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Structure-dependent QED effects in exclusive B decays at subleading power
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We derive a factorization theorem for the structure-dependent QED effects in the weak exclusive process
B~ - up,, i.e., effects probing the internal structure of the B meson. The derivation requires a careful
treatment of end-point-divergent convolutions common to subleading-power factorization formulas. We
find that the decay amplitude is sensitive to two- and three-particle light-cone distribution amplitudes of
the B meson as well as to a new hadronic quantity F(u, A), which generalizes the notion of the B-meson
decay constant in the presence of QED effects. This is one of the first derivations of a subleading-power
factorization theorem in which the soft functions are nonperturbative hadronic matrix elements.
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Exclusive B-meson decays are powerful probes of the
flavor sector and of physics beyond the Standard Model.
In order to match the increasing experimental accuracy
in several decay channels, a reliable assessment of QED
corrections is desirable. In recent years, these have received
considerable attention, especially in the context of leptonic
and semileptonic B decays. In most cases, QED corrections
were treated via the inclusion of soft-photon emissions,
under the hypothesis that the leading corrections can be
described by photons unable to probe the internal meson
structure [1,2]. This assumption is in direct contradiction
with the observation that structure-dependent QED correc-
tions constitute an important contribution to the decays
By — pu [3.4].

In this work, we present the factorization formula for the
exclusive decay B~ — £7v, including virtual one-loop
QED corrections. This process can be used to determine
the Cabibbo-Kobayashi-Maskawa (CKM) matrix element
V., and to test lepton-flavor universality, as Belle II
can perform accurate measurements of the 7=y, 7
channels [5]. We focus here on the case £ = u. Due to
the chirality-suppressed nature of the decay, this process is
of next-to-leading power (NLP) in the 1/mjp expansion.
Factorization formulas at subleading power are plagued by
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end-point-divergent convolution integrals [6—17], requiring
a careful subtraction and rearrangement between different
contributions. The refactorization-based subtraction (RBS)
scheme introduced in [12,14] for the derivation of the
factorization theorem for the Higgs-boson decay h — yy
via b-quark loops provides a method to deal with end-point
divergences and establish factorization at NLP. The RBS
scheme has also been applied successfully to Higgs pro-
duction in gluon-gluon fusion [15,18] and to the “off-
diagonal gluon thrust” in e*e™ collisions [16]. Along with
[19], the present work applies this approach for the first time
in the context of exclusive rare decays of B mesons, where
the necessary rearrangements involve objects that are
genuinely nonperturbative, giving rise to new types of
hadronic matrix elements (see [20] for an application to
inclusive B decays). The presence of such quantities is a
generic feature of exclusive B-meson decays at NLP.
Below the electroweak scale, the effective weak
Lagrangian describing the decay B~ — £~ 7, is given by

4G ) -
Legt = ——FKEW(#)Vub(“Y”PLb)(fVﬂPLl/f)- (1)

V2

When electroweak corrections are neglected Kgw (1) = 1,
and all hadronic effects are encoded in the B-meson matrix
element of the quark current,

(Olay"ysb|B~) = impfgv*. (2)

Here ¢# denotes the 4-velocity of the B meson and fp its
decay constant. The situation becomes significantly more
complicated when QED effects are taken into account. In
this case Kgw(p¢) # 1 [21] and the operator in (1) has a
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nontrivial scale dependence, which compensates that of
Kgw, given by [22]

dKgw (1)

3a
ding 0,9, ﬂKEWO‘)' (3)
More profoundly, the B-meson decay constant loses its
universal meaning and its definition must be generalized,
because the flavor-changing quark current is not gauge
invariant with respect to QED interactions [4,23]. The
simple factorization of the four-fermion operator into a
quark and a lepton current, with no interactions between
them, no longer holds. While in QCD physical states are
color neutral, both the B meson and the charged lepton
carry electric charges, and thus electromagnetic interactions
inevitably connect the two currents.

