ð80Þ

KUZMIN, MAYO LÓPEZ, REITEN, and SADOFYEV PHYS. REV. D 109, 014036 (2024)

014036-18



This expression can be compared with the results of [43] and, after some algebra, one can show that (80) precisely agrees
with the N ¼ 1 part of the small-x resummed parton distribution.
Turning to the flow-gradient effects, we take the eikonal limit and note that only the same multiplicative factor in the

integrand of the amplitude squared survives. Then, the final-state distribution reads

E
dN ð1Þ

d2kdxd2pdE
¼ ð1 − xÞg2

ð2πÞ3x
C2
F

Nc

�
E
dN ð0Þ

d2pdE

�Z
L

0

dz
Z
q
ð1 − ĝ · uzÞ

×

�
κ20 þ 2κ2ð1 − cosϕÞ þ 2

Nc

CF
κ̄2ð1 − cos ϕ̄Þ þ κ0 · κ

CFNc
ð1 − cosϕÞ − Nc

CF
κ0 · κ̄ð1 − cos ϕ̄Þ

−
Nc

CF
κ · κ̄ð1þ cos ðϕ − ϕ̄Þ − cos ϕ̄ − cosϕÞ − κ20 cosϕ0 − κ20ð1 − cosϕ0Þ

−
Nc

CF
κ20ð1 − cosϕ0Þ þ

Nc

CF
κ0 · κGðcosϕG − cosϕ0Þ

	
ρðzÞ½vðq2Þ�2: ð81Þ

One readily observes that this modification of the distri-
bution results in a multiplicative modification of the
radiation rate due to the jet-medium interactions and,
consequently, in a modification of the induced radiative
energy loss, cf. [18].
Estimating the effect of the mixed term in the spectrum,

we focus on the small-x limit. Then, the final-state
distribution can be factorized into the initial quark distri-
bution and an emission spectrum dI ð1Þ, defined by

xE
dN ð1Þ

d2kdxd2pdE
≡ x

dI ð1Þ

dxd2k
E
dN ð0Þ

d2pdE
: ð82Þ

Following [18,53], we choose a smooth longitudinal profile
for the source density ρðx; zÞ ¼ 2ρ0ðxÞe−2z

L, treating the z
integral analytically. The resulting medium-induced gluon
spectrum reads

x
dI ð1Þ

dxd2k
¼ 4αsχNc

π

Z
q

2k · q
k2ðq2 þ μ2Þ2

L3ðk − qÞ2
L2ðk − qÞ4 þ 16x2E2

×

�
1þ

�
L2ðk − qÞ4

L2ðk − qÞ4 þ 16x2E2
−
3

2

�
Lðg · uÞ

�
;

ð83Þ

where we have introduced opacity χ ¼ CFg4ρ0
2Nc4πμ

2 L and

replaced ĝ by g ¼ ∇T
T

�
3 − 4

ðq2þμ2Þ
�
, assuming that

ρ0 ∼ T3 and μ ≃ gT, neglecting gradients of the transverse
flow u.
In Fig. 5, we plot the spectrum (83) for two energies

E ¼ 50 GeV (left) and E ¼ 100 GeV (right), while for
each energy we also show two different medium lengths
L ¼ 5 and L ¼ 2.5 fm, keeping the mean free path λ ¼ L

χ

fixed. We set αs ¼ 0.3, μ ¼ 0.6 GeV, and x ¼ 0.1 and
assume that χ ¼ 3 at L ¼ 5 fm. For a qualitative estimate

FIG. 5. The (rescaled) medium-induced soft gluon spectrum is plotted for two energies E ¼ 50 GeV (left) and E ¼ 100 GeV (right).
The colors distinguish the medium length, while the mean free path is kept fixed (χ ¼ 3 at L ¼ 5 fm). The solid lines correspond to the
homogeneous (or no transverse flow) limit, while the dashed lines correspond to u and ∇T being parallel or antiparallel.
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of the mixed flow-gradient term, we take juj ¼ 0.3,
j∇Tj
T2 ¼ 0.1, and T ¼ 0.3 GeV. One may readily see that
the modification of the spectrum could be substantial even
for moderate flows and anisotropies, especially for larger
systems.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have studied the mutual effect of the
transverse flow and matter gradients on jet momentum
broadening and in-medium branching processes. We have
derived the momentum broadening distribution up to first
order in gradients, including the gradients of the longi-
tudinal and transverse flow velocities and keeping the
leading subeikonal corrections. We have also evaluated the
leading gradient corrections to the medium-induced
gluon spectrum in the full kinematics. These results are
obtained within the opacity expansion framework, follow-
ing the logic of the formalism developed in [21] and
extending it.
As we have shown, the interplay of the flow and gradient

effects results in the leading modification of the final
parton distributions and their even moments. For instance,
the jet quenching parameter q̂ is rescaled by an overall
factor (34), which may substantially modify its value in the
homogeneous static limit. Indeed, let us focus on the
contribution proportional to the gradient of the source
density ∇ρ. Assuming that ρ ∼ T3, we set ĝ ¼ 3 ∇T

T . In the
hydrodynamic phase, one expects that LT ≫ 1 with
∇T
T2 ≪ 1, but the change in the matter properties over the
matter size is not required to be small L∇T

T ∼ 1. Thus, for

relativistic velocities juj
1−uz

∼ 1, our crude estimate indicates

that the modification in q̂ can be as large as the leading
contribution. For instance, taking the same moderate
estimates for the transverse flow and temperature gradients
as for the L ¼ 5 fm curve in Fig. 5, one readily finds
that q̂

q̂0
≃ 0.775.

The physical picture behind these larger modifications
can be made more transparent if we attempt keeping the full
x dependence in ρðx; zÞ, e.g., in (12). Assuming that only
the Fourier factors are varying fast enough in q − q0, we
find that the corresponding contribution to the amplitude

squared is proportional to ρ
�
− u

1−uz
zþ p−q

E z; z
�
. This

change in the local density along the leading parton
trajectory agrees with (16) up to first order in gradients
and can be identified with the shift of the matter in the
transverse direction over the traveling time z; see the
illustration in Fig. 6. One should note that the source
number density is positive, and higher order gradient
corrections ensure that (34) is positive. While the other
hydrodynamic parameters enter the amplitude squared in a

more involved way, the related gradient corrections as well
as the full momentum dependence in the integrand are
already taken into account in (30) [and in (81) for the
medium-induced branching].
The presented results should be further included in

phenomenological considerations of particular observables.
The possible substantial modification in q̂ and the energy
loss rate can considerably affect the existing simulations of
jets interacting with evolving backgrounds; see, e.g.,
[31,33,54–60]. It would also be interesting to see if the
mixed flow-gradient effects leave clear signatures in more
differential observables, discussed in the context of the
evolving anisotropic matter; see, e.g., [44,61–64]. We leave
all these considerations for future work.
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