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We investigate the proposal that the rise with energy of the ratio of the exclusive photoproduction cross
sections of vector mesons Ψð2sÞ and J=Ψ can serve as an indicator for the presence of high gluon densities
and associated nonlinear high energy evolution; we study this proposal for both photoproduction on a
proton and a lead nucleus. While previous studies were based on unintegrated gluon distributions subject to
linear (Balitsky-Fadin-Kuraev-Lipatov) and nonlinear (Balitsky-Kovchegov) evolution equations, the
current study is based on the Golec-Biernat Wüsthoff and Bartels Golec-Biernat Kowalski models, which
allows us to assess more directly the relevance of nonlinear corrections for the description of the energy
dependence of the photoproduction cross section. We find that the rise of the ratio is directly related to the
presence of a node in the Ψð2sÞwave function and only manifests itself for the complete nonlinear models,
while it is absent for their linearized versions. We further provide predictions based on leading order
collinear factorization and examine to which extent such an approach can mimic a ratio rising with energy.
We also provide a description of recent ALICE data on the energy dependence of the photonuclear J=Ψ
production cross section and give predictions for the energy dependence of the ratio of Ψð2sÞ and J=Ψ
photoproduction cross sections for both scattering on a proton and a lead nucleus.

DOI: 10.1103/PhysRevD.109.014032

I. INTRODUCTION

Exclusive photoproduction of charmonium in ultra-
peripheral collisions at the Large Hadron Collider (LHC)
provides one of the few processes at the LHC that allows for
an exploration of quantum chromodynamics (QCD) at
ultrasmall values of x, i.e., the perturbative high energy
limit of strong interactions. Here, x ¼ M2

V=W
2, where MV

denotes the mass of the vector meson andW is the center of
mass energy of the photon-proton or photon-nucleus reac-
tion. While a powerlike rise of the gluon distribution with
decreasing x has been both observed at the HERA collider
and is theoretically predicted by Balitsky-Fadin-Kuraev-
Lipatov (BFKL) evolution [1–3], it is known that such a rise
cannot continue down to arbitrarily small values of x. At
some value of x, this powerlike rise must slow down and
eventually saturate [4–6]. While there exist strong theoreti-
cal arguments for saturation of gluon densities [7–13], it is
still needed to pin down the region where such dynamics
turns relevant for the description of collider data and to

provide clear evidence for the emergence of nonlinear QCD
evolution in data.
Reactions that involve charmed final states are for such

explorations of special interest, see, e.g., [14,15] for
inclusive examples, since the charm mass provides a hard
scale of the order of the charm mass mc ≃ 1.4 GeV, which
places the reaction on the boundary between perturbative
and nonperturbative QCD dynamics. A class of reactions
that has drawn particular interest is in the context of photon
induced production of charmed vector mesons in exclusive
reactions, see, e.g., [16–26] for recent theory and [27–29]
for experimental proposals; see also the reviews [30–32].
Once HERA and LHC data are combined, such reactions
allow us to explore low x dynamics from intermediate
values x ≃ 10−2 down to x ¼ 10−6. The low x description is
therefore probed over several orders in magnitude.
In [33], see also [34,35], the energy dependence of the

photoproduction cross section has been studied through
comparing fits of unintegrated gluon distributions subject to
next-to-leading order (NLO) BFKL evolution [36–38]
(Hentschinski Salas Sabio-Vera) and Dokshitzer–Gribov–
Lipatov–Altarelli–Parisi (DGLAP) improved Balitsky-
Kovchegov (BK) evolution [39] (Kutak Sapeta) for the
case of exclusive photoproduction on a proton, see also [40]
for a related study. In this way one compares directly linear
and nonlinear low x frameworks with the possibility of
distinguishing between both descriptions in a comparison to
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data. While central values of results based on linear and
nonlinear unintegrated gluon distributions begin to differ for
x < 10−4 − 10−5, associated uncertainties do not allow us to
draw any substantial conclusions on the presence/absence of
nonlinear QCD dynamics. It was however realized that the
ratio of Ψð2sÞ and J=Ψ production cross section yields a
characteristically different energy dependence for linear
(BFKL) and nonlinear (BK) evolution equations: the ratio
rises with energy for full nonlinear QCD evolution while it
is approximately constant for linear evolution.
While the rise of the ratio of Ψð2sÞ and J=Ψ photo-

production cross sections with energy has been noted
before, if the energy dependence is described through
dipole cross sections that eventually unitarize, see, e.g.,
[41,42], the observation that linear QCD evolution is
associated with a constant ratio was not studied so far,
to the best of our knowledge; similar ideas have been
however used in [43] in the context of inclusive hadron
production in pA or [44] in J=Ψ gluoproduction to test
gluon saturation models. While the result found for Ψð2sÞ
and J=Ψ photoproduction is at first encouraging and would
imply certain benefits for the search for signals of non-
linear QCD dynamics at current and future collider experi-
ments, see, e.g., [28], it is at the same time not clear
whether the observed behavior can be directly associated
with the presence/absence of nonlinear QCD dynamics or
whether it is rather an artifact of the particular implemen-
tations of BFKL and BK evolution in the unintegrated
gluon distributions [36–38] and [39]. To clarify this point
further, we provide in this paper a study of the same
phenomena using (semi)analytical dipole models, which
allow for a more straightforward manipulation of linear vs
nonlinear effects and provide in this way a more direct
study of their impact on observables. At the same time it
must be however noted that dipole models only capture
certain features of the solution of nonlinear QCD evolution
equations. There is therefore no guarantee that they
provide a correct prediction, in particular if their region
of applicability is extended beyond the region of phase
space for which their parameters have been originally
fitted to.1 Their advantage is that they provide direct
analytical access to the underlying dynamics that generates
nonlinear QCD evolution and therefore allows us to test in
a more direct way the relevance of such effects and
underlying concepts.
We therefore repeat in this paper the program of [33],

