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We calculate the mass spectrum of the Qsgg (Q = ¢, b) tetraquark states with J¥ = (0, 1,2)" using the
AL1 quark potential model, which successfully describes the conventional hadron spectrum. We employ
the Gaussian expansion method to solve the four-body Schridinger equation and use the complex scaling
method to identify the resonances. With the notation TS??"‘ (M), we find several near-threshold

sI(J)

bound states and resonances, including TI&%‘E@(BSO), TTheo. (2906), TTheo. (5781), TTheo. (5840),

¢s5,0(0) bs,0(0) bs,0(1)

and TZ?%"('O)(624O), which are close to the DK, D*K*, BK, B*K, and B*K* thresholds, respectively.

Furthermore, their spatial structures clearly support their molecular natures. The resonance T (2906)

¢s5,0(0)

with a mass of 2906 MeV, a width of 20 MeV, and quantum numbers I(J”) = 0(0T) may serve as a
good candidate for the experimental T'.,(2900) state. We strongly urge the experimental search of the

predicted states.

DOI: 10.1103/PhysRevD.109.014010

I. INTRODUCTION

In 2020, the LHCb Collaboration observed two tetra-
quarks 7T'.1(2900) in the D”K™ invariant mass distribu-
tion in the process BT — DTD™K™ [1,2],

T.0(2900): M = 2866 + 7 +2 MeV,
=57+ 12+4 MeV,
T.1(2900): M = 2904 +5+ 1 MeV,
=110+ 11+4 MeV. (1)

The spin-parity quantum numbers are J” = 0T and 1~ for
the T',4(2900) and T ., (2900), respectively. Their minimal

quark contents are csiid. These states might be the first
tetraquark states with four different flavors observed in
experiments, warranting further investigation into their
existence and inner dynamics.
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There are different ways to understand T ;(2900).
Molecular interpretations have been prompted by their
masses close to the D*K* threshold [3-10]. Alternative
explanations such as the compact tetraquark states [11-21]
and kinematic effects from the triangle singularities [22,23]
have been proposed to elucidate the mass spectra and
line shapes of T’ ;(2900), respectively. Different aspects
of the T, states including their decays [24-26], produc-
tions [27-29], and methods to find their partners [30,31]
have also been investigated. One can find more details in
recent reviews [32-37].

The compact tetraquarks and hadronic molecular states
have received the most attention among the explanations.
It is crucial to perform dynamic calculations that treat the
compact and molecular states equally, thereby discerning
the actual configurations. Such computations can be
accomplished by solving the four-body Schrodinger equa-
tion within the quark potential model [38,39]. In our
previous work [40-42], various quark models and few-
body methods have been employed to perform the bench-
mark calculations for the tetraquark bound states, taking
both dimeson and diquark-antidiquark spatial correlations
into account. It was shown that the Gaussian expansion
method is very efficient to investigate the tetraquark states.
In this work, we choose a similar numerical method, and
we also investigate the 0sgg (Q = ¢, b) resonances.

We use the complex scaling method (CSM) to obtain the
resonance solutions [43,44]. In the CSM, the resonances
and bound states can be treated similarly via the
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square-integrable basis expansion. It was well applied in
atomic and molecular physics [45-47], nuclear physics
[48-52], and hadronic physics [53,54] and was shown
to be highly effective, see Refs. [55-57] for reviews.
Recently, the CSM in the momentum space has been
adopted to study the exotic hadrons [58—60]. An improved
CSM to probe the coupled-channel virtual-state pole was
introduced in Ref. [61].

Another innovation of this work is the definition of the
root-mean-square (rms) radius between different quarks.
Basically, the molecular or compact tetraquark states can be
discerned through the analysis of their spatial configura-
tions. The rms radius between different quarks is a
commonly used criterion. However, the naive definition
of the rms radius could be misleading when the antisym-
metric wave function is required for the identical quarks.
For instance, when the mesons (Qg) and (sg) form a
molecular state, the wave function satisfying the Pauli
principle is [y ) = [(071)(s32)) — |(0g2)(s21))- One can
see that each light quark belongs to both mesons simulta-
neously. Therefore, neither (y4|rgzlw.) nor (w.alri;lw.a)
can reflect the size of the constituent mesons. In this study,
we employ a new approach to define the rms radii, which
can reflect the internal quark clustering behavior better,
especially those of the molecular nature.

The paper is arranged as follows. The formulation is
introduced in Sec. II. In Sec. III, the numerical results are
discussed. At last, a summary is given in Sec. IV.

II. FORMULATION

A. Hamiltonian

The nonrelativistic Hamiltonian for a four-quark system
reads

2 4
H:Zﬁ—Tcm.wL DoVt m. ()
= m; i<j=1 J

where the m; and p; are the mass and momentum of the
quark i, respectively. The 7., is the center-of-mass
kinematic energy, which is subtracted to get the energies
in the center-of-mass frame. The V;; represents the inter-
action between the (anti)quark pair (ij). In this study,
we adopt the AL1 quark potential model proposed in
Refs. [62,63],

3 K
Vo= ——2c.2¢( == 4 r. = A
u 167" < rij+ "
2z’ ex —r% r2
K p( ]/ 0)6,--0'» ’ (3)
3m;m; 71'3/27'(3) /

where the A¢ and o; are the SU(3) color Gell-Mann matrix
and SU(2) spin Pauli matrix acting on the quark i,
respectively. In the conventional meson and baryon

TABLE I. The masses (in MeV) and rms radii (in fm) of the
mesons in the quark model. The experimental results are taken
from Ref. [64]. “Theo.” and “Expt.” represent theoretical and
experimental values, respectively.