In the presence of QED effects, the B~ — ¢~ U, matrix
element of the four-fermion operator in (1) is sensitive to six
different energy scales. The first four are the scale m,, setting
the large mass of the decaying B meson, the intermediate
“hard-collinear” scale |/m,Aqcp at which the internal
structure of the meson is probed by virtual photons, the
scale Agcp of nonperturbative soft QCD interactions in the
meson, and the lepton mass m,. In order to obtain an infrared
(IR) safe observable, it is necessary to define the decay rate
for the process B~ — ¢~ 1,(y), allowing for the emission of
real photons with energies below a resolution scale E,. The
threshold E, and a related scale (m,/mg)E, complete the
list of relevant scales. We have analyzed the factorization
of these scales using a multistep procedure, in which the
effective weak Lagrangian (1) is matched onto two versions
of soft-collinear effective theory [24-27]: L. — SCET-1 -
SCET-2. In a final step, the SCET-2 operators are matched
onto a low-energy effective theory consisting of products of
Wilson lines, which are needed to account for real-photon
emissions. Technical details will be presented elsewhere.

In this Letter, we focus on the intricate factorization
properties of the decay amplitude above the scale E, which
is sensitive to virtual photon exchange only. We have
established the factorization theorem

Al =N CHSK;+Y Hi®J,®S; @K, (4)
j i

where the hard functions H; account for matching correc-
tions at the scale m,,, the jet functions J; encode matching
corrections at the scale  / mbAQCD, and the soft functions S;
are hadronic matrix elements of the B meson defined in
heavy-quark effective theory (HQET) [28-31]. The collin-
ear functions K; describe the leptonic matrix elements,
encoding the dependence on the scale m,. The first set of
terms arises from SCET-1 operators containing a soft
spectator quark, whereas the second set descends from
operators in which the spectator quark is described by a
hard-collinear field, carrying a significant fraction of the

charged-lepton momentum. The symbol & indicates that
the products of component functions must be understood as
convolutions, since some of the functions share common
momentum variables, over which one must integrate. In
SCET-2, interactions between soft and collinear particles
can be eliminated at the Lagrangian level using field
redefinitions [25,32-34]. The remnants of these inter-

actions appear in the form of soft Wilson lines Y ff ) for

fermion f, which depend on its color and electric charge.
The lightlike vector n is aligned with the direction of the
muon. Soft-collinear photons, whose momenta are collin-
ear with the muon but whose energy in the B-meson rest
frame is smaller than the soft scales Agcp and E by a
factor m,/mg, also play an important role. Removing their
interactions with (massive) collinear and soft particles by

field redefinitions gives rise to soft-collinear Wilson lines

Cg,i) for the muon and C"ct?) = c#)

5/ for the two valence
quarks inside the B meson. Here v, denotes the 4-velocity
of the lepton, and the lightlike vector 7 is aligned with the
direction of the neutrino. These soft-collinear Wilson lines
are inherited by the effective theory below the scale Agcp.
For the purposes of our discussion here, they can simply be
ignored.

The appearance of a hard-collinear scale between m;, and
Aqcp is an important feature of the factorization formula.
Electromagnetic radiation with virtuality ¢> ~ mpAqep
emitted from the muon can recoil against the meson and
probe its internal structure. This effect arises from the
interactions between soft and collinear particles [35-37],
which in SCET-1 are mediated by the exchange of a virtual
photon between the muon and the soft spectator quark in
the B meson, as illustrated in Fig. 1. After matching onto
SCET-2 this gives rise to nonlocal operators, whose
component fields have lightlike separation. Their matrix
elements define the B-meson light-cone distribution ampli-
tudes (LCDASs) [38—41]. From a systematic analysis of the
operators contributing to the decay at O(1/m;,), we find
that the amplitude is sensitive to a hadronic parameter F
generalizing the concept of the B-meson decay constant, as
well as to two- and three-particle LCDAs of the B meson.

