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We compute for the first time the next-to-leading-order QCD corrections to the B̄ðsÞ → Dð�Þ
ðsÞ form factors

at large hadronic recoil. Both the charm-quark-mass- and the strange-quark-mass- dependent pieces can
generate the leading-power contributions to these form factors. Including further various power-suppressed
contributions, we perform the combined fits of the considered form factors to both our large-recoil theory
predictions and the lattice QCD results, thus improving upon the previous determinations of the lepton-
flavor-universality ratios RðDð�ÞÞ significantly.
DOI: 10.1103/PhysRevD.108.L071504

I. INTRODUCTION

The flagship semileptonic B̄ðsÞ → Dð�Þ
ðsÞlν̄l decay proc-

esses are of extraordinary phenomenological importance
for the precise determination of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix element jVcbj and for probing the
nonstandard flavor-changing dynamics above the electro-
weak scale [1–6]. The persisting discrepancy between the
exclusive and inclusive extractions of jVcbj has triggered
enormous efforts on uncovering the ultimate mystery of
this intriguing puzzle in the Standard Model (SM) and
beyond [7–11]. Moreover, the state-of-the-art theory pre-
dictions for the two lepton-flavor-universality (LFU) ratios
RðDð�ÞÞ [12] appear to be in tension with the HFLAV-
averaged experimental measurements [13] as well, thus
stimulating intensive investigations on a wide range of
other interesting LFU observables [14–22]. Apparently,
disentangling the potential new physics (NP) signals from
the unaccounted theoretical uncertainties in the SM com-
putations in a robust manner will be indispensable for the
unambiguous interpretation of these emerged flavor
anomalies. It remains important to remark that the updated
LHCb measurements for the electron-muon universality
rations RðKð�ÞÞ in the flavor-changing neutral current loop

processes B → Kð�Þeþe− and B → Kð�Þμþμ− [23,24] do
not necessarily lead to conclude the tauon-muon universality
in the neutral current b → sll transitions [25,26], let alone

in the flavor-changing charged current tree decays B̄ðsÞ →

Dð�Þ
ðsÞlν̄l [27]. Actually, introducing new CP-violating

couplings in the weak effective Hamiltonian for b → sll
can bring about the significant space to violate the electron-
muon universality, while accommodating the new LHCb
result for the RðKÞ ratio simultaneously [28].
The model-independent descriptions of the heavy-to-

heavy bottom-meson decay form factors in the low recoil
regime can be naturally formulated by adopting the heavy
quark effective theory (HQET) based upon an expansion in
powers of ΛQCD=mb;c. In order to better constrain the
desirable shape of these form factors, an attractive prescrip-
tion to derive the unitarity constraints for the form-factor
expansion coefficients has been developed from the funda-
mental field-theoretical principles [29–34].Additionally,we
have witnessed the substantial progress on the encouraging
lattice QCD calculations of the B̄ → Dð�Þlν̄l form factors

[35–37] and the B̄s → Dð�Þ
s lν̄l form factors [38–40] at

nonzero recoil. By contrast, the continuum QCD determi-
nations of such fundamental heavy-to-heavy form factors at
large recoil are mainly achieved by evaluating only the
leading-order QCD contributions at the twist-four accuracy
[41,42], apart from the currently available higher-order
QCD computations of the B̄ → D form factors [43,44].
In view of the noticeable significance of implementing

the large-recoil theory predictions in the numerical fit of the
exclusive bottom-meson decay form factors [45–54],
accomplishing the next-to-leading-order (NLO) computa-
tions to the semileptonic B̄ðsÞ → D�

ðsÞlν̄l form factors will
therefore be in high demand for pinning down the obtained
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uncertainties of their shape parameters from the combined
z-series fitting procedure. To achieve this goal, we will first
establish the NLO factorization formulas for the appro-
priate bottom-meson-to-vacuum correlation functions at
leading power (LP) in the soft-collinear effective theory
(SCET) framework and then construct the large logarith-
mic resummation improved light-cone sum rules (LCSR)
for the considered form factors. In particular, we will
report on a novel observation of the LP OðαsÞ contribution
to the longitudinal form factors due to the unsup-
pressed charm-quark-mass-dependent pieces in the SCET
Lagrangian, when applying the preferable power-counting
scheme mc ∼Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΛQCDmb
p Þ [55,56]. Phenomenological

implications of the simultaneous Boyd-Grinstein-Lebed
(BGL) expansion fitting [29–31] to both the SCET sum
rules predictions and the lattice simulation data points will
be further explored with the focus on the updated extrac-

tions of the LFU quantities RðDð�Þ
ðsÞÞ and the CKM matrix

element jVcbj.