while we model the gluon density through two dipole
models, the Golec-Biernat-Wüsthoff (GBW) model [45]
and Bartels-Golec-Biernat-Kowalski (BGK) model [46].
We treat both in their linearized and complete exponenti-
ated, i.e., unitarized, versions, see below for the precise

definitions. We further introduce a new parameter into these
models, which allows us to vary the strength of potential
nonlinear effects. While our study focuses on the study of
the ratio of Ψð2sÞ and J=Ψ photoproductions in photon-
proton collisions, we also give a description of the very
recent ALICE and CMS data on J=Ψ photoproductions in
photon-lead collisions [47,48] based on these models and
provide predictions for Ψð2sÞ photonuclear production as
well as for the ratio Ψð2sÞ over J=Ψ.
The outline of this paper is as follows: In Sec. II, we give

an overview of the theoretical setup of our study and
present numerical results for the energy dependence of
photoproduction cross sections. Section III identifies the
geometric scaling region as the relevant region for the
detection of nonlinear dynamics and explores to which
extent the ratio of Ψð2sÞ and J=Ψ photoproduction cross
sections is able to capture this type of dynamics; we further
present here our predictions for the cross section ratio. We
draw our conclusions in Sec. IV.

II. PHOTOPRODUCTION CROSS SECTIONS

We study the process,

γðqÞ þpðpÞ→ Vðq0Þ þpðp0Þ; V ¼ J=Ψ;Ψð2SÞ; ð1Þ

where γ denotes a quasireal photon with virtuality Q ≃ 0,
which stems from an electron (HERA) or a proton/lead
nucleus in the case of LHC data; W2 ¼ ðqþ pÞ2 is the
squared center-of-mass energy of the γðqÞ þ pðpÞ reaction,
see also Fig. 1. With t ¼ ðq − q0Þ2, the differential cross
section for the exclusive photoproduction of a vector meson
can be written as

FIG. 1. Exclusive photoproduction of vector mesons J=Ψ and
Ψð2sÞ. For the quark-antiquark dipole, we indicate photon
momentum fractions z and 1 − z as well as the transverse
separation r. Finally k denotes the transverse momentum trans-
mitted from the unintegrated gluon distribution of the proton; the
latter is indicated through the gray blob.

1A similar statement applies if dipole models fitted to proton
data are extended to nuclear targets.
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dσ
dt

ðγp→ VpÞ ¼ 1

16π
jAγp→Vp

T ðx; tÞj2; V ¼ J=Ψ;Ψð2SÞ:
ð2Þ

Here ATðW2; tÞ denotes the scattering amplitude for a
transverse polarized real photon with color singlet exchange
in the t channel, with an overall factorW2 already extracted.
x ¼ M2

V=W
2 with MV the mass of the vector meson; see

also, e.g., [35]. To access the inclusive gluon distribution,
we follow a two-step procedure, frequently employed in the
literature, see e.g. [49–51]: First one determines the differ-
ential cross section at zero momentum transfer t ¼ 0, which
can be related to the inclusive gluon distribution; in a second
step one uses the ansatz dσ=dt ∼ exp ½−jtjBD� with the
diffractive slope parameter BD, which can be extracted from
the t dependence measured at HERA and LHC experiments.
Given this dependence, the total cross section is obtained as

σγp→VpðW2Þ ¼ 1

BDðWÞ
dσ
dt

ðγp → VpÞ
����
t¼0

: ð3Þ

The uncertainty introduced through the modeling of the t
dependence mainly affects the overall normalization of the
cross section with a possible mild logarithmic dependence
on the energy. For photon-proton collisions, we employ an
energy-dependent diffractive slope BD,

BD;pðWÞ ¼
�
b0;p þ 4α0p ln

W
W0

�
GeV−2; ð4Þ

where W0 ¼ 90 GeV and b0;p and α0p determined in [42]

from a fit to HERA data with bJ=Ψ0;p ¼ 4.62, bΨð2sÞ0;p ¼ 4.86,

while α0J=Ψp ¼ 0.171 and α0Ψð2sÞp ¼ 0.151. To compare to
recent ALICE data for photonuclear J=Ψ production [47],
we need to determine the diffractive slope for this reaction.
Since the currently available dataset is integrated over the
rapidity of the J=Ψ vector meson and therefore exhibits no
W dependence, we chose the ansatz

dσ
djtj ¼ C · e−BDjtj; ð5Þ

and find C ¼ ð1.62� 0.08Þ b=GeV2 and BD ¼ ð4.01�
0.15Þ × 102=GeV2 with χ2=d:o:f. ¼ 0.97 from a fit to the
first measurement of the jtj dependence of the coherent J=Ψ
photonuclear production, obtained by the ALICE collabo-
ration in [52], see also Fig. 2 for a comparison of data to the
employed parametrization; when preparing predictions for
the Ψð2sÞ photonuclear production cross section, we will
also make use of this result.
Apart from a potential mild energy dependence of the

slope parameter, the entire energy dependence is then
contained in the scattering amplitude. Its dominant con-
tribution is provided by the imaginary part, while correc-
tions due to the real part of the scattering amplitude can be
estimated using dispersion relations,

ℜeAðxÞ
ℑmAðxÞ ¼ tan

λðxÞπ
2

; λðxÞ ¼ d lnℑmAðxÞ
d ln 1=x

: ð6Þ

As noted in [35], the dependence of the slope parameter λ
on x provides a sizable correction to the W dependence of
the complete cross section. We therefore do not assume
λ ¼ const, but instead determine the slope λ directly from
the x-dependent imaginary part of the scattering amplitude.

