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Anomalous contributions to the electric and magnetic dipole moments of the τ lepton from new physics
scenarios have brought renewed interest in the development of new charge-parity violating signatures in
τ-pair production at Belle II energies, and also at higher energies of the Large Hadron Collider and the
Future Circular Collider. In this paper, we discuss the effects of spin correlations, including transverse
degrees of freedom, in the τ-pair production and decay. These studies include calculating analytical
formulas, obtaining numerical results, and building semirealistic observables sensitive to the transverse
spin correlations induced by the dipole moments of the τ lepton. The effects of such anomalous
contributions to the dipole moments are introduced on top of precision simulations of e−eþ → τ−τþ,
qq̄ → τ−τþ and γγ → τ−τþ processes, involving multibody final states. The τ decays are simulated along
with radiative corrections, in particular electroweak box contributions ofWW and ZZ exchanges are taken
into account. Respective extensions of the Standard Model amplitudes and the reweighting algorithms are
implemented into the KKMC Monte Carlo, which is used to simulate τ-pair production in e−eþ collisions,
and the TauSpinner program, which is used to reweight events with τ pair produced in pp collisions.
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I. INTRODUCTION

Electric and magnetic dipole moments of the τ lepton are
sensitive to the violation of fundamental symmetries, such
as the CP violation [1–3]. Recent measurements of dipole
moments of the τ lepton at the Belle experiment [4], as well
as observation of γγ → τ−τþ production at the hadron
colliders [5,6] have brought renewed interest in phenomena
of electric and magnetic dipole moments of the τ lepton.
Deviation of measured values of the magnetic moment of
the muon [7] from predictions of the Standard Model (SM),
and possibly enhanced contributions from new physics
(NP) models to the magnetic moment of the τ lepton, makes
these studies important and of contemporary interest. These
NP contributions to magnetic moments are expected to be
proportional to the square of the mass of the corresponding
lepton. Several NP scenarios introduce dark weakly inter-
acting scalars or vector states accompanying production of

heavy fermions e.g. τ leptons. Such states and other new
virtual particles via loop corrections, can be sources of
anomalous contributions to the electric or magnetic dipole
moments of the τ lepton, as mentioned in Refs. [8,9] and
references therein.
The KKMC Monte Carlo (MC) has been used to generate

events of the SM e−eþ → τ−τþ process for several decades,
and is now enriched with several additional processes to
describe NP effects potentially observable at e−eþ collider
and the Belle II experiment [10]. In particular, recent
development in Ref. [11] allows one to include anomalous
contributions to electric and magnetic dipole moments of
the τ lepton, in case of low-energy τ-pair production. In
KKMC, all spin correlations are rigorously implemented,
including quantum entanglement effects. This is the case
for configurations where an arbitrary number of hard
bremsstrahlung photons can be present. It can also provide
valuable benchmarks for spin effects in e−eþ → τ−τþ
process, with τ decays included.
The TauSpinner program is a convenient tool to study and

prepare observables sensitive to the NP effects at hadron
colliders. Its purpose is to introduce, with the help of
weights, small effects on top of event samples of the SM
content. It is imperative, as in case of KKMC, to evaluate if
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the precision of the SM simulation is sufficient for the
user’s needs. Then, TauSpinner may be used to introduce NP
and/or spin effects. The samples may be generated with the
help of general purpose MC generators like PYTHIA [12],
Sherpa [13] or with the help of other, sophisticated generator
setup. In its earlier versions, TauSpinner was used to introduce
the longitudinal spin effects, in the case of the Drell-Yan
processes or the Higgs production with decays into τ
leptons, at the LHC [14]. Later, they were extended
to applications of the NP interactions [15] in the hard
processes, in which lepton pairs are accompanied with one
or two hard jets [15], and to include the transverse spin
effects [16]. The list of applications was also extended to
incorporate the electroweak (EW) effects [17,18].
Let us now introduce some terminology, which is used

throughout the paper. In the reaction γγ → τ−τþ, where the
τ lepton couples with on shell photons, we include the
anomalous magnetic and electric dipole moments of the τ
lepton. In the processes e−eþ → τ−τþ and qq̄ → τ−τþ,
where the couplings of the τ lepton with the photon or the
Z-boson are virtual, one usually introduces form factors.
For the photon exchange, we have form factors for the
anomalous magnetic dipole moment (a) and the electric
dipole moment (d), while for the Z-boson exchange, we
have form factors for the anomalous weak-magnetic dipole
moment (aw) and the weak-electric dipole moment (dw).
In case of on shell photons with virtuality of q2 ∼ 0, the
electromagnetic form factors reduce to the corresponding
dipole moments. Similarly, for on shell Z-boson with
virtuality q2 ∼M2

Z, the weak form factors reduce to the
corresponding weak dipole moments (see, e.g. Ref. [19]).
All these form factors are connected to the chirality

flipping operators. The terms proportional to electric and
weak electric form factors are also CP violating.
Anomalous magnetic form factor also receives a contribu-
tion from radiative corrections in the SM, which we
separate from the NP term. As the electric dipole form-
factor in the SM is highly suppressed, one can assume that
this form factor comes exclusively from NP contributions.
The current experimental results and constraints for

these dipole moments (or form factors in some cases),

together with theoretical predictions in the SM, are pre-
sented in Table I.
In this paper, we focus on the effects of dipole moments/

form factors on spin correlations in the τ-pair production
and decay. Quantifying those effects requires explicit
calculation of the matrix elements including longitudinal
and transverse spin components and their correlations.
First, we consider the SM case, because it determines the

nature of interfering contributions for analysis of anoma-
lous dipole moments due to NP. The SM amplitude is
evaluated in the improved Born approximation (IBA). The
theoretical basis of IBA is formulated in Ref. [25], and our
approach is explained in Ref. [17]. It allows us to separate
the EW correction into pure QED part and the remaining
one, sometimes called the genuine weak part. However,
we shorten the name to simply refer to this as the EW
correction. Numerically these corrections are included in
IBA and rely on the EW Dizet library [25], which is installed
in KKMC. The EW corrections are introduced with form
factor corrections to the SM couplings and propagators,
which enter the IBA amplitude used for calculation of EW
weights. They represent complete OðαÞ EW corrections
with QED contributions removed but augmented with
carefully selected dominant higher-order terms. The WW
and ZZ box-diagram contributions, which are numerically
important above the WW and ZZ threshold, are thus
accounted for. This approach was very successful in
analyses of LEP I precision physics, and later extended
for use in Tevatron and LHC precision physics.
In the second step, we consider the anomalous dipole

moments themselves. These studies include calculation
of the analytical formulas, validations of the tools, and an
attempt to build semirealistic observables sensitive to
transverse spin correlations induced by the dipole
moments. Impact on the size of cross sections for τ-pair
production is addressed marginally. Note, that effect of
dipole moments in the radiative decay Z → τ−τþγ based on
LEP data was discussed in Ref. [26], and for γγ → τ−τþ in
peripheral Pbþ Pb collisions in Ref. [27].
Technically, the effect of anomalous dipole moments can

be introduced on top of precision simulations of e−eþ →

TABLE I. Current status of predictions and measurements of anomalous magnetic (a), weak anomalous magnetic
(aw), electric (d) and weak electric (dw) dipole moments/form factors, of the τ lepton, quoted at 95% confidence
level.

SM prediction Experiment [20]

a 1.17721ð5Þ × 10−3 [9] −0.052 < a < 0.013 [21]

aw −ð2.10þ i0.61Þ × 10−6 [22] ReðawÞ < 1.14 × 10−3 [23]
ImðawÞ < 2.65 × 10−3 at 95% CL [23]

d −7.32 × 10−38 e cm [24] ð−1.85 < ReðdÞ < 0.61Þ × 10−17 e cm [4]
ð−1.03 < ImðdÞ < 0.23Þ × 10−17 e cm [4]

dw � � � ReðdwÞ < 5.01 × 10−18 e cm [23]
ImðdwÞ < 11.15 × 10−18 e cm [23]
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τ−τþ, qq̄ → τ−τþ and γγ → τ−τþ processes, involving
multibody final states and correlations between τ decay
products. The MC techniques using event-by-event
weights, are convenient for this purpose. The KKMC MC
is used for simulating spin-correlation effects in τ pair
produced in e−eþ collisions, while the TauSpinner program is
used for reweighting events where τ pairs are produced in
pp collisions.
Our paper is organized in the following manner. In

Sec. II, we present analytic calculation of the spin corre-
lation matrix, which include effects of the τ-lepton anoma-
lous magnetic and electric dipole form factors. Analytic
formulas, described in Sec. III, are useful for implementa-
tion of transverse spin correlations for each of the parton
level processes qq̄ → τ−τþ, e−eþ → τ−τþ and γγ → τ−τþ.
In Sec. IV, we recall main points of the KKMC and TauSpinner

reweighting algorithms for inclusion of the dipole
moments. Discussions on the possible test observables
and some numerical results are collected in Sec. V.
Section VI closes the paper with a summary and outlook.

