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We consider d =2, ' = (0,2) SCFTs that can arise from M5-branes wrapping four-dimensional,
complex, toric manifolds and orbifolds. We use equivariant localization to compute the off-shell central
charge of the dual supergravity solutions, obtaining a result that can be written as a sum of gravitational
blocks and precisely agrees with a field theory computation using anomaly polynomials and c-

extremization.
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Introduction. Supersymmetric wrapped branes continue to
provide a fertile arena for exploring the AdS/CFT corre-
spondence. They give rise to rich classes of novel SCFTs in
various spacetime dimensions, and they also provide a
concrete framework for obtaining a microstate interpreta-
tion of the Bekenstein—Hawking entropy for asymptotically
AdS black holes. In addition, the supersymmetric AdS
solutions of supergravity associated with wrapped branes
give rise to novel geometric structures, which are of interest
in their own right.

In a recent paper [1], a new calculus was introduced for
supersymmetric solutions of supergravity that have an R-
symmetry. For several general classes of such solutions, it
was shown there exists a set of equivariantly closed
differential forms, which can be constructed from Killing
spinor bilinears. Furthermore, various BPS observables can
then be computed using localization via the Berline—
Vergne—Atiyah—Bott (BVAB) fixed point formula [2,3],
without solving the supergravity equations of motion. Here
we want to further develop these tools for a general class of
AdS; solutions of D = 11 supergravity that arise from M5-
branes wrapping four-dimensional manifolds and orbifolds.
The preserved supersymmetry is such that the AdS;
solutions are dual to d =2, N' = (0,2) SCFTs and, in
particular, they have an R-symmetry.

More precisely, we focus on the class of supersymmetric
AdS; x Mg solutions of D = 11 supergravity considered in
[4] and further analyzed in [5]. We construct a set of
equivariantly closed forms and show that they can be used
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to compute the central charge of the dual SCFT, as well as
the conformal dimensions of operators in the SCFT that are
dual to supersymmetric wrapped probe M2-branes. To
illustrate the formalism, we focus on examples where
Mg is an S* fibration over a toric B4, which are associated
with M5-branes wrapping B,. Focusing on toric B, is of
interest since we can both compare with some known and
conjectured field theory results, as well as obtain results
that provide new field theory predictions. As we shall see,
the localization results are remarkably simple for these
examples because the fixed points of the R-symmetry,
which is linear combination of the U(1)? action on S* and
the U(1)? action on By, are a set of isolated points on Mj.
We can use the BVAB formula to implement flux quan-
tization as well as obtain an off-shell expression for the
central charge. After extremizing over the undetermined R-
symmetry data, we then obtain an on-shell expression for
the central charge. As explained in more detail in [6], it is
important to emphasize that this will give the correct
central charge, without solving the supergravity equations,
just assuming the supergravity solution actually exists, or
equivalently, that the low energy limit of MS5-branes
wrapped on the specific toric B, does indeed flow to a
SCFT in the IR, in the large N limit. The formalism
therefore provides a geometric, off-shell version of
c-extremization [7,8].

The off-shell expression for the central charge that we
derive takes the form of a sum of gravitational blocks [9].
The terminology ‘“gravitational block™ is perhaps some-
what confusing, as in many works, it is not referring to a
computation in gravity, but rather is a conjecture that
should arise for some unspecified gravity computation.
More precisely various off-shell expressions for BPS
quantities have been proposed, which either can be derived
in field theory, for example, using anomaly polynomials, or
alternatively have been noted to give the correct on-shell

Published by the American Physical Society


https://orcid.org/0000-0002-2479-375X
https://orcid.org/0000-0001-6622-7812
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.L101903&domain=pdf&date_stamp=2023-11-08
https://doi.org/10.1103/PhysRevD.108.L101903
https://doi.org/10.1103/PhysRevD.108.L101903
https://doi.org/10.1103/PhysRevD.108.L101903
https://doi.org/10.1103/PhysRevD.108.L101903
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