A. Wave function overlap

Within high energy factorization, the imaginary part of
the scattering amplitude at t ¼ 0 is obtained as a con-
volution of the light-front wave function—which describes
the formation of a color dipole and its subsequent transition
into a vector meson—and the dipole cross section. In the
following, we use a simple Gaussian model for the vector
meson wave function, which yields

ℑmAγp→Vp
T ðx; t ¼ 0Þ ¼

Z
d2rΣðrÞσqq̄ðx; rÞ; ð7Þ

where r ¼ r denotes the transverse separation of the
dipole and

ΣðrÞ ¼
Z

1

0

dz
4π

ðΨ�
VΨTÞðr; zÞ;

¼
Z

1

0

dz
4π

êfeNc

πzð1 − zÞ
n
m2

fK0ðmcrÞϕTðr; zÞ

− ½z2 þ ð1 − zÞ2�ϵK1ðmcrÞ∂rϕTðr; zÞ
o
: ð8Þ

Note that [33] uses a refined description for the wave
function overlap based on the setup and wave functions
presented in [42,53]; as an alternative to these wave
functions one might also consider the set presented in
[54]. We found that the effects of this improved description

0.000 0.002 0.004 0.006 0.008 0.010

50

100

500

1000

FIG. 2. Diffractive slope for photonuclear reactions as obtained
from a fit to Eq. (5). We also show ALICE data [52].
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are small for the current study. We therefore stick for simplicity with the simple boosted Gaussian model according to the
Brodsky-Huang-Lepage prescription [55–57],

ϕ1s
T ðr; zÞ ¼ N T;1szð1 − zÞ exp

 
−

m2
fR

2
1s

8zð1 − zÞ −
2zð1 − zÞr2

R2
1s

þm2
fR

2
1s

2

!
; ð9Þ

ϕ2s
T;Lðr; zÞ ¼ N T;2szð1 − zÞ exp

 
−

m2
fR

2
2s

8zð1 − zÞ −
2zð1 − zÞr2

R2
2s

þm2
fR

2
2s

2

!

·

"
1þ α2s

 
2þ m2

fR
2
2s

4zð1 − zÞ −
4zð1 − zÞr2

R2
2s

−m2
fR

2
2s

!#
: ð10Þ

The free parameters of this parametrization have been
determined in various studies from the normalization and
orthogonality of the wave functions as well as the decay
width of the vector mesons. In the following we use the
values found in [58], which we summarize in Table I.

B. Dipole cross sections

Within collinear factorization, one finds to leading order
for the dipole cross section [46,59]

σcollinearqq̄ ðx; rÞ ¼ π2

3
r2αsðμ2Þxgðx; μ2Þ: ð11Þ

The renormalization scale μ is usually identified with the
factorization scale and taken to depend on the dipole size
with μ2 ∼ 1=r2 for small dipole sizes; xgðx; μ2Þ denotes the
collinear gluon distribution subject to leading order
DGLAP evolution. A simple way to estimate corrections
that yield unitarization of this dipole cross section in the
limit of large dipole separations r and/or large gluon
densities is to exponentiate the collinear cross section,
which yields the BGK model,

σBGKqq̄ ðx; rÞ ¼ σBGK0

�
1 − exp

�
−
r2π2αsðμ2rÞxgðx; μ2rÞ

3σBGK0

��
:

ð12Þ

See [32,60] for a recent comprehensive review. The above
exponentiation introduces a new parameter, σ0, which
yields the value of the dipole cross section in the black

disk limit, corresponding to the transverse size of the target.
An even simpler model is provided by the GBW model,

σGBWqq̄ ðx; rÞ ¼ σGBW0

�
1 − exp

�
−
r2Q2

sðxÞ
4

��
;

Q2
sðxÞ ¼ Q2

0

�
x0
x

�
λ

; ð13Þ

where Qs denotes the saturation scale within the model
and gathers various factors of the collinear cross section
into a single factor. Both models have been recently
refitted for dipole scattering on a proton to combined
HERA data in [61], where free parameters are obtained
as σGBW0 ¼ ð27.43� 0.35Þ mb, λ ¼ 0.248� 0.002, x0 ¼
ð0.40� 0.04Þ × 10−4, while Q0 ¼ 1 GeV for the GBW
model. For the BGK model, gðx; μ2Þ is subject to leading
order DGLAP evolution equation without quarks,

d
dμ2

gðx; μ2Þ ¼ αs
2π

Z
1

x

dz
z
PggðzÞgðx=z; μ2Þ;

xgðx;Q2
0Þ ¼ Agx−λgð1 − xÞ5.6; ð14Þ

where xgðx;Q2
0Þ denotes the gluon distribution at the

initial scale Q0 ¼ 1 GeV. Following the recent fit [61] of
this model, we evaluate the gluon distribution and the
QCD running coupling at the dipole size-dependent scale

μ2r ¼
μ20

1 − exp ð−μ20r2=CÞ
: ð15Þ

The remaining parameters of the model have been obtained
as σBGK0 ¼ ð22.93� 0.27Þ mb, Ag ¼ 1.07� 0.13, λg ¼
0.11� 0.03, C ¼ 0.27� 0.04, μ20 ¼ ð1.74� 0.16Þ GeV2.
The exponentiated terms allow us within these simple
models to explore the relevance of nonlinear QCD dynamics
for the description of data. We will therefore refer in the
following to these exponentiated terms also as the “non-
linear” corrections.