Mesons Mgy MTheo.  Mheo.  MESONS  Mrheo Mgy,
K(1S) 495.64 4909 059 K(29) 1464.9 1.31
K*(1S) 893.61 903.5 0.81 K*(2S) 16427 1.42
D(1S) 186725 18624 0.61 D(2S) 26432 123
D*(1S) 2008.56 2016.1 0.70 D*(2S) 27153 1.27
B(1S5) 5279.50 52935 0.62 B(2S) 6012.9 1.20
B*(1S) 532471 5350.5 0.66 B*(2S) 6040.6 121

systems, the factor Af - A} is always negative and induces
a confining interaction. However, in the tetraquark systems,
the vanishing confinement terms between color-singlet
clusters allow the existence of the scattering states and
possible resonances. The parameters of the model are taken
from Ref. [63]. These parameters were determined through
a best-fit procedure applied to a comprehensive set of
meson states across all flavor sectors. Therefore, the present
work does not introduce any additional free parameters.
The theoretical masses and rms radii of the corresponding
mesons are listed in Table I. The theoretical results of the
mesons are consistent with the experimental values up to
tens of MeV, and we expect the errors for the tetraquark
states to be of the same order.

B. Calculation methods
In order to obtain the resonance, we apply the complex
scaling method [43,44]. The transformation U(6@) for
the radial coordinate r and its conjugate momentum p is
introduced as

U(@)r = re®, U(0)p = pe™™. (4)

The Hamiltonian is transformed as

4 p2_e—2i(‘) 4 )
j=1 J i<j=1 j

Then the complex-scaled Schrodinger equation reads
H(0)¥;,(0) = E(0)¥,(0). (6)

A typical distribution of the eigenenergies solved by the
CSM is shown in Fig. 1. The scattering states line up along
Arg(E) = =20. The bound states and resonances remain
stable and do not shift as € changes. The region enclosed by
the continuum line and positive real axis correspond to the
second Riemann sheet (RS-II), where the resonance pole
can be detected from the CSM. The resonance with energy

Er =mp — i%’* can be detected when 20 > |Arg(ER)|,
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FIG. 1. A typical solution of the complex-scaled Schrodinger
equation.

where the mp and I'p represent the mass and width of
the resonance.

The complex-scaled wave function of a S-wave Qsgg
tetraquark state can be expressed as

lPI,J(Q) = A Z Ca,nﬂ,ﬂ(g))fflij

a.ng.p

< i (rp) b3, (p) i, (Pp). (7)

where the ry, 45, and p; are three independent Jacobi
coordinates as shown in Fig. 2. The superscript # denotes
the dimeson or the diquark-antidiquark spatial configura-
tions. It is worth noting that one configuration is sufficient
when all radially and orbitally excited basis functions
are considered. However, a more efficient approach is
to combine various S-wave configurations in the calcu-
lation [19,65-68]. The A is the antisymmetric operator of
the two light quarks. The y%’ are the spin-color-isospin
wave functions with quantum numbers (1, J), and they are
given by

B [ 0,51 (= = V1.8 117
Al (O R UL e (8)
1.J _ [ 0,8) (= = 1.s2_ 1J 9
Z6[~51,S2 - _{Qs}éc {QIq2}6( 11 ’ ( )
r _ 51 _ Nis 1T
2ls = (100" 521" | (10)
NS IS
& = [load e o

for all possible |[s;,s,,J) compositions. The C,,, 4(0)
represent the undetermined expansion coefficients. We
use the Gaussian expansion method to solve the four-body
Schrodinger equation [65]. The form of the spatial wave
functions ¢ (ry) is

00 ®© ©F0O

Pc

a © oo

(@ (C)

FIG. 2. The Jacobi coordinates for two types of spatial
configurations: (a),(b) for the dimeson configurations and
(c) for the diquark-antidiquark configuration.

2
—Uy, T
nl[;(rﬂ) nl/,e "es,
v (n—1)
n ) (n —1)
Unp =Vip ) (12)
T\ Vg

is the normalization coefficients and v, ; is

taken in a geometric progression. The spatial wave func-
tions ¢y, ,(44) and ¢ (pp) are similar.

where N, 5

C. Spatial structures

Another important issue is to distinguish whether the
exotic states are compact tetraquark states or hadronic
molecules. In literature, the coefficients of the dimeson and
diquark-antidiquark wave functions as depicted in Fig. 2
are often used as a criterion. It is essential to note that these
two types of spatial configurations are not orthogonal.
Therefore, the analysis and determination solely based on
the proportion of a particular component in the spatial wave
function are not straightforward. Another widely used
criterion is the rms radius between different quarks.
However, the conventional definition of the rms radius
can be misleading because of antisymmetrization for
the identical quarks in Eq. (7), as we point out in Sec. I.
To avoid such ambiguities, we uniquely decompose the
resulting antisymmetric wave function as follows:

¥1,0) = {0a} {s2:},) ® y))

+H{Qa:} {sq:}1,) ® wl). (13)
In the conventional definition of the rms radius, the whole

¥, ;(0) was used. Instead, we only use |y9) to define the
rms radius,

7 62”9
AT — Re (wi | |‘//1) (14)
Y (wilw?)
v

It is straightforward to verify that
Al{0a1 1 {s32}1,) ® lw))] = ¥,1,(0).

This definition helps to eliminate the potential confusion
arising from the antisymmetrization. If the resulting
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A 3 1 Irms rms
(Q53,9>) state is a hadronic molecule, the r{j7 and r{7" are

expected to be the sizes of the corresponding mesons, and
should be smaller than the other radii in the four-body
system. It is important to note that the inner products in the
CSM are defined using the ¢ product, accordingly [69],

olh) = / Py (1) (1) dr. (15)

where the square of the wave function rather than the square
of its magnitude is used. The rms radius calculated by the c
product is generally not real. For the resonances that are not
too broad, the real part of the rms radius can still reflect the
internal quark clustering behavior, as discussed in Ref. [70].

