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Thermal conductivity of evolving quark-gluon plasma in the presence
of a time-varying magnetic field
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The effect of the temperature evolution of quark-gluon plasma (QGP) on its thermal conductivity and
elliptic flow is investigated here in the presence of a time-varying magnetic field. Thermal conductivity
plays a vital role in the cooling rate of the medium or its temperature evolution. The magnetic field
produced during the early stages of (noncentral) heavy-ion collisions decays with time, where electrical
conductivity plays a significant role. As the medium expands, the electrical and thermal properties change,
reflecting the effect in various observables. In this study, we have calculated the thermal conductivity of the
QGP medium, incorporating the effects of temperature and magnetic field evolution. We discovered that
conductivity significantly depends on the cooling rate, and its value increases due to temperature evolution.
Furthermore, the influence of these evolutions on the elliptic flow coefficient is measured, and elliptic flow
decreases due to the evolution. We also extend our study for the case of Gubser flow, where, along with the
longitudinal Bjorken expansion, the radially transverse expansion is also present.
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I. INTRODUCTION

The experimental facilities Large Hadron Collider
(LHC) and Relativistic Heavy Ion Collider (RHIC) have
successfully produced the quark-gluon plasma (QGP)
during the heavy-ion collision experiments [1-4]. The
experimental signatures of QGP suggest that its initial
stage is of very high-energy density and low viscosity often
referred to as nearly perfect fluid [5]. The successful
explanation of experimental observables such as the elliptic
flow coefficient v, [6-8] created confidence in the
applicability of relativistic dissipative hydrodynamics for
QGP evolution. The equation of state, as well as dissipa-
tive, nonequilibrium processes, influence the space-time
evolution of a medium. The temperature drops when QGP
expands. Hydrodynamic simulations can explain the tem-
perature evolution very well. First-order dissipative hydro-
dynamic theory given by Eckart [9], and Landau and
Lifshitz [10] leads to an acausality problem. This problem
vanishes in second-order hydrodynamics given by Muller,
Israel, and Stewart, also known as MIS theory [11].
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The hydrodynamic stage of the QGP expansion is
described as an adiabatic thermodynamic process but not
strictly adiabatic [12]. During the early stages of the
expansion, thermal conductivity can play a vital role in
the equilibration of the system. As the medium expands, the
temperature drops, which can lead to local temperature
gradients. This can lead to the creation of hotspots in the
QGP, as shown in Ref. [13]; hence, heat current will be
generated, and the thermal conductivity of the system takes
a significant role here. The thermal conductivity of quark
and hadronic matter is widely investigated in microscopic
theories, where two formalisms are widely used. One is
Kubo formalism [14,15] based on quantum field theory,
and the other is the relaxation time approximation (RTA)
formalism based on kinetic theory approach [16-20]. In all
the previous calculations, a static picture of QGP is
considered, 1.e., the effect of cooling due to the expansion
of QGP is not considered. In principle, cooling of QGP
with time should affect the temperature gradients in the
system as well, depending on the change in thermal
conductivity of the medium. To account for this effect,
heat current modifies depending on the rate of change of
temperature gradient and change in thermal conductivity.
Here, we will show that this effect on thermal conductivity
is significant and non-negligible.

According to the theoretical predictions [21], a substan-
tial magnetic field is created in the noncentral heavy-ion
collision experiments, which magnetize the created
medium [22]. With the finite electrical conductivity of
QGP, the magnetic field can survive until the medium
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exists [23]. The decay of the magnetic field is influenced by
various parameters, such as electrical conductivity, expan-
sion rate or cooling rate, etc. In reality, electrical conduc-
tivity changes as the medium evolves, affecting the
electromagnetic field in the medium. Indeed the actual
picture is very complicated, and one possible solution to a
time-dependent electromagnetic field could be to solve
Maxwell’s equation in a self-consistent manner [24,25].
Direct quantitative measurement of a magnetic field from
the experiment is yet to be discovered; however, a recent
discovery of separation of directed flow coefficient v; of
D° and D° proves the existence of a very high magnetic
field at the early stage of QGP creation [26,27]. Many
theoretical studies [19,28,29] attempted to explain this
experimental finding using various decay profiles of the
electromagnetic field. It is found that the results are
sensitive to the decay parameter and the decay profile
of the magnetic field, therefore, on the electromagnetic
properties of the matter. The other transport properties of
QGP, such as viscosity, thermal conductivity, etc., are also
highly affected by the magnetic fields [30]. Recently, a few
studies [19,31] show that the time evolution of electro-
magnetic field has a non-negligible effect on the transport
properties—thermal and electrical conductivity of QGP and
hadronic matter. However, in all these estimations, a static
picture of QGP is considered, 1.e., the effect of cooling is
not considered, which can significantly impact transport
coefficients, especially in thermal conductivity, as we will
show here.

In this work, we estimated the thermal conductivity of
the evolving quark-gluon plasma in a time-varying mag-
netic field at finite baryon chemical potential. Here we used
a quasiparticle-based model of QGP for quantitative
estimations. Moreover, we investigated the deviation of
the elliptic flow coefficient v, of the QGP in evolving
pictures from the static one in the presence of a time-
varying magnetic field. Furthermore, we extend the study
for a (1 4+ 1)D hydrodynamical system that is longitudi-
nally boost invariant and has an azimuthally symmetric
radial expansion with a finite viscosity as described in
Gubser flow [32]. The paper is organized in the following
manner. The derivation of thermal conductivity compo-
nents for static and evolving medium in the presence of a
time-varying field is briefly given in the formalism in
Sec. II. In Sec. III, we discuss the results in detail. In the
first part of the results, we discuss various cooling rates.
This is followed by thermal conductivity and the effect of
different cooling rates. Then, we discuss the impact of the
evolution picture on the elliptic flow coefficient. Further,
we also provide an extended study to incorporate the effect
of evolution in conductivity with the Gubser hydrodynamic
model. Finally, in Sec. IV, we have summarized the study
with possible outlooks. Detailed conductivity and cooling
rate calculations are given in the Appendices.

II. FORMALISM

In this section, we calculate the thermal conductivity of
an evolving relativistic fluid in the presence of an external
time-dependent magnetic field. The detailed calculations
are mentioned in Appendix B.

