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We construct fermionic conformal field theories (CFTs) whose spectra are characterized by quantum
stabilizer codes. We exploit our construction to search for fermionic CFTs with supersymmetry by focusing
on quantum stabilizer codes of the Calderbank-Shor-Steane type, and derive simple criteria for the theories
to be supersymmetric. We provide several examples of fermionic CFTs that meet the criteria, and find
quantum codes that realize N = 4 supersymmetry. Our work constitutes a new application of quantum
codes and paves the way for the methodical search for supersymmetric CFTs.
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I. INTRODUCTION

The past two decades have seen a growing interest in
quantum information theory as a foundation for quantum
computing and broad applications to various branches of
theoretical physics. In particular, quantum error correction
(QECQ) is the key to the experimental realization of fault-
tolerant quantum computers robust against quantum noises
such as decoherence [1-5]. QEC codes are the theoretical
framework that protects quantum states (code subspaces)
from errors by embedding them into larger Hilbert spaces.
In condensed matter physics, a large class of QEC codes is
constructed to describe topological phases of matter such as
toric codes [6-8] and fracton models [9-12] as code
subspaces. On the other hand, holographic codes [13-16]
have been investigated in high energy theory to understand
holographic duality between quantum gravity and quantum
field theory in one lower dimensions [17-19].

QEC codes have been exploited to construct a discrete
set of two-dimensional conformal field theories (CFTs),
called Narain code CFTs [20]. This generalizes the con-
struction of chiral CFTs from classical codes [21], which
has been known for a long time [24,25]. Narain code CFTs
are bosonic CFTs whose spectra are characterized by
Lorentzian lattices associated with quantum stabilizer
codes. Narain code CFTs find their applications in the
modular bootstrap program [26-28], the search for
CFTs with large spectral gaps [29,30], and holographic

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023/108(8)/L081901(8)

L081901-1

duality [31] based on ensemble average [32,33].
More recently, Narain code CFTs have been generalized
from qubit (binary) to qudit (nonbinary) stabilizer
codes [34], and a family of code CFTs is constructed from
quantum Calderbank-Shor-Steane (CSS) codes [2,35]. See
also [36-38] for other developments.

In this paper, we expand on the prescriptions
of [20,34] and construct fermionic CFTs from quantum
stabilizer codes. Our strategy is to use the modern descrip-
tion [39-42] of fermionization [43], which turns a bosonic
theory with a Z, symmetry into a fermionic theory. We will
describe the fermionization of a Narain code CFT in terms
of the modification of the Lorentzian lattice underlying the
CFT. Our formulation makes manifest the relationship
between the sectors of fermionic CFTs and the modified
lattices.

Furthermore, we leverage our construction to search for
supersymmetric CFTs, i.e., fermionic CFTs with super-
symmetry. The emergence of supersymmetry has attracted
much attention in high energy theory [44-50] and even in
condensed matter physics [51-57]. In the chiral case, there
are notable examples of supersymmetric CFTs built out of
classical codes [45,58], but no analog has been known in
the nonchiral case. In this paper, we examine when the
fermionic code CFTs constructed from quantum CSS codes
are supersymmetric. We derive simple criteria for super-
symmetry that can be tested for a given CSS code. By
applying the criteria to the codes of small lengths, we find
two codes of length six that yield the same fermionic CFT
satisfying the conditions for supersymmetry, and moreover
prove that the resulting theory is equivalent to a description
of the K3 sigma model with N' = 4 supersymmetry [59].
We find more candidates of supersymmetric code CFTs and
leave it as an open problem to establish the actual existence
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of supersymmetry. Our results signify the ubiquity of QEC
codes as a universal structure in theoretical physics.