III. NUMERICAL RESULTS

With the CSM, the complex eigenenergies of the (¢sgq)
and (bsgg) systems with various spin-parity quantum

numbers are shown in Fig. 3. Most of the states rotate
along the continuum lines, which correspond to the
scattering states. The origin of the continuum lines on
the real axis are the thresholds of the scattering states. The
region enclosed by the continuum lines and positive real
axis corresponds to the RS-II of the corresponding chan-
nels. The points that do not shift with @ represent the bound
states and the resonances. Their eigenenergies and rms radii
are summarized in Tables II and III, where the rms radii in
the tables are calculated using Eqs. (13) and (14). For the
resonances with I' > 40 MeV, their relatively large imagi-
nary energy leads to numerically less accurate rms radii,
and these radii should be considered as qualitative esti-
mates. For convenience, we label the states in Tables II

and IIT as T}, (M) in the subsequent discussion.

It is important to reiterate that the present calculations
may have an error at the order of tens of MeV originating
from the quark model itself. Additionally, our calculations

b @) esdg 107 =0(0%) L (a2) esqq 1(J7) = 0(1%) L (a3) esqg 1(J7) = 0(2%)
DK D*K* D(2S)K DK(25) D'K  DK" D'K*  DRS)K Others Jf DK Obters
= 0
é
SE
é -40F| o
—oof|”
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b @) esig 107 =1(0%) L (a5) esqq 1(J7) = 1(17) (a6) csqq 1(J7) = 1(2") _
DK DK* D(25)K DEK(25) DK DE" D'K*  DRS)K Ohters
= 0
-
=}
= —a0f
-60f
n N N N N s N N N N ® =0
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b (1) bsaq I(J7) = 0(0%) F(b2) bsqg 1(J7) =0(17) (b3) bsqq I(J”) =0(2") "
BEK B'K B(2S)K BK(25) B*(2S)K*  Others Others A =15
= 0
2 5
= 40| o © " 0
5 \;\\ n A 5
-60f ]
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BK B'K*  B(2S)K B'K BK* B*K* B*(2S)K* Others Others
T 0
g
=)
= _40f
-60[
5800 6000 6200 6400 6600 6800 7000 5800 6000 6200 6400 6600 6800 7000 6200 6400 6600 6800 7000
Re(E) [MeV] Re(E) [MeV] Re(E) [MeV]
FIG. 3. The complex energy eigenvalues of the (a) csgq states and (b) bsgg states with varying @ in the CSM. The solid lines represent
the continuum lines rotating along Arg(E) = —26. The bound states and resonances remain stable and do not shift as 6 changes.
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TABLEII. The complex energies E = M — il'/2 (in MeV) and
rms radii (in fm) of the (csgg) states. The first four rows
correspond to the ground-state meson-meson thresholds and the
rms radii of the ground-state mesons, as taken from Table I. The
AM represents the mass difference between the molecular states
and their constituent mesons. The “” labels the resonances with
I' > 40 MeV, whose radii are numerically less accurate and
should be considered as qualitative estimates.

States E AM FDspms o pms o pms g s

DK 2353 0.61 0.59

D'k 2507 0.70 0.59

DK* 2766 0.61 0.81

DK* 2920 0.70 0.81

0(0*) 2350 -3 0.61 059 245 2.52 247 2350
2906 — 10i —14 074 0.86 1.12 126 121 1.27
3419 - 7i 091 1.09 0.87 122 1.06 1.09

0(1F) 3431 —24i* 111 126 057 079 1.10 1.14

0(2%) 3607 —2i 0.83 1.30 1.10 150 1.30 1.26

1(0%) 3563 — 6i 0.89 1.15 0.97 133 110 115
3578 — 16i 0.99 111 095 124 1.03 1.29

1(2) 3605 -3 123 1.17 099 129 137 138

do not account for the widths of the constituent mesons
and only consider the two-body decays. Therefore, the
theoretical widths of the resonances are expected to be
smaller than the experimental values. Because of the
large expected widths of the radially excited mesons,
the results for the bound states and resonances below the
D*K*(B*K*) thresholds are more reasonable in the current

calculations, which include Tg.eo?b)<2350>’ TI?%?O>(29O6),

1) (S781). TH%:(5840). and 7055, (6240). These

states deserve further experimental investigation.

TABLE III. The complex energies E =M —il'/2 (in MeV)
and rms radii (in fm) of the (bsg g) states. The notations are the
same as those in Table II.

States E AM g rE TR Taa Tha iy

BK 5784 0.62 0.59

Bk 5841 0.66 0.59

BKk* 6197 0.62 0.81

Bk 6254 0.66 0.81

0(07) 5781 =3 062 059 211 221 214 2.19
6240 -9i —14 0.69 0.86 1.04 121 1.13 121
6748 — 28i* 112 1.19 0.74 1.09 1.14 130
6834 — 13 0.77 122 1.06 123 1.10 1.24
6920 — 5i 0.72 133 098 133 1.13 1.19