II. AMPLITUDES AND SPIN CORRELATIONS

In Ref. [11], formulas for including anomalous magnetic
and electric dipole form factors in elementary 2 → 2 parton
processes of τ-pair production were discussed. The elemen-
tary parton-level and improved Born-level formulas were
presented there for e−eþ → τ−τþ process, including details
of reference frames1 used in spin-correlation matrix cal-
culation. Those formulas are however limited to low
energies, where contribution of Z-boson exchange can
be neglected in specific applications.
For higher-energy e−eþ→ τ−τþ, and also for qq̄ → τ−τþ

parton level processes at the LHC, inclusion of the
contribution due to the exchange of Z-boson is necessary.
For very high τ-pair virtuality of more than 160 GeV, the
contributions from doubly resonant WW and ZZ boxes
need to be taken into account as well, following for
example, Refs. [17,28] on TauSpinner and KKMC, where
EW loop corrections installation is documented. Here we
extend results of Ref. [11], and derive the formulas
including Z and γ� exchanges and their interference.

To complete the picture we also derive the formulas for
γγ → τ−τþ processes in the so-called light-by-light scatter-
ing approximation, which recently became of high interest
in the analysis of heavy-ion beam collisions at the
LHC [5,6].
Let us start by introducing formalism for fif̄i → τ−τþ

process, where i ¼ e, u, d or γ. For the γγ initial state, the
symbol f̄i refers to the second incoming photon. Thus, in
our generalized notation, we consider

fiðk1Þ þ f̄iðk2Þ → τ−ðp−Þ þ τþðpþÞ; ð1Þ

where the four-momenta satisfy the conservation rela-
tion: k1 þ k2 ¼ p− þ pþ.
In the center-of-mass (c.m.) frame, the components of

the momenta are

p−¼ðE;p⃗Þ; pþ¼ðE;−p⃗Þ; p⃗¼ð0;0;pÞ;
k1¼ðE;k⃗Þ; k2¼ðE;−k⃗Þ; k⃗¼ðEsinθ;0;EcosθÞ; ð2Þ

so that the ẑ axis is along the momentum p⃗, the reaction
plane x̂ ẑ is defined by the momenta p⃗ and k⃗, and the ŷ axis
is along p⃗ × k⃗. Here, E ¼ ffiffiffi

s
p

=2, p ¼ βE is the τ-lepton
three-momentum, β ¼ ð1 − 4m2

τ=sÞ1=2 is the velocity, mτ is
the mass of the τ lepton and s ¼ ðp− þ pþÞ2. The mass of
initial lepton or quark is neglected hereafter.
The quantization frames of τ− and τþ are connected to

this reaction frame by the appropriate boosts along the ẑ
direction. Note that the ẑ axis is parallel to momentum of τ−

but antiparallel to momentum of τþ. The beams momenta
reside in the x̂ ẑ plane. Only the reaction frame, the τ− and
the τþ rest frames are used for calculations throughout the
paper. The vector indices used in the formulas: 1, 2, 3, 4
correspond to x̂; ŷ; ẑ; t̂ directions, respectively.

A. The f i f̄ i → τ − τ + , i= e, u, d case

1. Dipole form factors and improved Born approximation

We consider the γττ electromagnetic vertex to have the
following structure:

Γμ
γ ðqÞ ¼ −ieQτ

�
γμ þ σμνqν

2m
½iAðsÞ þ BðsÞγ5�

�
; ð3Þ

where σμν ¼ i
2
½γμ; γν�, e is the charge of the positron, Qτ is

the charge of τ lepton in units of e, AðsÞ ¼ F2ðq2Þ is the
Pauli form factor, and BðsÞ ¼ F3ðq2Þ is the electric dipole
form factor, which depend on s¼q2, where q ¼ k1 þ k2 ¼
p− þ pþ. At the on shell photon point, Að0Þ is an
anomalous dipole moment a, while Bð0Þ is related to
the CP violating electric dipole moment d,

1A comment on the direction of reference frames is in place
here. Formally speaking, the interchange of reaction name
between e−eþ → τ−τþ and eþe− → τþτ− is purely conventional
and not of physics content. The choice however does imply which
among the incoming e− or eþ particle is taken as the first beam
(analogously if τ− or τþ is taken as the first outgoing lepton) in
the positive ẑ direction. The second choice was used in some of
older projects. Nowadays, the choice of e− is made more
frequently, as the more energetic beam in asymmetric colliders.
Due to overlapping conventions, a sign mismatch may occur. In
our programs, a rotation by an angle of π around the ŷ axis may
be necessary before the anomalous contributions are inserted into
the other parts of the code.
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Að0Þ ¼ a ¼ 1

2
ðg − 2Þ; Bð0Þ ¼ 2mτ

eQτ
d; ð4Þ

where g is the gyromagnetic factor.
To separate SM contribution from NP we explicitly

include the QED correction to AðsÞ in the first order in
α ¼ e2=ð4πÞ [29]

AðsÞQED ¼ αm2
τ

πsβ

�
log

1 − β

1þ β
þ iπ

�
: ð5Þ

Therefore, we have

AðsÞ ¼ AðsÞQED þ AðsÞNP; BðsÞ ¼ BðsÞNP; ð6Þ

neglecting very small contribution to BðsÞ in the SM.
The Zττ vertex is chosen to have the following structure:

Γμ
ZðqÞ ¼ −i

gZ
2

�
γμðvτ − γ5aτÞ þ

σμνqν
2m

½iXðsÞ þ YðsÞγ5�
�
;

ð7Þ

where gZ ¼ e=ðsWcWÞ ¼ 2MZð
ffiffiffi
2

p
GFÞ1=2, sW ≡ sin θW ,

cW ≡ cos θW ; θW is the weak mixing angle and GF ¼
1.1663788ð6Þ × 10−5 GeV−2 [20] is the Fermi constant.
The vector and axial-vector couplings for the τ lepton are
vτ ¼ −1=2þ 2s2W and aτ ¼ −1=2, respectively, XðsÞ is the
weak-anomalous magnetic form factor, and YðsÞ is related
to the CP violating weak electric form factor.2

The XðM2
ZÞwas evaluated for the SM in Ref. [22]. Using

this calculation, in our notation XðM2
ZÞSM ¼ −ð2.10þ

i0.61Þ × 10−6 × ð2sWcWÞ. It is rather small, and this con-
tribution is not explicitly included in our code, as elabo-
rated in Sec. IV, but can easily be included if necessary.
In this description, only the anomalous component is
included, but XðM2

ZÞSM can be introduced into the code,
as additional part of XðM2

ZÞ.
For the initial state fermion fi, the electric charge in unit

of e is denoted as Qi, while the vector and axial-vector
constants are denoted by vi and ai, respectively, as shown
in Table II.
To simplify calculations, it is convenient to use the

Gordon identities for the matrix elements of Γμ
γ ðqÞ and

Γμ
ZðqÞ. This allows one to rewrite the respective currents as

ūðp−ÞΓμ
γ ðqÞvðpþÞ¼−ieQτūðp−Þ

�
γμð1þAðsÞÞ

þðpþ−p−Þμ
2m

½AðsÞ− iBðsÞγ5�
�
vðpþÞ;

ð8Þ

ūðp−ÞΓμ
ZðqÞvðpþÞ¼−i

gZ
2
ūðp−Þ

�
γμððvτþXðsÞÞ−γ5aτÞ

þðpþ−p−Þμ
2m

½XðsÞ− iYðsÞγ5�
�
vðpþÞ:

ð9Þ

Next we introduce radiative corrections following
Refs. [17,25]. The amplitude, called MIBA, for arbitrary
initial (i) and final (f) fermions can be written as

MIBA ¼ e2QfQi

s
Vfiðs; tÞγμ ⊗ γμ

þ
�
gZ
2

�
2 Zfiðs; tÞ

dðsÞ γμ½viðs; tÞ − aiγ5�

⊗ γμ½vfðs; tÞ − afγ5�; ð10Þ

where the following shortcut notation is used; operator
on the left of ⊗ is sandwiched between the spinors
v̄ðk2Þ…uðk1Þ, and operator on the right of⊗ is sandwiched
between the spinors ūðp−Þ…vðpþÞ. In Eq. (10) Qi and Qf

are the charges of initial and final fermions in units of e.
Furthermore, t ¼ ðk1 − p−Þ2, dðsÞ¼ s−M2

Zþ isΓZ=MZ
with running Z-boson decay width and Zfiðs; tÞ is the
normalization correction for the Z-boson propagator.
viðs; tÞ and vfðs; tÞ are modified vector couplings

viðs; tÞ ¼ T3i − 2Qis2WKiðs; tÞ;
vfðs; tÞ ¼ T3f − 2Qfs2WKfðs; tÞ; ð11Þ

where T3 is the third component of the fermion weak
isospin. In Eq. (10), the factor Vfiðs; tÞ includes the terms:

TABLE II. Electric charge (in units of e), vector and axial-
vector couplings for leptons, u and d quarks. The measured
values of the effective couplings [20] are also shown under the
values predicted by the SM. It is worthwhile to note the change of
sign between the leptons and the u quark.

