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Can Bekenstein’s area law prevail in modified theories of gravity?
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According to Bekenstein’s area law, the black hole entropy is identified holographically with one quarter
of the horizon area. However, it is commonly believed that such a law is only valid in Einstein’s theory and
that higher curvature corrections generically give rise to its modifications. This is, for example, the case of
black holes in Lovelock gravities, or their four-dimensional cousins in the recently discovered 4D scalar-
tensor Gauss-Bonnet gravity where one naively “finds” (classical) logarithmic corrections to the
Bekenstein’s law. In this paper we argue that such logarithmic corrections originate from ignoring the
shift symmetry of the 4D Gauss-Bonnet gravity. When this symmetry is properly taken into account, there
is no longer any departure from the area law in this theory. Moreover, the first law remains valid upon
modifying the black hole temperature, which can be derived via the Euclidean grand canonical ensemble
(Brown-York) procedure, but is no longer given by the surface gravity. Interestingly, we show that upon
similar modification of the black hole temperature the area law can also prevail for black holes in higher-

dimensional Lovelock gravities.

DOI: 10.1103/PhysRevD.108.L121501

Introduction. It is now more than 50 years since
Bekenstein analyzed what happens upon throwing a
cup of tea into a black hole. Based on this, he proposed
that black holes should carry entropy proportional to their
horizon area [1]. After the constant of proportionality was
fixed by Hawking’s calculation of the black hole temper-
ature [2], the Bekenstein area law states that the black
hole entropy is given by one quarter of the horizon area
(using in what follows the natural units where Gy =
c=h=kg=1),

Area
S = . 1.1
; (1.1)

With these identifications of entropy and temperature, the
laws of black hole mechanics [3] became the laws of black
hole thermodynamics.

However, while the thermodynamic description of black
holes is universal—remaining valid beyond FEinstein’s
gravity—it is commonly believed that the black hole
entropy depends on gravitational dynamics and will in
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general differ from the area law [4]." A canonical example
is Gauss-Bonnet gravity, and more generally Lovelock
theory [6] (the most general higher-curvature gravity
characterized by second-order equations of motion), where
the area law picks up corrections due to “subleading
topological densities” [see Eq. (3.2) below]. In particular,
taking a specific (singular) limit of Einstein-Gauss-Bonnet
gravity to four dimensions, upon which one recovers a
certain scalar-tensor theory known as 4D Einstein-Gauss-
Bonnet gravity [7-10], the modifications naively yield
classical logarithmic corrections to the area law.

In this paper, we argue that the latter conclusion is
incorrect, as it ignores the basic scalar field shift symmetry
of the 4D Gauss-Bonnet gravity. When this symmetry is
recovered at the level of the action, by adding an appropriate
boundary term, the standard Noether charge (Wald entropy)
argument [4] then shows that the logarithmic corrections to
the black hole entropy disappear and the entropy is simply
given by the area law (1.1). To satisfy the first law of black
hole thermodynamics, the Hawking temperature must then
be modified and is no longer proportional to the surface

'In fact, even within Einstein’s gravity it was believed for a
long time that the area law gets modified for the so-called Taub—
Newman-Unti-Tamburino solutions, with the modification ac-
counting for the existence of the so-called Misner strings.
However, as shown recently, a more natural interpretation of
the first law is the one where the area law remains preserved and
the Misner strings have their own associated thermodynamic
charges, e.g., [5].
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gravity. This temperature modification has been confirmed
by a Brown-York construction [11,12] of a Euclidean grand
canonical ensemble [13].

This is, in a way, similar to the recent proposal that for
certain Horndeski theories [14] the temperature gets modified
while Bekenstein’s law remains valid [15]. In that case,
however, the modification of the black hole temperature was
accounted for due to scalar field effects on the propagation of
the graviton close to the horizon, which was shown to
propagate in the effective geometry, different from the
background black hole. In our case, the modification of
the entropy and the temperature simply arise from the novel
boundary term designed to restore the shift symmetry. While a
change of Wald entropy due to addition of a surface term to
the action appears unusual, such a situation is not without a
precedent; it has been known for a long time that by adding the
Gauss-Bonnet density in 4D (where it is a surface term) the
black hole entropy changes by a universal (horizon topology-
dependent) constant [16]. Here the effect just becomes more
intricate due to the dependence on the scalar field.