II. GENERAL ANALYSIS

We adopt the customary definitions of the form factors
fV; A0; A1; A2g as displayed in [57]. Implementing the
QCD → SCETI matching for these form factors enables us
to derive the following factorization formulas:

Vðn · pÞ ¼ CðA0Þ
V ðn · pÞξ⊥ðn · pÞ þ CðA1;mcÞ

V ðn · pÞξ⊥;mc
ðn · pÞ þ

Z
1

0

dτCðB1Þ
V ðτ; n · pÞΞ⊥ðτ; n · pÞ þ VNLPðn · pÞ;

A0ðn · pÞ ¼ CðA0Þ
f0

ðn · pÞξkðn · pÞ þ CðA1;mcÞ
f0

ðn · pÞξk;mc
ðn · pÞ þ

Z
1

0

dτCðB1Þ
f0

ðτ; n · pÞΞkðτ; n · pÞ þANLP
0 ðn · pÞ;

A1ðn · pÞ ¼ CðA0Þ
V ðn · pÞξ⊥ðn · pÞ þ CðA1;mcÞ

A1
ðn · pÞξ⊥;mc

ðn · pÞ þ
Z

1

0

dτCðB1Þ
V ðτ; n · pÞΞ⊥ðτ; n · pÞ þANLP

1 ðn · pÞ;

A12ðn · pÞ ¼ CðA0Þ
fþ ðn · pÞξkðn · pÞ þ CðA1;mcÞ

fþ ðn · pÞξk;mc
ðn · pÞ þ

Z
1

0

dτCðB1Þ
fþ ðτ; n · pÞΞkðτ; n · pÞ þANLP

12 ðn · pÞ: ð1Þ

The form factors V,A0,A1, andA12 can be expressed in
terms of the conventional form factors as displayed in (1) of
the Supplemental Material [58]. The explicit definitions of
ξk;⊥ and Ξk;⊥ take the same form as the ones for the
exclusive heavy-to-light transitions [59], while ξk;mc

and
ξ⊥;mc

can be defined by

hD�
qðp; ϵ�Þjðξ̄WcÞ

n
2

mc

−in · D⃖c

γ5hvjB̄vi

¼ −n · pðϵ� · vÞξk;mc
ðn · pÞ; ð2Þ

hD�
qðp; ϵ�Þjðξ̄WcÞ

n
2

mc

−in · D⃖c

γ5γμ⊥hvjB̄vi

¼ −n · pðϵ�μ − ϵ� · vn̄μÞξ⊥;mc
ðn · pÞ: ð3Þ

The analytic expressions for the short-distance coefficients

CðA0Þ
i and CðB1Þ

i [60,61] as well as CðA1;mcÞ
i are collected in

(2) of the Supplemental Material [58]. We will therefore
dedicate the next section to the transparent computations of
the effective form factors.

III. NLO CORRECTIONS
TO THE FORM FACTORS

In analogy to the strategy for computing the heavy-
to-light bottom-meson decay matrix elements [62,63]
(see also [64,65]), we can derive the LCSR for
ξkðn · pÞ by exploring the particular SCETI correlation
function

ΠðA0Þ
ν;k ¼

Z
d4xeip·xh0jTfjð2Þξq;kνðxÞ; OðA0Þ

k ð0ÞgjB̄vi þ
Z

d4xeip·x
Z

d4yh0jTfjð0Þξξ;kνðxÞ; iLð2Þ
ξq ðyÞ; OðA0Þ

k ð0ÞgjB̄vi

þ
Z

d4xeip·x
Z

d4y
Z

d4zh0jTfjð0Þξξ;kνðxÞ; iLð1Þ
ξq ðyÞ; iLð0Þ

ξmc
ðzÞ; OðA0Þ

k ð0ÞgjB̄vi

þ
Z

d4xeip·x
Z

d4yh0jTfjð0Þξξ;kνðxÞ; iLð2Þ
ξq;mq

ðyÞ; OðA0Þ
k ð0ÞgjB̄vi; ð4Þ

where the manifest representations of jð0Þξξ;kν, j
ð2Þ
ξq;kν, L

ð1Þ
ξq , and

Lð2Þ
ξq have been presented in [57,66]. The remaining

effective Lagrangian densities and the SCETI weak current
are presented in (3) of the Supplemental Material [58].