TABLE I. Parameters of the boosted Gaussian vector meson
wave functions for J=Ψ and Ψð2sÞ [58].
Meson mf=GeV N T R2=GeV−2 α2s MV=GeV

J=Ψ mc ¼ 1.4 0.596 2.45 3.097
Ψð2sÞ mc ¼ 1.4 0.67 3.72 −0.61 3.686
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C. Modified dipole cross sections

To explore the relevance of the exponentiated terms,
which simulate nonlinear QCD evolution, we will compare
for the following numerical study both complete and
linearized models. In addition, we introduce in the follow-
ing a parameter “k” that allows for a smooth transition
between both scenarios, i.e., which allows us to vary the
“density” of gluons by hand. We introduce this parameter k
through a rescaling Q2

sðxÞ → k ·Q2
sðxÞ, while we keep the

linearized dipole cross sections fixed. For the GBW model
this leads to

σGBWqq̄ ðx; r; kÞ ¼ σGBW0 Q2
sðxÞ

�
r2

4

�

×

�
1þ

X∞
n¼1

1

ðnþ 1Þ!
�
−k ·

r2Q2
sðxÞ
4

�
n
�
;

¼ σGBW0

k

�
1 − exp

�
−k ·

r2Q2
sðxÞ
4

��
: ð16Þ

With this modification, k ¼ 0 corresponds to the linear
case, whereas k ¼ 1 yields the current HERA fit of the
model; finally, k > 1 implies an additional enhancement of
nonlinear effects. Within this simple approach, k can be
understood as a parameter that controls the strength of the
triple Pomeron vertex and, therefore, the relevance of
nonlinear dynamics. We also apply an identical modifica-
tion to the BGK model,

σBGKqq̄ ðx;r;kÞ¼ σBGK0

k

�
1−exp

�
−k ·

r2π2αsðμ2rÞxgðx;μ2rÞ
3σBGK0

��
:

ð17Þ

D. Nuclear effects

If the color dipole scatters on a large nucleus instead of a
single proton, one expects an increase of the saturation
scale due to the nuclear “oomph factor,”

Q2
s;AðxÞ ≃ A

1
3Q2

sðxÞ; ð18Þ

where A denotes the number of nucleons in the nucleus, and
Q2

s;AðxÞ is the saturation scale for the nuclear target, while
Q2

sðxÞ denotes the saturation scale for a single proton, as
obtained from the fit to HERA data. With the transverse
size of the dipole cross section scaling as ∼A2=3, we finally
obtain

σqq̄;Aðx; rÞ ¼ Aσqq̄ðx; r; k ¼ A
1
3Þ; ð19Þ

where we use the k parameter of Eqs. (16) and (17) to
implement the nuclear enhancement of the saturation

scale, corresponding to an increase in the density of
gluons. Concluding we would like to stress that the above
way to introduce nuclear dependence is of course a very
crude approach. It neither includes possible variations of
the saturation scale at different impact parameters nor does
it include the evolution of the latter with energy. Such
effects have been already studied in the literature, see for
instance [62,63] for studies at the level of dipole models
or [16,20,40] who study J=Ψ photoproduction on a lead
target using a solution to impact parameter dependent BK
evolution, with initial conditions fitted to nuclear Parton
Distribution Function (PDFs). Such an approach is clearly
technically more advanced than the above treatment and in
this sense superior to our results. Absence of such effects
in our model might therefore in principle spoil our results.
Our approach has on the other the advantage that it
provides an extremely simple way to test the basic ideas
of gluon saturation, such as an A

1
3 enhancement of color

sources in the large nucleus, and therefore allows for a
simple test of the basic ideas underlying gluon saturation.

E. Results for the photoproduction cross section

In Fig. 3 we compare the energy dependence of the
complete dipole models against their corresponding lin-
earized version, with the overall normalization fitted to low
energy HERA data. While J=Ψ tends to prefer the complete
saturation models that include nonlinear effects, the uncer-
tainties of the LHCb data shown in the comparison are
likely to be underestimated, since they only include the
experimental uncertainties of the distribution in rapidity,
but not effects due to different methods of unfolding the
photon-proton cross section from proton-proton data.
Moreover, both models have been fitted in their complete
nonlinear version to HERA data and it is therefore natural
for the nonlinear version to align better with data. Results
for photoproduction on a lead nucleus are given in Fig. 4.
To provide an estimate of uncertainty associated with the
nuclear scaling of the saturation scale, we vary in Fig. 4 the
parameter A1=3 by a factor of 2. We however would like to
point out that this estimate of uncertainties is not identical
to a similar procedure in the case of the factorization scale
since an all-order cross section would turn independent of
the factorization scale, while the same is not true for the
above variation of the gluon density. It therefore provides
an estimate of the uncertainty due to the ad hoc rescaling of
Eq. (18) to arrive at the saturation scale for the dipole
nucleus interaction. Note that for the linear result there is no
corresponding uncertainty band, since effects related to a
variation of the saturation scale are absent in that case.
Despite the relatively wide uncertainty band for the
complete model, we find a clear deviation of data from
the linearized description, which indicates the relevance of
nonlinear terms.
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III. NONLINEAR CORRECTIONS AND THE Ψð2sÞ
OVER J=Ψ RATIO