Fermion Qi vi ai

e−ðμ−; τ−Þ −1 − 1
2
þ 2s2W − 1

2

−0.03783� 0.00041 −0.50123� 0.00026

u þ 2
3

þ 1
2
− 4

3
s2W þ 1

2

þ0.266� 0.034 þ0.519þ0.028
−0.038

d − 1
3

− 1
2
þ 2

3
s2W − 1

2

−0.38þ0.04
−0.05 −0.527þ0.040

−0.028

2Sometimes these form factors are defined with the additional
factor ð2cWsWÞ−1 [19,22,30].

BANERJEE, KORCHIN, RICHTER-WAS, and WAS PHYS. REV. D 109, 013002 (2024)

013002-4



Vfiðs; tÞ ¼ ΓvpðsÞ þ
�
gZ
e

�
2

s4WZfiðs; tÞ

×
s

dðsÞ ½Kfiðs; tÞ − Kfðs; tÞKiðs; tÞ�; ð12Þ

where ΓvpðsÞ includes resummed vacuum-polarization
loop contributions to the photon propagator, and the
complex EW form factors Kiðs; tÞ, Kfðs; tÞ and Kfiðs; tÞ
are defined in Ref. [17].
Equation (10) represents improved photon exchange

amplitude with running QED constant and improved
Z-boson exchange which include:

(i) Corrections to the photon propagator coming from
the vacuum-polarization loops.

(ii) Corrections to the Z-boson propagator and cou-
plings embedded in the form factors Zfiðs; tÞ,
Kiðs; tÞ; Kfðs; tÞ and Kfiðs; tÞ.

(iii) Contributions from the WW and ZZ box diagrams
also included in the form factors.

(iv) Mixed Oðααs; αα2s ;…Þ corrections originating from
gluon insertions in the self-energy loop diagrams.

The EW form-factor corrections are available in Dizet

library [25]. For further details we refer to Ref. [17]. Note
that corrections in IBA become numerically sizable at high
energies, well above Z-boson peak. At the lower energies
one can use the amplitude in which all the form factors and
ΓvpðsÞ are replaced by 1.
Next we add the amplitude due to the dipole form

factors of the τ lepton, introduced in (3) and (7). Using
identities (8) and (9), one obtains

MDM ¼ e2QfQi

s
Vfiðs; tÞγμ

⊗
�
Aγμ þ ðpþ − p−Þμ

2m
ðA − iBγ5Þ

�

þ
�
gZ
2

�
2 Zfiðs; tÞ

dðsÞ γμ½viðs; tÞ − aiγ5�

⊗
�
Xγμ þ ðpþ − p−Þμ

2m
ðX − iYγ5Þ

�
; ð13Þ

and the total amplitude is M ¼ MIBA þMDM.

2. Spin-correlation matrix

We consider production of the polarized τ− and τþ
leptons, which are characterized by the following polari-
zation 3-vectors in their rest-frames, respectively:

s⃗− ¼ ðs−1 ; s−2 ; s−3 Þ; s⃗þ ¼ ðsþ1 ; sþ2 ; sþ3 Þ; ð14Þ

where the Cartesian components are defined with respect to
the chosen frame. For convenience, we also use unity as the
fourth components of the spin vectors:

s− ¼ ðs−1 ; s−2 ; s−3 ; 1Þ; sþ ¼ ðsþ1 ; sþ2 ; sþ3 ; 1Þ: ð15Þ

The square of the matrix element averaged over all the
polarization states of the initial fermions can be written as

jMj2 ¼ jMγj2 þ jMZj2 þ 2ReðM�
γMZÞ; ð16Þ

which determines the differential cross section taking into
account the spin degrees of freedom of the τ leptons as

dσ
dΩ

ðff̄ → τ−τþÞ ¼ β

64π2s
jMj2

¼ β

64π2s

X4
i;j¼1

Ri;js−i s
þ
j ; ð17Þ

where Ri;j is explained below.
We rewrite Eq. (17) in the following more convenient

form:

dσ
dΩ

ðff̄→ τ−τþÞ

¼ dσ
dΩ

ðff̄→ τ−τþÞ
				
unpol

×
1

4

�
1þ

X3
i¼1

ri;4s−i þ
X3
j¼1

r4;js
þ
j þ

X3
i;j¼1

ri;js−i s
þ
j

�
: ð18Þ

The elements of spin-correlation matrix ri;j ≡ Ri;j=R44

and the τ−; τþ polarization states are respectively
ri;4 ≡ Ri;4=R44, r4;j ≡ R4;j=R44, where i, j ≤ 3.
The cross section for unpolarized τ’s is expressed

through R44:

dσ
dΩ

ðff̄ → τ−τþÞ
				
unpol

¼ β

16π2s
R44: ð19Þ

If τ decays are taken into account, the vectors defining τ−

and τþ density matrices, s−i and sþj in Eq. (18), are replaced
respectively by the polarimetric vectors, depending on the
τ-decay matrix elements, h−i and hþj .
Furthermore, each contribution in Ri;j can be broken

down as

Ri;j ¼ RðγÞ
i;j þ RðZÞ

i;j þ RðγZÞ
i;j ; ð20Þ

where RðγÞ
i;j , R

ðZÞ
i;j and RðγZÞ

i;j represent contributions due to γ
exchange, Z-boson exchange and γZ interference, respec-
tively. In the following, we include only terms linear in the
dipole form factors. The quantization of τ∓ are performed
in their respective rest frames. These frames differ from the
reaction frame, defined by Eq. (2), by the boosts along τ∓
directions.
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For energies below and around Z-boson peak, we show
results with radiative corrections switched off, as they can
be there safely neglected (incorporated into the redefinition
of constants). For higher energies, the phenomenological
picture would be far more complicated also because of
experimental detection/reconstruction criteria, and possibly
initial state bremsstrahlung photons of pT ∼mτ getting lost

in the beam pipe. That is why, this regime remains out of
scope of the present work.3

Let us start by recalling results of Ref. [11] for RðγÞ
i;j in

case of e−eþ → τ−τþ process, extended now to also
include quarks in the initial state:

RðγÞ
11 ¼ e4Q2

i

4γ2Ni
½4γ2ReðAðsÞÞ þ γ2 þ 1�sin2ðθÞ; RðγÞ

12 ¼ −RðγÞ
21 ¼ e4Q2

i

2Ni
βsin2ðθÞReðBðsÞÞ;

RðγÞ
13 ¼ RðγÞ

31 ¼ e4Q2
i

4γNi
½ðγ2 þ 1ÞReðAðsÞÞ þ 1� sinð2θÞ; RðγÞ

22 ¼ −
e4Q2

i

4Ni
β2sin2ðθÞ;

RðγÞ
23 ¼ −RðγÞ

32 ¼ −
e4Q2

i

4Ni
βγ sinð2θÞReðBðsÞÞ; RðγÞ

33 ¼ e4Q2
i

4γ2Ni
f½4γ2ReðAðsÞÞ þ γ2 þ 1�cos2ðθÞ þ β2γ2g;

RðγÞ
14 ¼ −RðγÞ

41 ¼ e4Q2
i

4Ni
βγ sinð2θÞImðBðsÞÞ; RðγÞ

24 ¼ RðγÞ
42 ¼ e4Q2

i

4Ni
β2γ sinð2θÞImðAðsÞÞ;

RðγÞ
34 ¼ −RðγÞ

43 ¼ −
e4Q2

i

2Ni
βsin2ðθÞImðBðsÞÞ; RðγÞ

44 ¼ e4Q2
i

4γ2Ni
½4γ2ReðAðsÞÞ þ β2γ2cos2ðθÞ þ γ2 þ 1�: ð21Þ

The color factor Ni in Eq. (21) is equal to Nc ¼ 3 and
Ni ¼ 1 for the qq̄ and e−eþ initial state, respectively, while
γ ¼ ffiffiffi

s
p

=ð2mτÞ denotes the Lorentz factor.
Next, we extend the results of Ref. [11] taking into

account the Z-boson exchange. Let us start with the

component RðZÞ
i;j that takes into account only the contribu-

tion due to the Z-boson exchange, and is the most
significant contribution in the vicinity of the Z-peak.