The conservation laws associated with energy-
momentum tensor 7% and particle four-flow N# can be
used to study the fluid properties of a medium. Within the
kinetic theory formalism, one can express these quantities
in terms of the particle’s energy, momentum, and phase
space integration as

Z /d|kkz)f”
- /d3 1L s, (n

Where £ = (w;, ki) is particle’s four-momentum of the ith
species. The total single-particle distribution function (f;)
for a system slightly out of equilibrium (5f;) can be
written as f; = f‘,) + of;, where f? is total single-particle
distribution function for i species at equilibrium, which is
given by

1
T (2)
11

7=

where =+ stands for fermion and boson, respectively. For a
system slightly out of equilibrium, 7% and N¥ can be
expressed as the sum of the ideal and dissipative parts,
respectively as

T = Thy . + 6T,
NH =

1deal + 6N¥. (3)
The equilibrium distribution function f, contributes to the
ideal parts, whereas the deviated part of the distribution
function Jf contributes to the dissipative part. Any dis-
sipative current must have a conserved quantity, which in
the case of heat current in QGP is baryon number b;. As a
result, only quarks (and antiquarks) contribute to thermal
conduction in QGP. When the total number of gluons is
conserved, gluons can contribute to the heat conductivity of
a system. According to Ref. [33], the contribution is
negligible (about 107 times smaller) compared to the
quark-antiquark mixture. Therefore, we ignore the thermal
conductivity caused by gluons in our work, yet they
contribute to the system’s total enthalpy and affect its
thermal conductivity. In general heat current in terms of 7+
and N* can be expressed as [16]

I = 8T% — hdNY, (4)
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where h = % is the enthalpy per particle, and €, P,

and n are total energy density, total pressure, and net
baryon density of the system, respectively. Employing
Eq. (1) in Eq. (4), we can express the heat current due
to conserved baryon number in the kinetic theory for i
species particles as

= _ [ LIk

Ty = [ o=, g
To find the expression of df;, we solve the Boltzmann
transport equation (BTE) using RTA; to satisfy the energy-
momentum conservation law, we have to work with the
Landau-Lifshitz frame [10], where the rest frame is
attached to energy flow. In the local rest frame, the heat
current will take the form, [19,34],

T = —x,VT, (6)

where k is the coefficient of thermal conductivity. In the
current work, we introduce the cooling rate using hydro-
dynamical theories and study the thermal response of
evolving QGP. Now we discuss the static and the evolving
pictures of QGP one by one.

A. Static picture (without temperature evolution)

In this picture, we discuss two cases in the presence and
absence of an external (time-varying) magnetic field to
study the thermal response of the medium. In the presence
of a time-varying magnetic field, heat current in the fluid
rest frame can be expressed as [19]

T = —{xVT +7 (VT x B) + &(VT x B)}
= —{KVT + (& +&3)(VT x b)}
= —{KVT + &5,(VT x b)}, (7)

where «{, is the component of thermal conductivity along
the temperature gradient, and the Hall-like components are
$ = KB, k5 = ik B. Here, superscript s in k°* corresponds
to a static picture.

Here, Eq. (5) also expresses the microscopic three-vector
form of heat current. To find the expression of §f;, we solve
the BTE in the presence of an external magnetic field under
the RTA as

ofi | ki of, (k > ofi_ o g

— 4 — = X B — .
()T+a} ox +a ; 0k Th

We consider a time-varying magnetic field of the form [25,29]

B = Byexp (- é) 9)

where B, is magnitude of the initial field having decay
parameter 7p, and 7 is the proper time. We can assume an
ansatz of 6f; as [16]

(k:-8,) 9f?

ofi = ,
fl T aa)i

(10)

where a general form of Q, up to first order time derivative of
B can be expressed as

éK = (llE —+ azﬁT —+ a3(§T X E) + a4§ + as(ﬁT X E)
(11)

Considering the same magnetic field profile as mentioned
in Eq. (9), we can find the unknown coefficients «;
[i =(1,2,...,5)] by solving Eq. (8) employing Eq. (11)
in Eq. (10). From Egs. (7) and (5), we can obtain the
expressions of thermal conductivity components as [20]

& |k E .
: -t bh 2
Ko = 3T22 / ? ) LESES
x fI(1LF fY),
1 Bk & . P
S = — ; D (@, —b.h), — 2
i 3T22i:g’/(2n)3w% (=B )TR<1+)(i+)(i2)
x (1 F 7)), (12)

The methodology adopted here is the same as
Refs. [35,36] in the absence of an external magnetic field,
1.e., (B = 0). Unlike the case of the presence of a magnetic
field, there is only a single component of the thermal
conductivity as

k;

&k,
¢ =570 [ G a0 F D). (19

B. Evolving picture (with temperature evolution)

In the evolution picture, we consider the evolution of
QGP using temperature evolution with time, for which we
have taken different hydrodynamics cooling rates, which
are discussed below in three cases.

In an evolving system Eq. (6) gets modified. As_the
temperature falls with time, the temperature gradient (VT
should also change, which will have a finite effect on

heat current. Therefore, in addition to VT, there are also

contributions V7 in the heat current I. Hence, in the
evolution picture, the heat current in the rest frame of the
fluid can be expressed as

014018-3



SINGH, DEY, and SAHOO

PHYS. REV. D 109, 014018 (2024)

-

I=—(kVT +7,VT), (14)

where k; is a new coefficient of thermal conductivity

arising after introducing cooling rate or VT term.
Similarly, in the presence of (time-varying) magnetic field
heat current Eq. (7) will also be modified for evolving
picture as

T=—{kVT + 7, (VT x B) + &(VT x B) + &3V T
+ 7 (VT xB)}, (15)

where, k3 and k, are the new coefficients arising due to
temperature evolution. All these new components are
calculated below for three cooling rates obtained from
ideal hydrodynamics, ideal magnetohydrodynamics, and
first-order dissipative hydrodynamics.

1. Case-I: Ideal hydrodynamics (B =0)

The expression of cooling rate in ideal hydrodynamics
with the parameters, medium formation time = = 7, and
initial temperature 7 = T, is (see Appendix A for more

detail)
T=T, (E) (16)
T

There is no dissipation or dissipative current in ideal
hydrodynamics, whereas conductivity is a dissipative
quantity. However, here we use ideal hydro only for
the cooling rate, and the calculation of conductivity using
this cooling rate will only give us a reference. Therefore,
the cooling rate from dissipative hydro is a must for actual
conductivity measurement, and we have used only

|

d3|k|k d3|k|k
Ko = TZZ/ L (@ = ) (1 F fY) = Tzz/
d3|ki|ki
7 Zg/ @ o,

K

1 d3|ki| ki ;
= 9772 Z_gi / (27[)3 2 (w; = bih)szzf?(l

or
K¢ =Ko + k1,

d3|k 72
3T2Z 72

first-order hydro in case-III. In the case of evolving medium
in the fluid rest frame, the heat current can be expressed as
mentioned in Eq. (14)

-

T=—«kVT, (17)

where, k¢ = k) + x; and x; = %fq. The superscript e in k¢
corresponds to the evolving picture. To obtain a micro-
scopic expression of heat current using the cooling rate
Eq. (16), we follow a similar prescription as discussed in
Sec. I A. We find the deviated part of the distribution
function 6 f by solving the BTE for evolving medium under
the RTA as

ofi ki of;  bf;
ofi ki ofi _ _ofi

- i
or  w; Ox Th

(18)

We can assume an ansatz of of; for thermal conductivity
as [16]

(ki©y) of?