II. NARAIN CODE CFTS

We start with reviewing the construction of bosonic
CFTs from quantum stabilizer codes [20,34]. Let F, =
Z/ pZ be afinite field for an odd prime p and {|x)|x € F,}
an orthonormal basis for the Hilbert space C?. The
Pauli group acting on C? is generated by the operators
X and Z defined by X|x)=|x+1),Z|x) = o|x),
where @ = exp(2zi/p) and x is defined modulo p [60].
X and Z are generalizations of the Pauli matrices acting on a
qubit system. For an n-qudit system, we define g(a,b)=
X4Zh @ .- @ X7z, where a=(a,...,a,).b=
(by.....b,) € Fj,. While a pair of two operators g(a,b)
and g(a’,b’) do not commute in general, they commute if
a-b'—a’-b=0, where a-b=>" a;b;. An [n, k]
quantum stabilizer code Vg is defined as a p*-dimensional
subspace of (C?)" fixed by the stabilizer group S =
(g1, --+» gu_y) generated by a commuting set of operators
g; = g(@® bi)(i=1,...,n—k) [61-65].

There is an intriguing relation between quantum stabi-
lizer codes and classical codes [66,67]. Consider a classical
code C specified by the stabilizer group S:

C = {c = (a.b) € PZ'|g(a,b) € S}. (1)

The classical code C admits the Lorentzian inner product
taking values in F,: ¢ © ¢/ = enc” (¢, ¢’ € C) where

'7=L(1 '0] )

The associated dual code C1 consists of elements ¢’ € [F%,”
satisfying ¢/ ® ¢ = 0 mod p for any ¢ € C. C is called self-
orthogonal if C € C* and self-dual if C = C*. For a qudit
stabilizer code, C is not necessarily self-dual. However, for
self-dual codes C, the Construction A lattice [68]

c+ pm
VP

M@E{

cEC,mEZz"} (3)

is even self-dual with respect to the Lorentzian inner
product 1OV =pl": 1©A€2Z for any 1€ A(C)
and there is one lattice point per unit volume.

The Construction A lattice A(C) is related to the
momentum lattice A(C) of the Narain CFT [69,70] via
(P> PR) = (A1 + 42,21 = 4)/V2 € A(C), where (2, 4,) €
A(C). The vertex operators in a Narain code CFT
are constructed from (p;, pr) € 1~\(C) as V, ,.(2.2) =
exp (ipg, - X (z) +ipg - Xg(2)), where X(z,2) = X; (z) +
Xg(Z) is an n-dimensional free boson. The resulting theory
is a bosonic CFT of central charge n, whose consistency is

guaranteed by the evenness and the self-duality of the
Construction A lattice. Using the state-operator iso-
morphism, the vertex operators correspond to the momen-
tum states |p;, pgr). They are eigenstates of the Virasoro
generators L, and L, with the eigenvalues (conformal
weights) h = p?/2 and h = p%/2, respectively. Taking
account of the excitation by bosonic oscillators, we obtain
the whole Hilbert space H(C) of the Narain code CFT.

We measure the spectrum of the Narain code CFT by the
torus partition function Z, defined by

ZC T,% -7 i_i
(5)_;=Trﬂ<c>[qLoqLo]= S gt @
1) > (PLoPR)EA)

where 7 =17, +ir, is the modulus of the torus and
q = exp(2zir). Let us define the complete weight enumer-
ator [71] of the self-dual code C C [F%,” as

Wel{lxas ) =Y T i, (5)

c€C (a,b)€F,xF,
where wt,, (¢) = |{i|(¢;, ¢jsn) = (a,b)}|. The torus parti-

tion function of the CFT can be written using the complete
weight enumerator:

Zc(T, ’f') =

e Welwi)) (©

with 7(7) the Dedekind eta function and v}, = ©[§](0|L),

where
b i, 7T
pP P 71 17,

and O is the Siegel theta function of genus-two defined by
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III. FERMIONIZATION AND LATTICE
MODIFICATION

Consider a bosonic CFT B with a global nonanomalous
Z, symmetry o. The Hilbert space H can be decomposed
to the even and odd subsectors under the Z, as
H=H" @& H", where H* = {y € H|oy = ty}. H will
be called the untwisted sector. To define the twisted sector,
let us place the theory on a cylinder. In the o-twisted Hilbert
space H,, a field ¢ obeys the twisted boundary condition
¢(x +2x) = o¢p(x), along the circle direction parame-
trized by x. The twisted sector also decomposes to the
Z, even and odd subsectors: H, = HS @ H,. One can
define the partition function S of the Z,-even sector H™ by
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S = (qq) #Try [qr0g"0]. The three partition functions T,
U, and V can be defined similarly for the other
sectors H~, H} and H;, respectively. Then the partition
function of (the untwisted sector of) I3 can be written
as Zg=S+T.