A natural definition of the parameter ' would be in terms
of the B-meson matrix element of the operator

FIG. 1. SCET-1 loop diagrams generating structure-dependent
QED corrections. The up-quark and muon leaving the weak-
interaction operator carry fractions x and X = 1 — x of the large
component 7 - p, of the muon momentum. The resulting con-
tributions involve convolutions with a two-particle (left) and
three-particle (right) LCDA of the B meson.
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Op = i, ity PLh, Y (5)

where u, denotes a soft quark field, and £, is the effective
b-quark field in HQET. The factor 71, appears in the
evaluation of the leptonic matrix element. The Wilson line
arises from the decoupling of soft photons from the muon.
It ensures that the operator is gauge invariant under both
QCD and QED. In the presence of QED corrections, the
anomalous dimension of O, exhibits a sensitivity to IR
regulators, which must be removed with a suitable sub-
traction [4,23]. Following these authors, one can thus
define F as the matching coefficient of the B-meson matrix
element of O, onto a Wilson-line operator in a low-energy
effective theory for very soft photons (with £, < Aqcp),
which see the B meson as a pointlike particle,

(0/0,]B7) = =3 msF () OV Vo). (6

However, an unusual aspect of this definition is that the
renormalization of the “local” (with regard to the quark
fields) operator O4 requires the nonlocal operator

0p(@) = [ - e a(on)om. 0P, OV (0) (7

as a counterterm. Here the quark fields are separated by a
lightlike distance, and [7n,0] denotes a soft Wilson-line
segment connecting them.

There exists another problem with the factorization
formula (4), as some of the convolution integrals suffer
from end-point divergences. This is a common feature of
NLP factorization theorems. Neglecting corrections of
O(aay), the divergent convolutions are those involving
the hard and jet functions. These divergences are trouble-
some, because they give rise to 1/e poles that cannot be
removed by renormalizing the hard and jet functions
individually, and hence break the desired factorization of
scales. Interestingly, we find that removing the end-point
divergences using the RBS scheme [12,14] allows us to
redefine the soft operator O, in such a way that it no longer
mixes with the nonlocal operator Og(w).

The RBS scheme offers a systematic procedure for
dealing with end-point divergences. In a first step, they
are removed by performing plus-type subtractions of the
integrand, i.e.,

1
H, ®J; _/ dx H;(my,, x)J;(m,m, x)

[ atim s
= 04— x)[H;(my, x)] [J;(mpw, x)[],  (8)

where x is a shared longitudinal momentum fraction
defined in Fig. 1, and @ denotes the n - p, component
of the soft spectator momentum, which the jet and soft
functions share. (In some cases there can be more than
one such variable.) The singular limit is x — 0, corre-
sponding to the region in which the virtual spectator quark
becomes soft. The double brackets indicate that one needs
to retain only the leading singular terms in the expressions
for the hard and jet functions. More accurately, when x =
O(Aqcep/my) the quark and photon propagators in the loop
become soft and should no longer be described using hard-
collinear fields. We introduce a parameter 0 < 1 < 1 to
subtract these contributions (see also [16]). By construc-
tion, this subtraction removes the end-point divergence, but
the subtraction term must be added back in a consistent
way. This is done using exact, D-dimensional refactoriza-
tion conditions [12—14], which govern the structure of the
component functions in the singular limits. In our case,
these conditions read

[H;(mp, x)]| = Hi(m,)S (),
[Vi(mpw, x)]| = m,,S} (0, '), )

where H' are new hard functions, while S}, S” are new soft
functions, which depend on the variable @' = xm;. The
term that needs to be added back thus takes the form of a
hard matching coefficient times a soft function,

A
/mlwmemmmmmw

= —Hﬁ-/deoo do'Si(w, '), (10)

where A = Am,. In the last step we have defined S’i =
S;S;S7 and added a scaleless integral, which vanishes in
dimensional regularization. After adding back this term, it
can be combined with other terms of similar form.