5 PR — 5
fl T 60),»

(19)

where a general form of S_i,( up to first order time derivative
of T can be expressed as

O, =a, VT +a,VT. (20)

The unknown coefficients a; and a; can be found by
substituting Egs. (20) and (19) in Eq. (18). Finally, the
expression of thermal conductivity for evolving medium
(ideal hydrodynamic evolution) can be obtained as (see
Appendix B),

w; = b;h)ti exp(—z/7p) £} (1 F f7),

= bih)rp? exp(=7/7x) £} (1 F 7).

o) (14 2) (0 - k) —pespl-r/e} 20 £ . @)

2. Case-1I: Ideal magnetohydrodynamics

In the presence of a magnetic field, the cooling of the medium is affected. In the case of ideal magnetohydrodynamics, the
cooling rate for a time-dependent magnetic field can be obtained as (see Appendix A),

T— {Tﬁ (T?(’)g + (;;)g (r(4/3,2p7) —

I'(4/3.2p7)} —(—

& {T(7/3,287) = T(7/3,2820)}| " (22)

2pz)s
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Where 7, and Ty are medium formation time and initial
Bz . . 21 2
s Witha = (16 + 5 N;) 55
= i Here N is the number of quark flavors, taken

temperature, respectively; a =
and

to be three. In the considered evolving picture, heat current
using Egs. (22) and (15) can be expressed as

— (VT +7,(VT x B) + %y(VT x B) + &3V T

+&,(VT xB)},

= —{(ko + &3)VT + (ky + K5 + k) (VT x b)}
= —{k§VT + &, (VT x b)}. (23)

— % R — e f=l 3B?
Here, K| = K]B, Ky = K2B, K3 = K3{'§_‘r(1 _4aT4) Jar, T4}
3B?

) — }B. From Eq. (22),

and Ky = l_<4{;—i(1 -

4ar T4

- -1 B? B> o
Vi=<{—|1- 5 7)) - VT, (24)
37 4aT dargT

(see Appendix A).

To obtain the expression of conductivity components, we
follow the same methodology as for the case of static
picture (Sec. IT A). In this case, the ansatz Jf; will be
modified such that Eq. (11) takes the form,

ék‘ = (XIE + azﬁT + (13(67‘ X E) + (X4§ + (ls(ﬁT X E)
+ oV T +ay (VT xB) + ag(V T xB), (25)

where we considered up to first-order time derivative of B

and VT. The unknown coefficients o; [i = (1,2.....8)] can
be obtained by substituting Eqgs. (25) and (10) in Eq. (8).
Solving the Boltzmann equation, we can obtain the
expressions of thermal conductivity components from
Egs. (5) and (23) as (see Appendix B)

Ko = 3TzZ /d3|k lz bih)2r;mf?(1:pf?),

=g [ S b B 5 )

= 570 o S 10 1)

= 5ga X [ Gttt 2 (- ) e
o 3TZZ /d3|k|k2 ‘_bih)zﬁg(l+xi§((il++)(;i:t{g21+x%) {% <]_43aB;4> +4asz4}f 1D

or

K = Ko + K3,

! 4|k ki i A +x)0i - +xi [ 1 3B? B?
:—Zzgi/ 3_2(wi_bih>2% 1- TR — (1= 1 + ;
3T% £ (27)° w; (14 +x7) (14 2:)(1 4 £2) 37 4aT daryT

x fO(1F £9),

Ky = K1 + Ky + Ky,

(2+xi)

1 & |k;| k7 iy 4 . 1 3B> B2
- A D2 (@ —b.h)2—R | AN S VAN N S )
377 Zgl / (27)* w7 (@ = bik) (I+x:i +13) B (I4+x)(1+27) ) 32 4aT* Jr4aTBT4

x fO(1 F f9),

with y; =

(26)

z—g. Here, it is essential to note that the expressions are obtained in the limit of slowly varying magnetic field, for

which we approximated the decay parameter as the inverse of cyclotron frequency, 1.e., 75 = ;’—B Furthermore, xy should

have explicit sign dependency from the electric charge of the particle due to y; on the numerator. However, this information
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vanishes due to the approximation, leading to inaccurate
results. Therefore, we use the minus (plus) sign in xy for
negatively (positively) charged particles and antiparticles
for the numerical estimations.

3. Case-III: First-order dissipative
hydrodynamics (B =0)

The expression of cooling rate in the first-order dis-
sipative theory with the parameters, medium formation
time 7 = 7 and initial temperature 7 = T, can be obtained

as mentioned in Ref. [37],
70 %
1—-—= 27
(=)} @

7 b 1
T=T 14+—
O<T> { +66”0T0

Bk k2
Ko = TZZ / i —2 w; = bih)* o fA(1 F f]) =
d3|k|1?2
= , =L (w; — b;h)? )
K] 3TT2 Zgl/(2”)3 wlz( f() :Ff
or
Ke:K0+K1,
k| k,2 ,~
3TZZ / —12 b»h)rR(1+

where, k| = ‘711?,. To satisfy the energy-momentum con-
servation law in the RTA method, the relaxation time must be
momentum independent, which is not the case in general.
However, we can find a momentum-independent relaxation
time of quark in QCD matter as given in Ref. [34]

1
5.1Ta2 log(1/a,)[1 + 0.122N; + 1)]

(29)

TR —

Here, we considered a fixed value of the strong coupling
constant a; = 0.5.

III. RESULT AND DISCUSSIONS

In Fig. 1, we have plotted the cooling rate for the QGP
medium [temperature (7)) versus proper time (7)] for three
cases. Case-I is for ideal hydrodynamics (solid black line),
case-II is for ideal magnetohydrodynamics (red dashed for
7p = 3 fmand green dotted line for zz = 7 fm), and case-III
is for first-order dissipative hydrodynamics without mag-
netic field (blue dash-dot line). For all the cases,
we have considered the same formation time (z;) and
thermalization temperature (7)) of QGP as 7y = 0.5 fm
and T, = 0.35 GeV, respectively. Expression of cooling
rate for the corresponding cases is given by Egs. (16), (22),

_) {(@s = bilt) — or exp(—z/m)} 121 F 12).

where a is same as used in Eq. (22), and

0.342

b=1(1+1.70N .
(1+ f)(1+Nf/6)a§1n(a;1)

Here, a; is the strong fine-structure constant and taken to be
0.5, and N/ is the number of quark flavors, taken to be
three. To get the final expression for thermal conductivity,
the formalism followed here for this case is similar to what
we followed for case-I. The difference in both cases comes
from their respective cooling rates. Instead of Eq. (16), here
we use the cooling rate from Eq. (27) into Eq. (17). Hence,
the obtained expression of thermal conductivity compo-
nents for this case is