BENETTI GENOLINI, GAUNTLETT, and SPARKS

PHYS. REV. D 108, L101903 (2023)

result for some specific, explicitly known supergravity
solutions. For the former, invoking AdS/CFT, there is
then an expectation that there will be a corresponding off-
shell computation within gravity that leads to the same off-
shell result for the central charge. However, it is not at all
clear, in general, how one should go off-shell on the gravity
side. That being said, in the setting of GK geometry, for
Sasaki—FEinstein fibrations over spindles, this was recently
achieved in [10]. The results of this paper, as well as [1,6],
indicate that the equivariant calculus of [1] provides a
universal way of deriving gravitational blocks within a
gravitational context. Moreover, the new results make it
clear that the origin of gravitational blocks is when a trial R-
symmetry has isolated fixed points on the space that the
brane is wrapping.

In [6] we provide some further details of the equivariant
calculus for the general class of AdS; solutions of D = 11
supergravity discussed here. In addition, we will also
analyze other examples of wrapped MS5-branes, where
the R-symmetry fixed point set no longer consists of
isolated points, and, in particular, gravitational blocks
are not relevant.

AdS; x Mg solutions. We consider supersymmetric solu-
tions of D = 11 supergravity of the form

ds2 = 62'1[(182<Ad83) + dSz(M8>],
G = e*F + vol(AdS;) A ef, (1)

where 4, F and f are a function, a four-form and a one-form
on Mg, respectively. In addition, ds?(AdS;) is the metric on
a unit radius AdS; and vol(AdS;) is the corresponding
volume form. The Bianchi identity implies d(e*f) = 0,
and it is convenient to introduce a function a, locally
defined in general, via e f = da,.

We assume that the preserved supersymmetry is such
that the dual d =2 SCFTs have N = (0,2) supersym-
metry. We will focus on the class of solutions classified in
[4]. Following the conventions of [5], there is then a
complex spinor € on Mg, with €e = 1 = €°¢ as well as
€°y9e = 0, where y9 =y;...yg. There is an R-symmetry
Killing vector & with a dual one-form & which can be
constructed as a bilinear:

i_
fb = —56797(1)6- (2)
We have introduced the notation y(,) = ri,yﬂ]_“#rdx”' A
-++ A dx*r and have normalized & so that L.e = %e. We
also define a scalar, two two-forms and a four-form bilinear

sin @ = €yqe€, J = —iey e,

o = —i€yoy )€, ¥ = €y e, (3)

and introduce the locally defined function y, given by
y =3 (e¥sina — ap).

These ingredients can be used to define the following
polyforms on Mg:

1 1 1
® = e”volg + Ze” xJ — §y66’“{’ - Eyze”F
n iyze“a) i Ly3
32 1927 °
1 1
(I)F — CMF—ECMCU—Z)),

1 1
& = e% % F — aye F — 5 (e%J — ape*w) — ZyQ, (4)

where * denotes the Hodge dual, and volg is the volume
form on Mg. A key result [11] is that the differential and
algebraic conditions satisfied by the above bilinears, along
with the Bianchi identity and equation of motion for the
four-form, imply these polyforms are equivariantly closed:
d:® = d;®" = d.®*F = 0, where d: = d — £ . Thus, we
can compute their integrals on closed cycles using the
BVAB formula. In particular, the integral of ®F on a
four-cycle I'y represents the flux of the four-form of
11-dimensional supergravity, which (in the large N limit)
should be quantized as

1
Np=— | ®Fez, 5
BT 2at,) /m )

where 7, is the Planck length. By computing the effective
three-dimensional Newton constant, one can show that the
integral of @ is proportional to the trial central charge

3

= =" o, 6
2571_7{?) M, ( )

c

M5-branes wrapped on B,. Within the above setup, we are
interested in solutions that describe holographic duals to
MS5-branes wrapping a holomorphic four-cycle B, inside a
Calabi—Yau four-fold. A local model for the Calabi—Yau is
given by the sum of two line bundles £, & £, — By
subject to the condition

ci(£y) + (L) + ¢ (TBy) =0, (7)

which also guarantees the supersymmetry of a wrapped
MS5-brane. For the associated supergravity solutions (in
the near horizon limit), we take My to be an S* bundle
over By,

