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Recent BESIII data on radiative J/y decays from ~10'° J/y samples should significantly advance our
understanding of the controversial nature of 7(1405/1475). This motivates us to develop a three-body
unitary coupled-channel model for radiative J/y decays to three-meson final states of any partial wave
(JPC). Basic building blocks of the model are bare resonance states such as 7(1405/1475) and f,(1420),
and 7K, KK, and 75 two-body interactions that generate resonances such as K*(892), K§(700), and
ao(980). This model reasonably fits K ¢K ¢z° Dalitz plot pseudodata generated from the BESIII’s J7¢€ = 0~
amplitude for J/y — yKgKgn’. The experimental branching ratios of 5(1405/1475) — naz and
n(1405/1475) — yp relative to that of 5(1405/1475) — K K are simultaneously fitted. Our 0~ amplitude
is analytically continued to find three poles, two of which correspond to #7(1405) on different Riemann
sheets of the K*K channel, and the third one for 5(1475). This is the first pole determination of
n(1405/1475) and, furthermore, the first-ever pole determination from analyzing experimental Dalitz plot
distributions with a manifestly three-body unitary coupled-channel framework. Process-dependent #zz,
yrtn~, and zzz lineshapes of J/yw — y(0~") — y(yzx), y(yp), and y(zax) are predicted, and are in
reasonable agreement with data. A triangle singularity is shown to play a crucial role to cause the large

isospin violation of J/y — y(zzx).

DOI: 10.1103/PhysRevD.109.014021

I. INTRODUCTION

Since their first observation in 1967 [1], the light isoscalar
pseudoscalar states in the 1.4-1.5 GeV region, named
1n(1405/1475), have invited lots of debate about their
peculiar features in experimental data and about various
theoretical interpretations. There are two major open ques-
tions regarding 7(1405/1475): (i) are there one or two 7
excited states in this energy region?, and (i) what is the
internal structure of the excited state(s)? What makes
n(1405/1475) difficult to understand is that 1(1405/1475)
could include various components such as a quark-antiquark
pair, various hadronic coupled-channels, and a glueball,
reflecting the complex nature of QCD in the low-energy

regime. Also, the mixing between (uii + dd)/~/2 and s3
is significant only in the isoscalar pseudoscalar sector.
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Thus, understanding #7(1405/1475) seems particularly
important for deepening our understanding of QCD.

n(1405/1475) has been seen in various processes.
However, the 7(1405/1475) lineshapes appear rather proc-
ess different and thus have been explained with a single or
two different states. For example, a single peak appears in
nzz final states from pp annihilation [2], radiative J/y
decays [3-5], and J/y — w(nzx) [6] at somewhat process-
dependent peak positions. A single peak is also found in
K K7 and nzz final states from yy collisions [7] and yp° final
states from radiative J /y decays [5,8,9] and p p annihilation
[2]. On the other hand, structures seemingly due to two
overlapping resonances are seen in KKz invariant mass
distributions in 7z~ p scattering [10,11], pp annihilations
[12], and radiative J/y decays [13,14].

The conventional quark model expects radially excited 7
and 7’ states in this energy region, and they correspond to
7(1295) and (one of) n(1405/1475) states, respectively
[15,16]. If (1405/1475) includes two states, what is its
nature? A proposal was made to interpret 17(1405) as a
glueball [17]. However, the isoscalar pseudoscalar glueball
from lattice QCD (LQCD) predictions turned out to be
significantly heavier [18-22]. Meanwhile, an LQCD pre-
diction from Ref. [23] indicated only two states in this
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region. However, the authors did not identify them with
7(1295) and 7(1405/1475) since the experimental situ-
ation is unclear. Thus, although the two-state solution for
1(1405/1475) is not accommodated in the quark model, it
is not forbidden by any strong theoretical arguments.

Another peculiar property of 1(1405/1475) is its anoma-
lously large isospin violation in #(1405/1475) —» znx
decays, as found in radiative J/y decays by the BESIII
Collaboration in 2012 [24]. The BESIII Collaboration found
that the decays mostly proceed as 7(1405/1475) —
f0(980)7 — zzz, and that the rate is significantly larger
than that expected from 7(1405/1475) — ay(980)x fol-
lowed by the a((980)-£¢(980) mixing. It was also found
that the f(980) width in the zz invariant mass distribution
is significantly narrower (~10 MeV) than those seen in other
processes (~50 MeV) [15]. A theoretical explanation for
these experimental findings was proposed in Refs. [25-28].
First, the authors pointed out that a K* KK triangle loop from
a 7(1405/1475) decay can hit an on-shell kinematics,
causing a triangle singularity (TS) that can significantly
enhance the amplitude. At the same time, this triangle loop
causes the isospin violation due to the mass difference
between K* and K in the K*K~K* and K*K°K" triangle
loops. This mechanism can naturally explain the large
isospin violation without any additional assumptions.

The discovery of the potentially important TS effects in
the 17(1405/1475) decays encouraged theorists to describe
all 7(1405/1475)-related data, including process-dependent
lineshapes, with one 7(1405/1475) state, based on the
principle of Occam’s razor [25-28]. Indeed, it was shown
that the TS mechanisms can shift the resonant peak position
somewhat, depending on KK, nar, and zzz final states.
However, the experimental data of KKz and nzz were
rather limited at this time, and these theoretical results were
not sufficiently tested. Also, it has not been possible to
discriminate one- and two-state solutions of #(1405/1475).

A significant advancement has been made recently by a
BESIII analysis of J/w — y(K¢K¢z°) data from the high-
statistics ~10'0 J/y decay samples [29]. They fitted the
data with JP€ =07, 17+, and 2%+ partial-wave ampli-
tudes, and identified two n(1405/1475) states in the 0~
amplitude with a high statistical significance.

However, there are theoretical issues in the BESIII
analysis since they described the 7(1405/1475) states with
Breit-Wigner (BW) amplitudes. The BW amplitude is
known to be unsuitable in cases when a resonance is close
to its decay channel threshold and/or when multiple
resonances are overlapping [30]. This difficulty arises since
the BW amplitude does not consider the unitary. In the
present case, 17(1405) is close to the K*K threshold, and
1(1405) and 5(1475) are overlapping. Furthermore, while
coupling parameters in the BW formalism implicitly absorb
loop contributions, they cannot simulate nonsmooth behav-
ior such as a TS. Thus, it is highly desirable to develop an
appropriate approach where the data are fitted with a unitary

coupled-channel J/y decay amplitude, and 7(1405/1475)
poles are searched by analytically continuing the amplitude.
The 77(1405/1475) exists in a complicated coupled-channel
system consisting of quasi-two-body channels such as K*K
and ayr and three-body channels such as KKz and 7zy.
The unitary coupled-channel approach seems the only
possible option to describe such a system. Also in this
approach, we automatically take account of the TS effects
that are expected to play an important role, and thus taking
over the sound physics in the previous models of
Refs. [25-28].

In this work,' we develop a three-body unitary coupled-
channel model for radiative J/y decays to three-meson
final states of any J”C. Then, we use the model to fit
K 4K ¢n° Dalitz plot pseudodata generated from the BESIII
0~* amplitude for J/y — y(KsKsz°) [29]. At the same
time, the branching fractions of other final states such as
natx~ and p% relative to that of KKz are also fitted.
Based on the obtained model, we examine the pole
structure of #7(1405/1475) in the complex energy plane
to see if #7(1405/1475) is one or two states. We also use
the model to predict #(1405/1475) — narx, yar, and zxn
lineshapes and branchings. By examining the
17(1405/1475) decay mechanisms for different final states,
we identify dominant mechanisms and address major
issues regarding 7(1405/1475) how the process-depen-
dent lineshapes and large isospin violations come about.

Precise Dalitz plot data are a great target for a three-body
unitary model. Single-channel three-body unitary frame-
works based on the Khuri-Treiman equations have been
used extensively to analyze Dalitz data in elastic kinemati-
cal regions: e.g., Refs. [32,33] for w/¢p — zzxz. However,
Dalitz-plot analyses covering inelastic kinematical regions
with coupled-channel three-body unitary frameworks are
very limited: e.g., Ref. [34] for DT — K~ z"z" and the
present analysis. Since more and more precise Dalitz data
are expected from the contemporary experimental facilities,
the importance of the three-body unitary coupled-channel
analysis will increase. Thus, related theoretical develop-
ments have been made recently [35-37].

A three-body unitary analysis like the present work
involves pole extractions. Some works [38—40] have dis-
cussed the pole extraction from three-body unitarity ampli-
tudes. Practically, however, such a pole extraction from
experimental three-body distributions had not been done
until recently. The first case was made in Refs. [41,42]
where a pr single-channel model was used to analyze
My+ -~ lineshape data for t= — #7771, extracting an
a,(1260) pole. Reference [42] ([41]) treated the three-body
unitarity rigorously (partially). The two analyses high-
lighted the importance of the full three-body unitarity in
the pole extraction since an additional spurious pole existed
in Ref. [41]. Our present analysis treats the three-body

'A part of the results has been published in Ref. [31].
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unitarity as rigorously as in Ref. [42]. Furthermore, we
improve the pole extraction method of Ref. [42] since we
consider relevant coupled channels and fit Dalitz plot
distributions rather than the projected invariant mass
distributions.

The organization of this paper is as follows. In Sec. Il we
present formulas for the radiative J/y decay amplitude
based on the three-body unitary coupled-channel model
and the partial decay width. In Sec. IIl we analyze
Dalitz plot pseudodata from the BESIII 0~ amplitude
for J/w — y(K¢Ksz°). The quality of the fits is shown and
the 7(1405/1475) poles are extracted. In Sec. IV we
predict the lineshapes of nzz, ya*z~, zzx final states
from the radiative J/y decays. The branching fractions for
the zzz final states are also predicted. Finally, in Sec. V we
summarize the paper and discuss the future prospects.

II. MODEL

A. Radiative J /y decay amplitudes within a three-body
unitary coupled-channel approach

In constructing our three-body unitary coupled-channel
model, we basically follow the formulation presented in
Refs. [34,35]. However, there is one noteworthy difference.