729 |
B3\ k.| k5 )
o | lefg' L (o= b7 exp(=s/e) 1301 % 1)

d3|k|k

w; = b;h)thexp(—t/7z) Y (1 F f7),

(28)

|
and (27), respectively. In case-Il, we have considered
a time-dependent magnetic field with decay parameter
7g = 3 fm indicated by the red dashed line and 75 = 7 fm
by the green dotted line. The smaller the decay parameter,

T,=0.5m, T0 =0.35 GeV

L L L L L L L
0.35 - ]
: — Case-l
R\ — — Case-ll witht;=3fm |
0.3 - N T Case-ll with 15 =7 fm
L . — = Case-lll ,
2 0.25
g
= L
02
0.15
0
Proper time(r) (fm)
FIG. 1. Cooling rate for three cases. Case-I: Ideal hydrody-

namics, Case-II: Ideal magnetohydrodynamics, Case-III: First-
order hydrodynamics.
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the faster the decay of the magnetic field in the medium. The
strength of the initial magnetic field depends on the
collision energy, impact parameter, system size, etc.
Here, we have considered the initial magnetic field
eB, = 9m2, which is possible at RHIC and LHC energies
[21]. From the figure, it is also noticeable that at the initial
time of temperature evolution, the case-I and case-II
cooling rates are the same, almost up to 2 fm. Including
the dissipation or the magnetic field, the cooling rate slows
down compared to ideal hydrodynamics. Furthermore,
slower decay of the magnetic field leads to slower cooling
of the medium. In the coming discussion, we will see the
effect of these different cooling rates on the thermal
conductivity of the medium and, hence, its related phe-
nomenological quantity.

In this work, for the numerical estimations, we used
a quasiparticle model formulated by Gorenstein and
Yang [38], where the lattice equation of state for QGP is
achieved by introducing the thermal mass of the partons.
By virtue of interactions, quarks and gluons get their
thermal mass m(7T), and the thermodynamic consistency
is achieved by introducing bag constant arising from
vacuum energy [39]. The dispersion relation of the particle
in the quasiparticle model having energy ; and momen-
tum k; is w?(k;, T) = k* + m?(T) [38]. For further details
of quasiparticle models, one can check Refs. [38—42].

A. Thermal conductivity

In Fig. 2 (left), the top panel represents x, component of
thermal conductivity with proper time () at baryon chemical
potential up = 0.3 GeV for all the three cases. This com-
ponent is responsible for the heat current along the temper-
ature gradient. When the effect of cooling is considered in
the conductivity calculation, the corresponding result for
each case is denoted by the term “evolving”, and where it is

| ot | | |
p_=0.3 GeV

B — Case-| Static
s Case-| Evolving

10 ™ — — Case-ll Static = =5

' E R aimas Case-Il Evolving 3
% - , — . Case-lll Static 7
o 4L S e, R Case-lll Evolving |
= F Rl E
S - i L=

107"

IHHH‘ |

Proper time(z) (fm)

not considered is designated by ‘“static.” Black lines re-
present case-I with a dotted line for the evolving picture and
a solid line for the static one. Case-II represents a red dashed
line for a static picture and a red dash-single dot line for the
evolving one. The blue lines represent case-1II with a dash-
double dotted line for the evolving picture and a dash-dot
line for the static one. In all three cases, we see an
enhancement in the thermal conductivity in the evolving
picture as compared to the static one. This comes from the
new components k; in case-I and case-IIl, and x5 in case-II

arising due to the VT term in the heat current.

In static pictures, the expression of thermal conductivity
[Eq. (13)] is the same for case-I and case-III except for their
temperature evolution. Hence, we can see that the solid
black line and blue dash-dotted line start from the same
point but later on follow different paths due to their
respective cooling rates. For all three cases, we notice that
conductivity decreases with time, mainly dominated by
their thermodynamical phase space part for baryons as
expected from the existing knowledge [16]. The effect of
the magnetic field can be found in further suppression of
conductivity, as introduced in case-II. We can quantify the
effect of the cooling rate and magnetic field by looking at
their respective expressions of conductivity. In the absence
of magnetic field, comparing the static picture [Eq. (13)]
with evolving pictures (Egs. (21) and (28)), we can argue
that the thermodynamical phase space part (w; —b;h)
as well as the relaxation time 7 get modified in the
evolving picture. However, in the presence of a magnetic
field comparing static picture [Eq. (12)] and evolving
picture (26), one observes the effect of evolution is mainly
taken care of by relaxation time or effective relaxation time.
From the bottom panel of Fig. 2 (left), we can quantify
the effect of cooling for all the cases. On the average,
10%-20% eftects are there for all the cases. In the presence

T T T T

os|-: u = 0.3 GeV N
< 04— = — — Case-ll Static, iy =3fm |
& o3 4\ ------- Case-ll Evolving, 1, = 3 fm _|
r "\~ ==== Case-ll Static, 1= 7 fm T
¥ 02— \\ ‘., B ]
L) \\ — ' Case-ll Evolving, 1, =7 fm |
o1 NN, _
- TR .
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FIG.2. Components of thermal conductivity as a function of proper time (7). Left: Upper panel represents x, component, bottom panel
represents its percentage deviation (where AX, = x{; — k7)) of static picture from evolving picture. Right: Same as the left figure but for

“Hall-like” component.
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of a magnetic field, the effect is comparatively less and
decreases with increasing decay parameters. The effect of
evolution is greater in case-III than in other cases, which
indicates that the evolution of thermal conductivity is
highly sensitive to the cooling rate of the system. We
can roughly state that the slower the cooling higher the
effect of evolution in the conductivity, and the effect
decreases with time evolution.

In Fig. 2 (right), the time evolution of the “Hall-like”
component and the effect of evolution in this component is
demonstrated at baryon chemical potential yp = 0.3 GeV.
This component arises only due to the magnetic field, and
the heat current for this component is perpendicular to both
the magnetic field and temperature gradient. This figure
represents ky for case-II at two decay parameters, 73 = 3,
7 fm. The absolute value of k; is almost ten times less than
that of the x, component because the contribution from
particles and antiparticles are opposite, leading to a smaller
net value. Similar to the x, component, we see an enhance-
ment in k in the evolving picture as compared to the static
one. In this case, enhancement comes from the new
component k4 arising in the evolution picture due to

(VTXE) term. In the bottom panel of the figure, we
notice that the effect of evolution is large in the early stages
of evolution (around 40%) as compared to the later stages
(around 10%). As the system evolves with time, the
strength of the magnetic field also starts to weaken,
and the xyz component diminishes, leaving only the
component.