This contribution is calculated in terms of the τ-lepton
Lorentz factor γ, the velocity β, and the angle θ between the
momenta of incoming fi and τ− lepton. We express the
square of the modulus of the Z-boson propagator as

DZðsÞ ¼ ðs −M2
ZÞ2 þM2

ZΓ2
Z; ð22Þ

where MZ and ΓZ are the mass and decay width of the
Z-boson, respectively, and obtain:

RðZÞ
11 ¼ g4Zm

4γ2

4NiDZðsÞ
sin2ðθÞfð1 − γ2Þa2τ þ vτ½4γ2ReðXðsÞÞ þ ð1þ γ2Þvτ�gða2i þ v2i Þ;

RðZÞ
12 ¼ −

g4Zm
4βγ4

2NiDZðsÞ
sin2ðθÞ½ImðXðsÞÞaτ − ReðYðsÞÞvτ�ða2i þ v2i Þ;

RðZÞ
22 ¼ g4Zm

4γ2

4NiDZðsÞ
ðγ2 − 1Þsin2ðθÞða2τ − v2τÞða2i þ v2i Þ;

RðZÞ
13 ¼ g4Zm

4γ3

4NiDZðsÞ
f4β sinðθÞai½γ2ReðXðsÞÞaτ þ ð−γ2ImðYðsÞÞ þ aτÞvτ�vi

þ sinð2θÞ½ð1 − γ2ÞImðYðsÞÞaτ þ vτðð1þ γ2ÞReðXðsÞÞ þ vτÞ�ða2i þ v2i Þg;

RðZÞ
23 ¼ −

g4Zm
4γ3

2NiDZðsÞ
sinðθÞfβγ2ReðYðsÞÞ½vτ cosðθÞða2i þ v2i Þ þ 2βaτaivi�

þ ImðXðsÞÞ½2ð−1þ γ2Þaivτvi þ βγ2 cosðθÞaτða2i þ v2i Þ�g;

3Note that in contrary to Belle II energies or c.m. energy corresponding to the Z peak, at higher energies presence of initial state
photons of pT comparable or higher than the tau mass and at the same time lost in the beam-pipe are not disfavored. This complicates
construction of useful for our purposes observables. At the Z-peak energies, such photons are disfavored because then amplitudes are not
resonant. At low energies, the ratio of tau mass to beam energy is much larger than the detector minimal acceptance angle.
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RðZÞ
33 ¼ g4Zm

4γ2

8NiDZðsÞ
f16βγ2 cosðθÞaτaivτvi þ ðγ2 − 1Þð3þ cosð2θÞÞa2τða2i þ v2i Þ

þ ð−1þ 3γ2 þ ð1þ γ2Þ cosð2θÞÞv2τða2i þ v2i Þ þ 8γ2 cosðθÞReðXðsÞÞ½vτ cosðθÞða2i þ v2i Þ þ 2βaτaivi�g;

RðZÞ
14 ¼ g4Zm

4γ3

2NiDZðsÞ
sinðθÞfImðYðsÞÞ½βγ2vτ cosðθÞða2i þ v2i Þ þ 2ðγ2 − 1Þaτaivi� − vτð2aivτvi þ β cosðθÞaτða2i þ v2i ÞÞ

− ReðXðsÞÞ½2ð1þ γ2Þaivτvi þ βγ2 cosðθÞaτða2i þ v2i Þ�g;

RðZÞ
24 ¼ g4Zm

4γ3

2NiDZðsÞ
sinðθÞfImðXðsÞÞ½ðγ2 − 1Þvτ cosðθÞða2i þ v2i Þ þ 2βγ2aτaivi�

þ ReðYðsÞÞ½2βγ2aivτvi þ ðγ2 − 1Þ cosðθÞaτða2i þ v2i Þ�g;

RðZÞ
34 ¼ g4Zm

4γ2

4NiDZðsÞ
f−4aivi cosðθÞððγ2 − 1Þa2τ þ γ2v2τÞ − βγ2ð3þ cosð2θÞÞaτvτða2i þ v2i Þ

− γ2½2βImðYðsÞÞsin2ðθÞvτða2i þ v2i Þ þ ReðXðsÞÞð8 cosðθÞaivτvi þ βð3þ cosð2θÞÞaτða2i þ v2i ÞÞ�g;

RðZÞ
44 ¼ g4Zm

4γ2

8NiDZðsÞ
f16βγ2 cosðθÞaτaivτvi þ ðγ2 − 1Þð3þ cosð2θÞÞa2τða2i þ v2i Þ þ ð1þ 3γ2 þ ðγ2 − 1Þ cosð2θÞÞv2τða2i þ v2i Þ

þ 8γ2ReðXðsÞÞ½a2i vτ þ 2β cosðθÞaτaivi þ vτv2i �g; ð23Þ

and the remaining components can be obtained using

RðZÞ
j;i ¼ RðZÞ

i;j jXðsÞ→XðsÞ;YðsÞ→−YðsÞ for i ≠ j: ð24Þ
If only the e−eþ initial state is considered, Eq. (23) can be

simplified. It simplifies further if one takes into account that
the vector coupling for the leptons vτ ≈ −0.038 is numeri-
cally quite small. Here, we will keep only the terms linear in
vτ, but neglect the terms vτXðM2

ZÞ and vτYðM2
ZÞ. Using

these approximations, we obtain for the Z-boson contribu-
tion [for brevity we denote below X ≡ XðM2

ZÞ and Y ≡
YðM2

ZÞ] at the energy corresponding to the Z-boson peak:

RðZÞ
11 ¼ −RðZÞ

22 ¼ −
g4Za

4
τβ

2M2
Z

64Γ2
Z

sin2ðθÞ;

RðZÞ
12 ¼ RðZÞ

21 ¼ −
g4Za

3
τβM2

Z

32Γ2
Z

sin2ðθÞImðXÞ;

RðZÞ
13 ¼ −RðZÞ

31 ¼ −
g4Za

3
τβ

2M2
Z

64Γ2
Z

γ sinð2θÞImðYÞ;

RðZÞ
23 ¼ RðZÞ

32 ¼ −
g4Za

3
τβM2

Z

64Γ2
Z

γ sinð2θÞImðXÞ;

RðZÞ
14 ¼ RðZÞ

41 ¼ −
g4Za

3
τβM2

Z

64Γ2
Z

γ sinð2θÞ½ReðXÞ þ vτγ−2�;

RðZÞ
24 ¼ −RðZÞ

42 ¼ g4Za
3
τβ

2M2
Z

64Γ2
Z

γ sinð2θÞReðYÞ;

RðZÞ
34 ¼ RðZÞ

43 ¼ −
g4Za

3
τβM2

Z

32Γ2
Z

fð1þ cos2ðθÞÞ½vτ þ ReðXÞ�

þ 2vτβ cosðθÞg;

RðZÞ
44 ¼ RðZÞ

33 ¼ g4Za
4
τβ

2M2
Z

64Γ2
Z

ð1þ cos2ðθÞÞ; ð25Þ

where γ ¼ MZ=ð2mτÞ ≈ 25.7 and β ≈ 1.

