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We propose a setting that simulates Hawking radiation from an analogue bouncing geometry, i.e., a
collapsing geometry that reverts its collapse after a finite time, in a setup consisting of a coplanar
waveguide terminated in superconducting quantum-interference devices at both ends. We demonstrate
experimental feasibility of the proposed setup within the current technology. Our analysis illustrates the
resilience of Hawking radiation under changes in the physics at energy scales much larger than the
temperature, supporting the idea that regular alternatives to black holes would also emit Hawking radiation.
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I. INTRODUCTION

Hawking radiation—the spontaneous creation of par-
ticles in a collapsing geometry (close to) forming a black
hole—is one of the most important processes in quantum
field theory in curved spacetimes (QFTCS) [1]. This
phenomenon is at the heart of one of the most important
open problems in fundamental physics: whether quantum
gravity is intrinsically nonunitary [2–4]. In the past, it was
believed that Hawking radiation was tightly related to the
presence of a causal horizon. However, more recent
analyses have identified the exponential peeling of geo-
desic curves within these kinds of geometries to be the
fundamental ingredient behind it [5]. Actually, it is pre-
cisely this connection which has lead to many proposals to
reproduce Hawking radiation experimentally within the so-
called analogue gravity program, see [6] for a review. Three
of the most promising analogue systems [7] are Bose-
Einstein condensates [8,9], with a recent experimental
verification [10–12], although the spontaneous origin of
the radiation is still a topic of debate within the community
[13,14]; surface waves in water flows [15], which have
been implemented experimentally [16,17], although the
interpretation of the result as stimulated Hawking radiation
and the nature of the horizon [18] is not clear; and also
nonlinear optics systems, where we can highlight the use
of electromagnetic waveguides [19], optical fibers
[20,21], and quantum fluids of light obeying an effective

Gross-Pitaevskii equation [22] that have been engineered in
the laboratory [23].
There are two basic ingredients required for the Hawking

effect: (i) a locally Lorentz invariant quantum field theory
propagating on top of a curved geometry, and (ii) a
geometry displaying an exponential peeling of the geo-
desics (i.e. on the verge of forming a causal horizon). Any
modification of these two ingredients is a test of the
robustness of the Hawking radiation. Whereas modifica-
tions of the former have been widely explored in analogue
systems before, see [7] for a careful discussion and a guide
to the literature, modifications of the latter like the ones we
consider here have not been explored so much and our
system is especially well suited for it. In fact, from the
quantum gravity side it is especially interesting to design
analogue systems of bouncing geometries as alternatives to
singular black hole collapse [24–26], since they have not
been explored that much in analogue systems.
Quantum information techniques and devices currently

play a very important role in QFTCS and in quantum gravity.
In many cases, these techniques allow to understand proc-
esses in QFTCS as simple quantum circuits, allowing to
simplify computations and clarify the interpretation of the
results [27,28]. Furthermore, many of the systems used for
quantum simulation purposes can also be used as analogue
systems. In particular, superconducting quantum interference
devices (SQUIDs) are among the most popular systems that
are used nowadays as potential quantum simulators [29,30].
In this paper, we propose a way to simulate Hawking

radiation in a (1þ 1)-dimensional system consisting of a
coplanar waveguide (CPW) terminated in two SQUIDs at
both of its endings. As pointed out in [31], by tuning the
magnetic flux that threads the SQUIDs, one can tune the
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boundary conditions of the real free scalar field encoding
the phase of the electric field propagating in the waveguide.
In particular, we can make those boundary conditions to
follow uniformly accelerating trajectories, a situation that
has been widely studied in the literature (especially for a
single boundary) since it gives rise to Hawking-like
radiation and the formation of the analogue of a causal
horizon [1]. We study a variation of these trajectories in
which the field is confined between two boundaries which
start at rest, accelerate, then decelerate, and stop. Such
trajectories correspond to a system which is on the verge of
forming a causal horizon but stops at some point, giving
rise to a regular causal behavior during the whole process.
This can be interpreted as an analogue to a collapsing
geometry that at some point reverts the collapse through a
bounce and gets stabilized in a regular configuration.
The main lesson that we draw up from this work is that,

with state of the art technologies, there are experimentally
achievable trajectories of the boundaries representing effec-
tive bouncing geometries where there is nearly thermal
particle production for long wavelength modes, up to effects
associated with the boundary accelerating only for a finite
time, which translate into oscillations in the frequency
bands [32]. We work in natural units ℏ ¼ c ¼ 1.