0(17) 5840 -1 0.66 059 2.66 275 2.68 2.73
6753 — 24i* 111 118 0.82 112 121 135

1(07) 6909 — 26i* 1.04 096 072 1.18 0.86 1.16

1(2%) 6916 —2i 118 1.17 079 1.16 123 1.28

A. The (csq q) sector

For the (csg g) systems, we obtain a shallow bound state

TLT?%‘ZO) (2350) with a binding energy of 3 MeV. As listed in

Table I1, the {2 and ri3® of TE?%‘Z'O) (2350) are very close to

the radii of the D and K mesons, respectively, which are
significantly smaller than (rgi, ri™ |, ri2s, r{2°).  This
strongly suggests that TIR%‘Z'O) (2350) is a DK molecular

state. The TEE%‘E@ (2350) exists below the DK threshold and

can only decay weakly. The branching fractions for the
Cabibbo-favored ¢ — usd decays of the charmed hadrons
are usually on the order of 1% [64]. Therefore, the
T}10)(2350) could be measured via the B decays B —
T..D with T,;, - K"K~z z" in experiments [24,27].
Below the D*K* threshold about 14 MeV, we detect a
narrow resonance TIQ%?O>(29O6) with a width of 20 MeV.

Considering the theoretical errors of the AL1 model and the
neglected K* widths, it stands as a good candidate for the
experimental 7T.,(2900). As listed in Table II, we can

observe that the r{7* and r{7* of TZE%‘EO)(29O6) are smaller

than the other radii in the four-body system and similar
to the D* and K* meson radii. This strongly indicates

that TZ?%‘Z'O)(29O6) is a molecular state of D*K*. From

Fig. 3(al), one can see the pole is sandwiched between the
two continuum lines of DK and D*K*, which should be
identified appearing in the RS-1I of the DK channel and the
RS-I of the D*K* channel. It could be regarded as a
quasibound state of D* K* with its width decaying to DK as

the imaginary part of the pole mass. The Tgl.?)?i)) (2906) can

be further measured in the B — T, ,D with T,, — DTK".
Additionally, the cross-verification can be performed
through the B — T,z process [27].

The Tg‘_%('l) (3431) is expected to be a diquark-
antidiquark type resonance because of its relatively small
(ress, rgrs ). As for the other Tff";‘g )+ Tesonances in Table II,
all of their radii are approximately around 1 fm, implying
that they are the resonances with four (anti)quarks having
similar roles.

The calculations from the chiral quark model [19] obtain
a deeply bound state with 7(J¥) = 0(0") and do not yield
states corresponding to the experimental observations. This
discrepancy might be attributed to the excessive one-boson-
exchange interactions in the model. In Ref. [71], the lattice
QCD simulations were performed with m, = 239 and
m, = 391 MeV, and the hints of a 0(0") virtual-state pole
below the DK threshold were identified. In Ref. [72], the
authors employed the chiral quark model and the resonat-
ing group method to investigate the (csgg) states; they
have identified poles close to the DK threshold and D*K*
threshold, respectively, which are also dominated by the
corresponding dimeson components. However, these poles
are located in the different RSs compared with our results.
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The lower state is found in the RS-II of the DK channel and
the RS-I of the D*K* channel, while the higher state is
found in the RS-II of the DK channel and the RS-II of the
D*K* channel. The results for the other quantum numbers
are also inconsistent with our findings. Further experimen-
tal measurements are required to resolve the discrepancies
arising from different models and methods.

B. The (bsq q) sector

For the (bsgq) systems, we identify two shallow bound
states, the TZ?%?b) (5781) with a binding energy of 3 MeV

and the TZ?_%O('I) (5840) with a binding energy of 1 MeV. The

radii presented in Table III indicate that these two bound
states are molecular states of BK and B*K, respectively.

The fact that the T (5781) and TGy, (2350) states

share almost the same binding energy also implies their
molecular nature. In the molecular picture, the hadronic BK
interactions and the DK interaction are almost the same.
Meanwhile, their reduced masses are mainly determined by
the kaon mass because of the mass hierarchies of the heavy
meson and kaon. Therefore, we get almost the same
binding energy for these two systems. For the compact
tetraquark bound states, replacing the ¢ quark with the b
quark would generally result in significantly deeper bind-

ing energies [38,39,41,42,66]. The TZ?%"(‘O) (5781) exists

below the BK threshold and can only decay weakly. The

search for the T}1%% (5781) could be performed in the

processes of Tp, — J/¥PYK K z* and D*K~z~ [24]. In
addition to the weak decay processes, the TE,‘%"('I)(584O)
could also be searched for by measuring the electromag-
netic decay process like T, — B°K~y [73].

Near the B*K* threshold, we find a molecular resonance

TZ?%‘E@(6240) with a width of 18 MeV. This state serves

as the partner of the 7% (2906) when the ¢ quark is
replaced by a b quark. The TG (6240) and the

T1i0)(2906) share similar widths and have the same

mass differences compared to their constituent mesons.
This similarity further supports their molecular nature.

The T, (6240) could be searched for via its strong
decay process T, — B°K~.

In Table I1I, the other higher TEECI‘Z 7)- Tesonances are also
presented. The radii indicate that they are resonances with
four (anti)quarks playing similar roles.

IV. SUMMARY

In summary, we calculate the mass spectrum of the Qsgg
tetraquark states with J* = (0, 1,2)* using the AL1 quark

potential model, known for its successful description of the
conventional hadron spectrum. The potential parameters
were determined through a best-fit procedure applied to a
comprehensive set of mesons. This study does not intro-
duce any additional free parameters. We employ the
Gaussian expansion method to solve the four-body
Schrodinger equation and the CSM to distinguish the
resonances from the scattering states.

We have identified several bound states and resonances
in both the (c¢sgg) and (bsgq) sectors. Furthermore, we
analyze the resulting spatial wave functions to determine
the internal quark clustering behavior of the identified
states.