Finally, let us present the contribution from γZ inter-
ference. Close to the Z-peak, and using the same
approximations as above, we obtain for the case of
incoming e−eþ [for brevity we denote below A≡ AðM2

ZÞ
and B≡ BðM2

ZÞ]:

RðγZÞ
11 ¼RðγZÞ

22 ¼0;

RðγZÞ
12 ¼−

e2g2ZβaτvτMZ

8ΓZ
sin2ðθÞ;

RðγZÞ
13 ¼e2g2ZaτβMZ

8ΓZ
γ sinðθÞ½ReðYÞ−aτImðAÞ�;

RðγZÞ
23 ¼e2g2ZaτβMZ

8ΓZ
γ sinðθÞ½βReðXÞþaτβImðBÞ

−vτγ−2cosðθÞ�;

RðγZÞ
14 ¼e2g2ZaτMZ

8ΓZ
γ sinðθÞ½aτβ2ReðBÞ−ð1þγ−2ÞImðXÞ�;

RðγZÞ
24 ¼e2g2ZaτβMZ

8ΓZ
γ sinðθÞ½ImðYÞþaτðγ−2þReðAÞ�;

RðγZÞ
34 ¼−

e2g2ZaτMZ

4ΓZ
cosðθÞImðXÞ;

RðγZÞ
33 ¼RðγZÞ

44 ¼−
e2g2Za

2
τβMZ

4ΓZ
cosðθÞImðAÞ; ð26Þ

and the remaining components can be obtained using

RðγZÞ
j;i ¼ RðγZÞ

i;j jX→X;Y→−Y;A→A;B→−B for i ≠ j: ð27Þ

It is important to identify the components of the matrix

RðZÞ
i;j which are the most sensitive to the weak dipole
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moments of τ lepton. Several observations can be made at
this point;

(i) The terms RðZÞ
13 ; R

ðZÞ
23 ; R

ðZÞ
14 ; R

ðZÞ
24 in Eq. (25) are

enhanced due to the large Lorentz factor γ.
(ii) The τ transverse polarization in the reaction plane

along the x̂ axis is sensitive to real part of X. The
normal to the reaction plane polarization along the ŷ
axis is sensitive to real part of Y. And finally, the
transverse-longitudinal spin correlation x̂ ẑ and the
normal-to-reaction-plane-longitudinal ŷ ẑ spin cor-
relation depend on the imaginary parts of the weak
dipole moments. Thus, it may be possible to con-
struct observables sensitive to particular spin com-
ponents of the τ leptons.

(iii) We should also note that the interference terms
described in Eq. (26) are smaller than the Z-boson
contributions by a factor of ΓZ=MZ ≈ 0.03, and
therefore do not change the dominant pattern.

(iv) Finally, the longitudinal polarization PL ¼ r34=43
of the τ− and τþ in the SM arises due to the vector
coupling vτ. This is well-known and PL was
measured already at LEP I, as noted in Ref. [31].
The longitudinal polarization, as can be seen from
Eq. (25), depends on the weak anomalous magnetic
moment ReðXÞ as well.

One can also conclude that the observable studied in
Ref. [11], acoplanarity angle between the planes spanned
by the τ-lepton decay products, is not sensitive to the weak
dipole moments at the Z-peak. This is because at the
Z-boson peak, other elements of the matrix Ri;j rather than
the ones contributing significantly at the Belle II energy of
10.58 GeV [11] start to become dominant.
We would like to acknowledge that in case of e−eþ →

τ−τþ process, the terms linear in the spins and dipole
moments were already derived in Refs. [22,30]. However,
our results represent some important extensions; they are
obtained for various initial-state fermions i ¼ ðe; u; dÞ,
include the complete spin-correlation matrix between the
decaying τ− and τþ leptons, and also include Z-boson
exchange, γ� exchange and γ�Z interference.

B. The f i f i → τ − τ + , i= γ case

In the description of the reaction γðk1Þ þ γðk2Þ →
τ−ðp−Þ þ τþðpþÞ with the on-shell photons

(k21 ¼ k22 ¼ 0), we separate the contribution of NP from
the total SM contribution to Að0Þ as described in Ref. [9],

Að0ÞSM ¼ 1.17721ð5Þ × 10−3; ð28Þ

and then define

Að0Þ ¼ Að0ÞSM þ Að0ÞNP; Bð0Þ ¼ Bð0ÞNP: ð29Þ

We assume that for the on-shell photons, the dipole
moments are real-valued.4

The matrix element of this reaction is of the order e2 and
can be written in terms of spinors of the τ leptons as

M ¼ εμðk1Þενðk2Þūðp−Þ
�
Γμ
γ ðk1Þ

=p− − =k1 þmτ

t −m2
τ

Γν
γðk2Þ

þ Γν
γðk2Þ

=p− − =k2 þmτ

u −m2
τ

Γμ
γ ðk1Þ

�
vðpþÞ; ð30Þ

where t ¼ ðp− − k1Þ2, u ¼ ðp− − k2Þ2. The four-vectors
of the photon polarization, εμðk1Þ and ενðk2Þ, obey the
conditions εðk1Þ · k1 ¼ εðk2Þ · k2 ¼ 0.
After squaring the matrix element, and averaging over

the polarizations of the photons, we obtain

jMj2 ¼ Rγγ
44 þ

X3
i;j¼1

Rγγ
i;js

−
i s

þ
j : ð31Þ

The elements of the spin-correlation matrix Rγγ
i;j=R

γγ
44

depend on the invariant mass of τ−τþ pair s ¼ m2
τ−τþ

and the scattering angle θ. Here, we keep only terms linear
in the dipole moments.
The expressions for the spin-correlation matrix are

presented in terms of the Lorentz factor γ ¼ ffiffiffi
s

p
=ð2mτÞ

of the τ� leptons, the velocity β and the angle θ.
We define the factor

D≡ 1 − β2 cos2 θ: ð32Þ

The elements of the matrix Rγγ
i;j and Rγγ

44 are (for brevity we
denote below A≡ Að0Þ and B≡ Bð0Þ):

Rγγ
11 ¼

e4

8D2
½−β2ðβ2 − 4A − 2Þ cosð4θÞ þ 4β2ðβ2 − 2Þ cosð2θÞ þ 4Að7β2 − 8Þ − 11β4 þ 22β2 − 8�;

Rγγ
12 ¼ −Rγγ

21 ¼
e4B
4D2

βðβ2 cosð4θÞ þ 4 cosð2θÞ þ 15β2 − 20Þ;

4We neglect the higher-order contribution to dipole moments coming from the three-photon intermediate state [32], which gives rise
to imaginary part of form factors at q2 ¼ 0.
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Rγγ
13 ¼ Rγγ

31 ¼
e4

2D2
γβ2½ðβ2 þ Aðβ2 − 2Þ − 1Þ cosð2θÞ þ Aβ2 − β2 þ 1� sinð2θÞ;

Rγγ
22 ¼

e4

8D2
½−β4 cosð4θÞ þ 4β2ðβ2 þ 4AÞ cosð2θÞ þ 16Aðβ2 − 2Þ − 11β4 þ 16β2 − 8�;

Rγγ
23 ¼ −Rγγ

32 ¼
e4B
2D2

γβðβ2 cosð2θÞ − 3β2 þ 2Þ sinð2θÞ;

Rγγ
33 ¼

e4

8D2
½β2ðβ2 − 4A − 2Þ cosð4θÞ − 4β4 cosð2θÞ þ 4Að9β2 − 8Þ þ 11β4 þ 2β2 − 8�;

Rγγ
44 ¼

e4

8D2
½−β4 cosð4θÞ þ 4β2ðβ2 − 4A − 2Þ cosð2θÞ − 16Aðβ2 − 2Þ − 11β4 þ 8β2 þ 8�: ð33Þ

All elements of Rγγ
i;j, except the transverse-longitudinal ones, satisfy the condition Rγγ

i;jðθÞ ¼ Rγγ
i;jðπ − θÞ for 0 ≤ θ ≤ π.

Note that the contribution from electric dipole moment B is completely separated from the rest of the terms and reads

jMj2EDM ¼ e4

4D2
βB½ðs−1 sþ2 − s−2 s

þ
1 Þðβ2 cosð4θÞ þ 4 cosð2θÞ þ 15β2 − 20Þ

þ 2ðs−2 sþ3 − s−3 s
þ
2 Þγðβ2 cosð2θÞ − 3β2 þ 2Þ sinð2θÞ�: ð34Þ

This can be convenient for studying observables sensitive to B.

Finally, the cross section for the process γγ → τ−τþ is

dσ
dΩ

ðγγ → τ−τþÞ

¼ dσ
dΩ

ðγγ → τ−τþÞ
				
unpol

1

4

�
1þ

X3
i;j¼1

rγγi;js
−
i s

þ
j

�
ð35Þ

with spin correlation matrix rγγi;j ≡ Rγγ
i;j=R

γγ
44 and unpolarized

cross section

dσ
dΩ

ðγγ → τ−τþÞ
				
unpol

¼ β

16π2s
Rγγ
44: ð36Þ

Note that neither the longitudinal nor the transverse τ
polarization is present for γγ → τ−τþ. Thus, rγγi;4 ¼ rγγ4;j ¼ 0,
and only the spin-correlation part survives in Eq. (35).