II. CPW +SQUIDs SETUP

We consider a superconducting coplanar waveguide
(CPW) terminated in a SQUID at both ends. The electro-
magnetic field at each point in the waveguide and at a given
time can be described by a real scalar field ϕðt; xÞ, the
so-called phase field, obtained as the time integral of the
electric field [31]. The effective equation of motion for
this field inside the cavity is the massless Klein-Gordon
equation with effective propagation speed v ¼ 1=

ffiffiffiffiffiffi
LC

p
,

with L and C the characteristic inductance and capacitance
of the CPW per unit length, respectively.
We work in the regime in which the plasma frequency of

the SQUIDs, ωp, is much larger than the characteristic
driving frequency ωd of the applied fluxes, which we
represent as ΦLðtÞ and ΦRðtÞ, corresponding to the left and
right endings, respectively. Under these conditions, the
scalar field in the CPW satisfies the following Robin
boundary conditions [33,34]:

ϕðt; 0Þ − δLðΦLÞ∂xϕðt; xÞjx¼0 ¼ 0; ð1Þ

ϕðt; LÞ − δLðΦRÞ∂xϕðt; xÞjx¼L ¼ 0: ð2Þ

L represents the length of the CPW, with δLðΦÞ ¼
Φ0=2πð2LIccosðπΦ=Φ0ÞÞ−1, where Φ0 ¼ πℏ=e is the
magnetic flux quantum and Ic the SQUID’s critical
current [33]. Nowwe focus on excitations whosewavelength
is much greater than the displacement δL ≪ λ and the regime
δL ≪ L0. In this regime, the Robin boundary conditions

reduce approximately to Dirichlet boundary conditions, i.e.
ϕðt;−δLðΦLÞÞ ¼ ϕðt; L0 − δLðΦRÞÞ ¼ 0 [31,33].
These boundary conditions model a cavity enclosed by a

pair of perfectly reflecting mirrors at positions fðtÞ ¼
−δLðΦLÞ and gðtÞ ¼ L0 − δLðΦRÞ. Therefore, by dynami-
cally tuning the fluxes, the CPWþ SQUIDs system simu-
lates a cavity with moving Dirichlet boundaries; as long as
the conditions ωd <ωp, λ≫δL and δL≪L0 are fulfilled.
Indeed, a SQUID-terminated CPW [35] (like the one we
propose here) or equivalent setups [36] have already been used
in the experimental verification of the dynamical Casimir
effect.

III. HAWKING RADIATION IN SQUIDs

Up to now we have argued that the system we are
considering is amenable to simulate a QFT of a real scalar
field confined within two moving boundaries at which we
impose perfectly reflecting boundary conditions. This
means that the field identically vanishes there. Moreover,
it is well known that a single moving mirror in (1þ 1)
Minkowski spacetime following a Rindler-like trajectory is
able to generate thermal radiation and it can be understood
as an analogue of Hawking radiation [1]. It is produced in
the left-moving modes if the mirror accelerates to the right
and vice versa, and, due to the eternal motion of the
boundary, an infinite number of particles is produced.
Obviously, we cannot simulate an eternal acceleration.
However, Hawking radiation does not necessarily require
it, as we have discussed in the Introduction. In fact, in [32] a
trajectory in which the boundary moves within a finite time
was proposed. It gives rise to a finite number of particle
creation displaying an almost thermal spectrum.
Here, we will focus on a different kind of trajectories that