S4 S M8 g B4. (8)

Here we write $* € C; @ C, @ R, where the C; factors are
twisted by the respective line bundles £;. We will assume
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that the solutions have U(1)? € SO(5) isometry of the S*,
as well as the isometries of By. In the following, we will
first consider the B, base to be a complex toric surface and
compute the corresponding trial central charge using
equivariant localization. Later we will consider cases when
the toric B, has orbifold singularities, and we will then also
slightly generalize the Calabi-Yau condition (7). Other
classes of B, are considered in [6].

For the toric B, examples considered here, the R-
symmetry will only have isolated fixed points, and as a
consequence, the BVAB formula takes a particularly simple
form. On Mg, and even-dimensional invariant submani-
folds M,, C Mg, the integral of a general equivariantly
closed polyform @ is given by a sum of contributions from
the fixed points x,

1 (2r)k
o= — )
A”zk ;d;€{~-€f

Here M can have orbifold singularities, where the normal
space to the point x, is R*/T",, and d, is the order of the
finite group I',. On this normal space £ generates a linear
isometric action with weights €?.

In the sequel, for simplicity, we impose one other
condition on the class of solutions that we are considering,
namely, that a certain flux integral threading the S*
vanishes [12]:

©)

Xp

/ (e x F — age™*F) = 0. (10)
S4

Smooth toric base. The first family of solutions we focus on
is when the base B, is a toric complex surface, with B,
having U(1)? isometry. The R-symmetry Killing vector &
on My generically mixes the U(1)? C SO(5) isometry of
the $* with the U(1)? of B,, and so we can write

2 2
&= Z;b,-a% +;eAaw, (11)

where b;, ¢4 are constants. Here d,,, rotate the two copies of
C;in $* c C, ® C, ® R, with weight 1, and 9, are alift
of the generators of the torus isometry of B, to M.

For generic b;, ¢, the fixed points of the action of &
on Mg, where ||&|| =0, are isolated, as noted above.
Concretely, the U(1)? action on the $* has two fixed
points, at the north and south pole. If we take the U(1)?
isometry on B, to have d isolated fixed points, we then have
a total of 2d fixed points on Mg. These are labeled by (N/S,
a), where N/S refers to the north or south pole of $*, and
a=1,...,d labels the isolated fixed points on By.

We can now use the BVAB formula to compute the flux
of ® through the S* cycle over any of the d fixed points on

the base. Since these cycles are all in the same homology
class [13], using (5), we have

1
Ng=——- | ®F
st (27:f,,)3£4

1 1(2x)?
(2n¢,)* 4 bibs

% =), (12)

where N g is the number of wrapped M5-branes. Here y§, /s
denotes the value of the function y at the fixed point
(N/S, a), and b} are the weights of the action of £ on the
normal space R* = C @ C to the fixed point in §*. We can
similarly compute the flux of ®*f through the same cycles
which, recall from (10), we assumed to vanish. Utilizing the
BVAB formula then immediately gives (y%)? = (y%)>.
Thus, requiring that Ny # 0, we conclude that

y;l\/ — _yg{ — —471'f:;7b61lb3Ns4. (13)

We can similarly evaluate the central charge, with
contributions from the 2d fixed points given by

3001 & 20 s s
25,;@@%?%[()’1\/) _(YS)]

d
1
=D g (D10 (~Ng)* (14)
w— c1€2

Here the normal space to the fixed points in Mg is
RS = C®4, with b¢, €% being the associated weights of
the action of £ on those four copies of C.

It is remarkable how simply the key expression (14), as a
sum of blocks, emerges from our formalism. In particular,
we see that each block is related to the off-shell central
charge for the d = 6, V' = (0,2) SCFT in the large N limit
[14]. To obtain our final off-shell result, it remains to
compute b¢, €} in terms of the R-symmetry vector (11),
together with global topological data for M. In fact we will
be able to do this straightforwardly, utilizing various
standard results in the toric geometry literature.