III. TRANSVERSE SPIN CORRELATIONS
OF ELEMENTARY PROCESSES

In this section, we present numerical results for Ri;j

for the process fif̄i → τ−τþ obtained with analytical
formulas of Sec. II, as a function of the invariant mass
of τ-lepton pair.
In Figs. 1 and 2, we show r11 ¼ R11=R44 and r22 ¼

R22=R44 without including form factors AðsÞ, BðsÞ, XðsÞ
and YðsÞ, respectively for e−eþ and qq̄ initial state and two
values of scattering angle θ ¼ π=3 and 2π=3.
We also used distributions from Fig. 1 to test our

formulas with respect to the predictions of KKMC, including
a test of the frame conventions. The plots of other elements

ri;j are not as interesting, because they are very small
(except for the τ mass effects), and therefore are not shown.
The pattern of the transverse spin correlations, r11 and

r22, is mostly dominated by the SM correlations, and is not
straightforward to explain. It depends on the flavor and
scattering angle, and as a consequence, in case of qq̄ initial
state, it is parton distribution function (PDF) dependent.
The electron-positron case is more straightforward in terms
of definition of a suitable observable, as the incoming state
is always e−eþ.
The transverse spin correlations for e−eþ and uū change

signs twice, at energies below and above the Z peak, and
then for higher energies stabilize at small positive value,
except for e−eþ at θ ¼ 2π=3, where value is larger. This is
not the case for dd̄ initial state, where correlations change
sign only once below Z-boson peak, and then remain
negative and small (large) for θ ¼ π=3 (θ ¼ 2π=3). Above
the Z-boson peak, they only very weakly depend on energy.
In addition, in Fig. 1 (lower plots) we show dipole

form factors impact on the R44 which determines the cross
section of e−eþ → τ−τþ of unpolarized τ leptons. The
ratios of R44 calculated with the form factors ReðAðsÞÞ and
ReðXðsÞÞ included, to R44ðSMÞ calculated without form
factors, are presented. As is seen, there is a clear effect of
the real parts of anomalous magnetic and anomalous weak
magnetic form factors. The electric form factors BðsÞ and
YðsÞ do not contribute to R44, while the contribution from
ImðAðsÞÞ and ImðXðsÞÞ is very small and is not shown.
In Fig. 3, we show Rγγ

44 and other elements rγγi;j for
the process γγ → τ−τþ with and without dipole moments
included. The chosen values of dipole moments Að0Þ ¼ 0.1
and Bð0Þ ¼ 0.1 are perhaps unrealistically large, but allow
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us to demonstrate the sensitivity of various elements to the

dipole moments. In particular, one can observe that the

elements rγγ12 and rγγ23 vanish in the absence of the electric

dipole moment, and become finite for nonzero values of it,

while the other elements depend only on the anomalous

magnetic dipole moment.

IV. REWEIGHTING PROCEDURE

The analytical formulas presented in Sec. II have been
implemented into reweighting algorithms for KKMC and
TauSpinner programs. Necessary tests were performed to
confirm that event weights at fixed τ-pair virtuality and
incoming fermion flavors reproduce those formulas
correctly.
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FIG. 2. Transverse spin-correlation components r11 (solid lines) and r22 (dashed lines) for the uū (top plots) and dd̄ (bottom plots)
initial states. The angle θ of quark vs τ− is chosen π=3 in the left plots and 2π=3 in the right plots. The effective couplings of Z to quarks
from Table II are used. Dipole moments are not included.
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FIG. 1. Upper plots: transverse spin-correlation elements of the ri;j matrix; r11 (solid lines) and r22 (dashed lines) for the electron-
positron initial state. The angle θ is chosen π=3 for the left plot and 2π=3 for the right plot. The effective Z couplings to leptons of
Table II are used. Dipole moments are not included. Lower plots: R44=R44ðSMÞ at θ ¼ π=3 (left), and θ ¼ 2π=3 (right). Solid lines:
ReðAðsÞÞ ¼ 0.1, dashed lines: ReðXðsÞÞ ¼ 0.1, other form factors are set to zero.
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A. The reweighting algorithm for KKMC:
Case of anomalous dipole moments

With respect to implementation prepared in Ref. [11], the
function calculating the spin correlations and an overall
event weight has been updated to include contributions due
to Z-boson exchange and Zγ-interference contributions.
The formulas have become substantially longer after
introducing the anomalous couplings of the τ leptons to
the Z-bosons along with coupling to the virtual photons.
Other technical aspects explained in Ref. [11] remain valid.
However, for higher energies the pT of the intermediate

boson can become larger than mτ because of more frequent
initial-state bremsstrahlung. Thus, the validity tests of

improved Born approximation for constructing the event
weight should be repeated. The usage of the reference
frames as described in Refs. [18,33] may be needed. This is
true both for e−eþ and pp applications, as discussed in the
following section. We will return to this point in a future
work, when important details of planned experiments
become available and impact of bremsstrahlung on the
analysis procedure can be quantified.
Another minor detail that also has been improved in the

present version of the code is an explicit rotation by angle π
around the y-axis, which is necessary to match the
reference frame used in our present formulas and in the
KKMC code.
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FIG. 3. Energy dependence of Rγγ
44 and rγγi;j. Solid lines are calculated for the values A ¼ 0.1 and B ¼ 0.1; dashed lines—for

A ¼ B ¼ 0. The angle θ is chosen π=3.
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B. The reweighting algorithm for TauSpinner

The basic formalism of TauSpinner is documented in
Eqs. (7)–(12) in Sec. 2.2 of Ref. [34]. Here we assume
that reader is familiar with this reference, and on the
details of how the kinematics of hard process can
be deciphered from the information available in the
event record.
Let us briefly recall the basic equation used in the

reweighting algorithm,

dσ ¼
X
flavors

dx1dx2fðx1;…Þfðx2;…ÞdΩparton level
prod dΩτþdΩτ−

×

�X
λ1;λ2

jMprod
parton levelj2

��X
λ1

jMτþj2
�

×

�X
λ2

jMτ− j2
�
wtspin; ð37Þ

which represents product of phase-space integration ele-
ments and matrix elements, squared and averaged over
spin. Sum over flavors of incoming partons and integration
over PDFs is also given. Let us provide some details. The
sum over flavors is followed by integration elements over
incoming partons energy fractions and PDFs. Then, the
Lorentz invariant phase-space integration elements at the
parton level to τ-pair production and for the decay of τþ
and τ− follow. Terms in brackets correspond to spin-
averaged matrix elements for τ production and each τ
decay respectively. The sum over τ-decay channels is not
given explicitly. Only the spin weight

wtspin ¼
X

i;j¼t;x;y;z

ri;jhiτþh
j
τ− ð38Þ

depends on kinematics of both τ� production and decay in
a rather simple way, as explained below. It is a smooth
function, which in addition satisfies the conditions
hwtspini ¼ 1 and 0 < wtspin < 4.

In Eq. (38), hiτþ and hjτ− denote the polarimetric vectors,
which for a particular τþ or τ− decay channel depend on the
kinematics of τ� decays. The ri;j matrix combining each τ
spin-polarization and τ-pair spin-correlation matrix
depends on the τ-production kinematic (including incom-
ing parton flavors) only.
For reweighting, the ratio of expressions given by

Eq. (37) is calculated for two distinct assumptions of the
matrix elements. Obviously, the phase-space integration
elements cancel out in the ratio. For the sums, several rather
trivial options are possible. In particular, they depend on
which terms in the matrix element used in the event sample
generation differs from the one used in the variant to be
implemented.
In this update, starting with the qq̄ → τ−τþ parton-level

processes, the functions calculating the spin correlations

and an overall event weight have been updated in the
TauSpinner with analytical formulas of Sec. II. Before this
update, the transverse spin correlations in the process
qq̄ → Z=γ� → τ−τþ were available via the EW library
SANC [28,35] and its predefined tables, which were neither
very flexible nor transparent.
Next, let us turn our attention to the new parton

level process, γγ → τ−τþ. The formulas for spin ampli-
tudes, cross section and spin-correlation matrix were
presented in Sec. II. Equation (33) contain all necessary
expressions. It is important to note that each parton
process contributes incoherently to the final state.
Thus, the introduction of nearly on shell photon as an
incoming parton, and a corresponding hard process, is
possible by straightforward extension of the sums in
Eq. (37) only.
For the set of PDFs, we can take the ones described in

Refs. [36,37]. These structure functions include the photon
PDF as well, but this choice may be not straightforward.
The actual choice may depend on the details of the
selection criteria of the heavy-ion collision events. In some
cases, the contribution from the γ PDFs may even domi-
nate, and the usually large Drell-Yan contributions may
become relatively small.
In terms of technical details of the TauSpinner, we again

assume that the reader is familiar with the ones described in
Ref. [34]. Minor extensions to include additional parton-
level γγ process has been introduced in this update.5