14
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FIG. 1. (a) Diagrammatic representation for the radiative J/y
decay amplitude of Eq. (2). The dashed lines represent pseudo-
scalar mesons, while the solid lines are bare two-meson reso-
nances R. The double lines with M i(j) represent bare states for M*

such as 7(1405/1475). (b) Dressed M* propagator: the first
(second) diagram on the rhs is a bare M* propagator (self-
energy). (c) Dressed M* decay vertex: the first (second) diagram
is a bare vertex (rescattering term). The ellipse stands for the
scattering amplitude X. (d) Lippmann-Schwinger-like equation
for the amplitude X. (e) Dressed R propagator: the first (second)
diagram is a bare R propagator (self-energy).

While we specified a particle with its isospin state in
Refs. [34,35], we now use its charge state. This is an
important extension of the model to describe isospin-
violating processes. In what follows, we sketch our model,
putting an emphasis on the differences from Refs. [34,35].

A radiative J/y decay mechanism within our model is
diagrammatically represented by Fig. 1(a). First, J/w
radiatively couples, via a vertex FJ,M? 7/y» to a bare excited

state (M*) such as 7(1405/1475) of JP€ =0"" and
f1(1420) of JPC€ =1**; we consider M* with I =0
(I: isospin) in this work. Second, the bare M* nonperturba-
tively couples with quasi-two-body Rc¢ and three-body abc
states to form a dressed M* propagator G, [Fig. 1(b)] that
includes M* resonance pole(s). Here, abc are pseudoscalar
mesons (7, K, 77) and R is a bare two-meson resonance such
as K*, ay(980), or f((980). The particles R and ab also
nonperturbatively couple through a vertex I'y;, r, forming a
dressed R propagator 7z p [Fig. 1(e)] that includes R
resonance poles. Third, M* decays to a final abc via a
dressed M} — Rc decay vertex [ M [Fig. 1(c)] that
includes nonperturbative final-state interactions. The ampli-
tude formula for the above radiative J/y decay process is
given by2

PC
Asabestv = D Alapesyy (1)
JPC
with
cyclic
PC
TN 35 35 S IRMI

abc RR'sy ijs;/l*
X Cewt: 0cs E)Gur (BTt g (2)

where cyclic permutations (abc), (cab), (bca) are indi-
cated by S the indices i and j specify one of the bare

abc
M?* states belonging to the same J”¢, and E denotes the abc
total energy in the abc center-of-mass (CM) frame. Below,
we give a more detailed expression for each of the
components in the amplitude.

The J/w — yM; vertex is given in a general form as

£s 2 172 ¢%8 <z
- QJ/WM;},(SM*SM*ISHSSM* +53)
M Ty E :

L% A /SEymj/,l,mM;

x (¢4°s5y. + S15)Y ~(b,)p).  (3)

“We denote a particle x’s mass, momentum, energy, polariza-
tion, spin and z component in the abc CM frame by m,, p,, E,,
€, 5., and 5%, respectively; E, = \/m2 + p2 with p, = |p,|. The
mass values for pseudoscalar mesons (7, K, ) are taken from
Ref. [15]. Symbols with a tilde such as p, indicate quantities in
the J/y-at-rest frame.
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where g is a coupling constant and my,- is a bare M;
J

ﬁwij
mass, Y,,(§) denotes the spherical harmonics with
g=4q/|q|, and ), is restricted by parity conservation.
When M* belongs to J”¢ = 0=, Eq. (3) reduces to (up to a
constant overall factor)

gJ/ij(éJ/w X&) Py
Fyn}l/w = = :
\/ 8E,my,, ;

In our numerical analysis from Sec. III, we use the coupling
9yt defined in this reduced form. The R — ab vertex is

(4)

given by

l—‘ab,R = (tatitbtmthf?) Z (susgsth|SSZ)
LL*SS*

X (LL*SS%|sgs)Y1:(Pa)

x\/ mpE,(po)Ey(Ph) 15 (P}

ER(pC)Ea(pa)Eb(pb) ab,R pa)a (5)

where the parentheses are Clebsch-Gordan coefficients, 7,
and 7% are the isospin of a particle x and its z component,
respectively, and p}; denotes a particle a’s momentum in the
ab CM frame. Since particles a and b are pseudoscalars in
this paper, the total spin is S = 0 and the orbital angular
momentum is L = sp. Thus, we simplify the above notation
for the R — ab vertex as

Capr = (talatpty|tr1})Y 557 (Pa)

5 \/ meE,(p2)Ey(p:)

Ex(p)Ea(pa)En(py) @*P0) ()

with a vertex function

(1 + q2/C§b.R)_2_% qL (7)
mrE,(q)Ey(q) mz™!

fab.R (Q) = Yab.R

and use this notation hereafter. The coupling g,,x and
cutoff ¢, g in Eq. (7) and the bare mass my in Eq. (8) are
determined by analyzing L-wave ab scattering data as
detailed in Appendix A where the parameter values are
presented.

The dressed R propagator [Fig. 1(e)] is given by

[ (p.E)gr = [E — Er(p)log g — Zrr(p.E). (8)

with the R self-energy

Sr(pE) = Y (it . 15 + 1) (talGtot 1. 15 + 1)
ab

mermpg 2 M,,(q)
Ex(p)Er (p) | ¢ M) +
Bapf rabr (@) fapr ()

©)

X b
E—./ M2, (q) + p* + ie

where M ,;,(q) = E,(q) + E,(q) and my is the bare mass
of R; R and R’ in Eq. (9) have the same spin state
(sg = sg). Due to Bose symmetry, we have a factor
B.y: B, = 1/2 for identical particles a and b, and B, =
1 otherwise. In Eq. (9), the ay-f mixing occurs (¥, , # 0)
due to the mass difference between ab = KK~ and K°K?
states. The dressed R propagators include R resonance
poles, as summarized in Tables III-V in Appendix A.

The dressed M} — Rc decay vertex [Fig. 1(c)] is
given by

Coror:(pe- E) =Y (IEsgsilsyesiy ) (trtit ot £y
LI

X Y1z (=pe)F (crym: (Pes E) (10)

where [ is the relative orbital angular momentum between R
and c. The dressed M — Rc vertex function is

Ferymr: (pe- E) = Feyr: () + D /qqu
C’R/R”l/
JPC

X Xiery,(r), (Pe 4 E)
XTR”,R'(q’E_EC’)F(C'R')I/,M?((’I)’ (11)

where the first and second terms are direct decay and
rescattering mechanisms, respectively. Common isobar
models do not have the second term. We use a bare vertex
function including a dipole form factor as

M; oyl
M: [ +‘12/(/\(C}e)1)2] 23 ql
N BE@) Ex(gmy; M

F(cR),,Mj(‘]) =

M* M*
where C(CR)] and A(CR)

respectively. We also introduced
/

 are coupling and cutoff parameters,

JFC partial-wave ampli-

tudes for ¢R — ¢'R’ scatterings, X{:;)’ that are

(IR
obtained by solving the scattering equation [Fig. 1(d)]:
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X, & w0, (P P E)
= V( ’R’) (cR), (P, p;E)

PC
+ Z / q2dqv‘<lc/R/)//,<L‘/’R”I>[u (p/’ q; E)

" R" ,Rw,l”

PC
X TR’",R”(q’ E— EC”)X{C”R”)///,(CR)l(q’ pPs E)’ (13)

with
re . ¢, Jrc .
Viery, (er), (P Py E) = Zig, (o), (P P E)

HLS,J"
+ ”(c/R')y,(cR),(

/

?.p). (14)

The driving term 75! ( ) which we call the Z diagram,

c R’) .(cR),
is diagrammatically expressed in the first term on the rhs of
Fig. 1(d); ¢ indicates an exchanged particle. Explicit
formulas for the partial-wave-expanded Z diagram can
be found in Appendix C of Ref. [35]. One important
difference from Ref. [35] is that here we do not project the
Z diagrams onto a definite total isospin state. As a result, an
isospin-violating K*K — fyr process is caused by a Z
diagram and mg+ # mgo, leading to * — zzz.

The second term on the rhs of Eq. (14) is a vector-meson
exchange mechanism based on the hidden local symmetry
model [43]. In the present case, this mechanism works for
K*K <> K*K, K*K interactions. Formulas were presented
in Appendix A of Ref. [34], but here we use a different form
factor of (1 + p2/A?)72(1 + p"?/A?)7%2 with A =1 GeV,
rather than Eq. (A15) of Ref. [34].

The dressed M* propagator [Fig. 1(b)] is given by

=(E- mMj)(Sij - [ZM* (E)]l, (15)

where the M* self-energy in the second term is given by

= BRCZ /q2 dq F(CR),,M}‘ (q)

cRR'l

Zy-(E)];;

X TR,R’(% E - EC(Q))F(CR’)[.M; (517 E). (16)

The above formulas show that the dressed M* propagator
(M* pole structure) and the dressed M} — Rc form factor
(M* decay mechanism) are explicitly related by the
common dynamics. This is a consequence of the three-
body unitarity.

In the above formulas, we assumed that two-body
ab — a'b’ interactions occur via bare R excitations,
ab— R—a'b’. We can straightforwardly extend the for-
mulas if two-body interactions are from bare R excitations
and separable contact interactions, as detailed in Ref. [34].
Also, the above formulas are valid when c is a pseudoscalar
meson, and they need to be slightly modified for the Rc =
pp channel. We consider the spectator p width in the first

term on the ths of Eq. (8) by E — Ex(p) = E — Ex(p)+
i, /2; ', = 150 MeV and is constant. Also, the label in the
bare form factor of Eq. (12) is extended to include the total
spin of pp (s,,) as (cR); = (cR); .

For describing J /yw — yM* — y(yz* ™), we assume the
vector-meson-dominance mechanism where the pp channel
from M} — pp or coupled-channel dynamics is followed
by p — y and p — z"z~. The photon-p direct coupling is
from the vector-meson-dominance model. This mechanism
can be implemented in the decay amplitude formula of
Eq. (2) by multiplying by 2e/g,; each of the two p’s can
couple to the photon giving a factor of 2, and e?/4n ~
1/137 and g3/4m =2.2. There are some experimental
indications for #(1405/1475) — pp — 4z but they are
rather uncertain [2,44]. Thus, we do not calculate this
process in this paper.