A fermionic theory F can be constructed from the
bosonic theory B by coupling the latter to a spin topological
quantum field theory with a Z, symmetry and gauging the
diagonal Z, symmetry. This is the modern description of
fermionization [39-42]. The Hilbert space of the resulting
fermionic theory on a circle has Neveu-Schwarz (NS) and
Ramond (R) sectors [72]. Each of the NS and R sectors
decomposes to the Z,-even and odd subsectors correspond-
ing to the fermion parity. Thus there are in total four
subsectors NS+, NS—, R+, and R—, whose partition
functions are given by ZJPt =8 Z§S-=v, Z®8 =T,
Z% = U, respectively.

We now turn to a Narain code CFT for a quantum
stabilizer code and its fermionization. The spectrum of the
code CFT is uniquely characterized by the underlying
lattice A(C), hence we will recast the fermionization
procedure in terms of lattices. First, let us consider a vector
of length 2n, y = |/p1,,, where we introduced the notation
1,, = (1,1,..., 1). This vector belongs to A(C) but its half
6 = y/2 does not: § ¢ A(C). Then, we decompose A(C) as
A(C) = AO U A], where
Ai={1€eAC)ly©i=i mod?2} (i=0,1). (9)
We define the Z, symmetry by letting A, and A,
correspond to the Hilbert spaces H* and H~, respectively.
Note that A, is a sublattice of A(C), while A, is not a lattice
by itself. This structure precisely matches the fact that the
operators in H*t are closed under the operator product
expansion (OPE) while those in H™ are not. Let us move to
the twisted sector. We assume n € 2Z to ensure that the Z,
symmetry defined by y is nonanomalous [73]. We then
introduce two additional sets by

(A1+5,A0+5) (n€4Z),

(o) = { (Ao+8.M148)  (n€dzZ+2). (10

One can check that Ayg = Ag U A, is a self-dual lattice that
is not even (i.e., odd self-dual) with respect to the
Lorentzian inner product @. The oddness and the self-
duality of Ayg imply that the spectrum of the associated
CFT includes both bosonic and fermionic operators that are
closed under OPE. Hence we can identify A, and A, with
the Z, even and odd subsectors of the NS sector (NS—+ and
NS-) in the fermionized theory, respectively. Similarly, A
and A5 correspond to the Z, even and odd subsectors of the
R sector. Table I summarizes the relations between the
sectors of code CFTs and A; (i =0, 1, 2, 3).

The partition function of each sector of the code CFTs
can be calculated from A; (i =0, 1, 2, 3) shown in Table I,

TABLE 1. The sectors of bosonic and fermionic code CFTs and
their relations to A; (i =0,1,2,3).

B Untwisted Twisted
Even S / Ao U / A3
Odd T/A V/A,
F NS R
Even S/Aqg T/A
Odd V/A, U/As

thus can be represented by the weight enumerator of the
associated code C [20,34]. By reading off the spectra of the
sectors from the norms of the lattice vectors, we find

_ Welfwaw})

Welih)
SET =P

U Ty Y

where v, = O[f](p8|Q). v, = 6[%;°|(0|Q2), and ¥, =
©[*;%(0| + A) with the parameters

A

IV. SEARCHING FOR SUPERSYMMETRIC
THEORIES

Having yielded a general construction of fermionic CFTs
from quantum stabilizer codes, we will exploit our con-
struction to search for supersymmetric CFTs. Fermionic
CFTs with supersymmetry must meet the following con-
ditions (see e.g., [49]):

(i) The NS sector contains a Virasoro primary with the

conformal weight (3/2,0), (0,3/2).
(i) The R sector satisfies the positive energy condition
h, h>%.
(iii) The Ramond-Ramond (RR) partition function
Zgr = Z%" — Z% is constant.
The first condition is necessary for the existence of operators
that generate supersymmetry with conformal weight 3/2.
The second condition is imposed by the unitarity of the
theory. The third one follows from the cancellation of the
contributions from bosonic and fermionic states other than
the vacuum in supersymmetric theories. Recently, the first
two conditions have been proven to imply the third in [48],
thus fermionic CFTs satisfying the conditions (i),(ii) are
conjectured to be SCFTs [47—49].