For the (¢sqg) systems, we obtain a molecular bound

state TIQ%‘@(BSO) close to the DK threshold, a molecular

resonance 717 (2906) close to the D*K* threshold, and
several other higher T??e,‘(’ 7)- Tesonances. Similarly, for the

(bsgq) systems, we have identified two molecular bound

states TE?%‘@(S781) close to the BK threshold and

TZ?%‘E'1>(584O) close to the B*K threshold, along with a

molecular resonance TGy, (6240) close to B*K* and

several higher TZ};‘*,‘E ;)- resonances. The TIE%@ (2906) near

the D*K* threshold, with a width of 20 MeV, stands as a
good candidate for 7'.4(2900). We also provide recom-
mendations for experimental measurements of the pre-
dicted states.

While we reveal the molecular characteristics of some
states through their energies and radii, these molecular
states may disappear if we do not consider the diquark-
antidiquark spatial configuration as shown in Fig. 2. We
conjecture that the matrix elements with the intermediate
diquark-antidiquark ~ states, e.g., (Wdimeson|V|Wdiquark)
(Wdiquark| V[Wdimeson) are still very important to get the
molecular states, Where ¥/ gimeson and W giquark are the typical
dimeson state and diquark-antidiquark state, respectively.
The above conclusion is consistent with our previous
works [40-42], where the benchmark calculations with
various quark potential models and few-body numerical
methods were performed.

ACKNOWLEDGMENTS

We thank Guang-Juan Wang, Yao Ma, Zi-Yang Lin, and
Liang-Zhen Wen for the helpful discussions. This project
was supported by the National Natural Science Foundation
of China (11975033 and 12070131001). This project was
also funded by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation, Project ID
196253076-TRR 110).

014010-6



UNIFIED DESCRIPTION OF THE Qsgq ...

PHYS. REV. D 109, 014010 (2024)

[1] R. Aaij et al. (LHCb Collaboration), A model-independent
study of resonant structure in B* — DTD~K™ decays,
Phys. Rev. Lett. 125, 242001 (2020).

[2] R. Aaij et al. (LHCb Collaboration), Amplitude analysis of
the BT - D*D™K* decay, Phys. Rev. D 102, 112003
(2020).

[3] R. Molina, T. Branz, and E. Oset, A new interpretation for
the D¥,(2573) and the prediction of novel exotic charmed
mesons, Phys. Rev. D 82, 014010 (2010).

[4] H.-X. Chen, W. Chen, R.-R. Dong, and N. Su, X,(2900)
and X, (2900): Hadronic molecules or compact tetraquarks,
Chin. Phys. Lett. 37, 101201 (2020).

[5] J. He and D.-Y. Chen, Molecular picture for X,(2900) and
X/(2900), Chin. Phys. C 45, 063102 (2021).

[6] M.-Z. Liu, J.-J. Xie, and L.-S. Geng, X,(2866) as a D*K*
molecular state, Phys. Rev. D 102, 091502(R) (2020).

[7] M.-W. Hu, X.-Y. Lao, P. Ling, and Q. Wang, X,(2900) and
its heavy quark spin partners in molecular picture, Chin.
Phys. C 45, 021003 (2021).

[8] S.S. Agaev, K. Azizi, and H. Sundu, New scalar resonance
X((2900) as a molecule: Mass and width, J. Phys. G 48,
085012 (2021).

[9] B. Wang and S.-L. Zhu, How to understand the X(2900)?,
Eur. Phys. J. C 82, 419 (2022).

[10] B. Wang, K. Chen, L. Meng, and S.-L. Zhu, T.,,(2900) and
T%,(2900) as the charmed strange partners of T..(3875)
and Z,.(3900) and the prediction of more members, arXiv:
2309.02191.

[11] M. Karliner and J. L. Rosner, First exotic hadron with open
heavy flavor: csiid tetraquark, Phys. Rev. D 102, 094016
(2020).

[12] X.-G. He, W. Wang, and R. Zhu, Open-charm tetraquark X
and open-bottom tetraquark X, Eur. Phys. J. C 80, 1026
(2020).

[13] Z.-G. Wang, Analysis of the X((2900) as the scalar
tetraquark state via the QCD sum rules, Int. J. Mod. Phys.
A 35, 2050187 (2020).

[14] J.-R. Zhang, Open-charm tetraquark candidate: Note on
X((2900), Phys. Rev. D 103, 054019 (2021).

[15] G.-J. Wang, L. Meng, L.-Y. Xiao, M. Oka, and S.-L. Zhu,
Mass spectrum and strong decays of tetraquark ¢5¢qq states,
Eur. Phys. J. C 81, 188 (2021).

[16] Q.-F. Li, D.-Y. Chen, and Y.-B. Dong, Open charm and
bottom tetraquarks in an extended relativized quark model,
Phys. Rev. D 102, 074021 (2020).

[171 Y. Tan and J. Ping, X(2900) in a chiral quark model,
Chin. Phys. C 45, 093104 (2021).

[18] R. M. Albuquerque, S. Narison, D. Rabetiarivony, and G.
Randriamanatrika, X ;(2900) and (D~K ") invariant mass
from QCD Laplace sum rules at NLO, Nucl. Phys. A1007,
122113 (2021).

[19] G. Yang, J. Ping, and J. Segovia, sQqq (q=u,d;Q=c,b)
tetraquarks in the chiral quark model, Phys. Rev. D 103,
074011 (2021).

[20] S.S. Agaev, K. Azizi, and H. Sundu, Is the resonance
X(2900) a ground-state or radially excited scalar tetraquark
[ud][c5]?, Phys. Rev. D 106, 014019 (2022).