Three new functions have been added to the TauSpinner

code, and the sum in function double sigborn(...)
was extended to the γγ process. In the function dipol-
gammarij(...), we calculate the Rγγ

i;j matrix. The
functions T_gamm(MODE,SVAR,COSTHE,TA,TB) and
T_gammNEW(MODE,SVAR,COSTHE,TA,TB) calculate
cross section normalized as in older parton level processes;
anomalous dipole moments are absent in T_gamm(). The
function T_gamm can be set to return zero with internal
parameters of the algorithm. This feature is useful for
reweighting samples which have no γγ contribution. The
functions T_gamm and T_gammNEW are called by the
algorithm with input parameters named MODE, SVAR,
COSTHE, TA, and TB, respectively. The MODE is not
used at present. The Mandelstam s variable SVAR,
cosine of the hard process scattering angle COSTHE and
helicities/chiralities TA, and TB of the outgoing τ’s are set
internally based on the event kinematics, and are not
expected to be initialized by the user.
The T_gamm function does not depend on anomalous

moments, which are introduced via call to T_gammNEW
only, and subsequent call to dipolgammarij. The

5Practical comments can be found in the code of the latest
version of TauSpinner, downloadable from the project web page
http://tauolapp.web.cern.ch/tauolapp/.
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parameters (constants) which require initialization by the
user in the appropriate struct or common blocks are

(i) IFgammOLD: allows to switch γγ contribution
on/off in weight denominator according to what is
present in generated sample.

(ii) Adip: anomalous magnetic moment.
(iii) Bdip: anomalous electric moment.
(iv) iqed=iqedDip: to include SM magnetic dipole

moment in γγ contribution in the denominator of
the ratio defining weight, see Eqs. (19) and (20)
of Ref. [11]. The choice depends on whether the
contribution is taken into account in the sample to be
reweighted. Note that this contribution is always
present in the weight in the numerator, unless the
photon-structure function is absent (set to zero).

The implementation of the initializations parameters
currently hard coded in routine T_gamm is not universal.
The actual choice of parameters can be generalized
following discussions with interested users.
As is the case with all parton-level processes of Eq. (37)

presented in Ref. [34], the γγ functions T_gamm and
T_gammNEW provide results with τ leptons helicity-level
approximation. The transverse spin correlations are not
included at this step in the algorithm. Complete spin
correlations are introduced later in the algorithm step while
calculating and using wtspin. From now, in the loop over
summation used to calculate the averaged Ri;j matrix on the
basis of Eq. (37), contributions of Ri;j from γγ, Eq. (33),
are introduced.
The implementation can be adapted for reweighting

events of ultrapheripheral heavy ions collisions, where it
can be used for the analyses of τ dipole moments at LHC,
as done in the Refs. [5,6].

V. NUMERICAL RESULTS FOR SEMIREALISTIC
OBSERVABLE

In Ref. [11], we discussed the observables sensitive to
contribution of the dipole form factors in the e−eþ →
γ� → τ−τþ interaction at Belle II energies. We found that
transverse spin correlations of the τ-pair production,
combined with τ� → π�π0ντ decays, may be useful for
that purpose. For these energies, the transverse spin
correlations, calculated at the lowest order in the SM
are simple, and weakly dependent on the c.m. energy.
Transverse spin correlations in the direction perpendicular
to (aligned in) the reaction plane are of the opposite sign.
Therefore, fortunately the corresponding kinematic con-
figurations are easy to separate, and the initial-state
bremsstrahlung (ISR) emissions do not contribute in
sizable amounts to the transverse momenta of the e−eþ →
τ−τþnγ events. The transverse momenta of unobservable
photons pISR

T are much smaller than mτ and, as a
consequence, also smaller than the transverse momenta
of the τ-decay products.

A. Observables sensitive to dipole moments
at the Z-boson pole

At the Z-boson peak, the spin-correlation pattern
is different from that at low energies relevant for the
Belle II experiments. The largest components of the R
matrix are of longitudinal-transverse type, e.g. the terms
R13, R31, R23, and R32 are large. That is why the observable
of Ref. [11] is not sensitive to the anomalous magnetic and
electric dipole form factors.
We have chosen therefore different and also rather

simple observable, for the case when both τ leptons decay
to a π and a ντ. In the center of mass of τ−τþ pair, we take
the energy to correspond to the mass of Z-boson. That
should, in realistic conditions, reduce the size of the initial-
state bremsstrahlung, even though the width of the Z-boson
is larger than the mass of the τ-lepton. This aspect will
require large care and detailed understanding of detector
conditions in the future experiments at the Future Circular
Collider (FCC-ee) at the Z-boson peak.
We calculate vector products of the particle momenta

v⃗1 ¼ p⃗ × k⃗; v⃗2 ¼ p⃗π− × p⃗ντ ; v⃗3 ¼ p⃗ × v⃗1; ð39Þ

and normalize these three-vectors to the unit length; v̂i ¼
v⃗i=jv⃗ij (i ¼ 1; 2; 3). Here p⃗π− and p⃗ντ are the momenta
of π− and ντ coming from the decay τ− → π−ντ. Then the
acoplanarity angle between the plane spanned on the
vectors k⃗ and p⃗, and the plane spanned on the vectors
p⃗π− and p⃗ντ , is determined from the relations

cosðφÞ ¼ v̂1 · v̂2; sinðφÞ ¼ v̂2 · v̂3: ð40Þ

This acoplanarity angle spans the range from 0 to 2π.
The number of events with and without dipole moments

included vs acoplanarity angle is calculated for the
energy, corresponding to the Z-boson peak

ffiffiffi
s

p ¼ MZ ¼
91.1876 GeV. In these conditions the Z exchange plays the
dominant role, and the γZ interference gives a minor
contribution. Therefore it becomes possible to investigate
effect of the weak dipole moments XðM2

ZÞ and YðM2
ZÞ. It is

rather clear from Eq. (25) that the dominant dipole moment

contributions RðZÞ
13 ; R

ðZÞ
23 ; R

ðZÞ
14 ; R

ðZÞ
24 are proportional to

cosðθÞ and therefore would vanish if integrated over the
whole region of θ. However, assuming that the τ momenta
are reconstructed, we can select the forward or backward
ranges of the angle θ, and thus, obtain sensitivity to the
dipole moments. Results of the calculations are presented
in Fig. 4.
As it is seen from Fig. 4 (top), the real part of XðM2

ZÞ
and YðM2

ZÞ generate, respectively, the event distribution
∼1þ 0.008 cosðφÞ and ∼1 − 0.008 sinðφÞ. As pointed in
Sec. II A in discussion of Eq. (25), these observables are
chosen to be sensitive to the transverse and normal to the
reaction-plane τ spin degree of freedom.
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The imaginary parts of XðM2
ZÞ and YðM2

ZÞ result in the
event distributions shown in Fig. 4 (bottom). Since they
involve transverse-longitudinal, R13, and normal-to-
reaction-plane-longitudinal, R23, spin correlations, these
distributions appear sensitive to dipole moments only if
the longitudinal component of the momentum of πþ, which
comes from the τþ → πþν̄τ decay, is constrained. To
increase the magnitude of the distributions, we impose
the condition Eπþ > Eν̄τ on the energies of πþ and ν̄τ.
As one can see, the imaginary part of XðM2

ZÞ and
of YðM2

ZÞ generates, respectively, the distribution
∼1þ 0.008 sinðφ − δÞ and ∼1þ 0.008 cosðφ − δ0Þ with
small shifts δ and δ0. These shifts are caused by non-
dominant spin-correlation coefficients, for example, by

RðZÞ
12 , which slightly modifies distribution for ImðXðM2

ZÞÞ.
The magnitude of the weak-dipole moment effects in all

distributions is about 0.008. This may seem too large in
view of the chosen very small value 0.0004 of the dipole
moments. The observed enhancement is due to the large
Lorentz factor at the Z peak.