In what follows, we focus on the fermionic CFT
constructed from the CSS code -corresponding to
C=CxC, where C is a classical self-dual code with
respect to the Euclidean inner product. The Lorentzian even
self-dual lattice for the bosonic CFT takes the form:
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A(C) = {(Cl J\F/gml 2 T/gmz) € IRZ”}, (13)

where c{,c, € C,m;,m, € Z". Since the resulting non-
chiral CFT is left-right symmetric, it is enough to examine
the conditions (i), (ii) for the left-moving sector.

Let us first examine the condition (i). The spectrum of
the primary operators in the NS sector is determined by
Ans = Ag U A, (see Table I). If there exist primary
operators of weight (h,h) = (3/2,0) in the NS sector,
they must be built out of the lattice vectorsin Ay as h — h =
(p? — p%)/2 =21 ©® A/2 takes an integer value for any
vector 1 in the even self-dual lattice Ay. Also h =0
imposes 4, = A,, so the primary operators with i =0
are associated with the lattice vectors in A, of the form:
A+ 6 with 1 = (v,v) € A(C), where v is a vector in the
Euclidean Construction A lattice Ag(C) defined by

c+pm
NG

which is odd self-dual for C a self-dual code. Note that
A+ 6 € A, implies that 1 € A; when n € 4Z and A € A
when n € 47 + 2. The former is, however, impossible as 1
satisfiesy © A =2,/pv -1, = 2(c + pm) -1, = 0 mod 2.
Thus, we focus on the case with n € 4Z + 2. The momen-
tum vectors for the primary operators with 2 = 0 in the NS
sector take the form, (p; . pg) = (v2u.0), u € S(Ag(C)),
where S(Ag(C)) is the shadow [75] of the Euclidean lattice
Ag(C) defined by S(Ag(C)) = Ag(C) +*21,. The
shadow determines the spectrum of the primary operators
with 7 = 0 in the NS sector as & = u? with u € S(Ag(C)),
and allows us to test if there exist operators of 7 = 3/2
once a self-dual classical code C is given.

Next, we turn to the constraint imposed by condition (ii).
Let us focus on the left-moving momenta p; of the
vertex operators in the R sector. For n € 47 + 2, they
are in A, UA;. The left-moving momenta are p, =
(ci + ey + p(my +my))/\/2p for p, €A and p;, =
(ci + ¢+ p(my+my+1,))/\/2p for p; € Az, where
cl,co€Comy,my €Z" and 1,-(¢c;+¢p) #1,- (m +
m,) mod 2. In both cases, using the linearity of the classical
code C, we can represent them as p; = (¢ + pm)/\/2p,
where c € C,m € Z" and 1,, - (¢ +m) = 1 mod 2. Since
1,-(c+m)=1,-(c+pm)=(c+pm)?=1 mod 2
and (¢ + pm)?/p takes a non-negative integer value as c -
¢ =0 mod p for ¢ € C, the positive energy condition
h > 57 amounts to

nste) = {

cGC,mEZ”}, (14)

. 2 n
min v° > —.
vEAR(C) 6
vZ:ImodZ

(15)

For a code of length n <6, (15) is always satisfied.
There are no further constraints from the positive

energy condition for the right-moving sector i > 27 as it
yields the same condition as (15) in the left-right symmetric
theory.

To recapitulate the discussion so far, we have shown that a
fermionic CFT built out of the CSS code associated with a
self-dual classical code C has a chance of possessing super-
symmetry only if C has length n € 4Z + 2, a vector u €
S(Ag(C)) satisfies u*> = 3/2, and the condition (15) is met.
Otherwise, the fermionic CFT cannot have supersymmetry.