In what follows we first show that the area law prevails
for black holes in 4D Gauss-Bonnet gravity and their
temperature gets accordingly modified when the shift
symmetry of the theory is preserved at the level of the
action, and observe that the area law leads to a simplified
thermodynamics of “spherical” black holes in higher-
dimensional Lovelock gravity provided their temperature
is similarly modified.

4D FEinstein-Gauss-Bonnet gravity with shift symmetry.
The idea that Bekenstein’s area law may be respected in
Lovelock gravity in dimension d > 4, outlined in the next
section, is based on the behavior of entropy in a 4D
formulation of Einstein-Gauss-Bonnet gravity. In this
theory, we can make a solid case for the survival of the
Bekenstein’s area law. Then, given the status of this theory
as a (singular) limit of higher-dimensional Gauss-Bonnet
gravity (a particular case of Lovelock gravity), we speculate
in the next section that the area law may be a general feature
of Lovelock gravity.

In 4D, the only possible Lovelock theory is Einstein’s
general relativity, since the higher-curvature topological
densities in the Lovelock action [see Eq. (3.1)] either
vanish, or, in the case of the Gauss-Bonnet term

G = R? — 4R ,R™ + R 4pqR™<4, (2.1)
become a total divergence, i.e., G = V,G°. Therefore, they
do not affect the gravitational equations of motion.
Nevertheless, one can obtain a 4D formulation of
Einstein-Gauss-Bonnet gravity by taking a singular limit.
While the original idea [7] does not quite work [17], a
consistent theory can be obtained by a conformal trick/
certain Kaluza-Klein reduction [8—10]. Both give the same
resulting action (in which we also include minimally
coupled electromagnetic field),

1
IEGB = E/[R -2A + (X(¢g + 4G“bva¢vb¢

—4(Ve)* U +2(Vp)*)—4aF o, F**]/=ad*x,
(2.2)

where a denotes the Gauss-Bonnet coupling. The equations
of motion obtained from this action contain at most second
derivatives of the metric and ¢, making this a special case
of Horndeski gravity.

Crucially, the equations of motion possess a shift
symmetry, i.e., they are not affected by shifting the scalar
field by a constant. However, such a shift of the scalar field
changes the action by a surface term. This has no effect on
the equations of motion, but it affects the construction of
the covariant phase space by the Iyer-Wald method [4] and,
consequently, Wald entropy. In particular, the Wald entropy
obtained from action (2.2) equals
So = Area +2 / B(e"R — 4e““R.b + € 4R"*4)ey,d* A.

4 4 Jn
(2.3)

The second term modifies Bekenstein’s area law and
seemingly gives rise to a classical logarithmic correction
to entropy [18]. However, this term clearly breaks the shift
symmetry, as adding a constant to the scalar field changes
the entropy by a constant. Given that the equations of
motion (and, hence, all the classical physics) are invariant
under these shifts, a measurable quantity such as the
entropy should not be affected by it. Furthermore, a shift
of the scalar field can be used to make the entropy negative.
A natural solution is to add a surface term to action (2.2) in
order to make it exactly shift symmetric. Then, this symmetry
will also be respected by the covariant phase space formalism
and Wald entropy. We thus consider the following action:

1
Liny = Igg — E/ Va(a¢g“)\/:§d4x. (2-4)

The equations of motion are unchanged, but the Wald
entropy S is now simply given by the area law (1.1) (this
can be easily verified using a closed expression for G¢ valid
for spacetimes with Killing symmetries [19]).2

%Of the quantities describing a spherical symmetric black hole
solution, only the value of the scalar field has a logarithmic behavior.
Hence, there can be no shift symmetric expression for black hole
entropy containing the logarithmic correction term, see also [20].

It is easy to verify that adding the surface term (2.4) does not
modify the generalized Komar integrals, such as those defining the
asymptotic mass. However, it may give rise to a novel variational
principle (with alternative boundary conditions) whose implica-
tions for black hole thermodynamics remain to be clarified, e.g.,
[21,22]. We have also checked that, similar to the Einstein gravity,
the 4D Gauss-Bonnet York-Gibbons-Hawking term, obtained in
[23], does not affect the Wald entropy, and the area law remains
valid even after including such a term.

L121501-2
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Upon modifying the entropy, we also need to check the
validity of the first law of thermodynamics. We do so for
the case of electrovacuum, static, spherically symmetric
solutions of the theory, which are known analytically. They
take the standard spherically symmetric form [8]

5 , drr 0
ds? = —fdt +7+rd£22 F==dtndr, (2.5)
r

where dQ3 = d6” + sin® 0d¢?,

r? 4 8aM  4aQ?
f:l—f—%(l—\/l—f—gal\'f—?— S ), (26)

and the scalar field satisfies

¢(r):1n<£> i[:p\/imdp.