Since the charm-quark-mass-dependent term Lð0Þ
ξmc

de-
scribes the unsuppressed interaction between the collinear
fields [67], the third term in the correlation function (4) will
result in the power-enhanced contribution to the correlation
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function (4). Moreover, the spectator-quark mass contri-
butions from the second and the fourth terms on the right-
hand side of (4) can further give rise to the LP effects (see
also [46,67,68]).
Matching the determined spectral representation ofΠðA0Þ

ν;k
with the corresponding hadronic dispersion relation leads
to the desired NLO sum rules

ξk ¼ 2
FBq

ðμÞ
fD�

q;k

mBq
mD�

q

ðn · pÞ2
Z

ωs

0

dω0 exp
�m2

D�
q
− n · pω0

n · pωM

�

×

�
ϕ−
B;effðω0Þ −mc

ω0 ϕ
þ;mc
B;eff ðω0Þ þmq

ω0 ϕ
þ;mq

B;eff ðω0Þ
�

≡ ξ̂k þ ξ̂mc
k þ ξ̂

mq

k : ð5Þ

The lengthy expressions for ϕ−
B;eff, ϕ

þ;mc
B;eff and ϕ

þ;mq

B;eff are
summarized in the SupplementalMaterial [58]. Remarkably,
the SCETI diagram (b) in Fig. 1 of the SupplementalMaterial
does not lead to the power-enhanced contribution (but does
generate the LP contribution) to the sum rules of ξk after
implementing the continuum subtraction.
Applying the established strategy further allows for the

construction of the SCET sum rules for the effective form
factors ξk;mc

, Ξk, ξ⊥, ξ⊥;mc
, and Ξ⊥ as collected in the

Supplemental Material [58]. We then proceed to construct
the subleading-power sum rules for VNLP,ANLP

0 ,ANLP
1 , and

ANLP
12 at tree level, which will be presented explicitly in a

forthcoming longer write-up.

IV. NUMERICAL ANALYSIS

We continue to explore phenomenological implications
of the SCET sum rules with the three-parameter Ansätz for
the bottom-meson distribution amplitudes [69] (see also
[70–76]), which fulfills simultaneously the nontrivial
equations-of-motion constraints [69], the sum rule deter-
minations of the two inverse moments λBd;s

[77,78] and the
HQET parameters λ2E;H [79–81], and the asymptotic behav-
iors at small quark and gluon momenta [82]. It is perhaps
worth mentioning an attractive method for the first-
principles determination of the B-meson distribution ampli-
tude based upon the large momentum effective theory [83].
The leptonic decay constants of the pseudoscalar bottom
mesons have been extracted from the lattice calculations
precisely [84]. We further employ the QCD sum rule
computations [85] for the D�

q decay constants. The allowed
intervals of the intrinsic LCSR parameters M2 ¼ n · pωM
and s0 ¼ n · pωs are consistent with the previous determi-
nations [86–89]. The choices for the additional parameters
in numerical studies are identical to the ones summarized
in [46].
Inspecting the numerical features in Fig. 1, the particular

charm-quark-mass-dependent contribution ξ̂mc
k in (5) can

bring about the Oð5%Þ enhancement of the LP prediction

of the form factor A0 with q2 ∈ ½−3.0; 2.0� GeV2. We
further note that the effective form factor ξk;mc

defined
in (2) can only result in the negligible impact at large
hadronic recoil due to the kinematical suppression of the
multiplication hard coefficient. In order to determine the
mean values and theoretical uncertainties of the B̄q → D�

q

form factors, we employ the statistical procedure discussed
in [90,91] by simultaneously scanning the complete set of
input parameters in the adopted intervals. It is worthwhile
mentioning further that the systematic uncertainty due to
the parton-hadron duality Ansätz has been addressed in a
wide range of QCD computations (e.g., [92–101]), leading
to the encouraging observation on the smallness of duality
violations in the inclusive hadron production in eþe−
annihilations [100], in the hadronic decays of the τ-lepton
[101], and in the semileptonic bottom-meson decays [98].
In an attempt to obtain more conservative predictions of our
SCET sum rules, we nevertheless increase the default
intervals of M2 and s0 by a factor of 2 in the ultimate
error estimates. The principal benefit of our LCSR analysis
consists in the strong correlations between the LCSR data
points at distinct q2-values, which are expected to be
particularly insensitive to the duality approximation.
In order to extrapolate the LCSR predictions for the

B̄q → D�
q form factors toward the large momentum trans-

fer, we will apply the BGL parametrization [29–31] as
widely employed in the form-factor determinations (see, for
instance, [47,48,102]) and then perform the binned χ2 fit of
our LCSR predictions at q2 ∈ f−3.0;−2.0;−1.0; 0.0;
1.0; 2.0g GeV2, in combination with the lattice QCD
results. Moreover, we will implement the strong unitarity
constraints on the BGL coefficients bin by including all the