B. Radiative J/y decay rate formula
The partial decay width for a radiative J/y decay,
J/w — y(abc), is given by

B
25(27r)8mj/l,,
L Lpadpy & dp,

E, E, E. E,

dr‘]/n//—»y(abc) = ‘MJ/V/—W(abc) |25(4) (pt - pf)

B ﬁ}% |Mj/y/—>y(abc)|2 -
- 2 5 E_ 32 E2 dp}, dmih dmﬁc’
( ”) mJ/l/I
(17)

r
where m,, and m,. are the invariant masses of the ab
and ac subsystems, respectively, p, denotes the photon
momentum in the J/y-at-rest frame, and M, (abe) 18
the invariant amplitude that is related to Eq. (1) with an
overall kinematical factor. The Bose factor B is B = 1/3!
for three identical particles abc, B = 1/2! for two identical
particles among abc, and B = 1 otherwise. The J/y spin
state is implicitly averaged.

Using our amplitude in Eq. (2) for the J/y radiative
decays via M* excitations, the decay formula of Eq. (17)
can be written as

erPC
J/w—y(abc) (18)

dE '

dr!/u/—w(abC)
dE o Z

JPC

with
JPC -
dFJ/u/—W(abv) :Z_EZZ Z drk. [GM*(E)]U
dE g iS5, k£, _)abc\/w
)

\/W J/w—>M*y° (19)
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where 55,. (s7.) is a spin state of M* in Gy ([Gy-]"), and

ij Mot ~abe Mig;~ape 2 g0
dFM*—»abc = (27[)332E3 dmah dmam (20)
. 1 p
L] — 4 *
Jjy—My = @W/W J/x//—»ijMj/l,,_,M;y- (21)

The invariant amplitudes My, and M Jy—ry A€
related to components of the amplitude in Eq. (2) by

MM?—)abc = _(2”)3\/ 16mManEbEcTMf—>abC’ (22)

with
cyclic
TMf—»abc = Z Z Iﬁab,RTR,R’(pc’ E— Ec)
abc RR's},
X fcR’,Mj(chE)’ (23)
and
MJ/W_,M;}, =1/ SEme/y/mMj.FyM]*.,J/y/' (24)

For the case of i = j, Egs. (20) and (21) reduce to the
standard formulas of the M*-decay Dalitz plot distribution
and J/y two-body decay width, respectively. Our decay
formula in Eq. (19) can be made look similar to that of a
Breit-Wigner model by the replacement G- (E)];; — 6;;/
(E— My + il"M;«/Z), with M- and I'y;- being the Breit-
Wigner mass and width, respectively.

III. DATA ANALYSIS AND 7(1405/1475) POLES

In this paper, we study radiative J/w decays via
n(1405/1475) excitations with the unitary coupled-
channel model described above. We thus consider only
the JP€ =0~" partial-wave contribution in the above
formulas. In the following, we discuss our data set, our
default setup of the model, and analysis results.

A. Data set

A main part of our data set is K¢K¢r° Dalitz
plot pseudodata. We generate the pseudodata using the
E-dependent 0~ partial-wave amplitude from the recent
BESIII Monte Carlo (MC) analysis on J/y — y(KK¢n")
[29]. We often denote this process by J/y — y(0™") —
y(KsK¢n). The pseudodata is therefore detection-
efficiency-corrected and background free.

The pseudodata includes ~1.23 x 10° events in total,
being consistent with the BESIII data, and is binned as
follows. The range of 1300 < E < 1600 MeV is divided
into 30 E bins (10 MeV bin width, labeled by ).

Furthermore, in each E bin, we equally divide
(0.95 GeV)* < mg . < (1.50 GeV)? and (0.60 GeV)* <
m%(sﬂo < (1.15 GeV)? into 50 x 50 bins (labeled by m);
m,y, 1s the ab invariant mass. We denote the event numbers
in the {/,m} and Ith bins by N;,, and N;(=>",, Ny,.),
respectively; their statistical uncertainties are \/m and

\/]71, respectively. We fit both {N;,,} and {N,} pseudo-
data, since {N;,,} and {N,} would efficiently constrain the
detailed decay dynamics and the resonant behavior (pole
structure) of 1(1405/1475), respectively. We use the boot-
strap method [45] to estimate the statistical uncertainty of
the model, and we thus generate and fit 50 pseudodata
samples.

Other final states from the radiative J/y decays are also
considered in our analysis. We fit the model to a ratio of
partial decay widths [15],

exp  T[J/w — yn(1405/1475) — y(KKx)]
U Ty = yn(1405/1475) = y(natao)
~ (2.84£0.6) x 1073

= =68-11.9, 25
(3.0+£0.5) x 10~ (25)
and also another ratio [8,9],
ep _ LU /y = yn(1405/1475) = y(py)]
2 I /y — yn(1405/1475) — y(KK7)]
= 0.015 - 0.043. (26)

The partial widths I" in the above ratios are calculated
by integrating the E distributions [Eq. (18)] for KK,
atxn, and p’y final states over the range of
1350 MeV < E < 1550 MeV. The ratio of Eq. (25) is
important to constrain the a(980)7z contributions since
the relative coupling strengths of a;(980) - KK and
ay(980) — nr are experimentally fixed in a certain range
[46-49]. Also, fon and pp channels indirectly contribute
to KgK ¢n° through loops, and therefore the KK ¢z° data
does not constrain their parameters well. Since these
channels directly contribute to the nz*z~ and p% final
states, the above ratios will be a good constraint. The
partial width for all KK final states in Eqgs. (25) and (26)
is 12 times larger than that of K¢K ¢z, as determined by
the isospin Clebsch-Gordan coefficients.

The MC-solution-based {N,,,}, {N;}, R{"", and R}’ are
simultaneously fitted, with a y? minimization, by our
default model described in the next subsection; the actual
BESIII data are not directly fitted. We calculate y* from
{N;,,} by comparing N;,, to the differential decay width
(AT} 1y y(abe)/ dEdm2,dm?, . in Eqs. (18)—(21)] evaluated at
the bin center and multiplied by the bin volume. We omit
N, on the phase-space boundary from the y? calculation.
This simplified procedure keeps the computation time
reasonable. Also, if a bin has N;,, < 10, it is combined
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with neighboring bins to have more than nine events for the
x* calculation. The number of bins for {N;,,} depends on
the pseudodata samples, and is 4496-4575. y*’s from {N,},
R, and R3™ are weighted appropriately to reasonably
constrain the model.

B. Model setup

For the present analysis of the radiative J/y decays, we
consider the following coupled channels as a default in our
model described in Sec. II. We include two bare M* of
JP€ =07*; we refer to them as n* hereafter. The Rc
channels are Rc = K*(892)K, kK, ay(980)r, a,(1320)x,
fon, p(770)p(770), and fox, where charge indices are
suppressed.” To form positive C-parity states, K*(892)K
and kK channels are implicitly included. A symbol R may
refer to more than one bare state and/or contact interaction.
For example, the fyz channel includes two bare states and
one contact interaction that nonperturbatively couple with
ar — KK continuum states, forming f,(500), £,(980), and
f0(1370) poles; see Appendix A for details.

Regarding the 77— KK coupled-channel s-wave
scattering amplitude that includes an ay(980) pole,
we consider two experimental inputs; see Appendix A 2
for details. First, the a(980) amplitude from the
BESIII amplitude analysis on y,; — na"z~ constrains
the energy dependence of our a((980) model. Second, we
determine a,(980) — KK and a(980) — nz decay
strengths using an analysis of pp — KK, nar [46] giving
|G (980) =k & / Gay(980)—nz| ~ 15 Gag(980)~ap 18 the residue of
ay(980) — ab decay. The ratio of branching fractions of
ay(980) — KK and a((980) — nz, which can be trans-
lated into g, 980)—k &/ Jay(980)—nz |- has not been precisely
determined experimentally [15,46-49]. Later, we will
discuss possible impacts of using a different a((980)
model with different |g, (950)— K&/ Jay(980)—nz -

We mention the channels considered in the BESIII
amplitude analysis of J/y — y(KsK¢n°) [29]. In the
0~ partial wave, the BESIII Collaboration considered
n(1405) and #(1475) resonances that decay into
K*(892)K, ay(980)z, and a,(1320)z. All resonances,
except for ay(980), are described with Breit-Wigner ampli-
tudes. No rescattering or channel coupling such as those in
the second term on the rhs of Fig. 1(c) is taken into account.
In addition, a nonresonant Kz p-wave amplitude supple-
ments the K*(892) tail region. Clearly, our coupled-channel
model includes more channels than the BESIII model does.
This is to satisfy the coupled-channel three-body unitarity
and describe different final states in a unified manner.

We consider isospin-conserving n* — Rc decays in
Eq. (12) for all bare n* and Rc states specified in the first
paragraph of this subsection. One exception applies to the
lighter bare n* — pp, which is set to zero. This is because

’k is also referred to as K;(700) in the literature.

the lighter bare 1 seems consistent with an excited s5 state
from the quark model [16] and LQCD prediction [23], and
§5 — pp should be small for the Okubo-Zweig-lizuka rule.

. PC
We may add nonresonant (NR) amplitudes A}{ab’g,\g}v/,
which do not involve M* excitations, to the resonant

JPE€ NR
Ayabc.] v
so that their sum still maintains the

amplitudes A;:ZC’ Iy of Eq. (1). We can derive
PC
;abc,J/y/
three-body unitarity. However, this introduces too many
fitting parameters to determine with the data set in the
present analysis. We thus use a simplified NR amplitude in
this work [cf. Eq. (4)]:

and modify A

My/]?//—w(abc) = ONR (é-’/l// X é}’) 'ﬁ}” (27)
where cnr 1S a complex constant. Only when fitting the
J/w = y(0") - yKKsn° Dalitz plot pseudodata, this
NR term is added to M,y (ape) in Eq. (17) and cng is
determined by the fit.

We summarize the parameters fitted to the data set
discussed in the previous subsection. We have two bare n*
masses in Eq. (15), two complex coupling constants
(gj/y,”;y) in Eq. (4), and one complex constant cyg in
Eq. (27). We also adjust real coupling parameters CZ(VI" in

cR),
Eq. (12). While the cutoffs Af;z
adjustable, we fix them to 700 MeV in this work to reduce
the number of fitting parameters and speed up the fitting
procedure. Since the overall strength and phase of the full
amplitude are arbitrary, we have 25 fitting parameters in
total. The parameter values obtained from the fit are
presented in Table IX of Appendix B.