Armed with this result, we are now in a position to
search for supersymmetric CFTs by exploiting self-dual
classical codes with the necessary properties. Let us
consider the cases with n <6 so that the condition
(15) is automatically satisfied. Since n € 4Z + 2, we
have two cases; n=2 and n=6. For p =235, there
are one self-dual code C, of length n =2 and two
self-dual codes CS and Fg of length n = 6 [76]. Let us
examine the C, code which has five codewords
C, ={(0,0),(1,2),(2,4),(3.1),(4.3)}. The Euclidean
lattice Ag(C,) becomes a two-dimensional lattice iso-
morphic to Z2, whose orthonormal basis can be chosen as
v; = (1,2)/v/5 and v, = (2, —1)/+/5. With this basis, we
have %12 = (3v; + 1v,)/2, and any vector u in the
shadow S(Ag(C,)) can be written as u = m/v; + mhv,
for m|, m, € Z 4 1/2. In this case, there are no solutions
for u> = m? +m% =3/2 and thus the fermionic CFT
cannot be supersymmetric. Next, consider the code
C3 = C, x Cy x C,. The shadow is also decomposed into
the direct product of three S(Ag(C,)). One can expand

any vector u € Ag(C3) as u= > ¢ mir; for m. € Z +
1/2(i=1,...,6) in the orthonormal basis r; given by
ro=(v,0%, rn=(0.04), r3=(0%0.0°), =

(0%, 0,,0%), rs=(0%v,), rg=(0*v,) where OF=
(0,0,...,0) is the all-zero vector of length k. Solving
the equation u? = Y%, m!? = 3/2, we find 64 solutions
m; = =+1/2(i = 1,...,6). Thus this theory meets the both
conditions (i),(ii). We also checked numerically the
condition (iii): Zgg = T — U = 24. Therefore, this model
is potentially supersymmetric.

We now show that the fermionic CFT constructed from C3
indeed has supersymmetry. By construction, the lattice A(C)
given in (13) has a basis given by (r;,0°) and (0°, r;) with
i=1,...,6, and is therefore isomorphic to Z'> with
Lorentzian metric 7 in (2). Because the coefficients in the
eXpanSiOH X= \/5112 = Z?:l (37‘21‘_1 —+ rzi,3r2,-_1 —+ r2,~) are
all odd, the rotation defined by the basis gives isomorphisms

12
Ai:AEO):{mEZu|ZmJ-:i modZ}, (16)

J=1

1
Nijp = Az('i)z = AEO) Jr5112» (17)
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for i =0, 1. Thus, after the rotation, the left- and right-
moving momenta (p;, pg) take values in

6
a€Fmez?> a;= i},

(18)

/~\l(-0) = {(i’/;) + \/Em

Jj=1

0 _ x0 , 1
Rt =A%+ = (16,0°), (19)

for i =0, 1. We observe that the (shifted) lattices
[\E’O) (i =0, 1, 2, 3) are precisely the momentum lattices
in the 31\1(2)? description of the K3 sigma model [59],
which we refer to as the GTVW model. In particular,
the fermionic CFT has AN = (4,4) supersymmetries
whose currents were explicitly constructed in [59] and
interpreted in terms of quantum error correcting codes
in [46].

The other code F is generated by three codewords [76]
(1,0,1,-1,-1,1), (12,0,1,-1,-1), (1,=1,1,0,1,-1).
The lattice A(C) for Fg has a basis given by (s;,0°) and
(0°,5;) with s; = 5;/+/5, where 5, = (0, 1), 5, = (1,0, 1,
-1,-1,1), 35»=(,-1,-1,1,0,1), 3,=(1,-1,1,0,
1,-1), 35 =(1%2,0,1,-1,-1), and 3¢=(12,-1,—1,
1,0). The odd coefficients in y = (5s; + s+ -+
S6, 381 + §2 + -+ 5¢) again imply that the fermionic
CFT constructed from Fg coincides with the GTVW
model [59]. We note that, in general, different codes can
yield the same CFT as exemplified by C3 and Fj.