B. Phenomenological significance

In the RHICs, azimuthal anisotropy in the momentum
space of the produced particles, especially the elliptic
flow coefficient v,, is one of the important observable
in determining the thermalization of produced medium
[43,44]. To estimate the effect of evolution in v, via thermal
conductivity, we use the simple relation [44-46]

hyd
vyro

2 , 30
1 + Kndm ( )

Kn"

Vy =

where Kn is Knudsen number, v3*™ is the value of elliptic

flow in the hydrodynamic limit, 1.e., at Kn — O limit. The
Knudsen number is defined as Kn = % representing the
degree of thermalization of the medium with 4 as mean-free
path and [ as the characteristic length scale of the system.
One can calculate the mean-free path (1) using the simple
classical relation [47]

3k

A=— 31

vCy (31)
which relates the coefficient of thermal conductivity «,
the specific heat at constant volume Cy, and relative

speed v. For the numerical estimation of v,, we have
approximated v &~ 1 and system size [ ~ 3 fm; v2’*° ~ 0.3
and Kn™9° ~ (.7, which are obtained from the transport
calculation [46].

To obtain », as a function of center-of-mass energy
V/Syn (in GeV) we use the following parametrization [48]

T(ug) = 0.166 — 0.139u2 — 0.0534%,
1.308

= 32
1 + 0'273‘/SNN ( )

KB

We also parametrize the magnetic field as [21],
v b
B =Y M Ze — exp <— i). (33)
my

Here, R is the radius of colliding ions with electric charge
Ze, b is the impact parameter, and my = 0.938 GeV is the
nucleon mass. For Au-Au collisions at |/syy = 200 GeV,
with R=638fm, b=72fm, and Z=79 we get
eB = 9m? at r = 0, which is in accordance with the results
for RHIC energies [49].

In Fig. 3 (left), we have plotted the elliptic flow
coefficient (v,) as a function of the center-of-mass energy
V/Snn (in GeV) for Au-Au collision with impact param-
eter 7.2 fm in the upper panel for all the three cases. We
see that for all three cases, the elliptic flow coefficient (v,)
decreases as /syy increases. In Eq. (32), we can see that
the baryon chemical potential pp decreases as /syy
increases. With the increase in values of pup, the baryon
density of medium increases, which alternatively lowers
the value of relaxation time (zz) of medium constituents.
Therefore, the higher the up value, the lower the
thermal conductivity coefficient values (x). Hence, it is
clear from the Eq. (30) that v, decreases as ./Syy
increases. The blue solid square represents STAR data
of all charged particles for Au-Au collisions with
20%-30% centralities, i.e., within the range of impact
parameter b = 6.61-8.1 fm [50], shown for reference
purpose only. We can not compare these results with
the current estimation, as our results are for the whole
medium, including all the charged and uncharged par-
ticles. The bottom panel of the figure shows the percent-
age deviation of v, for the evolving picture from the static
picture. The positive value of the deviation represents that
the elliptic flow in the evolving picture is smaller than the
static picture. This deviation is slightly negative at very
low energy for all the cases. Later, the deviation value is
positive for all the cases throughout the mentioned energy
range. So, the temperature evolution reduces the elliptic
flow. This effect reduces as we increase the energy. Also,
note that the deviation is highly sensitive to the cooling
rate, varying from minimum 2% to maximum 24% for
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Left: Upper panel represents the elliptic flow coefficient (v,) as a function of center-of-mass energy /sy, the bottom panel

represents percentage deviation of elliptic flow coefficient (v,) of evolving picture from the static picture as a function of the center of
mass energy ./syy- Right: Percentage deviation of elliptic flow coefficient (v,) of evolving picture from the static picture as a function of
proper time (7). Where, Av, = v§ — v, the difference of elliptic flow of the evolving case from the static one.

different cases. In Fig. 3 (right), we have plotted the same
as a function of proper time (7r) for Au-Au collision at
/Syn = 100 GeV and b = 7.2 fm. Here also, we notice
the reduction of v, in the evolving picture. The effect is
very high at the early stage of evolution. In both figures,
we see that the effect is comparatively less in the presence
of the magnetic field. The slower the decay of the
magnetic field, the higher the impact in v,.

Next, we discuss the possibility of incorporating the
effect of evolution in different hydrodynamic models. In
principle, (3 + 1)D hydrodynamics models for RHICs
show that cooling rates are direction or flow dependent,
for which conductivity will be different in different
directions during the evolution. However, in (3 4 1)D,
the complete analytical solution to the hydrodynamics
equations is not achievable, and we have to rely on partial
analytical solutions or hydrodynamic models where an
analytical solution is possible. Here, we use (34 1)D
Gubser hydrodynamic [32], which, due to symmetry
consideration, reduces to (1 + 1)D flow.

C. Conductivity in Gubser flow

Here, we work out thermal conductivity for Gubser
hydrodynamics [32]. Gubser flow describes a conformally
symmetric system that expands cylindrically along the
beamline and in the transverse direction (radial flow)
in the coordinate system (z,7, r, ¢), related to Cartesian
coordinate system (7, x,y,z) as

T:\/lz—Zz,

r= /x4y,

Z
n= arctanh;,

(34)

¢ = arctatanz.
X

The four-velocity u* is constructed from symmetry con-
sideration with boost, rotation invariance, and reflection
invariance (n — —n),

r

u
u* = cosh k =y,, — = tanh k = v,,
u

' = u? =0, (35)

11 = and v, = /73 + U5, v, is known as
2

transverse velocity, and x is parametrized as «(z,r) =

2¢°tr
1+q272+qzr2
viscosity 7 = Hye3/*, preserving the conformal symmetry
of the system, p = ¢/3, temperature can be expressed
as [32]

where y, =

arctanh( ). Now, for the viscous case, with shear

1 [ To Hyg
= -
oL+ 1+ #

i d))) o

where T}, is an integration constant, Hy, is a dimensionless
quantity, f, is taken to be 11 and ,F; denotes a hyper-
geometric function, g is the function of radial (r), and
proper time (z) coordinates given as

- $7 4+ @

2o (37)

9

Here, we use the same parametrization as given in Ref. [32]
for1/g = 4.3 fmat \/syy = 200 GeV for a central Au-Au

collision; the parameters turns out to be ?0 =5.55 and
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FIG. 4. Cooling rate in Gubser flow for different value of » = 0,
1,2, 3,4 fm.

Hy = 0.33. In Fig. 4, we have plotted the cooling rate for
the Gubser flow at different points in the transverse plane
re.,r =0, 1,2, 3,4 fm. Now, we are using this cooling rate
to study its effect on the thermal conductivity of the
medium. From Eq. (36),

K§ = Ko + K3,

d3|k k i [
22 / _2 bih)Z : 2
3T w; (I +xi+x7)

K§ = K1 + Ky + Ky,

1 &k, k? Thyi
- . DR (w; —bih)E——RAL
3T229 / @y Ty

where K| = KIB, Ky = l?zB, K3 = 12'3{_71}, and Ky = 12'4{_71}3,
with y; = z—’; Here, for the static case, expressions of
conductivity are the same as in Eq. (12) with temperature
profile Eq. (36). Note that expressions of conductivity in
Eq. (39) do not directly depend on r but show the indirect
dependence through the Gubser temperature profile, which
is a function of r and .