The above results suggest weak nonlinear corrections for
charmonium production in photon-proton collisions, while
they appear to be sizeable for photoproduction on a large
nucleus. In the following, we provide a more systematic
exploration of the relevance of these corrections for the
description of data and point out how this is reflected in the
ratio of Ψð2sÞ and J=Ψ photoproduction cross sections.

A. Charmonium production and the scaling region

With

QGBW
s ðx ¼ 10−6Þ ≃ 1.58 GeV; ð20Þ

the numerical value of the saturation scale in the proton is
close to the hard scale of the charmonium production cross
section, which is of the order of the charm mass,
mc ≃ 1.4 GeV. In such a process one is therefore not

sensitive to the saturated region of the dipole region.
Instead one might at most probe the so-called (geometric)
scaling region [74], where the dimensionless dipole cross
section σqq̄ðx; rÞ=σ0 is still weak, σqq̄ðx; rÞ=σ0 ≪ 1, but
already influenced by the presence of the saturated region
σqq̄ðx; rÞ=σ0 ∼ 1 [75]. This geometric scaling region can be
defined as the range in dipole size r in which the dipole
cross section σqq̄ðx; rÞ turns into a function of a single
variable, σqq̄ðx; rÞ → σqq̄ðr2Q2

sðxÞÞ. Using properties of
solutions to the BK equations, this region can be estimated
due to the following inequality [76–78]:

1 < j ln ðr2Q2
sðxÞÞj ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ᾱsχ

00
0ðγ0Þ

q
; ð21Þ

with χ0ðγÞ ¼ 2Ψð1Þ − ΨðγÞ −Ψð1 − γÞ as the leading
order BFKL eigenvalue and γ0 given implicitly through
χ0ðγ0Þ=γ0 ¼ χ00ðγ0Þ with γ0 ≃ 0.627549. The resulting
scaling region is illustrated in Fig. 5 (left) using the
GBW saturation scale and ᾱsðmcÞ ≃ 0.29, for both the

BGK � 3.4

BGK lin. � 1.1

GBW � 3.4

GBW lin. � 1.2

ALICE 2023

CMS 2023

10 50 100 500 1000 5000
1

5

10

50

100

500

BGK � 3.4

BGK lin. � 2.3

GBW � 3.4

GBW lin. � 2.5

10 50 100 500 1000 5000
1

5

10

50

100

FIG. 4. Predictions of the photonuclear production of J=Ψ and Ψð2sÞ. We further show ALICE [47] and CMS [48] data.
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FIG. 3. Energy dependence of the total cross sections for exclusive photoproduction of J=Ψ (left) and Ψð2sÞ (right) as obtained within
the dipole models discussed in the text. We further display photoproduction data measured at HERA by ZEUS [64] and H1 [65,66],
LHC data obtained from ALICE [67–69] and LHCb [70,71] for J=Ψ production, as well as H1 [72,73] and LHCb data [71] for theΨð2sÞ
photoproduction cross section.
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proton and a lead nucleus. For the proton, even at the lowest
accessible values of x, one enters the scaling region only for
r > 1=GeV, while, for a lead nucleus, the scaling regions
start already at r > 0.4=GeV. To compare the scaling
region to the region in dipole sizes probed for J=Ψ and
Ψð2sÞ production, we introduce the normalized wave
function overlap

WVðrÞ ¼
r
R
1
0 dzðΨ�

VΨTÞðr; zÞR
drr
R
1
0 dzðΨ�

VΨTÞðr; zÞ
;

Z
∞

0

drWðrÞ ¼ 1;

ð22Þ

see Fig. 5 (right); note that WΨð2sÞðrÞ < 0 for r >
2.59=GeV. To access the relevance of the different regions
in dipole size r for the complete cross section, we further
provide in Table II the integrated WVðrÞ function for
different regions. For the photonuclear production cross-
section, the bulk of the dipole sizes probed in the reaction—
approximately three quarters—lies within the geometric
scaling region; this explains the clear imprint of a nonlinear
energy dependence in the photoproduction cross section
shown in Fig. 4. For photoproduction on a proton, this
contribution is however reduced to approximately a third,
which explains the relatively weak nonlinear dynamics in
Fig. 3. We further determine the first moment of the wave
function overlap, defined through

hriV ¼
Z

∞

0

drr ·WVðrÞ; with hriJ=Ψ ¼ 0.89=GeV;

hriΨð2sÞ ¼ 0.72=GeV; ð23Þ

which confirms the observation [41,42] that photoproduc-
tion of aΨð2sÞ is dominated by slightly smaller dipole sizes.