Here, M and Q stand for the mass and charge, respectively,
A is the bare cosmological constant, r_ is the horizon
radius, and L is an arbitrary integration constant with
dimensions of length. In this case, the Smarr formula and
first law are, respectively

(2.7)

M = 2T, 0y S+®Q—-2VP + 2%, a. (2.8)

OM = Tp,,q6S + PO+ VOP + VY . (2.9)
We have identified the bare negative cosmological constant
with thermodynamic pressure P = —A/(87x), and denoted
the conjugate thermodynamic quantity as thermodynamic
volume, V = 471'7‘3_ /3, see e.g., [24]; the last two terms in
the first law are only present when a and A are considered
as thermodynamic variables, while their presence is inevi-
table for the Smarr relation to hold ¥, = 1/(2r,). ® =
Q/r, denotes the electric potential on the horizon, and we
introduced modified Hawking temperature

2 /
Tmod:T0<]+a>’ To=£:|f(r+)’-

ri 2 dr

(2.10)

The need to modify Hawking temperature in order to
satisfy the first law in Horndeski gravity has been pre-
viously proposed [15]. It has been suggested that it occurs
due to modified speed of propagation of gravitons due to
nonminimal coupling of the scalar field to the metric. Since
4D scalar-tensor Einstein-Gauss-Bonnet gravity is a special
case of Horndeski gravity, the temperature modifications
can be expected even in our case. All Horndeski theories
share an interesting feature. In the Smarr formula (2.8), we
have two contributions to the 7,45 term. One comes from
the integral of the Noether charge over the horizon and
corresponds to the standard Hawking temperature, the
second one is given by the volume integral of the

Noether current and gives the correction to it. At the
moment, we cannot say whether this is just a mathematical
coincidence or it suggests that the temperature corrections
are somehow related to what happens far outside the
horizon (i.e., due to the redshift during the propagation
of the radiation to infinity). Notably, a Euclidean grand
canonical ensemble approach (Brown-York procedure)
allows one to derive the temperature directly by finding
stationary points of a “reduced action” [11]. In this case, we
recover precisely the modified temperature we obtained by
demanding that the first law of thermodynamics holds.
Since this calculation fixes temperature independently of
the entropy formula or the first law, it strongly suggests that
the temperature is indeed modified. However, it does not
seem to provide any clear clue for the physical origin of this
modification. We will report on results of this calculation
and thermodynamics of 4D scalar-tensor Einstein-Gauss-
Bonnet gravity in more detail elsewhere [13].

Area law in Lovelock theories?. Let us now turn to
(charged) black holes in Lovelock gravity [6]. This is a
class of geometric higher curvature theories of gravity, a
natural generalization of Einstein’s theory to higher dimen-
sions, that give rise to second-order field equations for all
metric components. In d spacetime dimensions, the action,
including the electromagnetic part, reads

1 d . k ab
=1 [ d'x/=3g <§ a LW —dxF,, F ), (3.1)
where K = [451], the ) are the Lovelock coupling

constants, and £ are the 2k-dimensional Euler densities,

; k) _ 1 saiby...agby cd cid, :
given by £ = 3% 0cidy ey Rayb, T Ry, %, with the
5a1b1‘..akbk _

“generalized Kronecker delta function,”
cidy...cpdy

(2k)15¢!

la

15;: . .52152[;], totally antisymmetric in both sets
of indices, and R,, bkcﬂdk the Riemann tensor. In what
follows we always take all the Lovelock couplings to be
positive, identify the bare (negative) cosmological constant
A= —ay/2 = —8xP, and set & = 1.

It is believed that in Lovelock gravity, the entropy is no
longer given by one quarter of the horizon area, but rather
reads [4,16]

1
So= Y AN, AW =k / VoL, (32)
T H

Here, ¢ denotes the determinant of &, the induced metric
on the black hole horizon H, and the Lovelock terms £*=1)
are evaluated on that surface.