Weights from toric geometry. We begin by recalling some
key facts about complex toric four-manifolds B,. By
definition these are complex manifolds equipped with a
holomorphic (C*)? action, which has a dense open orbit.
There always exists a compatible Kéhler metric, where
U(1)?> c (C*)? is an isometry, but we emphasize that no
metric data enters the fixed point formulas we use.

Such a B, has a distinguished set of a =1, ..., d toric
divisors D, C B,. By definition these are complex two-
dimensional submanifolds, invariant under the U(1)?
action, where the normal space to a given D, is rotated
by the U(1) € U(1)? subgroup specified by a vector with
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components v4 € Z, A = 1, 2. The set of v is referred to as
the toric data for B,. The toric divisors may be ordered
cyclically, with x, = D, n D, precisely giving the set of
d points that are fixed under the U(1)? action, the index a
understood to be defined modulo d.

If 9, denote vector fields generating the U(1 )? isometry,
then we may write a Killing vector on By as Y 5_; €40,,,
The fixed point x, has normal space R} = C¢ @ C4, and
the weights €4 of this Killing vector on C4 are given by the
standard toric geometry formulas

€ = —det(v*!,g), € =det(v%,¢).  (15)

The internal space My is in turn the total space of an S*
bundle over B,. By definition the vector fields d,, in (11)
rotate the two copies of C; in $* C C, @ C, ® R, with
weight 1, but to define &, we must also choose a lifting of
the d,,, to My. This may be achieved by choosing a lifting
to each line bundle £; — B,4, making these equivariant line
bundles. On the other hand, a basis of such equivariant line
bundles L, is naturally provided by the toric divisors D,.
The corresponding equivariant first Chern class cf (L),
when restricted to the fixed point x;, € By, is given by the
formula

i (La)ls,

where the weights €4 are given by (15). We may thus write
L;=->9_ piL,, where p! € Z specify both the top-
ology of £ & L, — By, and also a choice of lifting of the
U(1)? isometry of B, to the total space. From (16) the
weights of £ on the two complex line fibres are then

= 5a7b€lll + 5a,b+1612)’ (16)

=b;—piel —piTleg.  (17)

1

Xa

Having determined explicit formulas (15) and (17) for
the weights of ¢ at the fixed points, finally we must impose
that £ is an R-symmetry: That is, there is a Killing spinor €
satisfying Lze = %e. This is where the Calabi—Yau con-
dition (7) enters as a further set of constraints on our
parameters.

For a toric complex manifold B,, we have the standard
toric geometry formula ¢;(7By) =.%_, ¢|(L,). Since
also by definition £; = — 5:1 piL,, i 1mposmg the equiv-
ariant version of Eq. (7) gives

g (f:p?— l)cf(L

a) =0. (18)

The cf(La) are precisely a set of generators for the
equivariant cohomology of By, with no relations, so the
coefficients in (18) must all be zero: Z _ pi =1

On the other hand, the resulting SU(4)-invariant chiral
spinor on the Calabi—Yau fourfold satisfies a standard set of
projection conditions y*~1%e =ie in an orthonormal
frame, for each j = 1, 2, 3, 4. The original local Calabi—
Yau geometry is embedded inside Mg as the normal bundle
of the north pole section, in our conventions for the labeling
of north/south poles. As shown in the Appendix, given the
above projection conditions, the charge of the spinor at the
point x¥ in this north pole section is then

Eéé‘ =

(ba_|_bu_|_€1 +€2) (bl +b2) (19)

2 2
Here we have used (17), and then imposed the Calabi—Yau
condition in the form (18). Thus, together we have the
following constraints on our parameters:

2
> opi=1 (20)

We will discuss a generalization of these constraints later.