are especially interesting from the perspective of imple-
mentation in the CPWþ SQUID setup described in the
previous section. Here the quantum field is confined
between two (not only one) perfectly reflecting boundaries
for the frequencies of interest. Our aim here is twofold:
(i) to determine under which conditions is the radiation
spectrum still (nearly) thermal, and (ii) to analyze whether
it is possible to simulate these trajectories in the CPWþ
SQUIDs system with current technology. We note that in
the case in which one has only one boundary, or one of the
two boundaries accelerates indefinitely, the thermal flow
reaches the region of J þ supported in the causal future of
the nontrivial accelerating part of the boundary trajectory
(see Fig. 1), so it can be easily identified. But with two
boundaries and finite acceleration times, the situation is
more complicated. Even if one of them does not move, all
the produced radiation will be confined within the cavity at
late times when the motion of the other boundary has
stopped. Hence, thermal Hawking-like particles will be
superposed to particle creation due to the transients of the
trajectories of the mirrors, i.e. the parts in which the
acceleration changes significantly, and also there will be
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a part of the particle creation which will be stimulated (not
from the vacuum state).
We suggest two ways of bypassing this problem, although

we show that the second one seems to be much more feasible
within the current experimental capabilities. The first way is
to choose a sufficiently adiabatic transition between the
constant acceleration phases. Then, the particle production
by the transients is minimized but these trajectories require
δL ≫ L0, which is not experimentally realizable nowadays.
The second consists inmaking the transients sharp, so that the
energy scales associated with the modes excited during the
almost uniformly accelerated phase and the transient regimes
are parametrically separated. In that way, although the
computed spectrum will deviate from thermality for ultra-
violet modes, long wavelength modes will display a nearly
thermal spectrum, up to oscillations due to the finite time
interval of acceleration and (order unity) gray body factors.
This reaffirms the resilience of long-wavelength Hawking
radiation to modifications of the physics at very short length
scales, as it has been already suggested in the literature
through the analysis of a wide variety of models [37].
We need then to study the dynamics of a massless, Klein-

Gordon scalar field ϕðt; xÞ inside a one-dimensional cavity
propagating at the speed of light, and with the Dirichlet
boundary conditions ϕðt; x ¼ fðtÞÞ ¼ ϕðt; x ¼ gðtÞÞ ¼ 0,
with fðtÞ, gðtÞ the trajectories of the left and right mirrors,
respectively. We can decompose the field in Fourier modes,

ϕðξÞ ¼
X∞
n¼1

ϕnðtÞ sinðnπξðtÞÞ; ð3Þ

with ξ ¼ L0
x−fðtÞ

gðtÞ−fðtÞ (in the following we set L0 ¼ 1 unless

otherwise specified). It is worth noting that ξ defines a new
coordinated system where the field satisfies static boundary
conditions ϕðt; ξ ¼ 0Þ ¼ ϕðt; ξ ¼ 1Þ, and where the trans-
formed metric takes the form of an acoustic metric [38].
The Fourier coefficients ϕnðtÞ satisfy the equations of

motion,

ün þ
X∞
m¼1

Rnmu̇m þ
X∞
m¼1

Snmum ¼ 0; ð4Þ

where, if we define LðtÞ ¼ gðtÞ − fðtÞ,

Smn¼ δmn

��
nπ
L

�
2
�
1− ḟ2− ḟ L̇−

L̇2

3

�

þ L̇2

2L2

�
1−

2

nπ

�
þ L̈
2nπL

�
þðð−1Þmþn−1Þ

×

�
2½f̈Lþ L̈L−2ḟ L̇−2L̇2�m

ðm2−n2ÞπL2
−
8½ḟ L̇þL̇2�mn3

ðm2−n2Þ2L2

�
;