The charged spherically symmetric AdS Lovelock black
holes take the following form [25,26] (see also [27] for a
more general case):

L121501-3
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Q

2
+ 12402, F =——dt ndr,

§2 = —fdr* 7

(3.3)

where dQ§_2 denotes the line element of a (d —2)-
dimensional space of constant curvature x(d —2)(d — 3),
with ¥ = +41,0,—1 for spherical, flat, and hyperbolic
geometries, respectively, of finite volume X,_,, the latter
two cases being compact via identification, e.g., [28,29].
After integration, the Lovelock equations reduce to the
following polynomial equation for f:

B 16zM

(d—-2)E) -

3 870? 1
(d—2)(d—3)r¥*’

(3.4)

where M stands for the ADM mass of the black hole, Q is
the electric charge, and

o — &(0) o 16JTP a =1

T d=-1)(d=-2) (d-1)(d=2) =
2k

a=ap [[(@—n) fork>2, (3.5)
n=3

are the rescaled Lovelock couplings.
The “standard” thermodynamic quantities are then given
by [30]

( d 2 Z(K) Q2
d—2
M — ZaKkrd 1-2k 4 (d 3) =,
o Dl T Y
0 4 A T (d=3)r
(x) k=1, .d—2k
B > (d = 2) & ki ay
So =8+, ; Tor (3.6)
where
K K\ k-1
[Z ke (d — 2k — 1) <—2)
+ Lik=0 r+
8707
- (d- 2)r2(d_3>
(x) d-2
T
S = % (3.7)

That is, the leading term in the expression for S is one-
quarter of the horizon area, S, while the other terms come
from higher-curvature contributions. We also have

K
A= Zkak(lc/ri)k_l (3.8)
k=1

These quantities obey the following first law and Smarr
relations [16,31]:

SM = T05S0+—Z‘P dagy + @50, (3.9)
m=9"27 +Zz(k_l)qj<k)a(k)+cpg (3.10)
S d-3"""T 2 d-3 l6x ’ ‘

where
1629©) Z(K) d-1
y—_ 1o a2t (311
(d-1)d-2) d-1

is the thermodynamic volume and expressions for the
remaining potentials ¥¥) can be found in [32].

As an alternative to the standard thermodynamics above,
one may easily check that taking 7',,q as the black hole
temperature, and identifying the entropy with the horizon
area, yields also the consistent thermodynamic laws (3.9)
and (3.10), where

Ty = Tioa = ToA,

So = S. (3.12)

with the same thermodynamic volume V, and modified

‘nggd (k > 2), which now take a very simple form:
Pl = (d—2)zl) ik pd-2k-1, (3.13)

In other words, upon modifying the black hole temperature,
by Ty — TyA, we can preserve the area law. Note that the
factor A precisely reduces to that found for the 4D Gauss-
Bonnet gravity upon taking the limit to d = 4 dimensions.
Note also, that upon identifying the entropy according to
the area law, for x = —1, S may no longer become negative,
as is the case with the entropy (3.2).

Notably, the modified temperature 7,4 iS again constant
on the horizon and the zeroth law of black hole mechanics
continues to hold. For the solutions of Lovelock gravity
possessing a Killing vector £%, we even found a way to
modify the action by a boundary term to recover the area
law entropy and modified temperature. In particular, for the
(k = 2) case of the Gauss-Bonnet gravity such a term reads

(29)

2 dy
87 Va (aRabcd Ve gd) Ve

(see Supplemental Material [33] for more details).
On the other hand, it is not clear at the moment whether
the second law remains valid for this choice of entropy.

(3.14)

L121501-4
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Nevertheless, the Hawking area increase theorem [34], one
of the classical underpinnings of the identification of
entropy with area, continues to hold in Lovelock gravity
assuming the null curvature condition, i.e., R, k%k> > 0,
for any null, future-pointing vector k*. This condition is
also required to prevent the presence of certain pathological
behavior such as existence of closed timelike curves in
modified theories of gravity.

Discussion. In this work we have shown that, contrary to
the claims in the literature, the area law can prevail for black
holes in the recently formulated scalar-tensor 4D Gauss-
Bonnet gravity. The validity of the first law then implies
that the black hole temperature is accordingly modified. We
have also noted that similar modification preserves the area
law for black holes in higher-dimensional Lovelock the-
ories, giving rise to “significantly simplified” thermody-
namic quantities.

The price paid for preserving the Bekenstein’s law is the
modified black hole temperature. This is no longer given by
the surface gravity but picks up an additional (constant on
the horizon) factor. For 4D Einstein-Gauss-Bonnet gravity
such a modification simply originates from adding a
covariant boundary term ensuring the shift symmetry of
the action. The temperature can then be calculated by the
Brown-York procedure. Viewing this 4D theory as a four-
dimensional limit of a (purely metric) higher-dimensional
Einstein-Gauss-Bonnet gravity provides a hint for modi-
fying the thermodynamics of the latter. In fact, action of any
Lovelock theory can be modified by a boundary term to
recover the area law for entropy, although the procedure (so
far) works only for spacetimes with a Killing symmetry.