B. The ratio of the photoproduction cross sections

To have access to the geometrical scaling region in the
proton, it is therefore necessary to probe observables that
are somehow sensitive to dipole sizes 1 < r < 3/GeV. In
this region, both wave function overlaps are still sizeable,
while they differ significantly in shape due to the node of
WΨð2sÞ at r ¼ 2.59=GeV. A possibility to gain sensitivity to
this region is therefore given by the ratio of both photo-
production cross sections. To understand the behavior of
this ratio, it is best to study it first for the scenario where
nonlinear dynamics is absent. For the linearized GBW
model,

σGBW;lin
qq̄ ðx; rÞ ¼ σGBW0 r2Q2

sðxÞ=4; ð24Þ

Equation (7) turns into

p

Pb

10�7 10�6 10�5 10�4 0.001 0.010
0

1

2

3

4

0 1 2 3 4 5 6

10�5

10�4

0.001

0.010

0.100

1

FIG. 5. Left: estimated geometric scaling region, based on the GBW saturation scale for both proton and lead. Right: integrated
Gaussian wave function overlap for photoproduction of vector mesons J=Ψ and Ψð2sÞ.

TABLE II. Percentage of wV ¼ R rmax
rmin

drWV for different regions of dipole size r. Note that the WΨð2sÞ < 0 for
r > 2.59=GeV.

0 < r < 0.4=GeV 0.4 < r < 1=GeV 1 < r < 3=GeV r > 3=GeV

wJ=Ψð%Þ 23.6 40.8 34.9 0.7
wΨð2sÞð%Þ 26.7 45.7 30.0 −1.4
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ℑmAγp→Vp
T ðxÞ ¼ Q2

sðxÞ · σGBW0

Z
d2rΣðrÞr2=4;

V ¼ J=Ψ;Ψð2sÞ: ð25Þ

With the entire x dependence contained in the saturation
scale—which itself is independent of the dipole size—the x
dependence is independent of the vector meson wave
function, and the GBW saturation scale cancels in the
ratio. Leaving aside a possible weak logarithmic depend-
ence on the center of mass energy W due to the slope
parameter Eq. (4), one finds a constant dipole cross section
ratio. If, on the other hand, the full nonlinear GBWmodel is
inserted, the x dependence of the dipole cross section starts
to depend on the size of the dipole and no longer cancels in
the ratio; the impact of these nonlinear terms on the ratio
will be explored below.
A similar observation holds for the BGK model, where

the factorization scale (and therefore the resulting saturation
scale) depends on the dipole size. Nevertheless in the region
of interest corresponding to dipole sizes r > 1/GeV, the
factorization scale approaches rapidly μ0 ≃ 1.32 GeV and
one deals again with a dipole size independent saturation
scale. For r > 1=GeV, the x dependence of the collinear
leading order dipole cross section Eq. (11) turns therefore r
independent and one finds again a ratio which is approx-
imately x independent, if one sticks to the linear dipole cross
section. If on the other hand the collinear dipole cross
section is exponentiated (corresponding to the BGKmodel),
the ratio of the Ψð2sÞ and J=Ψ photoproduction cross
sections turns sensitive to the different shapes of the wave
function overlaps. To illustrate this point further, we
consider the normalized unintegrated scattering amplitude
aVðx; rÞ, V ¼ J=Ψ;Ψð2sÞ, differential in dipole size r,
which now also includes, in addition to Eq. (22), effects
due to the dipole cross section. With

ℑmAVðxÞ ¼
Z

∞

0

dr2πrΣγVðrÞσqq̄ðx; rÞ; ð26Þ

we define

aVðx;rÞ¼
2πrΣγVðrÞσqq̄ðx;rÞ

ℑmAðxÞ ;
Z

∞

0

draVðx;rÞ¼1: ð27Þ

While the overall value is growing with x, the normalized
expression Eq. (27) does for the collinear dipole cross
section not change with x, see Fig. 6 (left), leaving aside a
small modification in the perturbative region r < 1=GeV
which is induced by DGLAP evolution and well under
control. For the nonlinear case, Fig. 6 (center), we find on
the other hand a significant modification both in the region
of perturbative dipole sizes r < 1=GeV as well as in the
scaling region. We therefore expect an increased sensitivity
to the geometric scaling region and therefore the presence
of high gluon densities. In Fig. 7 we explore the effect of

different values of k on the behavior of the ratio at
amplitude level, down to values of x ¼ 10−12. While a
linearized dipole cross section assumes the total absence of
nonlinear corrections, small values of k probe the scenario
where nonlinear corrections are in principle present, but
very small. In this case, dipole cross section unitarizes in
the limit x → 0 and r → ∞, while these corrections are
assumed to be numerically very small in the region probed
by current experimental facilities. We find that, for this
scenario, one has indeed an almost constant amplitude
ratio, as seen for the linearized case. While the GBWmodel
yields an essentially constant ratio for small k and/or
intermediate x, the BGK model predicts even for that
region a slight growth, which is however substantially
weaker than the growth predicted in the presence of
sizeable nonlinear corrections. Independent of the strength
of nonlinear corrections, i.e., independent of the value of k,
we find that there is always a region in x, where the ratio
starts to grow. The onset of this growth is strongly
correlated with the value of the parameter k, i.e., for large
values of k—corresponding to higher gluon densities—the
growth starts for larger values of x than for smaller values
of x.
We further observe that the growth of the ratio eventually

saturates once sufficiently high densities are reached—
either through a sufficiently large k parameter or through
continuation to ultrasmall x values. This behavior can be
understood from both the behavior of the dipole cross
section for ultrasmall x, see Fig. 6 (right) and the normal-
ized wave function overlap Eq. (22), Fig. 5 (right). Turning
to lower and lower values x, the active region of the dipole,
i.e., the region changing shape with decreasing x, is moving
towards smaller and smaller dipole sizes. Eventually one
reaches values of the dipole size r, where WVðrÞ coincides
for both vector mesons and the ratio approaches again a
constant value, which is related to the difference in the
overall normalization.
While values x < 10−7 are essentially impossible to

observe at the LHC, such a behavior would be already
visible at LHC if the saturation scale would be twice as
large (k ¼ 4) as extracted from HERA data, which is
approximately realized for photonuclear production on
Pb, since A1=3

Pb ≃ 5.92.