Inserting the formulas (15) and (17) into (14) gives our
final “gravitational block” formula for the trial central charge
in supergravity, expressed in terms of the toric data v4, p¢,
and choice of R-symmetry vector field (11), subject to (20).
Our resulting expression agrees precisely with the field
theory formula in [15], obtained via equivariant localization
of the M5-brane anomaly polynomial and provides a striking
confirmation of AdS/CFT. To get the on-shell result, we
need to extremize over the choice of R-symmetry; in [6] we
show that on the gravity side this is indeed a necessary
condition for imposing the supergravity equations of motion.

b1+b2:1,

Other observables. As also shown in [1,6], other physical
observables may similarly be computed using equivariant
localization in supergravity.

For example, consider the four-cycles I'Y C My that are
the total spaces of S? bundles over the toric divisors
D, C By, where $2CC; @R is a linearly embedded
two-sphere within the fibre S*. There are four fixed points,
namely the copies of x,, x,_; at the north and south poles of
the fibre S2. In fact x,, x,_, are also precisely the poles of

D, = S2, with €5 and e{~ = = —¢9 being the weights on the
tangent space, respectively. Picking for instance i =1,
using localization, we compute the flux

fozil /@F
(2ﬂ'fp)3 I

I SN € Gl B A SR Tt 4 I
(Zﬂf )P} 4 bies b4~led!
= 7 5 (es™ +e57) = (p37! + P )esIN g
€
= —q3Ngs, (21)
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and similarly N§ = —q{Ng. To get the third line in (21),
we substituted (13) and (17) and used (15). To get the final
line, we evaluated the determinants in (15), subject to
det(v~!, v9) = det(v*, v**!) = 1, which follow from B,
being smooth. In (21) q¢ € Z is (minus), the integral of the
first Chern class of £; through the divisor D,

q; = —A ai(L;) = ZDabp?v (22)
a @b

where D, = |, 5, €1(La)ci(Ly) is the intersection matrix of
the toric divisors

1 b=a=+1
Dy, = —det(v® oY) b=a . (23)
0 otherwise

A derivation of (21), using only algebraic topology, can be
found in an Appendix to [6].

We can also compute the dimension of chiral primary
operators dual to M2-branes wrapping submanifolds cali-
brated by w. These are obtained by applying the BVAB
formula to ®F restricted to X, [6]. Consider the (homo-
logically trivial) S? just considered over a fixed point x,; if
it is calibrated by w, then

1 1 27y§ —y8
A(S2) — 3. L YN — Vs
(57) (27)F3 A;e YT 2
2b9b4
=20 (). (24)

One can also similarly consider the divisor D, at, say, the
north pole of the S*, and if this is calibrated by w, then (with
an appropriate orientation choice)

1
AD,) =-7 [ e
(Da) <zn>2f%[>f ©
1

Y
(2m)*63 2 \ei €l
1

— — (bib8 = by~ bY )N s

T
= (D145 + b2q§ + DupcPip5)(—Ngs).  (25)

The same expression holds for the divisor D, at the south
pole of S*, up to an overall sign related to the choice of
orientation. Here we introduced the intersection of three
equivariant Chern classes (see, e.g., [16] for a review)

Doy = / (L) Ly (L)
4

—(ef)?=(e57")* a;= aj=ay=a

0 otherwise

Notice that the first two terms in the last line of (25), as well
as the expression (24), are both independent of &, and
indeed match the analogous formulas in the absence of
U(1)? symmetry on B, discussed in [6]. In contrast, this is
not true of D, in (25), and in fact A(D,,) is linear in €.

Orbifolds and antitwists. The above discussion has some
immediate generalizations, and this allows us to make a
connection with the results of [16,17].

First, we may replace B4 by a complex toric orbifold.
Here the fixed points x, of the U(1)? action are now
orbifold points, with tangent space C?/ Z4,, where more
generally d, = det(v?, v*!). The latter is positive, with
appropriately oriented cyclic ordering of the toric divisors,
and is equal to 1 when B, is a smooth manifold.