[21] E-X. Liu, R.-H. Ni, X.-H. Zhong, and Q. Zhao, Charmed-
strange tetraquarks and their decays in the potential quark
model, Phys. Rev. D 107, 096020 (2023).

[22] X.-H. Liu, M.-J. Yan, H.-W. Ke, G. Li, and J.-J. Xie,
Triangle singularity as the origin of X(2900) and X (2900)
observed in Bt — DTD~K™, Eur. Phys. J. C 80, 1178
(2020).

[23] T.J. Burns and E.S. Swanson, Kinematical cusp and
resonance interpretations of the X(2900), Phys. Lett. B
813, 136057 (2021).

[24] E.-S. Yu, Weak-decay searches for Qsii d tetraquarks, Eur.
Phys. J. C 82, 641 (2022).

[25] Y. Huang, J.-X. Lu, J.-J. Xie, and L.-S. Geng, Strong decays
of D*K* molecules and the newly observed Xy, states,
Eur. Phys. J. C 80, 973 (2020).

[26] C.-J. Xiao, D.-Y. Chen, Y.-B. Dong, and G.-W. Meng, Study
of the decays of S-wave D*K* hadronic molecules: The
scalar X((2900) and its spin partners Xj(s=12), Phys. Rev. D
103, 034004 (2021).

[27] Y.-K. Chen, J.-J. Han, Q.-F. Lii, J.-P. Wang, and F.-S. Yu,
Branching fractions of B~ — D™X(;(2900) and their im-
plications, Eur. Phys. J. C 81, 71 (2021).

[28] Q.-Y. Lin and X.-Y. Wang, Searching for X,(2900) and
X,(2900) through the kaon induced reactions, Eur. Phys. J.
C 82, 1017 (2022).

[29] Z. Yu, Q. Wu, and D.-Y. Chen, X,(2900) production in the
BT decay process, arXiv:2310.12398.

[30] M. Bayar and E. Oset, Method to observe the J” =2+
partner of the X(2866) in the Bt — DTD~K™ reaction,
Phys. Lett. B 833, 137364 (2022).

[31] L.R. Dai, R. Molina, and E. Oset, The B® - D*t*D*0K~
reaction to detect the I =0, J¥ =17 partner of the X,,(2866),
Phys. Lett. B 832, 137219 (2022).

[32] N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P.
Shen, C. E. Thomas, A. Vairo, and C.-Z. Yuan, The XYZ
states: Experimental and theoretical status and perspectives,
Phys. Rep. 873, 1 (2020).

[33] H.-X. Chen, W. Chen, X. Liu, and S.-L. Zhu, The hidden-
charm pentaquark and tetraquark states, Phys. Rep. 639, 1
(2016).

[34] F.-K. Guo, C. Hanhart, U.-G. Meifiner, Q. Wang, Q. Zhao,
and B.-S. Zou, Hadronic molecules, Rev. Mod. Phys. 90,
015004 (2018); 94, 029901(E) (2022).

[35] Y.-R. Liu, H.-X. Chen, W. Chen, X. Liu, and S.-L. Zhu,
Pentaquark and tetraquark states, Prog. Part. Nucl. Phys.
107, 237 (2019).

[36] L. Meng, B. Wang, G.-J. Wang, and S.-L. Zhu, Chiral
perturbation theory for heavy hadrons and chiral effective
field theory for heavy hadronic molecules, Phys. Rep. 1019,
1 (2023).

[37] H.-X. Chen, W. Chen, X. Liu, Y.-R. Liu, and S.-L. Zhu, An
updated review of the new hadron states, Rep. Prog. Phys.
86, 026201 (2023).

[38] Q. Meng, M. Harada, E. Hiyama, A. Hosaka, and M. Oka,
Doubly heavy tetraquark resonant states, Phys. Lett. B 824,
136800 (2022).

[39] Q. Meng, E. Hiyama, M. Oka, A. Hosaka, and C. Xu,
Doubly heavy tetraquarks including one-pion exchange
potential, Phys. Lett. B 846, 138221 (2023).

[40] Y. Ma, L. Meng, Y.-K. Chen, and S.-L. Zhu, Ground state
baryons in the flux-tube three-body confinement model
using diffusion Monte Carlo, Phys. Rev. D 107, 054035
(2023).