C. Comparison to collinear factorization

The above result suggests—in line with the observation
made in [33]—that a rising cross section ratio yields a clear
indicator for the presence of nonlinear effects. It is there-
fore natural to investigate the ratio also from the point of
view of collinear factorization. As far as the determination
of the dipole cross section within collinear factorization is
concerned, we already addressed this question when
considering the linearized BGK model: the scattering
amplitude is approximately constant with decreasing
values of x. There are however different scenarios possible,
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if one determines the entire cross section within collinear
factorization, making use of nonrelativistic QCD to
describe the photon to vector meson transition. Within
such a framework, the leading order QCD cross section is
given by [79], see also [51,80,81],

dσ
dt

ðγp → VpÞ
����
t¼0

¼ ΓV
eeM3

Vπ
3

48αe:m:

�
αsðμ2Þ
Q̄4

xgðx; μ2Þ
�
2

; ð28Þ

for the next-to-leading order result, see [82–84]. Here μ
denotes the renormalization and factorization scale, while
Q̄2 ¼ m2

c for the case of a real photon with ΓJ=Ψ
ee ¼ 5.55 ×

10−6 GeV and ΓΨð2sÞ
ee ¼ 2.33 × 10−6 GeV the electric

width of the vector meson. Such a description is based
on the assumption that the wave function overlap of both
vector mesons is dominated by small dipole sizes, which is
in accordance with the observation made in Table II, at
least as far as photoproduction on a proton is concerned.
Since the hard scale is of the order of the charm mass, it is
natural to associate the latter with the factorization and
renormalization scale of the above cross section. In such a
case, the ratio of Ψð2sÞ and J=Ψ photoproduction cross
sections is trivially constant with decreasing x, since the
gluon distribution in Eq. (28) cancels in the ratio.

As an alternative to this choice one can also argue along
the observation made at the end of Sec. III A: the first
moment of the wave function overlap is smaller for Ψð2sÞ
than for J=Ψ. This then suggests that the factorization scale
of the Ψð2sÞ might be slightly larger than the one of the
J=Ψ. Indeed, this is a common choice in the literature, see
for instance [51,81], where one uses μ ¼ MV=2. Since the
growth of the gluon distribution with decreasing x is
stronger for larger factorization scales, one therefore finds
also a rising cross section ratio within collinear factoriza-
tion. Collinear factorization is therefore able to accommo-
date a rise through a corresponding choice of the
factorization scale. The main difference is that collinear
factorization is able to accommodate a rise of the cross
section, while a nonlinear dipole cross section predicts such
a rise. Within collinear factorization, a constant or—if
desired—even falling ratio with decreasing x is equally
possible. The conventional procedure to reduce such a scale
ambiguity requires the determination of higher order per-
turbative corrections. While NLO corrections are known,
see, e.g., [82–84], the perturbative corrections that control
logarithms in the factorization scale are naturally propor-
tional to the leading order DGLAP gluon-to-gluon and
quark-to-gluon splitting function and are therefore very

FIG. 6. Left: Eq. (27) vs the dipole size r for both the linearized/collinear BGK model Eq. (12), corresponding to the dipole cross
section to leading order within collinear factorization. Center: the same quantity for the complete BGK model. Both dipole cross
sections are based on the same gluon distribution of [61]. Right: evolution of the BGK dipole cross section towards small x, both for the
complete (solid) and collinear (dashed).

FIG. 7. Ratio of the imaginary part of the scattering amplitude for the BGK (left) and GBW (right) model for different values of
k∈ ½10−2; 10�.
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large in the low x region; the scale uncertainty is therefore
not considerably reduced. It is therefore probably necessary
to either determine corrections beyond NLO or some to
implement a low x resummation within the collinear
calculation. We believe it would be interesting to investigate
this problem further along the lines of [85,86], which
addresses a related problem in the context of inclusive
charmonium production.
Within the complete dipole models, the rise of the ratio

is, on the other hand, a direct consequence of the above
discussed low x dynamics, i.e., the rise can be understood
as a prediction of low x dynamics, which is directly related
to nonlinear low x dynamics in the dipole cross sections.
Observation of a constant or very slowly growing ratio
would be a strong hint towards a significant delay of the
onset of non-linear QCD dynamics in the currently avail-
able dataset. If one would extend, on the other hand, the
dataset beyond x ¼ 10−6, the growth of the ratio would
start to slow down if caused by nonlinear dynamics. In
contrast, collinear factorization would not be able to
accommodate such a feature. Indeed, the onset of such a
slowdown might be already observable for photonuclear
reactions, where gluon densities are enhanced by A1=3.