Appropriate factors of 1/d, then enter fixed point
formulas, as also explained in [1,6]. In particular, the S‘,ﬁ
cycles over the fixed points x, on B4 do not belong to
the same homology class, but instead the classes
[d,S%] € H,(My) are all equal. Correspondingly the fluxes
through the cycles are not (12) but instead

Ne = L 1Y =y
S 8aldd, bibS

(27)

However, from the above remarks, the combinations d,N st
are necessarily all equal, and we label these by N so that
(13) is not modified. The same orbifold order appears in the
BVAB formula used to compute (14), which generalizes to

d
11
=) — byb2)*(~Ng)>. 28
¢ a§=1 4, cicg (baba) (=Ns) (28)

This result provides a gravitational derivation of the
gravitational block conjecture for M5-branes wrapped on
toric four-orbifolds in [17]. Similarly, the expressions (15)
for the weights receive a factor of 1/d,, whereas (17) is
formally unchanged. The expression (21) for the flux N¢ is
also formally unchanged, but if B, is not smooth, the
intersection matrix D, reads

L101903-5
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1/d,_, b=a-1
—det(v* ', v"*"Y/d,_\d, b=a

b | e )/do )
1/d, b=a+1
0 otherwise

with a similar expression for the generalization of (26) that
may be found in [16].

Second, we may relax the Calabi-Yau condition (7), and in
particular, (20). This is motivated by the so-called antitwist,
discovered in [18] as a novel way to preserve supersymmetry
for D3-branes wrapped on a two-dimensional orbifold
known as a spindle, but which has since been generalized
to many other setups. In particular the solutions [19],
describing MS-branes wrapping orbifolds B, that are the
total spaces of spindles fibred over spindles, have been
further studied in [16,17,20,21], where it was proposed to
relax the second condition in (20) to

2
> pi =0 (30)
i=1

Here 6% = -1 is a priori chosen freely for each toric divisor.
Again using (17), one can check that the following identity
now holds, foreacha =1, ..., d:

b¢ + b§ + 6% + o“ el = 1. (31)

From the discussion in the Appendix, we may interpret this as
anecessary condition for the spinor € to have R-charge % but
where the projection conditions on the spinor at different
fixed points now depend on the choice of ¢¢. In particular, the
chirality of the spinor at x) is determined by the sign of
6%c“*!. This change of chirality at different fixed points is
understood in detail for the spindle [22], and indeed the
motivation for introducing ¢¢ in [17] was precisely that this
describes the known supergravity solutions where B, is a
spindle fibred over another spindle [19].

It would be interesting to understand better what global
constraints there are on the choice of projection conditions
in a general setup, but we leave this for future work.
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Appendix: Chirality, charge relation for killing spinors.
We consider Killing spinors with definite charge under
a Killing vector & and show how this is related to the
chirality of the spinor at a fixed point. Suppose the
charge is g so that Lee =&V, e+ 3 (d&),,r%e = ige.
Also suppose the Killing spinor satisfies a Killing spinor
equation of the form V,e = (M -y),e + (N -7) €.

Near a fixed point, we introduce Cartesian coordinates
(X1, Y1, .--»X4,y4) and polar coordinates (r;,¢;) for each
plane parametrized by (x;,y;). The Killing vector is given
by &=, €0y = >, €i(=i0y, +x;0,,). From the
Killing spinor equation, we deduce that at a fixed point
£V e = 0, and hence, § (d&),,7"’e = ige, or

I L,
ige = 3 Z e;y¥12le, (A1)
i=1

Thus, € is an eigenvector of each y> =% which is square to

—1 and thus has eigenvalues =+i. Therefore, a spinor with
definite charge ¢ is related to the weights ¢; via

1
q :E;Siei’

for some signs s; = £1. Define the chirality operator by
79 = ¥12..8, With y% =1 and eigenvalues £1. Thus, when
acting on a spinor with definite charge g, we also have

o (i)

i=1

(A2)

(A3)

so the chirality is equal to the product of the signs appearing
in the charge.
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