All of the radiative J/y decay processes included in our
data set for the fit are isospin conserving. Since the isospin-
violating effects are very small in these processes, we make
the model isospin symmetric for fitting and extracting poles
and thus use the averaged mass for each isospin multiplet.
The amplitude formulas in Sec. II A reduce to the isospin-
symmetric ones given in Refs. [34,35]. This simplification
significantly speeds up the fitting and pole extraction
procedures. When calculating the isospin-violating J/y —
y(0%) - y(zzz) amplitude of Eq. (2), we still use the
isospin-symmetric (_},7* (E) and parameters determined by
fitting the data set, and the pole positions stay the same; the
isospin violations occur in 7z g and I_“cR’,ﬁ due to the

in Eq. (12) are also

difference between mg+ and mgo.

C. Fits to K¢K¢n® Dalitz plot pseudodata generated
from the BESIII 0~ * amplitude

By fitting the 50 bootstrap samples of the K ¢K ¢z° Dalitz
plot pseudodata with the default dynamical contents
described above, we obtain y?/d.o.f. = 1.40-1.54 by
comparing with {N,,,}. The ratios of Egs. (25) and (26)
are also fitted simultaneously, obtaining R‘lh ~7.5 and
R ~ 0.025, respectively.

014021-7



NAKAMURA, HUANG, WU, PENG, ZHANG, and ZHU PHYS. REV. D 109, 014021 (2024)

This work This work

—~ 1305 | 1465 1
‘% 0.6} ‘ . 0.6 F 08 _
o
% 05 . 05 F
NSM 4
04F, . - 0.4}
1 11 12 13 1.4 1 1.2 1.4
07F
<
[} 0.6
)
% 0.5}
L™
s o4t ., =-
1 111213 1.4
0.8 — I
N% 07 _I 1375 |
S 0.6 | -
”g} 05 .
04, . 04k ., = ¥
11112131415 1 121416 1.8
“— 1L 1555 |
>
O} 0.8 - -4 B
%
% 0.6} .
" ‘-‘.‘.
04 ., = A
1 12141618 2
0.9 S—
12 F ]
< 08 N 1595 |
3 0.7
< 0.6 0.8} .
NE;E" 05 0.6 - " A
0.4F, : 0.4 . 04+t - 04L e

1 12 14 16 1 12 14 16 112141618 2 112141618 2

mg k. (GeV?) mE k., (GeV?) mE k. (GeV?) mE k. (GeV?)

FIG. 2. KgKga° Dalitz plot distributions for J/y — 7(0™+) — y(K¢K¢z°). Our fit result and pseudodata (MC) are shown. The E
values used in our calculation (the central values of the E bins of the pseudodata) are indicated in each panel. The distributions are
shown, in descending order, in red, yellow, green, and blue. Depending on E, the same color means different absolute values.

The Dalitz plot distributions obtained from the fit are  reasonable overall. For E < 1400 MeV, there is a peak near
shown in Fig. 2 for representative E values, in comparison  the KK threshold. While this is seemingly the a((980)
with one of the bootstrap samples,4 The fit quality is  contribution, it is actually due to a constructive interference

between K*(892) and K*(892), as detailed later. For
E = 1430 MeV, on the other hand, the main pattern is

*The same bootstrap sample is also shown in Figs. 3, 4, 5(a), 7, mostly understood as the K*(892) and K* (892) resonance
and 8. contributions. The good fit quality can be seen more clearly
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FIG. 3.
error bars) are shown. The E values are indicated in each panel.

in the K¢Kg and Kgn° invariant mass distributions, as
shown in Figs. 3 and 4, respectively. The model is well
fitted to the K* peak (the sharp peak near the K¢Kg
threshold) in the misﬂo (m%(S x,) distributions.

The E dependence of the radiative J/y decay to
K¢K¢n®, obtained by integrating the Dalitz plots in
Fig. 2, is shown in Fig. 5(a). The E dependence would
be largely determined by the pole structure of the
n(1405/1475) resonances. The E distribution shows a
broad peak with an almost flat top, and our model

2
mi i, (GeV?)

2 2
mi g, (GeV?)  mEy (GeV?)

KK invariant mass distributions for J/y — 7(0™") — y(K 3K ¢z°). Our fit result (red solid curve) and the pseudodata (black

reasonably agrees with the pseudodata. We now study
dynamical details. The #* decay mechanisms can be
separated according to Rc states in Fig. 1(a) that directly
couple to the final states. We will refer to these Rc states as
final Rc states. Contributions from the final K*K, kK, and
ao(980)x states are shown separately in Fig. 5(a). The final
K*K and kK contributions are the first and second largest,
while the final a,(980)z contribution is very small. The
constant nonresonant contribution from Eq. (27) gives a
small phase-space shape contribution.

1000 T— T T — T T
| 1305 | 1335 1 1375 i
L ourfit — | 1 i
500 mc — T T ]
ol [ e 1
04 05 06 04 05 06 07 0.5 0.9
1000 ‘ N L T T T T T
i [ 1525 1 1555 1 1595 i
500 B B 1 T ]
, Ve \ M"“\W St |

05 07 09 05 07 09
mE o (GeV?) mE o (GeV?)

0.5 0.7 09 1.10.5 0.7 0.9 1.10.5 0.7 0.9 1.1
2
m,@sno (GeV?)

2 2
mE o (GeV?)  mE o (GeV?)

FIG. 4. Kz invariant mass distributions. Other features are the same as those in Fig. 3.
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FIG.5. my g »(= E) distribution for J/y — y(0~") — y(K3Kgz°). (a) Our default fit to the pseudodata (MC). Final K*K, K, and
ao(980)7 contributions as well as the NR contribution are also shown. (b) Final K*K contribution. The main contributions from the
diagrams of Figs. 6(a) and 6(b) are also shown. (c) [(d)] Final kK [a((980)z] contribution, shown similarly to panel (b). Lines
connecting the points are just to guide the eyes. Panel (a) is taken from Ref. [31].

The final K*K, kK, and a,(980)z contributions are also
shown separately in Figs. 5(b)-5(d), respectively, and main
contributions from the diagrams in Fig. 6 are also shown.
The direct decays of Fig. 6(a) and single-rescattering
mechanisms of Fig. 6(b) are obtained by perturbatively
expanding the dressed #* decay vertex of Fig. 1(c) in terms
of V in Eq. (14), and taking the first two terms. The final
K*K contribution is mostly from the direct decay, while the
final kK and a,(980)7 contributions are dominantly from
the single-rescattering mechanism and therefore a coupled-
channel effect. The K*KK triangle loop causes a TS in the
final a((980)x contribution at E ~ 1.4 GeV. However, we
do not find a large contribution from the TS. The TS-
induced enhancement may have been suppressed since the
K*K pair is relatively p-wave.

Figure 7 illustrates the mechanism that creates the sharp
ao(980)-like enhancement near the KgKg threshold.
Clearly, the final K*K contribution alone creates the
structure mostly, and the other mechanisms moderately
change it. The final a((980)z contribution is minor. As the
Dalitz plots in Fig. 2 show, K* and K* constructively
interfere to generate a peak near the K¢K threshold for
E = 1.45-1.5 GeV. The a((980)-like peaks seen at E =
1.3-1.45 GeV are also caused by the same mechanism.

The BESIII model obtained from their amplitude analy-
sis describes the data rather differently from ours (see Fig. 3
of Ref. [29]): (i) the a((980)x contribution is the largest
overall, (i) the K*K contribution is comparable to

(@)

FIG. 6. Main n* decay mechanisms included in Fig. 1(a):
(a) direct decays and (b) single rescattering due to V of Eq. (14).

ay(980)z only around E = 1.5 GeV, and (iii) the xK
channel is not included. These differences come mainly
from the fact that our model is fitted not only to the KK 7°
Dalitz plot pseudodata but also to the ratios of Eqgs. (25)
and (26); the BESII model was fitted to the J/y —
y(K¢K ¢n°) data only. The ratio of Eq. (25), albeit a large
uncertainty, is an important constraint on the final a((980)x
contribution to #* — KK, since the relative coupling of
ay(980) — KK to ag(980) — 7 is experimentally deter-
mined in a certain range [15,46-49]. The final a,(980)x
contribution to KKz needs to be small as in our model in
order to satisfy the ratio of Eq. (25). Furthermore, the kK
channel in our model gives a substantial contribution
through the channel coupling required by the unitarity.
Since the a((980)z contribution is very different between
our model and the BESIII model, one may wonder how
much our result depends on a particular ay(980) model.
As we discussed in Sec. III B, our default a,(980) model
is based on Ref. [46] and |g,,(980)= K&/ Taq(980)—pz| ~ 1.

1400 — T
I Full
1200 | o
1000 | KK =77
c , ap(980)7 - - - - -
S 800 MC —— 1
S 600} \ i
& .
400 | ‘ .
200 -~ "% 1
;0 e Ure— Tt
0 IR -k - .
1 1.1 1.2 1.3 1.4 1.5 1.6
mg k. (GeV?)
FIG. 7. Different final Rc contributions to the K¢K invariant

mass distribution at E = 1405 MeV.

014021-10



THREE-BODY UNITARY COUPLED-CHANNEL APPROACH TO ...

PHYS. REV. D 109, 014021 (2024)

The Particle Data Group (PDG) [15] considered two other
analyses of Refs. [47,48] in averaging B(a,(980) — nx)/
B(ay(980) — KK). This ratio of the branchings can be
translated into |g,, 080)— K&/ Jay(980)—nz| ~ 0.77 [47] and
|Gy (980)— K&/ Gag(980)—nz| ~ 0-85 [48]. Thus, if we use an
a(980) model based on Refs. [47,48] in our present
analysis, the corresponding a((980)z contribution would
be even smaller. There was also an analysis of yy — KK, nz
giving [, 980)—k &/ Jag(980)—nz| ~ 2 [49]. However, this
analysis did not include a((980) — KK data. Even if we
use an a(980) model based on this, our default result would
not qualitatively change since the ay(980)z contribution
could be at most ~4 times larger than our default result.