V. DISCUSSION

In this paper, we revealed novel relations among
fermionic CFTs, quantum stabilizer codes, and lattices
together with their modifications. We also examined the
necessary conditions for the fermionic code CFTs to be
supersymmetric and found two CSS codes defined
by classical self-dual codes with p =5 and n = 6 that
satisfy the conditions. We further proved that these CFTs
are nothing but the GTVW model [59], which has N' = 4
supersymmetry. Given the successful application of our
method, we expect that more supersymmetric CFTs can be
constructed from quantum stabilizer codes. Focusing on
CSS codes defined by classical self-dual codes, fermionic
code CFTs can be supersymmetric only when n € 47 + 2.
When p =35, there exist classical self-dual codes
for even n [76], and some of them may give rise to
supersymmetric code CFTs if the necessary conditions
given in the text are met. For n = 10, fermionic code
CFTs cannot be supersymmetric as the associated
Construction A lattices have lattice vectors of length
one [77], which violate the condition (15). On the other
hand, there exist self-dual codes of length n = 14 that

meet the necessary conditions for supersymmetry, thus the
associated code CFTs are candidates of supersymmet-
ric CFTs.

We have focused on qudit stabilizer codes based on [,
for an odd prime p. A similar discussion can be applied to
qubit stabilizer codes (p = 2) [78]. In the binary case, the
choice of y € A(C) depends on the type of classical
code C. In what follows, we focus on the CSS construction
C=CxC for a binary self-dual code C. Then we
can take y = 26 = 1,,/+/2 where the nonanomalous con-
dition [74] imposes n € 4Z. While the Z, grading of A(C)
is the same as in the previous case (9), A, and A are
slightly modified:

(Al +5,A0+5) (HESZ),

(Az’A3):{(AO+5,A1+6) (n€8Z +4). (20)

The sectors after fermionization take the same form as in
Table I. Our construction provides examples of fermionic
CFTs satisfying the conditions (i)—(iii) for supersym-
metry. One example is given by the unique self-dual code
B, (C3 of [79]) of length 4 generated by two codewords
(12,0%) and (07, 12), and another by the unique indecom-
posable self-dual code B, [79] of length 12 generated by
six codewords (0%,1,0,1,0%,1,0%,1), (1,0%1,0° 1%),
(0°,12,0%,1%), (0.1,0%,1,0%,1%,0), (0°,1,0%,12,0%,1),
and (0°,1,0,1,0,1,0,1). For the self-dual code B,, the
fermionic code CFT contains 16 Virasoro primaries of
weights (3/2,0) and the RR partition function vanishes.
On the other hand, the fermionic code CFT from B,
contains 64 Virasoro primaries of weights (3/2,0), and
the resulting RR partition function takes the constant
value 288. These observations strongly suggest the exist-
ence of supersymmetry in both cases. It remains open
whether they are equivalent to known models with
supersymmetry or provide new examples of supersym-
metric CFTs.

In general, it is nontrivial to confirm the existence of
supersymmetry in a given candidate CFT as it requires the
explicit construction of supercurrents as a linear combina-
tion of vertex operators of weight 3/2. In the GTVW
model, a supercurrent operator that generates a part of the
supersymmetry can be represented as a linear combination
of 2% primary operators. This structure has been identified
with a [[6,0]] qubit stabilizer code [46], where the super-
current is viewed as a one-dimensional code subspace in
the space of 6 qubits. It is desirable to find a connection, if
any, between their interpretation and our construction of the
GTVW model.

For bosonic Narain code CFTs constructed from a class
of CSS codes, we can exactly compute the averaged
partition function [34]. Our construction of the fermionized
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code CFTs enables us to take their average similarly. These
averaged theories may have a holographic description
related to an abelian Chern-Simons theory both in bosonic
[32,33] and fermionic [80] cases. It would be interesting to
give a holographic interpretation for our class of fer-
mionic CFTs.
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