In the upper panels of Fig. 5, we have plotted Ohmic
(left) and Hall-like (right) thermal conductivity components
using the Gubser cooling rate as a function of proper time
(z) for two different values of » = 0 fm, 3 fm. Here, we
have plotted the results in the presence of a time-varying
magnetic field and the decay parameter 7z = 3 fm. Here,
we see that as r increases, the value of thermal conductivity
for both the cases of Ohmic and Hall-like components
decreases. The black solid line shown in the upper panel
of the left figure represents the thermal conductivity
component in the static case for ideal hydrodynamics. In
the Gubser case, there is a large deviation in thermal

a —
T_T_ ).

or T

7\q )3
—Ho(1+¢*)""?(1=g*(1+¢*)7") + Ho
><(1+92)"”{1—27gz(1+92)“ F, G,é;g,—gz)
2032

Therefore,
T = _TIVT +Ve(g). (38)

Substituting Eq. (36) into Eq. (23), we obtain the expres-
sions for components of thermal conductivity, which are

L4206 - 1) +x?}{1H X 21 F £9),

N
! {R (1+x2)(1+43)

g

[

conductivity components from the black solid line. In the
Gubser case, the temperature falls faster, leading to this
deviation from the Bjorken case in the later evolution time.
The bottom panel of both sides shows the deviation of
these thermal conductivity components in the static picture
from the evolving picture in Gubser flow. A significant
deviation, nearly 50%—-60% for the Ohmic component and
60%—70% in the Hall-like component, is visible in the early
stages of the medium at 0.5 fm. However, in the later stages
at 5 fm, it is comparatively less nearly 0%—10% for the
Ohmic component and 20%-30% for the Hall-like
component.

In Fig. 6, we study v, for the Gubser flow case. Here
also, we find that v, reduces in the evolving picture.
Though conductivity is r dependent, because of the para-
metrization in Eq. (32), v, no longer depends on r. It is
important to note that the experimental measurements
reveal an increasing trend of v, with /syy [50].
However, the formula used here to study », here is not
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Components of thermal conductivity as a function of proper time (7). Left: The upper panel represents the k, component, and

the bottom panel represents its percentage deviation (where AXy = k{j — k) of the static picture from evolving picture; Right: The same
as the left figure but for “Hall-like” component in the Gubser flow.
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FIG. 6. (Upper panel represents the elliptic flow coefficient (v,)

as a function of center-of-mass energy ./syy, the bottom panel
represents percentage deviation of elliptic flow coefficient (v,) of
evolving picture from the static picture as a function of the center-
of-mass energy /syy in the Gubser flow.

robust. This phenomenological study aims to measure a
possible effect of the considered evolution picture on v,
due to modification in thermal conductivity instead of
absolute v,. A rigorous study with the hydrodynamic
simulation is necessary to quantify the exact effect in v,
or any other phenomenological quantities due to conduc-
tivity modification in the evolving picture.

IV. SUMMARY AND CONCLUSION

In summary, we have calculated the thermal conductivity
of an evolving medium where the system temperature

changes with time. The heat current is generated when
the system has a temperature gradient (VT). In the case of
QGP created in RHICs, the temperature falls as the medium
evolves, which leads to changes in the temperature gradient
in the system with time. This change must lead to a finite
effect in thermal conductivity and related observables. In

this work, we have estimated the effect of 6 T in thermal
conductivity and elliptic flow. QGP created in noncentral
RHIC:s faces a substantial magnetic field at an early stage,
which decays depending on the electrical properties of the
medium. Thermal conductivity can be broken into two
independent components in a magnetic field. One is respon-
sible for heat current along the temperature gradient,
denoted with k. Another one is the “Hall-like” component
(k) along the direction perpendicular to the temperature
gradient and magnetic field, which vanishes as soon as the
magnetic field diminishes. In this work, we have considered
a time-varying magnetic field to estimate thermal conduc-
tivity. For the decay profile of temperature commonly
known as cooling rate, we considered three different hydro-
dynamic expansion; ideal and first-order hydrodynamics in
the absence of magnetic field denoted here by case-I and
case-III, respectively, and in the presence of the magnetic
field, we have considered the ideal magnetohydrodynamics,
denoted by case-II. It is important to note that thermal
conductivity is a dissipative quantity and does not appear in
ideal hydrodynamics. In principle, causal and stable hydro-
dynamics, such as second-order MIS theory, should be used
to calculate thermal conductivity and cooling rate. However,
no analytical solution for cooling rate in (3 4 1)D hydro-
dynamics or magnetohydrodynamics exists. Therefore, we
have used the ideal and first-order hydrodynamics, where an
analytical solution of cooling rate is possible. Furthermore,
in the end, we extend our study to Gubser hydrodynamics.
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In this case, the temperature is a function of proper time and
radial coordinates, affecting thermal conductivity. One can
extend the work to study the effect of the evolution in any
hydrodynamic model where an analytical or semianalytical
solution is possible.

In this work, we have used a quasiparticle model for QGP,
where interaction is taken care of by the thermal mass of the
partons. We found that when we take temperature evolution,
thermal conductivity increases which is sensitive to the
cooling rate. The effect is comparatively higher in the case of
first-order cooling rate, where cooling is comparatively
slow. In the presence of a magnetic field, the effect of
cooling in k, component is comparatively small and
sensitive to the magnetic field decay parameter (z5). We
have also estimated the effect of temperature evolution on
the elliptic flow of QGP via thermal conductivity. We found
that elliptic flow reduces due to temperature evolution.
The effect is smaller in the presence of a magnetic field, and
itincreases with increasing the value of the decay parameter.
1.e., slower decay of the magnetic field leads to a higher
reduction of elliptic flow due to temperature evolution.

This is the very first study that includes the effect of
temperature evolution in calculating the thermal conduc-
tivity of QGP. Despite exciting findings, this work has
some limitations or shortcomings that should be resolved
for a complete and causally stable result. First, the cooling
rate must be calculated using second-order dissipative
magnetohydrodynamics. However, in that case, the cooling
rate exists between the ideal and first-order hydrodynamics,
for which we argue that actual results would not deviate
much from our estimations. Another point to note here is
that the particle’s energy gets quantized via the Landau
quantization in the presence of a magnetic field, which is
not considered here. All these points mentioned above are
essential to take care of for hydrodynamical simulation
where thermal conductivity is required.
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APPENDIX A: COOLING RATE

The energy-momentum tensor for an ideal magneto-
hydrodynamics can be given by [51-53]

BZ
T = (e + p + B)u'u” — (p +7>gﬂb ~ B*BY, (Al)

where €, p, and u* are the fluid energy density, pressure,
and four-velocity, respectively. ¢** (the metric tensor of flat

spacetime) = diag(1, —1,—1,—1). Here B* = e F ,u,
is the magnetic field in the frame moving with the velocity
ug and €' is the completely antisymmetric fourth rank
Levi-Civita tensor. The magnetic field four-vector B is a
spacelike vector with modulus B*B,, = —B?, and orthogo-
nal to u¥, ie., Bu, =0, where B = |§| and B is the
magnetic field three-vector in the frame moving with four-
velocity u”. The projection of the energy-momentum
conservation equation d,7** =0 along the fluid four-

velocity,
u,0,T" =0, (A2)

will express the conservation of energy. Using Eq. (Al)
we get

B? B?
57<6+7> +u:0, (A3)
T

Here, we will use Eq. (A3) to study the temperature
evolution of the system for the cases in the absence and
presence of a time-varying magnetic field.