B̄ð�Þ
q → Dð�Þ

q channels.
Combining the LCSR results for the B̄q → D�

q form
factors with (i) the SCET sum rules for the B̄q → Dq

form factors [44], (ii) the lattice results for the B̄ → D

FIG. 1. Breakdown of the distinct dynamical mechanisms
contributing to the form factor A0 for B̄ → D�lν̄l in the
kinematic range q2 ∈ ½−3.0; 2.0� GeV2 with the uncertainties
from varying the hard and hard-collinear matching scales.
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FIG. 2. The determined momentum-transfer dependence of the B̄ → Dð�Þ form factors in the entire kinematic region from (i) the BGL
fit against the “only lattice QCD” data points [35–37,39,40], (ii) the simultaneous fit to both the lattice QCD results [35–37,39,40] and
our LCSR predictions, and (iii) the combined fit including further the experimental data points [1,3–5].

TABLE I. The determined z-series coefficients of the B̄q → Dð�Þ
q form factors from the BGL fitting against the “only lattice QCD” data

points [35–37,39,40] (shown in the second and the fifth columns), from the simultaneous fitting to both the lattice QCD results
[35–37,39,40] and the LCSR computations (shown in the third and the sixth columns), and from implementing further the experimental
data points [1,3–5] in the BGL fit procedure (shown in the fourth and the last columns).

B̄ → Dð�Þ form factors B̄s → Dð�Þ
s form factors

Parameters Lattice Lattice ⊕ LCSR
Lattice ⊕ LCSR ⊕

Exp Lattice Lattice ⊕ LCSR
Lattice ⊕ LCSR ⊕

Exp

bfþ0 0.0137�0.0001 0.0137�0.0001 0.0138�0.0001 0.0041�0.0001 0.0041�0.0001 0.0042�0.0001

bfþ1 −0.0414�0.0034 −0.0417�0.0033 −0.0398�0.0032 −0.0029�0.0019 −0.0030�0.0019 −0.0034�0.0015

bfþ2 0.1178�0.2007 0.0415�0.1124 0.1123�0.0713 −0.0584�0.0096 −0.0588�0.0093 −0.0608�0.0078

bf01 −0.2064�0.0155 −0.2072�0.0147 −0.2004�0.0144 −0.0610�0.0112 −0.0617�0.0111 −0.0571�0.0108

bf02 0.5572�0.9626 0.1880�0.5330 0.5581�0.3297 −0.0264�0.0768 −0.0233�0.0767 −0.0359�0.0756

bg0 0.0259�0.0009 0.0256�0.0009 0.0251�0.0008 0.0080�0.0009 0.0072�0.0007 0.0071�0.0007
bg1 −0.1093�0.0786 −0.1005�0.0456 −0.1104�0.0396 0.0212�0.0218 −0.0017�0.0106 −0.0005�0.0105
bg2 −0.4505�4.3691 0.2587�0.6564 0.2050�0.6107 −0.0089�0.1334 −0.1067�0.0848 −0.0964�0.0841

bf0 0.0108�0.0002 0.0109�0.0002 0.0106�0.0002 0.0035�0.0001 0.0036�0.0001 0.0036�0.0001

bf1 −0.0012�0.0168 0.0081�0.0101 0.0112�0.0082 0.0041�0.0036 0.0060�0.0034 0.0059�0.0032

bf2 −0.0379�1.1507 0.0693�0.2140 −0.0713�0.1583 −0.0055�0.0531 0.0287�0.0447 0.0419�0.0437

bF1

1
−0.0046�0.0031 −0.0024�0.0020 0.0015�0.0014 0.0013�0.0009 0.0013�0.0008 0.0019�0.0007

bF1

2
−0.0460�0.1944 −0.0155�0.0388 −0.0089�0.0251 −0.0188�0.0156 −0.0221�0.0126 −0.0177�0.0122

bF2

1
−0.2949�0.0742 −0.2097�0.0581 −0.1364�0.0490 −0.0078�0.0190 −0.0093�0.0145 0.0001�0.0136

bF2

2
0.5476�4.0297 0.5667�0.8789 0.5660�0.7406 −0.2242�0.1756 −0.1906�0.1521 −0.1480�0.1495