Rmn¼−δmn
L̇
L
−ð1−δmnÞ

4½ð−1Þmþnðḟþ L̇Þ− ḟ�mn
ðm2−n2ÞL : ð5Þ

We solve this set of equations numerically with an explicit
embedded Prince-Dormand-Runge-Kutta (8,9) method. In
order to do so, we truncate the maximum number of modes
N, concretely, to the values N ¼ 128, 256, 512, and adopt a
Richardson extrapolation to obtain the limit N → ∞. We
use this method to construct the in basis of complex,

positive frequency solutions uðJÞðtÞ ¼ ðuðJÞ1 ðtÞ; uðJÞ2 ðtÞ;…Þ,
and its complex conjugate, for J ¼ 1; 2;…. This basis is
well adapted to the natural in vacuum state at early times,
where the boundaries remain static. It is normalized with
respect to the Klein-Gordon product. The quantum field
can be written as

ϕ̂nðtÞ ¼
X∞
J¼1

uðJÞn ðtÞâJ þ ūðJÞn ðtÞâ†J; ð6Þ

where ðâJ; â†J0 Þ are the annihilation and creation variables.
Particle production at late times will be given by the
coefficients

βIJ ¼ −hūðJÞðtÞ;wðIÞðtÞi: ð7Þ

of the Bogoliubov transformation between the in and out
states basis, the latter determined by the basis of complex
solutions ðwðIÞðtÞ; w̄ðI0ÞðtÞÞ.
Among several configurations for the trajectories of the

boundaries that we have studied, we show here a configu-
ration in which the boundaries are initially static, then only
the right boundary accelerates, approaching the effective
speed of light, and it finally decelerates until it stops
completely, in a time-symmetric way. The explicit trajec-
tories for the boundaries are fðtÞ ¼ 0 and

gðtÞ ¼ 1þ s
2κ

þ 1

2κ
½logðcoshðκðt − t0ÞÞÞ

− logðcoshðs − κðt − t0ÞÞÞ�: ð8Þ

In this configuration, at t ≪ t0, the right mirror is nearly
static at initial position xin ¼ 1, while at t ≫ T ≃ t0 þ ϵ
(with ϵ ¼ s=κ) its final position is xout ¼ ð1þ ϵÞ. In the
interval ½t0; t0 þ ϵ� the right mirror accelerates close to the
speed of light. We depict this configuration in the Penrose
diagram of Fig. 1.
During the two phases of almost constant acceleration,

we expect a thermal flux of produced particles due to the
exponential delay in affine parameter of null rays. Actually,
the same must happen in the phase of constant deceleration,
since the peeling is still exponential (although with differ-
ent sign, but this is irrelevant for particle creation).
Therefore, this trajectory would be mimicking light rays
propagation in a bouncing geometry from a black hole to a
white hole transition, as the one suggested in [25].
However, we also expect that the particle production will
be almost, but not exactly, thermal in both the accelerating
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and decelerating phase. This additional particle production
comes from the transients during acceleration from and
deceleration to the resting positions of the boundaries.
However, it is in the ultraviolet modes where particle
creation from the transients will be produced and where
deviation from thermality should be observed (we note that
the overproduction in these modes due to the transients will
be superposed to the thermal particle production).
To confirm the previous statements, we plot the beta

coefficients in Eq. (7) in Fig. 2. For this trajectory κ ¼ 600
and s ¼ 150. This corresponds to a final static configuration
for the left and right boundaries determined by ϵ ≃ 0.25. This
final position of the boundary lies within the experimental
values considered in Ref. [34]. This simulation is in very
good agreement with a spectrum of the form

jβðfitÞIJ j2 ¼ 2ΔωIΔωJ

πκωJ

Γðκ; ϵÞ
ðe2πωI=κ − 1Þ ; ð9Þ

where ΔωI ¼ π=ðL0 þ ϵÞ, ΔωJ ¼ π=L0 (in the continuum
ΔωIΔωJ → dωdω0), ωI ¼ πI=ðL0 þ ϵÞ, ωJ ¼ πJ=L0, and