1. Case-1 (B=0)

In the absence of an external magnetic field Eq. (A3)
reduces into the form,

€E+p
— =

d.€ +

0. (A4)

Here we consider an ideal equation of state p = £ = aT*
for QGP where

21 p
=(164+—N,|—. A5
“ < TN ) 90 (A3)
Hence, Eq. (A4) takes the form,
or -T
s A6
or 37 ( )

The solution of this differential equation with initial
conditions of t =7y at T =T} is

1
T = T0<@>3.
T

2. Case-II (B # 0)

In the presence of an external time-varying magnetic
field Eq. (A3) simplifies into the form,

(A7)

of  B(z)> 4aT*+ B(z)?
or  12aT 7y 12aT37

, (A8)
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where B(7) = Byexp(—z/7p). The above equation can be
rearranged into the form of a standard Bernoulli’s differ-
ential equation as

oT

—+p(0)T

= T_3
g q(0)T~,

(A9)

where p(7) = 1., ¢(7) = (af — %) exp(=2f7) with a = é
and f = % After solving this differential equation, we get

the temperature evolution with time with initial conditions
of t=rygatT =T, as

O ——

T

1

2a i
%{ (7/3,2p7) — (7/3,2&0)” . (A10)
From Eq. (A8) one can easily find
= . [-1 3B(z)? B()? \ o
VT = {§ (1 Y ) —4MBT4}VT. (A11)

APPENDIX B: THERMAL CONDUCTIVITY
1. Case-1 (B=0)

In the case of space-time evolving temperature, the heat
current in the rest frame of the fluid can be expressed as

-

I =—(kVT +#&VT). (B1)

The microscopic definition of heat flow from Eq. (5),

- k| k;
I = U (w. —b.h)SF,.
i / (271’)3 w; (wl i ) fl

To find 6f, we solve the BTE in the presence of an external
magnetic field under the RTA

(B2)

of: ki of;  bf;
ofi ki ofi _ _3fi

= =——. B3
ot  w; 0x Tk (B3)

We can assume an ansatz of df; for thermal conductivity as

(k;.Q,) of?

of; = . B4

;= (B4)
The general form of ﬁK is

O, =a,VT +a,VT. (BS)

The unknown coefficients o; [i = (1,2)] can be obtained
by substituting Eqs. (B5) and (B4) into Eq. (B3), The first
term on left-hand side of the equation becomes

T@O v - = . - .
— (@, — b )Taf - {a'IVT+a1VT+a'2VT
. .y of
VT} L B6
+m oo, (B6)

The second term in lhs of the Boltzmann equation leads to

af; d
ax,- B 6_ (fo + 5fl>
- of
—axi(f )+a_)c,(5f)
_ 0 ! 0
(3_)ci<1 + exp (f(@ i—biﬂi))) "
VT of?
= ~(@; = bil) — af (B7)

Finally, after the substitution of the above results in both
sides of Eq. (B3), we get

0 hd = . = .
fO VT 0f0 w; =
+ a2V T) awi ((I)i blh) T aw TTIR ((11VT
= . 0
+anV T) 3f’ . (BS)

i

In the current analysis, we consider only the terms with
first-order derivatives of the fields and neglect higher-order
derivative terms. The comparison of the coefficients of -
VT and 7 - V T on both sides of the above equation leads to

ay = — —ial—i y
TR w;

a = —Tha.

(B9)

Equation (B9) is a first-order differential equation. After
solving it we get,

i

- [W; — blh
ay = —T}e< P eXP(—T/TR>)’ (B10)

After substituting Egs.
we get

" Blk;| =
I[i=— Tk
: 3TZ.: / (27)3w; i

(B4) and (B5) into Eq. (B2)

){aIVT—l—aQVT}( f)

1

(B11)

Comparison of Egs. (B11) and (B1) leads to
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1 v of?
= E . " K (w: —b:h)? i
Ko 3T 9i / (271_)3&)[ l(wl i ) aq oo, ’

baryons

1 &Pk of°
Ki=—2= > 0 112 (w; — b;h)? i,
Ky 3T gi / (2777)3601' l(a)l i ) a (aw

baryons t

(B12)

2. Case-II (B # 0)

In the presence of a time-varying magnetic field heat
current in the fluid rest frame can be expressed as [19]

I=—{kVT + % (VT x B) + &(VT x B) + &V T
+ 7y (VT xB)}. (B13)

We can express the three-vector form of heat current in
terms of microscopic quantities as

- k| k;
I, = D20 (w; — b;h)SF;.
1 / (277'_)3 a)i (a)l L ) fl

(B14)

-

W;V;

To find 6f;, we solve the BTE in the presence of an external
magnetic field under the RTA

of; ki of; ki =\ ofi  bf;
f’_|_’.f’_|_ql,<’XB>.Ji’:—fl

or [OF 0)_5 @

where a general form of Q. up to the first-order time
derivative of B can be expressed as

Q, = a1§+a2§T+a3(§Tx B) +a4]§+a5(§Tx B)

+agV T +as(V T xB) + ag(V T xB). (B16)

The unknown coefficients «; [i = (1,2.....8)] can be
obtained by substituting Egs. (B16) and (B4) into
Eq. (B15).

The first term in left-hand side of the Eq. (B15) becomes

T {(Xl §+(XI§ + (12671 + a2§T+(X3(§T X E) + a3(§T X E) + a3(6TX§) + (X.4§+(X4§

4 s (VT x B) + as(VT xB) + as(VT x B) + dgV T +agV T +as (VT xB) + ay(V T xB) + ay (V T xB)

= .. = hd =

+ ag (VT xB) + g (VT xB) + ag(VT x B) — (w; — byu)

The second term in the left-hand side of the Boltzmann
equation leads to

T of?
Z i B17
|
The third term in the left-hand side leads to
of i of} n 95f
ok, ok, ok
_9f) Q.0
==t 4 KL B19
Ul aa)i T aa)i ( )

The identity (7; x B) - @af? = 0. Thus, we are left with

ow;
of}
0w;

only % term of the above equation. Hence,

= —{~yq;7; - (VT x B) + a3q;#; - VT(B - B) — a3q,3; - B(B - VT) + asq;; - VT(B - B) — asq;7; - B

x (B-VT) — agq;; - (VT xB) + azq;5;- VI(B - B) — ayq;,- B(B- VT) + aq, ;- V(B - B)

ofi _ 0 4 _
0 0 ofi
_a_x[(fi>+a_xi(5fi)
0 1
B a_xz{] + exp (f(w; —biﬂi))} -0
VT o
|
o 1
ok, T
.o
g, BBV 1)}

(B20)
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Finally, after the substitution of the above results on both sides of Eq. (B15), the left side becomes

= wTv {a] B—l—alB + aQVT—|— aZVT+a3(VT X B) + ag(VT x B) + ag(VTxB) + a4B—|—a4B + as(VT ]_??)