D. Fit with one bare ;" state

It is important to examine if the BESIII data can also be
fitted with a single bare n* model, since the 1(1405/1475)
was claimed to be a single state in the literature. We try to fit
only the my g ,o(= E) distribution, but a reasonable fit is
not achievable. The result is shown in Fig. 8 along with the
final Rc contributions. The final kK and ayr contributions
have lineshapes expected from the #* pole position,
1416 — 61i MeV. The TS caused by the K*KK loop does
not noticeably shift the lineshape of the final a((980)x
contribution. The peak of the lineshape of the final K*K
contribution is 30-40 MeV higher than the peak positions
of the final kK and ay(980)z contributions, since its
threshold opens at E~ 1.4 GeV and the K*K pair is
relatively p-wave. Still, the peak shift is not large enough
to explain the significantly broader peak of the pseudodata.

Another possible single-state solution for #(1405/1475)
describes the BESIII data by including an interference with
1(1295). To examine this possibility, we include two bare
n* states, and restrict one of the bare masses below 1.4 GeV,
and the other around 1.6 GeV. We are not able to obtain a
reasonable fit to the pseudodata with this model. We thus

single n* fit & 1
KK" |
kK ® |
ap(980)r & 1

dr'/ dmg x ; (a.u.)

o o
0© Beeeeee
0 092 A‘-.-.""" ““’Q-Q-Q--Q.A‘A 24000004

1.3 1.4 15 16
M K (GeV)

FIG. 8. Single bare n* fit (red triangles) to the pseudodata (MC).
Various final Rc¢ contributions are also shown.

conclude that two bare #* for 17(1405/1475) are necessary
to reasonably fit the K¢K¢7° pseudodata generated from
the BESIII 0~ amplitude.

E. Pole positions for 7(1405) and 7(1475)

The properties of a resonance are characterized by its pole
position and residue of the (scattering or decay) amplitude.
In the present unitary coupled-channel framework, a pole
position corresponds to a complex energy E that satisfies
det[G™'(E)] =0, where G™!'(E) has been defined in
Eq. (15) and is analytically continued to the complex E
plane. The analytic continuation involves deformations of
the integral paths in Egs. (9), (11), (13), and (16).
Otherwise, singularities on the complex momentum planes
cross the real momentum paths as E goes to complex values,
invalidating the analytic continuation. The driving term

Zile) ek, i Eq. (14) and 7 g in Egs. (11), (13), and (16)

cause such singularities. To avoid these singularities, a
possible deformed path to be used in Egs. (11), (13), and
(16) can be found in Fig. 7 of Ref. [42]. The energy
denominator in Eq. (9) also causes a singularity and, for a
complex E, we need to avoid it by choosing a deformed path
as found in Fig. 3 of Ref. [42]. Our analytic continuation
procedure is very similar to those discussed in detail in
Ref. [42], and we do not go into it further.

We search for poles in the region of Re[E] =
1300-1600 MeV and Im[-E] = 0-200 MeV on the rel-
evant Riemann sheets (RSs) close to the physical energy.
We find three poles as listed in Table I. The poles are
labeled by a = 1,2 [a = 3] corresponding to #(1405)
[7(1475)]. The (1405/1475) poles are close to the branch
points associated with the K*(892)K and a,(1320)x
thresholds at ~1396 — 30i MeV and ~1460 — 56i MeV,
respectively. Thus, we specify the pole’s RS of these
channels in Table I; the relevant RS of the other channels
should be clear.” The locations of the poles and branch
points are also shown in Fig. 9.

The BESIII analysis result (Breit-Wigner parameters) is
also shown for comparison. A noticeable difference is that
our model describes 7(1405) with two poles (a = 1,2).
The two-pole structure does not mean two physical states
but is simply due to the fact that a pole coupled to a
channel is split into two poles on different RSs of this
channel. The mass and width values are fairly similar
between our results and the BESIII results. However, the
use of the Breit-Wigner amplitude could cause an artifact
due to the issues discussed in the introduction and below,
which might explain the difference between the two
analysis results. In Ref. [30], a unitary coupled-channel
model and an isobar (Breit-Wigner) model were fitted to
the same pseudodata. Resonance poles from the two

>For the definition of a (un)physical sheet, see the review
section 50 “Resonances” in Ref. [15].
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TABLE 1. Locations of poles (E,-); each pole is labeled by a.
The mass, width, and E,. are related by M = Re[E,.] and
I' = —2Im[E,;]. Each pole is located on the RS specified by
(Sk&»Sa,(1320)2)> S = p(u) indicates the physical (unphysical)
sheet of a channel x. Breit-Wigner parameters from the BESIII

analysis are also shown. Errors are statistical only. Table taken
from Ref. [31].

M (MeV) I' (MeV) RS
a=1 1401.6 + 0.6 658+ 1.0 (up)
a=2 1401.6 + 0.6 66.3 0.9 (pp)
a=3 14950 + 1.5 86.4 + 1.8 (up)
BESIII [29] 1391.7 4 0.7 60.8 + 1.2

1507.6 + 1.6 115.8 +2.4

models can be significantly different, particularly when
two resonances are overlapping. Also, if the pole is located
near a threshold, the lineshape (E dependence) caused by
the pole can be distorted by the branch cut. In the present
case, 7(1405) and 5(1475) are fairly overlapping and
1n(1405) is located near the K*K threshold. Our three-
body unitary coupled-channel analysis fully considers
these issues and is a more appropriate pole-extraction
method.

We examine the resonance pole contributions to the £
distribution. For this purpose, we expand the dressed #*
propagator of Eq. (15) around the resonance pole at Mp_
as [50]

= )(a.i)(a,j
G(E)|.; ~ =2 28
G~ (28)
with
T
-20 r 2;2 . ]
[ a=3 o
Y BESII  +
S — "
= [
2
-40 | ) -
. 32 | . — ¥
= ST 4
— 33 | -
-50 ot B
N
i 1400 1402 + |
-60 . | . . | . . . . | L
1400 1450 1500
Re E (MeV)

FIG. 9. Locations of #(1405) and 7(1475) poles (labeled by a)
from 50 bootstrap fits. Averaged locations of poles and their
standard deviations are indicated by the crosses. The K*(892)K
and a,(1320)z branch points and cuts are shown by the orange
circles and dotted lines, respectively. The BESIII result [29]
(Breit-Wigner parameters) is shown by the green crosses. The
inset shows the a = 1,2 region. Figure taken from Ref. [31].
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FIG. 10. Pole contributions from 7(1405) (a = 1) and 7(1475)
(a=3) and their coherent sum (a =1, 3) to the my g
distribution. The poles labeled by a are listed in Table I. The
NR contribution is from Eq. (27).

Mg, — ny;, — [Zn* (MR )]22
— a a , 29
X{l,l \/ A/(MRG) ( )
[Zn* (MR )] 12
Xa2 = S Xas (30)
’ Mg, = my, — (X (Mg, )2 :

A(E) =det[G™'(E)], and A'(Mg,) = dA(E)/dE|g_y,, -
Then, we replace G,;(E) in the full amplitude of Eq. (2)
with the above expanded form and calculate the mg g .o
distribution. In Fig. 10, we show each of the pole con-
tributions and their coherent sum, in comparison with the
full calculation. The a = 2 pole contribution is not included
in the figure since the K*K branch cut mostly screens this
pole contribution to the amplitude on the physical real E
axis. The contributions from the @« =1 and 3 poles are
dominant, and the lineshape of the full calculation is mostly
formed by the pole contributions. The nonresonant term in
Eq. (27) enhances the spectrum overall through the inter-
ference. Still, the branch cuts and nonpole contribution are
missing in the pole approximation of Eq. (28), and their
effects should explain the difference between the red
triangles and the magenta squares in the figure.

The resonance amplitude of Eq. (28) suggests that one of
the pole contributions can be eliminated from our full
model by adjusting the coupling g, vty in the initial vertex
of Eq. (4). Specifically, we can eliminate the contribution of
the pole a by setting

gJ/l//nzy = _()(a,l/)(a,Z)gJ/y/quv (31)
as demonstrated in Fig. 11(a). The figure shows a full
calculation without the pole approximation of Eq. (28).
Eliminating the initial radiative transition of J/y — [a = 1],
we obtain the magenta squares (g;/y(a—1), = 0) showing a
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%‘ 8 (b) L’ default - fits. Within our coupled-channel model, the bare states are
© 6 | i s Buhylo=ly = 0 -7 mixed and dressed by meson-meson continuum states,
2| Sipla=apy =0 ¢ forming the resonance states. In concept, the bare states
P are similar to states from a quark model or LQCD without
§ , T two-hadron operators. The lighter bare state seems com-
mg 2 patible with the excited ss [15,16,23]. The heavier bare state
> could be either a second radial excitation of ), a hybrid

01 3 16 [23], a glueball [18-22], or a mixture of these states.

MK K (GeV) m+ -0 (GeV)
IV. PREDICTIONS FOR

FIG. 11.  (a) mg g0 and (b) m, o distributions from J /y — J/w = y(0=") - y(amn), y(x*x~7), y(xam)

7(07") — y(KsKsn®) and y(z*z"a°), respectively, obtained In this section, we present E dependences of various final

with various choices of 91 /v’y in Eq. (4). The red triangles in states from the radiative J/y decays via 7(1405/1475),

panels (a) and (b) are the same as those in Figs. 5(a) and 16(2),  using the three-body unitary coupled-channel model devel-
respectively. With the coupling to the a=1 (a=3) pole  opeq in the previous section. The model has been fitted to

eAlHn;rfl?LZd’C;?;lr: ggizt?nSq;féfs(a()giznnglrg%zg? are Obtj;rllsgé the K 4K ¢z° Dalitz plot pseudodata (Fig. 2) and the ratios of
P itwnsr Eqgs. (25) and (26).