014010-7


https://doi.org/10.1103/PhysRevLett.125.242001
https://doi.org/10.1103/PhysRevD.102.112003
https://doi.org/10.1103/PhysRevD.102.112003
https://doi.org/10.1103/PhysRevD.82.014010
https://doi.org/10.1088/0256-307X/37/10/101201
https://doi.org/10.1088/1674-1137/abeda8
https://doi.org/10.1103/PhysRevD.102.091502
https://doi.org/10.1088/1674-1137/abcfaa
https://doi.org/10.1088/1674-1137/abcfaa
https://doi.org/10.1088/1361-6471/ac0b31
https://doi.org/10.1088/1361-6471/ac0b31
https://doi.org/10.1140/epjc/s10052-022-10396-9
https://arXiv.org/abs/2309.02191
https://arXiv.org/abs/2309.02191
https://doi.org/10.1103/PhysRevD.102.094016
https://doi.org/10.1103/PhysRevD.102.094016
https://doi.org/10.1140/epjc/s10052-020-08597-1
https://doi.org/10.1140/epjc/s10052-020-08597-1
https://doi.org/10.1142/S0217751X20501870
https://doi.org/10.1142/S0217751X20501870
https://doi.org/10.1103/PhysRevD.103.054019
https://doi.org/10.1140/epjc/s10052-021-08978-0
https://doi.org/10.1103/PhysRevD.102.074021
https://doi.org/10.1088/1674-1137/ac0ba4
https://doi.org/10.1016/j.nuclphysa.2020.122113
https://doi.org/10.1016/j.nuclphysa.2020.122113
https://doi.org/10.1103/PhysRevD.103.074011
https://doi.org/10.1103/PhysRevD.103.074011
https://doi.org/10.1103/PhysRevD.106.014019
https://doi.org/10.1103/PhysRevD.107.096020
https://doi.org/10.1140/epjc/s10052-020-08762-6
https://doi.org/10.1140/epjc/s10052-020-08762-6
https://doi.org/10.1016/j.physletb.2020.136057
https://doi.org/10.1016/j.physletb.2020.136057
https://doi.org/10.1140/epjc/s10052-022-10567-8
https://doi.org/10.1140/epjc/s10052-022-10567-8
https://doi.org/10.1140/epjc/s10052-020-08516-4
https://doi.org/10.1103/PhysRevD.103.034004
https://doi.org/10.1103/PhysRevD.103.034004
https://doi.org/10.1140/epjc/s10052-021-08857-8
https://doi.org/10.1140/epjc/s10052-022-10995-6
https://doi.org/10.1140/epjc/s10052-022-10995-6
https://arXiv.org/abs/2310.12398
https://doi.org/10.1016/j.physletb.2022.137364
https://doi.org/10.1016/j.physletb.2022.137219
https://doi.org/10.1016/j.physrep.2020.05.001
https://doi.org/10.1016/j.physrep.2016.05.004
https://doi.org/10.1016/j.physrep.2016.05.004
https://doi.org/10.1103/RevModPhys.90.015004
https://doi.org/10.1103/RevModPhys.90.015004
https://doi.org/10.1103/RevModPhys.94.029901
https://doi.org/10.1016/j.ppnp.2019.04.003
https://doi.org/10.1016/j.ppnp.2019.04.003
https://doi.org/10.1016/j.physrep.2023.04.003
https://doi.org/10.1016/j.physrep.2023.04.003
https://doi.org/10.1088/1361-6633/aca3b6
https://doi.org/10.1088/1361-6633/aca3b6
https://doi.org/10.1016/j.physletb.2021.136800
https://doi.org/10.1016/j.physletb.2021.136800
https://doi.org/10.1016/j.physletb.2023.138221
https://doi.org/10.1103/PhysRevD.107.054035
https://doi.org/10.1103/PhysRevD.107.054035

CHEN, WU, MENG, and ZHU

PHYS. REV. D 109, 014010 (2024)

[41] Y. Ma, L. Meng, Y.-K. Chen, and S.-L. Zhu, Doubly heavy
tetraquark states in the constituent quark model using
diffusion Monte Carlo method, arXiv:2309.17068.

[42] L. Meng, Y.-K. Chen, Y. Ma, and S.-L. Zhu, Tetraquark
bound states in constituent quark models: Benchmark test
calculations, Phys. Rev. D 108, 114016 (2023).

[43] J. Aguilar and J. M. Combes, A class of analytic perturba-
tions for one-body Schrodinger Hamiltonians, Commun.
Math. Phys. 22, 269 (1971).

[44] E. Balslev and J. M. Combes, Spectral properties of many-
body Schrodinger operators with dilatation-analytic inter-
actions, Commun. Math. Phys. 22, 280 (1971).

[45] N. Moiseyev and C. Corcoran, Autoionizing states of h, and
h; using the complex-scaling method, Phys. Rev. A 20, 814
(1979).

[46] T.N. Rescigno, M. Baertschy, D. Byrum, and C.W.
McCurdy, Making complex scaling work for long-range
potentials, Phys. Rev. A 55, 4253 (1997).

[47] A. Scrinzi and N. Elander, A finite element implementa-
tion of exterior complex scaling for the accurate deter-
mination of resonance energies, J. Chem. Phys. 98, 3866
(1993).

[48] T. Myo, K. Kato, S. Aoyama, and K. Ikeda, Analysis of ‘He
Coulomb breakup in the complex scaling method, Phys.
Rev. C 63, 054313 (2001).

[49] A. Dote, T. Inoue, and T. Myo, Comprehensive application
of a coupled-channel complex scaling method to the
KN — 7Y system, Nucl. Phys. A912, 66 (2013).

[50] G. Papadimitriou and J. P. Vary, Nucleon-nucleon scattering
with the complex scaling method and realistic interactions,
Phys. Rev. C 91, 021001(R) (2015).

[51] S. Maeda, M. Oka, and Y.-R. Liu, Resonance states in the
Y.N potential model, Phys. Rev. C 98, 035203 (2018).

[52] T. Myo and K. Kato, Complex scaling: Physics of unbound
light nuclei and perspective, Prog. Theor. Exp. Phys. 2020,
12A101 (2020).

[53] G. Yang, J. Ping, and J. Segovia, Fully charm and bottom
pentaquarks in a lattice-QCD inspired quark model, Phys.
Rev. D 106, 014005 (2022).

[54] G.-J. Wang, Q. Meng, and M. Oka, S-wave fully charmed
tetraquark resonant states, Phys. Rev. D 106, 096005
(2022).

[55] N. Moiseyev, Quantum theory of resonances: Calculating
energies, widths and cross-sections by complex scaling,
Phys. Rep. 302, 212 (1998).

[56] S. Aoyama, T. Myo, K. Katd, and K. Ikeda, The complex
scaling method for many-body resonances and its applica-
tions to three-body resonances, Prog. Theor. Phys. 116, 1
(2006).

[57] J. Carbonell, A. Deltuva, A. C. Fonseca, and R. Lazauskas,
Bound state techniques to solve the multiparticle scattering
problem, Prog. Part. Nucl. Phys. 74, 55 (2014).