Γðκ; ϵÞ ≃ ½Aðκ; ϵÞ þ B sin2 ðϵωIÞ� ð10Þ
is a gray body factor that accounts for the finiteness of the
duration of the acceleration, producing the oscillations
described in very good approximation by a sinusoidal
function with a well-defined frequency characterized in
Eq. (10). It has a simple dependence on ϵ. In the simulations
we have studied, Aðκ; ϵÞ has some dependence on κ and ϵ,
with its value being around 10−2, while B ≃ 0.9, regardless
of κ and ϵ. We also notice that the difference in the
normalization between (9) and Eq. (4.61) of Ref. [1]

(obeying Γ) is due to the presence of two boundaries,
instead of only one. We have studied other simulations for
ϵ ∈ ½0.125; 0.5� and κ ∈ ½50; 1200�, and the behavior is
qualitatively similar for all those trajectories, for all frequen-
cies ωI with I ∈ ½1; 100� and J ∈ ½30; 200� (frequencies
outside these intervals deviate from thermality).

IV. EXPERIMENTAL SETTING

Regarding the experimental implementation of our pro-
posal, we must note that the speed of propagation v of the
phase field ϕ and the cavity lengths L, and its effective
change δL due to the SQUIDs must satisfy v ≪ ωpδL <
ωpL at all times. In this regime, the boundaries induced by
the SQUIDs can accelerate and reach v asymptotically.
In [33] the plasma frequency is ωp ¼ 37.3 GHz and
δL=L0 ≃ 0.25. If we assume a reasonable value for the
length of the CPW of L0 ¼ 1.0 cm, our trajectories can be
simulated on actual cavities. For a typical speed [33] of the
phase field v ≃ 108 ðm=sÞ, the maximum Hawking temper-
ature one could reach is about TH ≃ 0.2 K. The experimen-
tal temperature of the CPW reported in [35,36] is
TCPW ≃ 0.05 K. More recent experiments [39] claim tem-
peratures as low as TCPW ≃ 0.025 K. Hence, the Hawking
effect could in principle be observed. On the other hand,
if one needs to reach higher temperatures, one should
consider in addition characteristic inductance and capaci-
tance parameters of the CPW such that the speed v of the
phase field is smaller by 1 or 2 orders of magnitude. Since
these quantities are related by v ¼ 1=

ffiffiffiffiffiffi
LC

p
, one must

consider CPWs with modified inductances and capacitances,
either by suitable changes in their geometry or by consid-
ering substrates with large dielectric permittivities [40,41].

FIG. 2. This is the spectrum for a trajectory of the left boundary
determined by s ¼ 150 and κ ¼ 600. Here, we show it for J ¼ 90.
The continuous lines represent the Planckian distribution in Eq. (9)
with AðκÞ ¼ 7.3 × 10−3 and BðκÞ ¼ 0.91. The dots represent the
spectrum obtained in our simulations.

FIG. 1. Example of spacetime trajectories of the left (blue-
solid) and right (red-solid) mirrors. We show a configuration
where the right mirror accelerates for a finite time. We also
include the trajectory if it were to undergo an indefinite accel-
eration (red-dashed). In green we represent a light ray propagat-
ing in the cavity (solid and dashed if the right mirror accelerates
for a finite or infinite time interval, respectively).
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Reducing v is in agreement with the condition
v ≪ ωpδL ≃ 1.2 × 108 ðm=sÞ. For instance, for values of
v ≃ 106 ðm=sÞ and a maximum acceleration of the boundary
κ ≃ ω2

pδL ≃ 3.5 × 1018 ðm=s2Þ, the maximum Hawking
temperature can, in principle, be as large as T ≃ 30 K, well
above the CPW temperature reported in [35]. However, we
should note that enhancing the permittivity of the medium
can create a strong polarization field, which may modify the
dynamics of the phase field, for instance, by affecting the
dispersion relation. In this situation, a more detailed analysis
will be necessary. It is illustrative to note that the simulation
reported in Fig. 2 corresponds to an acceleration κ ≃ 6 ×
1016 ðm=s2Þ of the boundary. For v ≃ 106 ðm=sÞ, the
corresponding Hawking temperature will be TH ≃ 0.5 K,
assuming other effects of the polarization field are negligible.