to have the same peak height. The same legends in panels (a) and
(b) share the same g, ;. A. n*n~n and 7°2% final states
We show in Fig. 12(a) the m,,, (= E) distributions for
single peak from the a =3 pole. Similarly, a calculation  the z* 777 final state; the z°7°y distribution is smaller by a
with g;/,(4—3;, = 0 gives the green diamonds that have a  factor of 1/2. The lineshape is qualitatively consistent with
single peak from the a = 1 pole. the MARK TII analysis [3]. The final ay(980)z and fn
Among various processes that include 5(1405/1475)-  states have comparable contributions. On the other hand,
decay into KK final states, some of them show a single  the KK final states are mainly from the final K*K and kK
peak from either of 5(1405) or (1475), and others have a  contributions, as seen in Fig. 5(a). Since different Rc final
broad peak from a coherent sum of them. Figure 11(a)  states couple with 7(1405) and 5(1475) differently, the
indicates that our coupled-channel model can describe both KKz and zzn final states have different E dependences.
cases by appropriately adjusting the couplings of initial ~ The zzn final states give a single peak at m,,, ~ 1.4 GeV,
vertices. while the KKz distribution has a flat peak. The process-
In the presented analysis, two bare states are required to  dependent lineshape of the 7(1405/1475) decays can thus
reasonably fit the data set. The lighter bare mass is  be understood.
determined to be ~1.6 GeV, while the heavier one is In Figs. 12(b) and 12(c), we decompose the final a,(980)x
~2.3 GeV, as listed in Table IX of Appendix B. The and fyn contributions into direct decays [Fig. 6(a)] and
heavier bare mass is not tightly constrained by the fit, single-rescattering mechanisms [Fig. 6(b)]. The final
and those in the range of 2-2.4 GeV can give comparable  a((980)z state is mostly from the single-rescattering

x10 events/(0.02 GeV)

T T T r T T T K ] [ T T T ]
® (@) d(ng"’(‘)‘j" *71 3l Elg-b‘g ® ()
I o 4 a Te I . ig.6(b) » ] I 1
4r ' fome ] 4T £ ° 141 ng ]
L 1 L A e 1 L A
3 MC o 3L Pes A,A. | 3| & |
L A * g
* A o]
2 2F 4 e 1 2 ° b 8
L 2 &&ZO LB o
¥ i mrj o] .
1 1+ XXA Az" 4 1 ;Dm,_
: 2 AXXX | 3 B )l
0 = ‘ i | 2e00d g VWL
1.3 1.4 1.5 16 1.3 1.4 1.5 1.6 1.3 1.4 1.5 1.6
Mo s (GeV) Mt n (GeV) Motz (GeV)

FIG. 12. m,,, (= E) distribution for J/y — y(0~*) = y(z*z7y). (a) The default model prediction and final a((980)z and foy
contributions are shown. The MC output is from Ref. [3]. (b) [(c)] The final a((980)x [f#] contribution. Main contributions from the
diagrams of Figs. 6(a) and 6(b) are also shown. Figure 12(a) is taken from Ref. [31].
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FIG. 13. m2, distribution for J/y — y(0~") > y(x"z7n) from the default model. The E value is indicated in each panel.

mechanisms and the direct decays are minor. On the other
hand, a completely opposite trend applies to the final fon
state. In more detail, the K*KK, kKK, and f,zn triangle
mechanisms contribute to the final ay(980)x state. We find
that the three loops give comparable contributions, even
though only the K*KK loop causes a TS. This is perhaps
because the K*K pair is relatively p-wave, suppressing
the TS.

We also present in Fig. 13 a prediction for the m,zm
distribution from the default model. Clear a((980) peaks
are predicted, which is qualitatively consistent with the data
[4]. This prediction should be confronted with future data
from BESIII.

As already discussed, the final a,(980)z contribution to
the KKz and zzn final states are related by the relative
coupling of a((980) — KK to ay(980) — zn determined
experimentally [15,46-49]. As we have seen in Fig. 5(a), the
final a((980)7 contribution to KK is very small to satisfy
the ratio of Eq. (25). If the final a((980)z contribution to
KK were as large as that of the BESIII amplitude model,
then Eq. (25) would require that the final a((980)z — zzn
amplitude has to be drastically canceled by destructively
interfering with the final f,n — zzn amplitude. Such a large
cancellation seems unlikely since there is no symmetry
behind. Also, the large cancellation makes the a(980) peak
in the m,, distribution rather unclear, but the data [4] shows
aclear a((980) peak. As shown in Fig. 13, our default model
creates a clear a,(980) peak.

B. n* z~y final state

The branching to J/w — y(0~1) - y(z"727y) in the
default model is constrained by the ratio of Eq. (26).

Then, the model predicts the E distribution as shown in
Fig. 14. The lineshape has a single peak at £ ~ 1.4 GeV,
being consistent with the previous data [8,9]. The process is
mostly from a sequence of i — p°p® followed by p° — y
and p° — 7" z~. Thus, 7(1405) couples to pp much more
strongly than 7(1475) does, implying different natures of
the two 7* resonances. Also, as mentioned in Sec. III B,
only the heavier bare #* couples with pp. This implies that
1(1405) includes a larger content of the heavier bare #* than
n(1475) does.

30 T
MARK I” ..............
This work ——
S
®
e i
To]
a
S
e
2
C -
o
>
w
0 | | L | L | | | L
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
My, (GeV)
FIG. 14. mg,-,(=E) distribution of J/y — y(0~") -

y(ztn"y) where the ztz~ pair is from p° decay. The de-

fault model predicts the lineshape of the red curve which
has been smeared with the experimental bin width, scaled by
a factor, and augmented by a linear background (BG) to fit the
data [9].
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f(980) a(980) K f

- R‘+ nr 0 R"'ﬂ\\g“,_.‘*— T
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FIG. 15.

K f K* i
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(c)

Main mechanisms for isospin-violating #* — zzx decay included in Fig. 1(c): (a) isospin-violating K*(x)KK triangle loop,

(b) isospin-conserving K*(x)KK triangle loop followed by ay-f, mixing, (c) direct decay to a(980)z followed by ay-f, mixing, and
(d) isospin-conserving K*(x)Kr triangle loop followed by isospin-violating zK*(k)KK box loop.

C.z*x~n° and 7%°7%7° final states

Our default model makes predictions for the isospin-
violating J/yy — y(0™") — y(zzx); the model has not been
constrained by any data of the zzx final states. These isospin-
violating processes are mainly from the mechanisms of
Fig. 15 that are not completely canceled due to the small
difference between the charged and neutral K masses. In
particular, the isospin-violating mechanisms in Figs. 15(b)
and 15(c) are called the ag-f, mixing. The m,,, distributions
are shown in Fig. 16(a). The z" 7z~ z° distribution is almost
twice as large as the 7°2°2° distribution. The m,,, distri-
butions have a single peak at ~1.4 GeV.

Contributions from the diagrams of Figs. 15(a)-15(d) are
separately shown in Fig. 16(b). The K*(x)KK triangle loop
diagram of Fig. 15(a) generates a clear peak. As has been
discussed in the literature, this K*KK triangle loop is
significantly enhanced by a TS occurring at £ ~ 1.40 GeV.
The xKK triangle loop without a TS gives a smaller
contribution. The TS enhancement is larger around the
higher end of the TS energy range since the p-wave K*K
pair suppresses the TS enhancement around the lower end.
This explains the peak position in Fig. 16.

The ay-f, mixing contribution is very small. This is
because 7(1405/1475) — ay(980)x is very little as seen in
Fig. 5(a). This small branching is required by the exper-
imental ratio of Eq. (25). The two-loop mechanisms of
Fig. 15(d) are sizable; the second loop involves a TS. A part

I (b)‘ . ‘(a+b‘+c+c‘!) .
| (@ - |

L L ol o A
1.3 1.4 1.5 1.6 1.3 1.4 1.5 1.6
m,.. (GeV) m+ 0 (GeV)

FIG. 16. my,,(=E) distributions for J/y — y(0™") —
y(zzr) predicted by the default model. (a) lineshapes and
relative magnitudes of the z7z~ 7% and 7°2°z° final states.

(b) Contributions to the 7"z~ z° final state from the diagrams
in Figs. 15(a)-15(d).

of the two-loop contribution is from mechanisms where the
two loops are mediated by »"S in Eq. (14). The coherent
sum of the mechanisms in Fig. 15 (green diamonds in
Fig. 16) mostly explain the full calculation (red triangles).

We confront our predictions for the z*7~2° and 7°2°7°
lineshapes with the BESIII data [24] in Figs. 17(a)
and 17(b), respectively. Our model correctly predicts the
peak position. This remarkable agreement suggests that the
peak position is determined by a kinematical effect (TS) that
does not depend on dynamical details. However, the peak
width from our calculation seems somewhat broader than the
data; we will come back to this point later.

In Fig. 18, we also compare the m+ ,- distribution from
our full calculation with the BESIII data [24]. Again, the
agreement is reasonable, showing the sound predictive
power of the coupled-channel model that appropriately
consider the relevant kinematical effect for the isospin
violation. The f,(980)-like peak width (~10 MeV) is
much narrower than the world average (~50 MeV) [15].
This occurs because the (K*)K* K~ and (K*)K°K® loops
in Fig. 15 almost exactly cancel with each other due to the
isospin symmetry, except in a small window (~8 MeV) of
2mys < my,; < 2mygo where the two loops are rather
different and the cancellation is incomplete. Furthermore,
the TS enhances the f((980)-like peak. Therefore, the
f0(980) pole plays a minor role in developing the peak
in Fig. 18.

, ‘ —— 60

smop® G wl® ﬁ

O 200 BESII ~ § 40 | s

§;150§ 1 30 E

2 b 1 F ]

S sof Hiligd 10 | o ] Tﬁ%—fﬂﬁ
07 ‘ ‘ ‘ 1 0 ”T/" ‘ I
12 14 16 18 12 14 16 18

m_+ -0 (GeV)

nnonn

m0,0.0(GeV)
FIG. 17. m,,,(= E) distributions for J/yw — y(0~") — y(znx)
in comparison with the BESIII data [24] for (a) z* 7z~ z° and
(b) z°7°7° final states. The full calculations are smeared with the
bin width, scaled to fit the data, and augmented by the back-
ground polynomials (BG) from Ref. [24]. Figure 17(a) is taken
from Ref. [31].

014021-15



NAKAMURA, HUANG, WU, PENG, ZHANG, and ZHU

PHYS. REV. D 109, 014021 (2024)

20— T T T
200 |
180 |
160 |
140
120
100
80
60
40
20F
0

BG - - - ]
BESIIl —— ]

Events / (0.005 GeV)

FIG. 18. my,- distribution of J/y — y(0~+) — y(z"7"2").
The BESIII data and the background polynomial (BG) are from
Ref. [24]. Our full calculation has been smeared with the bin
width, scaled to fit the data, and augmented by the background.
Figure taken from Ref. [31].