D. Results at cross section level

In Fig. 8, we finally provide our predictions for the ratio
at the cross section level. We present both results for
exclusive photoproduction on a proton, for which we
compare to recent ZEUS as well as H1 data and predictions
for exclusive photonuclear production on a lead nucleus.
As expected from the above study on the amplitude level, a
linearized dipole cross section provides, in both cases, an
almost constant cross section ratio, both for the photo-
production on a proton and on lead. For the complete
dipole models, Eqs. (12) and (13), we find a ratio with an
approximately linear growth with lnW=GeV. We also
provide predictions based on collinear factorization, where
we use the inclusive gluon PDF of the BGK fit as the

underlying parton distribution function. As expected, we
find a constant ratio if the factorization scale is chosen as
the charm mass mc ¼ 1.4 GeV for both production cross
sections. In contrast, we find rising ratios if we introduce a
hierarchy between the Ψð2sÞ factorization scales and the
J=Ψ production cross sections. In particular, the choice
μ ¼ MV=2, V ¼ J=Ψ;Ψð2sÞ yields a cross section ratio
that produces a rise similar to the complete saturation
models. While the K factor appears to be large in the case
of collinear factorization, we note that they approach unity
if one chooses different charm masses for the Ψð2sÞ and
the J=Ψ, i.e., through setting Mc ¼ MV=2. The depicted
results use, on the other hand, a universal value of
mc ¼ 1.4 GeV, which cancels for the ratio. We further
find that the ratio aligns for the complete dipole models
well at low center of mass energies with existing HERA
data without the need to introduce additional K factors.
This points towards another advantage of the cross section
ratios since they benefit from the cancellation of various
sources of uncertainties for the theoretical predictions,
while a similar reduction in uncertainties can be expected
for experimental results.
For photonuclear production, we first note that, within

our current treatment, all linear descriptions, i.e., linearized
dipole models and collinear factorization, coincide with
the result presented for the proton case since within or
treatment, only the overall normalization is changed for the
nuclear case. For the completely unitarized dipole models,
Eqs. (12) and (13), with nuclear effects implemented
according to Eq. (19), we find that the cross section
ratio rises approximately linearly with lnW=GeV, while
this growth slows down with increasing values of W,
indicating that we are entering the region, where the
growth of the ratio starts to saturate. Albeit such a behavior
appears to be difficult to identify in experimental data, this
would be certainly a feature that collinear factorization
could not reproduce, at least within the setup chosen in
this paper.
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FIG. 8. Ratio of photoproduction cross sections both for the proton (left) and lead (right). For the proton we further depict ZEUS [87]
and H1 [88] data.
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IV. CONCLUSIONS

In this paper we provided a detailed study of the proposal
made in [33], i.e., the claim that a rising ratio of photo-
production cross sections for Ψð2sÞ and J=Ψ can serve as
an indicator for the presence of nonlinear low x dynamics in
the proton and/or a large nucleus. Our study was based on
dipole cross sections provided by the GBW and BGK
dipole models, which essentially exponentiate linear cross
sections to explore the effects of nonlinear low x dynamics.
As a first result, we found that the observation made in [33]
holds if gluon distributions subject to linear NLO BFKL
evolution and nonlinear BK evolution are replaced with
linearized and unitarized dipole models: in the absence of
nonlinear low x dynamics, the ratio of both cross sections is
approximately constant, whereas the ratio rises for the fully
exponentiated dipole model. This observation has a simple
explanation in terms of the convolution of dipole cross
section and wave function overlap: If the shape of the
dipole cross section changes with x in a region where wave
function overlaps for the transition photon to Ψð2sÞ and
J=Ψ differ, then one obtains a growing ratio. For the
linearized case, this phenomenon is absent since, in that
case, only the normalization changes with x. At the same
time, the shape in dipole size is approximately x indepen-
dent, leaving aside small corrections induced by DGLAP
evolution.
The behavior of the ratio is therefore characteristically

different from the behavior of the photoproduction cross
section themselves, at least as far as photoproduction on a
proton is concerned: While for the photoproduction cross
section the dominant part of the wave function overlap lies
outside of the so-called geometric scaling region of the
dipole cross section, the region where both wave function
overlaps differ is placed at dipole sizes inside the geometric
scaling region. For photoproduction ofΨð2sÞ and J=Ψ on a
lead nucleus, the gluon density is enhanced by a factor of
order A1=3

Pb ≃ 5.92, which extends the geometric scaling

region deep into the region of dipole separations, where the
Ψð2sÞ and J=Ψ wave function overlap receive their
dominant contribution. As a consequence one finds a clear
difference between photoproduction cross sections based
on linearized and complete dipole cross sections, where the
latter are clearly preferred by data.
This observation is in our opinion a clear validation of

the underlying concepts of gluon saturation: For J=Ψ
production on a proton, the difference between descriptions
based on unitarized and linear dipole cross section is small
and most likely lies within the uncertainties of light front
wave functions and employed saturation models. For J=Ψ
production on a lead nucleus, the differences are on the
other hand substantial and the nonlinear description is
clearly preferred by data. We believe that it would be highly
beneficial to complement this picture through a measure-
ment of the cross section ratio for both photoproduction on
a proton and on a nucleus.
Another direction of research which we did not explore

in this paper, is the description of the cross section ratio in
deep inelastic scattering, which opens the possibility to
study in addition the dependence on photon virtuality. We
plan to explore this possibility in the future. While there
exist already HERA data on the cross section ratio for
photoproduction on a proton [87], which allows us to study
the dependence on photon virtuality, the future Electron Ion
Collider [89–91] will enable us to combine this with a study
of nuclear effects.
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