χ2=dof 7.71=8 30.76=76 118.31=140 7.71=8 30.76=76 118.31=140
RðDqÞ 0.3004�0.0143 0.3066�0.0081 0.2986�0.0042 0.2993�0.0046 0.2996�0.0045 0.2971�0.0042
RðD�

qÞ 0.2718�0.0300 0.2585�0.0054 0.2500�0.0016 0.2488�0.0058 0.2506�0.0040 0.2461�0.0024
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form factors at ω ¼ f1.00; 1.08; 1.16g from the FNAL/
MILC Collaboration [35] and the synthetic data points at
ω ¼ f1.01; 1.06g from the HPQCD analysis [36], (iii) the
unquenched lattice results for the B̄ → D� form factors at
ω¼f1.03;1.10;1.17g from the FNAL/MILC Collaboration
[37], (iv) the lattice determinations of the B̄s → Ds form
factors at ω ¼ f1.0; 1.06; 1.12g from the HPQCD analysis
[39], and (v) the lattice computations of the B̄s → D�

s form
factors at ω ¼ f1.0; 1.04; 1.08g [40], we display in Table I
the z-series coefficients from the BGL fitting with the
truncation n ¼ 3. In order to understand the significance of
including the LCSR results in the BGL fit, we further carry
out an alternative fit to the “only lattice QCD” data points

of the B̄q → Dð�Þ
q form factors [35–37,39,40]. It needs to be

stressed that our major objective is to investigate whether
the inclusion of the large-recoil LCSR data points in the
BGL fit strategy allows us to increase effectively the
precision of the yielding form factors. It is evident from
Fig. 2 that including the LCSR results is indeed highly
beneficial for pining down the form-factor uncertainties at
small q2. As the third fit model, we also perform the
statistical analysis by including the experimental data
points together with the lattice QCD results and the
LCSR predictions.
Weproceed to present the correlated predictions forRðDÞ

and RðD�Þ in Fig. 3, confronted with the measurements
from the BABAR [103,104], Belle [105–107], LHCb
[108,109], and Belle II Collaborations [110]. Importantly,
our determinations of RðDÞ and RðD�Þ by encompassing
the LCSR results in the numerical fit deviate from the
HFLAV-averaged measurements by approximately 2.6σ,
in contrast with the 3.3σ discrepancy between the arithmetic
average of the previous SM predictions [48,49,111] and the
state-of-the-art experimental average [13]. We further per-
form the simultaneous fit for jVcbj and jVubj by taking the

determined B̄ðsÞ → Dð�Þ
ðsÞ form factors and the predicted

B̄ → π form factors [46] in combination with the lattice

results for the B̄ðsÞ → Dð�Þ
ðsÞ form factors [35–37,39,40]

and for the B̄ → π form factors [112–114] and the exper-

imental measurements for B̄ðsÞ → Dð�Þ
ðsÞlν̄l [1,3–5] and for

B̄ → πlν̄l [115–119]. The yielding intervals of jVcbj and
jVubj are

fjVcbj; jVubjg
¼ fð39.64� 0.63Þ; ð3.71� 0.13Þg × 10−3; ð6Þ

which coincide with the previous exclusive extractions for
jVcbj [47–53,120–124]) and for jVubj [91,125–127]. In an
attempt to understand qualitatively the systematic uncer-
tainties due to the truncated BGL expansions, we increase

the expansion order to n ¼ 4 and repeat the numerical fit
procedure for the form factors, yielding the theory predic-
tions for both the LFU ratiosRðDð�ÞÞ and the CKM matrix
elements jVcbj and jVubj only marginally different from the
achieved results with n ¼ 3.

V. CONCLUSIONS

In conclusion, we have endeavored to accomplish for the
first time the complete next-to-leading-order QCD compu-
tations of the B̄q → Dð�Þ

q lν̄l form factors at large recoil
and identified explicitly the unsuppressed charm-quark-
mass dependent contributions in the heavy quark expan-
sion. Taking into account the obtained LCSR data points in

the BGL z-series fit of the B̄q → Dð�Þ
q lν̄l form factors

enabled us to enhance significantly the achieved accuracy
of the large-recoil theory predictions for the B̄ → Dð�Þ
form factors. Implementing the determined LCSR results
in the statistical analysis turned out to be advantageous
to mitigate the combined RðDÞ and RðD�Þ tension
between the SM predictions and the HFLAV-averaged
measurements.
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FIG. 3. The correlated predictions for RðDÞ and RðD�Þ from
the combined BGL fits against the lattice data points [35–37] and
the NLL ⊕ NLP LCSR predictions. The available measurements
from the BABAR [103,104], Belle [105–107], LHCb [108,109],
and Belle II Collaborations [110] are also displayed.
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