How do 7(1405) and #(1475) resonances work in
J/w — y(zrr)? We address this question by using the
models shown in Fig. 11(a). In the figure, the models
labeled by g;/ya—1y =0 and g;/,(e—3, = 0 do not have
J/w — yn(1405) and J/yw — yn(1475) couplings, respec-
tively, and they are normalized to have the same peak
height in the mg g .o distribution. Then, we use them to
calculate J/y — y(z* 72~ z") as shown in Fig. 11(b). For the
model of g/, (,—3), = 0, the peak positions are almost the
same for KKz and zzrz final states. This is because
17(1405) — zzz is dominant and the 5(1405) mass and
the TS region overlap well. However, the peak width is
narrower for zzz because the TS region is narrower than
the n(1405) width. On the other hand, the model of
91/wla=1), = 0 gives a significantly suppressed m,,, dis-
tribution in comparison with the model of g;/, (43, = 0.
This is because the 7(1475) mass is outside of the TS
region and 7(1475) — zzx is not enhanced. In this way, we
understand the origins of the different KKz and zzz
lineshapes in Fig. 11.

Finally, we compare ratios of KKz and zzz branching
fractions from our model with the experimental counter-
parts. Using the KKz and zzz branching ratios in
Refs. [15,24], we have the experimental ratios

e _ T/y — yn(1405/1475) — y(a* 7~ 2°)]
3 [[J/w — yn(1405/1475) — y(KKx)]
(150 £0.11 £0.11) x 1073
(2.840.6) x 1073

= 0.004 - 0.007,

(32)

and

e _ LI/y — yn(1405/1475) — y(2°2°2°)]
4 T[J/w — yn(1405/1475) — y(KKx)]
~ (7.10£0.82£0.72) x 107
B (2.840.6) x 1073

= 0.002 - 0.003. (33)
Our coupled-channel model predicts
RP =0.0020-0.0021,  RT=0.0010-0.0011, (34)

which is significantly smaller than the data. A possible
reason for the deficit is that we do not consider a
contribution from the JP¢ = 177 partial wave that includes
f1(1285) and f,(1420). The BESII analysis [29] found
that 20-30% of J/w — y(K¢K¢x°) is from the 17F con-
tribution in which f(1420) — K*K is a dominant mecha-
nism. Considering the consistency with J/y — y(KKr),
J/w — y(zzx) should come not only from the mechanisms
of Fig. 15 but also from similar mechanisms that originate
from f| decays. In particular, the triangle diagram from the
f1(1420) decay similar to Fig. 15(a) would be significantly
enhanced by the TS, since the f;(1420) mass and width
have a good overlap with the TS region. Furthermore,
£1(1420) creates an s-wave K*K pair while 7(1405) creates
a p-wave pair. Thus, the triangle mechanism from f; (1420)
is more enhanced by the TS than that from #(1405). This
1" contribution might explain the difference between our
prediction of Eq. (34) and the experimental ratios of
Egs. (32) and (33). We also note that the BESIII [24] did
not separate out a possible f(1420) contribution from
[[J/y — yn(1405/1475) — y(zzx)] in Egs. (32) and (33).
The stronger TS enhancement would create a sharper peak
in the m,,, lineshape. In Fig. 17, our 0~ model shows a
peak that is somewhat broader than the data. By adding a
sharper 17 peak, the data might be better fitted.

V. SUMMARY AND FUTURE PROSPECTS

Whether 7(1405/1475) is one or two states has been a
controversial issue. The recent BESIII amplitude analysis
of J/w — yK¢K¢n° made important progress by claiming
two states with a high confidence level. This analysis was
based on ~10'" J/y decay samples which is significantly
more precise than earlier 7(1405/1475)-related data.
However, the BESIII analysis used a simple Breit-
Wigner amplitude for 7(1405/1475). For a more reliable
determination of the #(1405/1475) poles and their decay
dynamics, a three-body unitary coupled-channel analysis is
desirable.

Thus, we developed a model for radiative J/y decays to
three pseudoscalar-meson final states of any partial wave
(JPC). Also, a slight extension was made to include the
yp(p — m*x~) final state. The main components of the
model are two-body #K, zz, K K, and zn scattering models
that generate K;(700)(=«), K*(892), fo(500)(= o),
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f0(980), a¢(980), and a,(1320) resonance poles in the
scattering amplitudes. The two-body scattering models as
well as bare resonance states were implemented into the
three-body coupled-channel scattering equation (Faddeev
equation). By solving the equation, we obtained the three-
body unitary amplitudes with which we described the final-
state interactions in the radiative J/y decays.

Using BESII's JP¢ =0~* amplitude for J/y —
yKsKn°, we generated KK z° Dalitz plot pseudodata
for 30 energy binsin 1.3 GeV < mg g 0 < 1.6 GeV. Then,
the pseudodata were fitted with the coupled-channel model.
The experimental branching ratios of 7(1405/1475) —
narz and 1(1405/1475) — yp relative to that of #(1405/
1475) — KKn were simultaneously fitted. We obtained a
reasonable fit with two bare n* states, while we did not
find a reasonable solution with one bare #* state. A
noteworthy difference from the BESIII amplitude model
is that the a((980)z contribution is dominant (very small)
in the BESIII (our) model. The small a((980)z contribu-
tion is required by the empirical branching ratio of
n(1405/1475) — naz that was not considered in the
BESIII analysis.

Our 0~ " amplitude was analytically continued to reach
three poles in the #(1405/1475) region. Two poles
corresponding to 7(1405) were found near the K*K
threshold, and are located on different RSs of the K*K
channel. Another pole is 7(1475). We made 50 bootstrap
fits, and estimated statistical uncertainties of the pole
positions (Table I). This is the first pole determination
of n(1405/1475) and, furthermore, the first-ever pole
determination from analyzing experimental Dalitz plot
distributions with a manifestly three-body unitary coupled-
channel framework.

The obtained model was used to predict the nzz and
yxta~ lineshapes of J/w — y(0~") = y(nzx) and y(yp)
processes. The predicted lineshapes are process-dependent
and reasonably consistent with the existing data. We also
applied the model to the isospin-violating J /v — y(0~F) —
y(znr). The importance of the TS from the K* KK loop was
clarified, while the ay(980)-7,(980) mixing gave a tiny
contribution. Furthermore, the two-loop contribution was
calculated for the first time, and this contribution was shown
to significantly enhance the isospin violation. The predicted
zrx and 7z~ lineshapes agree well with the BESIII data.
Although the predicted branching fraction underestimates
the data, we may expect the 11" partial wave including
£1(1420) to fill the deficiency.

Here, we stress that all of the above conclusions are based
on the Dalitz plot pseudodata including only the 0~
contribution, and on the current branching ratios of
1n(1405/1475) — naz and n(1405/1475) — yp relative to
that of 7(1405/1475) — KK=. Since all of this experimen-
tal information was extracted with simpler Breit-Wigner
models, our results might be biased. This situation encour-
ages further studies.

In the next step, we will extend the present analysis by
including more partial waves such as 17" and 27, and
directly analyze the BESII data on J/y — yKgK¢n°.
Then, we can perform the partial-wave decomposition with
our unitary coupled-channel framework by ourselves. With
the 0~" amplitude obtained in this way, the two-pole
solution of 7(1405/1475) needs to be reexamined. Also,
we can consistently study the relevant resonances such as
n(1405/1475) and f,(1420) with the unitary coupled-
channel framework.

Our model can be easily applied to other decay processes
that could involve 7(1405/1475) by simply changing the
initial vertex of Eq. (4) and keeping the rest the same. These
processes include y(2S) - w(KKx) [51], w(2S) -
dnrr) (52], J/w = wnztz~) (53], J/y — o(KKx),
d(KKn), n(KOK*x¥) [54], and y.0 — n(zmn), n(KKn).
It would be important to analyze these various processes to
establish the nature of 7(1405/1475).
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APPENDIX A: TWO-MESON SCATTERING
MODELS

1. Formulas

We develop a unitary coupled-channel model for each of
the 7z, 7K, and zn partial-wave scatterings. Let us consider
aab — a'b’ scattering with total energy E. A partial wave is
specified by the total angular momentum L and total isospin
I. The incoming and outgoing momenta are denoted by ¢
and ¢/, respectively. Suppose that the scattering can be
described with a contact interaction

LI 1N — oyl (A RLL LI
Ua’b’,ab(q ’ q) - Wa’b’(q >ha/b’,abwab (q)’ (Al)
where hé,’,]/’ab is a coupling constant. We also introduce a

vertex function wt!(q) in the form of

1 [1+(q/b’a‘£)2}‘2‘”2<q>{ (A2)

" VBa  VE(QEq) \m

whi(q)
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where bL! is a cutoff and B, is a factor associated with the
Bose symmetry, with B,, = 1/2 for identical particles a
and b and B, = 1 otherwise. The partial-wave amplitude is
then given by

h/ ab q q, ZW /h/ /lhl,al/b”(E)
//h//
X hil owh (q). (A3)
with
(" (E) ™ it ab = Oartr.ap — 05/’1,/,01, (E), (A4)
Babh 'y [WL1<q)]2
Ll (E)= [ dqq? blabl” ab . (A5
oty lB) = [ dg @ g T (5)

Next, we also include bare R excitation mechanisms in
the interaction as

1
V@ G E L (@) =———f&w(a
bl 5E) = Dy (o) (@
+ ok (4 q), (A6)

with mp being the bare R mass. A bare R — ab vertex
function is denoted by f%} »(q) and f%, (q) = fL} z(q);
an explicit form is given in Eq. (7). With the interaction of
Eq. (A6), the resulting scattering amplitude is given by

T L1

a'b'.ab q q’ Zfab’R’ q ETR’ (O E) Rab(q’E)

+ i (@ g E). (A7)

The second term is given in Eq. (A3). The dressed R — ab
vertex, denoted by ]_“ab,R, is given by

Rab(q’E)

Rab(q +Z

ab

/ dq/ q/2

toy ap(d's @3 E)

By fiyw(d)
E - Ea’(q )

(A9)

The dressed Green function for R, 7&/ . (p, E), in Eq. (A7) is

given in Egs. (8) and (9) with f,;, g/ belng replaced by f ab.R'-
The partial-wave amplitude 7%/, , in Eq. (A7) is related
to the S-matrix by

% w(E) = e

=1-=27ip, BT 11(d0-90:E).  (A10)

where 0;; and #;; are the phase shift and inelasticity,
respectively, g, is the on-shell momentum (E = E,(q,) +

Eb(Q(}))a and Pab = qua (Q())Eb(Q())/E is the phase—space
factor.