+as(VT xB) + as(VT x B) + dgV T +agV T +ay (VT xB) + ay(V T xB) + a,(V T xB) + ag(V T xB)
§T 1 - = =g = = - -
- t7 {—azqivi (VT x B) + asq;v; - VT (B - B)

5

+ @97 B) + (9T B) = (0, b .| = (0= i) -

-

— 34,7 B(E VT> + asq;v; - VT(B B) — asq;v; -

- -

B'VT>_a6Qil (VTXB)+a7qtz VT(B B)

B(
B(B- VT)} (B21)

— a79,;0; - B(B - VT) + agq,v; - VT(B : B) — agq;v;

and the right side becomes

9 0
- Dt Bt VT + as(VT x B) + asB + as(VT x B) + ag8 T +ay (VT xB) + ag (VT xB)} af (B22)
i
In the current analysis, we consider only the terms with a
first-order derivatives of the fields and neglect higher-order X=|a |,
derivative terms. The comparison of the coefficients of »
- - - N N - - - 3
v-B,v;-VT,v;- (VT xB), v;-B,v; - (VT xB), v; - VT, ‘g _
S : . . . . —1 _mE 4 (B.yT)-2
and v; - (VT xB) on both sides, gives us d;, a4, ¢y, as, ds, 0 P P
ag, a7 respectively as A— 0 1 4P
- o ,
- . A 1
__1 q{(B-VT)as + (B-VT)ar} o e
o = __ial + 5 0
R i
.o s G = | @bt (B25)
A 1 ql(BB—T}zBB> a),-—b,-h i ’
Ay = — —ia2+ Ay ———— 7, 0
TR ; w;
T . B2
b= -~ ay+ La, with F = \/B(B—t4B), P=1+t2%% and Q=
TR i P - . i
L S % (B-VT). Equation (B24) can be solved by diagonal-
a —T;'e {a, + Rq’ (B T) as }, izing the matrix A and using the method of the variation of
constants. The eigenvalues corresponding to matrix A are
as = —TR03, Aj:—rl,—i—aji% with a; =0, a, = —1, and a3 = 1.
i ;
, thq; B> Hence, one can write the linearly independent solutions
Uy = —TrQy — — a7, corresponding to the homogeneous part of the differential
; ' Eq. (B24) in terms of its eigenvectors as
i R4
Q; = —Thas + o, Q. (B23) o cem _tem
vi=1| 0 |, yo = | —iFe™ |, y3=| iFe™
Here, d|, d,, d; from Eq. (B23) can be expressed in terms 0 e e’
of matrix equation as
where
dx _iB-VT) Q| iw
T =AX+G. (B24) C=—F  Tp\=tF)
n=—rt a2 [ Far. (B26)
where the matrices take the following forms: TR @
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Therefore, the fundamental matrix for Eq. (B24) is

er]l Ce'h _Ce’h
Y=| 0 =iFer iFen (B27)
O e'?z 6”3

We seek a particular solution of the equation with a given
form of Eq. (B24) is

Y,=YU, (B28)
where U is a column matrix of unknowns.
ul
u2
U= (B29)
up

From Egs. (B28) and (B24) we can see that ¥, is a column
matrix with the same coefficients as that of matrix X.
Further, the differentiation of Eq. (B28) with respect to
time gives us Y/, = Y'U + YU’, where Y’ = AY. Hence,
Y), =AY, + YU'. Comparison of above equation with
Eq. (B24) tells us

G=YU'. (B30)
The determinant of matrix Y is —2iFe". Then,
1 0 Z:e”]Z _Cerl?&
g det| @bt _ipon  jFeis
Uy = pode — iFe™ iFe
0 erll e”}
B e @; — blh
~iF w;, )’
enl 0 _Ce’h
1
;o w;—b;h . 73
uy = 2iFe det| O e iFe'
0 0 e’
- —e_”z w; — blh
~iF 20; )
e”l Ce'h O
1
;o s n w;—b;h
Uy = det| O iFem =75,
0 en 0
e s @; — blh
= B31
iF ( 20; > (B31)

After integrating u, u}, and u} with respect to time, we get
the matrix U as

. @;—b;h
—jecbhg,

. w;—b;h
l 2“’1‘ 62 ’

_swi=bih
l 2w; f

U= (B32)

where &; = f%ﬂjdr.
After substituting the above value of U in Eq. (B28) one

obtains,

3 a),-—b,-h 5
er]l Ce’h _CerIS ®; 1
. . . w;—b;h
Y,=| 0 —iFe™ iFe" l“”zTi‘fz ,
0 el e's —i wi_bihf
2w; 3
a enl Ceflz _Ce’h Cq
a | =| 0 —iFe” [Fe™n Cy
o 0 e e’ c3

Hence,

ay = c1eM + cyfeh — c3le™,
ay = —cyiFe™ 4 c3iFe™,

a3 = cr e + cye. (B33)

The functions ¢;(z), ¢,(7), and c3(z) can be defined

. —b.h . —b.h
as ¢ = —z—(w’mi’ )51, cy = j (0bih) oo, )52, and c¢3 =

—i W@. For the time-varying field we get

F=B\/1+% [Fdr=Br\/1+%

Hence, it leads to the given form,

Using Eq. (B14) we get

- Pk - S =
I; = 3_TZ,:/ 27)w; ki(w; = bjh){a1 B + a;VT

+ a3 (VT x B) + ayB + as(VT x B) + agV T

+ay (VT xB) + ag(V T xB)} (aflo), (B35)

0a)l-
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where

(a)i_bih) i 1
TR N
@; (I4xi+x7)
(w;=b;h) Xi
TR 2 b
;B (M)A +yi+x7)
(w;—b,h) Tf;ez
o ()W Hxi+x7)
S 420G = 0)) i
1+y?
(a)i_bih>T,’2 Xi+xi(1+x;)
oB () (L) (7))

Qy) =

a3z =

Qg =

’

a;=— (B36)

where y; =

Compare the coefficients of Eqs. (B13) and (B35)

ofy
Ko = / 27) ,2 w; —b;h)’a <aw'> ,
baryons i
a? of9
K / & l| bih)2053< f’>,
baryom aa)i
o (of?
T 2 2 i i
3 (20~ 0h =) (1),
baryons awi
Bk; of;
Z / I k%(wi_bih>2a6< f?>
baryons ( aa)i
3
— / d |k| p—— <0f?>‘
b 860,-
aryons
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