B. The effect of Z-boson exchange at Belle II energy

Let us turn our attention to lower energies. In Ref. [11],
we studied effects of the dipole form factors, AðsÞ andBðsÞ,

on spin effects and on an observable of potential interest for
the Belle II measurement. Since this is expected to be a
precision measurement, that is why the effect of Z-boson
exchange, or better to say the Z − γ� interference, which
could represent potential bias, should be addressed. In
Fig. 5, we present the ratio of distributions where the
Z-boson contribution is turned on or off. The distributions
are prepared exactly in the same manner as for Fig. 2 of
Ref. [11]. The τ� → π�π0ντ decay channels are used for
the production process e−eþ → τ−τþnγ at Belle II energy.
Acoplanarity between the planes spanned by the π−π0

system (from τ−) and the πþπ0 system (from τþ), respec-
tively, is monitored. The momenta are boosted to the rest
frame of visible decay product system of π−π0πþπ0
mesons. An additional selection criteria on the pions
energies, ðEπ− − Eπ0ÞðEπþ − Eπ0Þ to be larger or smaller
than zero, is applied.
The anomalous magnetic and electric form factors are

not taken into account. We see that the bias on the spin-
observable sensitive to dipole moments due to Z-contri-
butions is at the level of 10−5. Thus, the effect of Z-boson
exchange can be considered to give a rather small
correction even when analyzing > 1010 events that are
expected to be collected at the Belle II experiment. We can
conclude that the observable of Ref. [11] remains useful
for studying the magnetic and electric dipole form factors
at the Belle II energies.
On the other hand, we find that the observable of

Ref. [11] does not have much sensitivity to the dipole
moments for higher energies, of the Z-boson peak. In this

FIG. 5. Impact of Z-exchange to the acoplanarity of π�π0

planes of τ� decay products. The production process eþe− →
τþτ−nγ, and decays τ� → π�π0ντ at the center-of-mass energy
10.58 GeV are used. Events are selected so that there is the same
sign of energy differences for the charged and neutral pions
coming from decays τ− → π−π0ντ and τþ → πþπ0ν̄τ. The de-
tailed definition of presented observable is given in Ref. [11]. The
ratio of the acoplanarity distributions with and without Z-boson
contribution is shown.

FIG. 4. Ratio of number of events with and without weak
dipole moments included, as a function of the acoplanarity angle
φ at the energy

ffiffiffi
s

p ¼ MZ. The backward angles θ are selected,
i.e. cosðθÞ < 0. The top left plot is calculated for ReðXÞ ¼
0.0004, the top right plot is calculated for ReðYÞ ¼ 0.0004, the
bottom left is calculated for ImðXÞ ¼ 0.0004, and the bottom
right is calculated for ImðYÞ ¼ 0.0004. For the imaginary form
factors, the constraint Eπþ > Eν̄τ is applied on the τþ side. The
magnetic and electric form factors AðM2

ZÞ¼BðM2
ZÞ¼0 are used.
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case, an alternative observable is needed, possibly the one
presented in the previous subsection.

C. The case of pp collisions

Constructing observable sensitive to dipole moments in
the pp collisions is far more difficult. The signatures of
anomalous dipole moments in γγ parton level collision can
not be separated from parton processes of qq̄ collisions.
Also, contrary to the eþe− case, the choice of the direction
of the ẑ axis in the reference frame to be used can be
ambiguous. Finally, defining the pT of the hard reaction
system does not seem to be straightforward.
In γγ → ττ process, the largest sensitivity to the dipole

moments come from Rγγ
13; R

γγ
31 and R

γγ
23; R

γγ
32 elements of Rγγ

i;j

matrix. This imply that our choice of the τ decays could be
τ� → π�ντ and τ∓ → π∓π0ντ. The observable could be the
difference of the π� energy spectra in subsamples defined
by whether difference of the π∓ and π0 momenta tend to be
closer to reaction plane or outside. The backgrounds, e.g.
the Drell-Yan quark-level processes, do not have large
transverse-longitudinal R-matrix components. At low vir-

tualities, the SM contribution to Drell-Yan RðγÞ
23=32 is zero,

and in the relativistic limit RðγÞ
13=31 is nondominant. Also in

peripheral collisions, the contribution from the Drell-Yan
should be reduced. This impact of spin correlations on
dipole-moment phenomenology offers an interesting start-
ing point for further work with more details of hadron
collider conditions taken into account.

VI. SUMMARY AND OUTLOOK

In this paper, we have discussed effects from electric and
anomalous magnetic dipole moments of the τ leptons
on transverse spin correlations in the τ-pair production
and decay.
These studies include calculation of the analytical for-

mulas for spin-amplitude components and spin-correlations
matrices, for e−eþ → τ−τþ, qq̄ → τ−τþ and γγ → τ−τþ

processes. In case of the s-channel fif̄i → τ−τþ process,
including photon and Z-boson exchange, their interference
and radiative corrections in framework of IBA, makes those
formulas applicable for a large range of τ-pair invariant
mass, from the Belle II energies up to above WW and ZZ
pair-production thresholds. Numerical predictions for the
ratios of transverse components of spin-correlations matri-
ces were also shown and discussed.
The analytical formulas are embedded into algorithms

for generated events reweighting, to be used with KKMC

generator for events produced in e−eþ collisions and
TauSpinner program for pp collisions.
To demonstrate applications of the reweighting algo-

rithm, semirealistic observables are suggested, and for
e−eþ case numerical results are presented for anomalous

dipole moments at high energies and for Z-boson exchange
contribution to Belle II energies.

A. Technical developments

The algorithm for the implementation of anomalous
magnetic and electric dipole moments for the s-channel
photon exchange in eþe− → τþτ− process was enriched
with contribution of Z-boson exchange. With the help of
the extension to include Z-boson contributions, the impact
on dipole moment observable ambiguities at Belle II
energies can be studied. The algorithm can be used also
for higher energies in its present form up to and above the
ZZ-boson pair-production threshold. At these energies,
contributions from WW- and ZZ-boson pair production
become double resonant and box-diagram contributions
become sizable. Their impact on spin effects cannot be
neglected.
The observable, acoplanarity of decay products of

τ-lepton pairs, survive upgrade to high energies after minor
modifications, provided the effects of photon radiation can
be ignored, as in the case of

ffiffiffi
s

p
≃M2

Z. We have checked the
results for a new observable, and also with the help of
analytic calculations. We conclude that tools for further
studies of more experimental details are prepared. It is again
an add-up to KKMC and may be useful not only for the FCC
oriented studies, but also for the evaluation of potential
biases in the Belle II precision measurements as well.
We prepared and installed in TauSpinner a preliminary

version of the code necessary for including γγ → τ−τþ
parton-level process in event reweighting. It can be added
with or without including anomalous dipole moments. We
have also enriched implementation of event weight for
qq̄ → τ−τþ process with the possibility to study impact of
anomalous dipole moments on transverse spin correlations.
There is important issue about the QCD and EW

corrections; those corrections have been extensively stud-
ied, for example, in Refs. [38–41], in which progress in
automated calculation of matrix elements has been
achieved. Of course, for precise SM simulation of the
τ-pair production, these higher-order corrections need
to be taken into account. In the present paper, these
corrections are included in framework of improved Born
approximation [17,25].
Also the effects of multiparton interactions [42,43] and

underlying events [44–46] may be of importance. Note that
in general, evaluations of underlying events and multi-
parton interaction effects are investigated in the framework
of experimental collaboration work. At the same time,
experimental details of detection and background subtrac-
tions have to be taken into account. Let us stress again that
all these efforts are needed to ensure the robustness of the
event sample. One can expect reweighting results to be
meaningful only if its precision is established
The TauSpinner reweighting algorithm for introduction of

new effects is expected to supplement events with rather
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small corrections; event weights close to 1. That is why the
demand on precision of NP effects is not very strict
provided that the predictions of the SM are not compro-
mised. The use of the present paper algorithms may be
considered as the first step of the work, as we assume that
the impact of interactions resulting with dipole moments
will not affect the SM part of the interaction sizably.

B. Outlook

Reliability of reweighting at high energies requires some
attention, but as we work for a discovery tool, not a
precision tool, that may be postponed to further studies. So
far, tests when photon radiation is removed with generation
variable cuts were performed only. That is suitable for
Belle II applications, but for high energy applications, such
as at the FCC, further work on selection cuts to prevent
degradation of the performance due to bremsstrahlung is
needed. It will require careful future considerations for
detector acceptance and more focus on the details of the
detector than on tool validation. At the FCC bremsstrah-
lung photons lost in the beam pipe may have pT compa-
rable to the τ-lepton mass. That means further studies and
program extensions are needed for such configurations. For
example, at the c.m. energy around the Z-boson peak
presence of such photons is largely reduced. However, the
program can now be used for studies with no

bremsstrahlung events or events of rather soft photons
with energy and/or pT sizably smaller than half of the τ
mass. This is not a constraint for program use at Belle II
energies, where bremsstrahlung photons lost in the beam
pipe cannot have large pT . At high energies, the so-called
Mustraal frame [33,47,48] for weight calculation may need
to be used, as already proposed for evolution of future
versions of TauSpinner.
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