V. OUTLOOK AND CONCLUSIONS

We have presented numerical evidence of Hawking-like
radiation in a setup involving a CPW with two SQUIDs
attached to its endings. The phase of the electromagnetic
field propagating along the CPW is well described by a real,
scalar quantum field ϕðt; xÞ. The boundary conditions of
the system are determined completely in terms of the
magnetic fluxes that thread the SQUIDs and, in principle,
they can be tuned at will as functions of time. For
sufficiently long wavelengths, the boundary conditions
correspond to Dirichlet boundary conditions. In this way,
we have a system whose excitations correspond to a
quantum scalar field within two moving boundaries.
We have computed the spectrum of particles produced in

different trajectories of the boundaries. Here, we show one
configuration where the right boundary approaches a phase
of uniform acceleration. However, instead of allowing the
boundary to accelerate forever, we make it stop at a given
time. It is well known that a thermal flow of particles will
be produced during the uniformly accelerating part of the
trajectory. However, we also have effects due to finite time
acceleration of the boundary and the ones associated with
the transients. To avoid the mixing in some of the modes
between the thermal and nonthermal production, we have
engineered trajectories for which the changes in the
acceleration are abrupt enough so that the production
due to those transients mainly affects high energetic modes.
In principle, the proposed trajectories can be simulated by
the SQUIDs at the ends of the CPW. Furthermore, the
boundary conditions become of Robin type for sufficiently
short wavelengths, therefore we have focused on this long
wavelength regime for which we confirm numerically the
nearly thermal flow of particles.
The trajectories we have considered mimic the expo-

nential peeling of geodesics in a (horizonless) bouncing
geometry, which produces a nearly thermal spectrum of
particles. This scenario has been proposed before as an
alternative to the standard evaporation paradigm through

Hawking radiation, and it is expected to regularize the
singularity within the core of black holes. Our results
suggest that these trajectories are amenable to simulation
within the current technology and confirm the almost
thermal particle production on the long wavelength modes.
Finally, a comment regarding the quantum nature of the

field is in order. Whenever the system is close enough to the
vacuum, the excitations of the system do display a sharp
quantum character and they can be interpreted within the
QFT perspective as particle creation. Actually, there might
be squeezed states for which this quantum character is even
more highlighted [27]. However, if the original state is
semiclassical, in the sense of being a state whose expectation
values of the quadratures are highly peaked, the evolution of
the state is well captured as a classical system. Hence, one of
the key points to ensure a purely quantum behavior of the
system is to ensure that the initial state is “quantum enough,”
e.g. squeezed or vacuum states. A future interesting follow-
up of this work would be to characterize for which states is
the quantum nature of the phenomenon enhanced: The
experimental setting that we discuss in this paper has also
been employed to produce bipartite and tripartite entangled
states of microwave photons by suitably threading the
SQUIDs with specific signals [39]. Digging further in that
direction, the trajectories introduced here can be regarded as
a novel way of generating squeezed states with independ-
ence of the analogue gravity interpretation.
Furthermore, due to the quantum nature of the SQUIDs, it

is in principle conceivable that superpositions of spacetimes
may be engineered. Remarkably, this opens the possibility of
studying the propagation of quantum fields on quantum
geometries, following ideas of [42]. Such quantum geom-
etries can be regarded as a wave function for the metric,
which in semiclassical situations should be peaked around
effective geometries. This goes in line with previous ideas in
analogue gravity setups involving BECs, which also have a
quantum nature [43].
In summary, our proposal may lead to an experimental

setup that allows the simulation of Hawking-like radiation
in a simple and controlled analogue system, paving the way
towards the experimental verification of Hawking-like
radiation in analogue bouncing geometries and in more
challenging scenarios.
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