[58] J.-B. Cheng, Z.-Y. Lin, and S.-L. Zhu, Double-charm
tetraquark under the complex scaling method, Phys. Rev.
D 106, 016012 (2022).

[59] Z.-Y.Lin, J.-B. Cheng, and S.-L. Zhu, T, and X(3872) with
the complex scaling method and DD (D) three-body effect,
arXiv:2205.14628.

[60] Z.-Y. Lin, J.-B. Cheng, B.-L. Huang, and S.-L. Zhu, P,
states and their open-charm decays with the complex scaling
method, Phys. Rev. D 108, 114014 (2023).

[61] Y.-K. Chen, L. Meng, Z.-Y. Lin, and S.-L. Zhu, Virtual
states in the coupled-channel problems with an improved
complex scaling method, arXiv:2308.12424.

[62] C. Semay and B. Silvestre-Brac, Diquonia and potential
models, Z. Phys. C 61, 271 (1994).

[63] B. Silvestre-Brac, Spectrum and static properties of heavy
baryons, Few-Body Syst. 20, 1 (1996).

[64] R.L. Workman et al. (Particle Data Group), Review of
particle physics, Prog. Theor. Exp. Phys. 2022, 083C01
(2022).

[65] E. Hiyama, Y. Kino, and M. Kamimura, Gaussian expansion
method for few-body systems, Prog. Part. Nucl. Phys. 51,
223 (2003).

[66] Q. Meng, E. Hiyama, A. Hosaka, M. Oka, P. Gubler, K. U.
Can, T. T. Takahashi, and H. S. Zong, Stable double-heavy
tetraquarks: Spectrum and structure, Phys. Lett. B 814,
136095 (2021).

[67] Q. Meng, E. Hiyama, A. Hosaka, M. Oka, P. Gubler, K. U.
Can, T.T. Takahashi, and H. Zong, Prediction of double-
heavy tetraquarks bound states in quark model, Few-Body
Syst. 62, 79 (2021).

[68] C.-R. Deng and S.-L. Zhu, Decoding the double heavy
tetraquark state T, Sci. Bull. 67, 1522 (2022).

[69] W.J. Romo, Inner product for resonant states and shell-
model applications, Nucl. Phys. A116, 617 (1968).

[70] M. Homma, T. Myo, and K. Katd, Matrix elements of
physical quantities associated with resonance states,
Prog. Theor. Phys. 97, 561 (1997).

[71] G. K. C. Cheung, C. E. Thomas, D.J. Wilson, G. Moir, M.
Peardon, and S. M. Ryan (Hadron Spectrum Collaboration),
DKI =0, DKI =0, 1 scattering and the D7(2317) from
lattice QCD, J. High Energy Phys. 02 (2021) 100.

[72] P.G. Ortega, D.R. Entem, F. Fernandez, and J. Segovia,
Unraveling the nature of the novel T and T tetraquark
candidates, Phys. Rev. D 108, 094035 (2023).

[73] Q. Qin, Y.-F. Shen, and E.-S. Yu, Discovery potentials of
double-charm tetraquarks, Chin. Phys. C 45, 103106 (2021).

014010-8


https://arXiv.org/abs/2309.17068
https://doi.org/10.1103/PhysRevD.108.114016
https://doi.org/10.1007/BF01877510
https://doi.org/10.1007/BF01877510
https://doi.org/10.1007/BF01877511
https://doi.org/10.1103/PhysRevA.20.814
https://doi.org/10.1103/PhysRevA.20.814
https://doi.org/10.1103/PhysRevA.55.4253
https://doi.org/10.1063/1.464014
https://doi.org/10.1063/1.464014
https://doi.org/10.1103/PhysRevC.63.054313
https://doi.org/10.1103/PhysRevC.63.054313
https://doi.org/10.1016/j.nuclphysa.2013.05.003
https://doi.org/10.1103/PhysRevC.91.021001
https://doi.org/10.1103/PhysRevC.98.035203
https://doi.org/10.1093/ptep/ptaa101
https://doi.org/10.1093/ptep/ptaa101
https://doi.org/10.1103/PhysRevD.106.014005
https://doi.org/10.1103/PhysRevD.106.014005
https://doi.org/10.1103/PhysRevD.106.096005
https://doi.org/10.1103/PhysRevD.106.096005
https://doi.org/10.1016/S0370-1573(98)00002-7
https://doi.org/10.1143/PTP.116.1
https://doi.org/10.1143/PTP.116.1
https://doi.org/10.1016/j.ppnp.2013.10.003
https://doi.org/10.1103/PhysRevD.106.016012
https://doi.org/10.1103/PhysRevD.106.016012
https://arXiv.org/abs/2205.14628
https://doi.org/10.1103/PhysRevD.108.114014
https://arXiv.org/abs/2308.12424
https://doi.org/10.1007/BF01413104
https://doi.org/10.1007/s006010050028
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1016/S0146-6410(03)90015-9
https://doi.org/10.1016/S0146-6410(03)90015-9
https://doi.org/10.1016/j.physletb.2021.136095
https://doi.org/10.1016/j.physletb.2021.136095
https://doi.org/10.1007/s00601-021-01665-6
https://doi.org/10.1007/s00601-021-01665-6
https://doi.org/10.1016/j.scib.2022.06.016
https://doi.org/10.1016/0375-9474(68)90395-3
https://doi.org/10.1143/PTP.97.561
https://doi.org/10.1007/JHEP02(2021)100
https://doi.org/10.1103/PhysRevD.108.094035
https://doi.org/10.1088/1674-1137/ac1b97