2. Fits to iz, 7K, and 75 scattering data

In our unitary coupled-channel model for describing the
radiative J/w decays in the #5(1405/1475) region,
ar — KK, 7K, and nn— KK coupled-channel scattering
amplitudes of E < 1.2 GeV are the major components. Our
choices for the scattering models such as the number of R
and contact interactions are specified in Table II. We
determine the parameters in the two-meson scattering
models such as h%l, .. bLl. mpg., g, g, and cgg in
Egs. (A1), (A6), and (7) using experimental information.
For the nz— KK and nK s- and p-wave scattering
amplitudes, we fit empirical scattering amplitudes by
adjusting the model parameters and obtain reasonable fits,
as seen in Figs. 19(a)-19(e).

Regarding the 7 — KK s-wave scattering amplitude that
includes the a((980) pole, we consider two experimental

rLI (qE) — fLI dq/ 2
ab.RA1> ab.r( £ b, inputs. First, our ao(980) propagator [z}/ . in Eq. (A7)] is
B, ( EVfH, (q) fitted to the denominator of the a(980) amplitude [Eq. (4)
ab'l ab (@45 E)f, b’ q ., (A8) of Ref. [60]] from the BESIII amplitude analysis of
E-Es(q')—Ey(q)+ie xe1 = natrm. Second, the ratio of coupling strengths
TABLE II. Description of two-meson scattering models. Partial waves are specified by the orbital angular
momentum L and isospin /.
R {L,I}  Number of bare states Contact interaction ~R-decay channels ~Number of poles
So {0,0} 2 an, KK — nn, KK zr, KK 3
p(770) {1,1} 1 an 1
x (K;(700))  {0,1/2} 1 Kn — Kn Kn 1
{0,3/2} 0 Kz — Kx 0
K*(892) {1,1/2} 1 Kn — Kn Kn 1
ay(980) {0,1} 1 e nm, KK 1
a,(1320) 2.1} 1 nx, KK, p(770)x 1

014021-18



THREE-BODY UNITARY COUPLED-CHANNEL APPROACH TO ... PHYS. REV. D 109, 014021 (2024)

500 ‘ ‘ ‘ ‘ 200 ‘ 100
(@) (b) (c)
400 80
150 -
g eof
g 300 g 8
(o2} [= ~
£ £ 100 < 40r
S 200 &
20 +
50
100 | 0
1+ £
0 0 : : :
1t 1t
%ﬁﬁwﬁ ES
< - 05} ¥
= =
05t 0.5 1
0 ‘ ; ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘
200 600 1000 1400 1800 200 400 600 800 1000 1200 600 800 1000 1200
E (MeV) E (MeV) E (MeV)
0 ‘ ‘ ; 200
= 150 F
g 1oy o
2 o
S o s
= & 100} g
S 20 f g = 1
<
50 + 08
.30 ‘ ‘ ‘
600 800 1000 1200 0 r
E (MeV)
0.4
= g 02f
< =
0
-0.2 +
0 ‘ ‘ ‘ ‘ ‘ ‘
800 1000 1200 800 900 1000 1100 1200
E (MeV) E (MeV)

FIG. 19. (a)—(b): zx scattering. Phase shifts and inelasticities are shown in the upper and lower panels, respectively. Data are from
Refs. [55-57]. (@) {L,1} = {0,0}; (b) {L,I} = {1,1}. (c), (e): zK scattering. The phase and modulus of the amplitudes are shown in
the upper and lower panels, respectively. Data are from Ref. [58]. (¢) L = 0 for ztK~; (e) {L,I} = {1, 1/2}. (d) Phase shifts of the zK
scattering for {L,I} = {0,3/2}; data are from Ref. [59]. (f) zn — an (upper) and zn — KK (lower) scattering amplitudes;
{L,I} = {0, 1}. The real and imaginary parts are shown by the red solid and green dashed curves, respectively. The dotted vertical

line indicates the KK threshold.

(including the form factor) between the ay(980) — zn and
ay(980) — KK is fitted to an empirical value of 1.03 from
Ref. [46]. Furthermore, the relative phase between the zn —
zn and 7 — KK amplitudes is chosen to be consistent with
those from the chiral unitary model [61]. In Fig. 19(f), we
show our zn — zn and zy — KK scattering amplitudes
defined by

é’lb’,ab (E) = ”\/pa’b’Ba’b’ \/pabBabTé’Ib/,ab (qg’ 905 E)
(A11)
Finally, we obtain the 7n — KK — px d-wave scattering
amplitude with the a,(1320) pole by adjusting the model

parameters so that the mass and width of a,(1320) and
branching fractions of a,(1320) — 75 and a,(1320) - KK
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are reproduced; all of the fitted a, (1320) properties are from
the PDG listing [15].

From the obtained partial-wave amplitudes, resonance
poles are extracted and presented in Tables III-V. Overall,
the pole locations are consistent with those listed in the
PDG [15]. Numerical values of the fitting parameters are
given in Tables VI-VIIL

TABLE IIl.  Pole positions (M) in our zz scattering ampli-
tudes. The RSs of the pole positions are specified by (s, Sk ),
where s, = p(u) indicates that a pole is on the physical
(unphysical) sheet of the channel x; “—” indicates no coupling
to the channel.

{Lv ]} Mpole (MCV) RS Name

{0,0} 438 —311i (up) P
1000 — 20i (up) £0(980)
1420 — 224i () £o(1370)

{1.1} 769 — 78i (u-) p(770)

TABLE IV.  Pole positions (M) in our 7K scattering ampli-
tudes. The RSs of the pole positions are specified by (s,x)-

{L, I} M. (MeV) RS Name
{0,1/2} 665 — 297i (1) K
{1,1/2} 902 — 30 () K*(892)

TABLE V. Pole positions (M) in our zn scattering ampli-
tudes. The RSs of the pole positions are specified by

(szm’ SKK> spﬂ)'

TABLE VII. Parameter values for the zz partial-wave scatter-
ing models. See Table VI for the description.

R{L.1} fo 0.0} p{1.1}
mg, 1007 834
G R, 6.76 1.03
CrR, 1458 1040
gKi(.Rl —-4.75 cee
CKI_(.RI 711

mg, 1677

Yrr.R, —=5.87

CrnR, 1458

KK R, 10.21

CK]_("RZ 711

Mon 0.65

hmz,[(i( -0.42

bn 1458

bxk 711

TABLE VIII. Parameter values for the 77 partial-wave scatter-
ing models. See Table VI for the description.

R{L,I} ag {0, 1} a, {2,1}
mg, 1233 1436
R, -3.08 0.09
Con R, 1973 1000
KK R, 2.94 0.07
CKE R, 1973 1000
pr R, e 0.33
CorR, 1000

{L, I} Mg (MeV) RS Name

{0,1} 1070 — 112i (up-) ay(980)
{2,1} 1322 — 56i (uuu) a,(1320)
TABLE VI. Parameter values for the 7K partial-wave scattering

models. The ith bare R state (R;) has a mass of my,, and it decays
into i; and h, particles with couplings (gj 5, z,) and cutoffs
(Ch,n,.k,)- Couplings and cutoffs for contact interactions are
denoted by hy p, pn, and by, ;,, respectively. The parameters
are defined in Eqgs. (A1), (A2), (A6), and (7). For simplicity, we
suppress the superscripts LI of the parameters. The mass and
cutoff values are given in units of MeV, and the couplings are
dimensionless.

R{L.T} k(Kg) {0.1/2} {0,3/2} K* {1,1/2}
mp, 1239 . 926
ek R, 5.79 0.74
Cakh, 1000 - 752

hok a 0.59 0.47 —0.01
bk 1000 1973 752

APPENDIX B: PARAMETERS FITTED
TO RADIATIVE J/y DECAY DATA

Table IX presents model parameters determined by fitting
J/w = y(0~F) - y(KsKsn®) Dalitz plot pseudodata and
the branching fractions of 7(1405/1475) —» nz*z~ and
n(1405/1475) — p°y relative to that of 5(1405/1475) —
KKn. When a two-meson scattering model includes contact
interactions, we consider a direct bare M* — abc decay
where two pseudoscalar mesons (ab) have an orbital
angular momentum L and a total isospin /. We describe
this bare vertex function with [cf. Eq. (12)]

_ M g\
= Celani, <m,[>

27 AMi 21-2-L
o 1+¢ /(A(c(ab)u),) |7 (B1)

4EC(Q)mMT

F(C(‘lb)u)be (Q)
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TABLE IX. Parameter values for ith bare #* state obtained from one of the bootstrap fits. The symbols are the
J/wn;y coupling constant g, Jymy I Eq. (4), the bare mass m,- in Eq. (15), and bare couplings C! v in Eq. (12) and
Ci(‘”’)u in Eq. (B1); the subscripts / are suppressed. R" stands for the nth bare R state, while (ab),, is a direct decay
into two pseudoscalar mesons (ab) with the orbital angular momentum L and total isospin /. The nonresonant
amplitude parameter cyg has been introduced in Eq. (27). Since the overall normalization of the full amplitude is
arbitrary in our model, a common scaling factor can be multiplied to g, oy and cng. All cutoffs [Alg. in Eq. (12)

and Ai(aw” in Eq. (B1)] are fixed to 700 MeV.

m,; (MeV) 1622 m,; (MeV) 2309
9pniy 1 (fixed) 9pnsy 0.317 — 0.454i
Chy 2.00 C%,. 4.54
C}‘«nx),% —0.421 C%-q,,,()% —0.124
clL 19.4 2 22.6
Chier)y 310 Chierry 2.19
Cray -1.01 Ca -1.15
Cla, 2.38 C2,, -3.12
o —2.40 e, _708
Che -1.33 o 9.26
Clirmne 0.358 C e 3.10
C}?( KR)qy 0 (fixed) KB 0 (fixed)
c, 0 (fixed) c, 44.9
cxr (GeV72) 127 — 41i

;

where C?z (a Do), and A(c<a b)), e coupling and cutoff parameters, respectively. This bare vertex function is used in a dressed
vertex and a self-energy in a similar manner as the bare vertex F' (cR).M: in Eq. (12) is used in Eqgs. (10), (11), and (16).
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