However, what would be the physical origin of such
modified temperature? In the Horndeski gravity it was
argued [15] that the modification of the temperature arises
from the fact that, in the presence of the nonminimally
coupled scalar field, the gravitons (that are supposed to
dominate Hawking radiation) no longer propagate along
the background geometry but rather follow the effective
metric. Natural question is whether a similar explanation
can also be given in the case of the 4D Gauss Bonnet
gravity or even in the (purely metric) Lovelock theory. It is
established that the speed of propagation of gravitons is
modified, due to the higher-curvature corrections, in these
theories [35-37]. Notably, while the Hawking original
calculation does not refer to gravitational dynamics in
any way, it is dependent on the speed of propagation of the
emitted particles. A striking example of this dependence
can be found in the acoustic analogs of the Hawking effect,
in which the relatively low speed of the emitted acoustic
modes increases the Hawking temperature to measurable
values [38].

A similar effect has also been observed in theories of
nonlinear electrodynamics, where the two degrees of free-
dom suffer from birefringence and lead to distinct

propagation speeds of nonlinear photons, e.g., [39].
Could this have an impact on black hole thermodynamics
in such theories?

A potential problem with computing the Hawking
temperature from graviton propagation exists. While the
gravitons dominate the Hawking radiation for rapidly
rotating black holes, for spherical black holes the dominant
contribution comes from photons [40]. Then, it remains
unclear why one should single out the graviton propagation
speed as the decisive one for the Hawking evaporation.
Nevertheless, for a vacuum classical black hole spacetime,
gravity is the only field present. Perhaps this somehow
gives gravitons a privileged position. In any case, the issue
requires further attention.

Interestingly, neither the Wald procedure, nor the “stan-
dard” Euclidean action calculation are in a good position to
determine the black hole temperature. Instead, they only fix
an expression for the product of temperature and entropy.
The black hole temperature is often derived by the
Euclidean trick, demanding regularity of the Wick-rotated
geometry. This may cause an impression that black hole
temperature is a local quantity that can be derived from the
properties of the horizon. However, this is not entirely true,
as it is also affected by the redshift that the Hawking
radiation experiences on its way to the asymptotic region
(encoded in the normalization of the Killing horizon
generator at infinity), and thence in principle depends on
the matter content between the horizon and infinity. These
nonlocal effects provide another possible explanation for
the temperature modifications besides the modified speed
of gravitons.

The Brown-York grand canonical ensemble procedure
[11,12], which takes into account this nonlocality, can
recover modified temperature (depending on the boundary
terms one adds to the action). Although such modifications
do not seem to occur in the presence of minimally coupled
matter fields [3], the example of Horndeski theories
suggests that they can occur in the presence of nonminimal
coupling (i.e., when the matter fields modify the graviton
propagation, as is the case for the effective energy-
momentum tensor of Lovelock gravity). Could the temper-
ature also be affected by additional (higher-curvature)
nonlinearities in the gravitational field itself?

Let us also stress that although we have presented a
rather convincing argument for the preservation of the area
law in the case of the 4D Gauss-Bonnet gravity, the
alternative formulation of the thermodynamics of higher-
dimensional Lovelock black holes is at this point just an
observation. Moreover, this observation has only been
tested for “spherical black hole spacetimes” (with trivial
extension to a charged case) whose thermodynamic first
law is of “cohomogeneity one” (depends only on one
nontrivial thermodynamic parameter). In such a case, it is
always possible to fix one of the conjugate entropy-
temperature pair and “calculate” the second one by

L121501-5
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demanding the first law. This is however, no longer true in
the presence of rotation. It will thus be a nontrivial test
whether the area law may also prevail for (spherical)
rotating black holes in Lovelock gravity, once these are
found. This, together with a check of the second law, will
ultimately allow us to decide whether the area law may
remain valid in any Lovelock gravity.

Finally, our findings uncover a crucial dependence of
derived thermodynamic quantities on the presence of
certain boundary terms in the action. While such terms
cannot modify the dynamics of the theory, the physical

implications on the interpretation of the corresponding
thermodynamic ensembles remain to be clarified.
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