Let us illustrate this procedure for the soft operators
relevant for the subtraction of end-point divergences in our
problem. These are the local operator O, in (5) and the
associated nonlocal operator Og(w) in (7). There is also a
third operator giving rise to a three-particle LCDA, which
we omit here for simplicity, but we include its effect in our
final result (22) below. (The SCET-1 and SCET-2 operator
bases needed to establish the factorization theorem are of
course much larger. They can be found by building all
gauge- and boost-invariant operators of mass dimension 6
and the correct power counting [32,33]. The additional
operators do not give rise to end-point divergences, how-
ever.) The contribution of these two operators to the decay
amplitude can be written as

L031502-3



CORNELLA, KONIG, and NEUBERT

PHYS. REV. D 108, L031502 (2023)

4G
ALY = LKV,
B—(v \/5 EW b
where S, = —%./mgF, Sp(w)=—1%/mpF¢?(w), and

Hyp =1+ O(a,, a). Here ¢2(w) is one of the twist-3
LCDAs of the B meson [38], which is normalized to unity.
Starting at one-loop order Hp contains logarithmic singu-
larities at x = 0 (~x™"¢ in dimensional regularization). The
collinear functions for the two contributions are equal and
normalized so that Ky = Kz = 1 + O(a). At one-loop
order, the (bare) jet function is given by

0,05 66“_”6)( -2 )

€

| (#) (12)

The refactorization conditions for Hy and Jj read

Jp(myw, x) =

[Hg(my, x)| = Ha(my,)Sp(0),
[V5(mpw, x)[| = m,Sy(@, '), (13)

where @' = xmy,, S =1+ O(a,, @), and

B a e T(e) 1 [ u* \©
__QfQuﬂ —< ) - (14)

YA !
B(w’a)) 1—¢ 0)/ 0)0)/

We find that at one-loop order the subtraction term in (10) is
given by

H,5,0,0, 1) / " do ¢ () / do! ( )
2 1—¢ Jy A @ \wo
(15)

We consistently neglect terms of O(a?) and thus do not
include QED corrections to the LCDA. The presence of the
hard function H, in this result suggests that we should
combine it with the contribution of the operator O,. In all
previous applications of the RBS scheme, the soft functions

|

4Gp

Ky (m)a(pe)PLo(p,) - [HA<mb>sA + [ do [*axtytn, 015m0 0ss0)|. (11)

|

were perturbatively calculable, and the effect of the sub-
traction terms could be worked out order by order in
perturbation theory. In the present case, we apply the
refactorization conditions for the first time in a nonpertur-
bative context, where the soft functions are hadronic matrix
elements, which cannot be calculated using short-distance
methods. Adding the subtraction term (including the three-
particle contribution neglected above) has the effect of
replacing the operator O, by

0, = 0N =u P, h,0(iii- D, — YT, (16)

where the covariant derivative in the 8-function acts on the
leptonic Wilson line. Generalizing (6), we now define the
hadronic parameter F as

i
(0105"1B7) = =2 y/mgF(u. AP Y "10). (17)

We find that the presence of the O-function in (16)
removes the mixing with the nonlocal operator Og(w).

At one-loop order, the anomalous dimension defined via
dF(u,\)/dIny = —ypF(u, A) is given by

3o

=-C
F Fan

3 2 A?

It is also possible to control the dependence on the cutoff A
using perturbation theory. At one-loop order, we find

dInF o wA
PV QfQu [A da)qb_(w)ln?—l—f—..}, (19)

where the dots stand for a contribution involving the three-
particle LCDA.

When the subtraction term is combined with the original
contribution of the operator O,, we obtain from (11)

A = =2 eV 2 S Kam )i )P () [HA<mb> + / ® dod (o) / ' dxlH iy (my )T g (mp, %)

00— ) [Hy(mp. )] W (mp0, x>u} .

The subtracted convolution and the soft function

(A) = —4/mpF(u.A) depend on the cutoff A, and
there is no choice for which both objects depend
only on their natural scales. Following [12], we choose
A =m,; and hence 1 =1 to eliminate the second scale

0 0

(20)

from the subtracted convolution, at the expense of
introducing the scale m,, in the definition of F in (17).

The translation of F(u,m;) to F(u, A) with a different
choice of A can be obtained by solving the evolution
equation (19).

L031502-4
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We are now ready to present our main result. We find that
the B~ — p~v, decay amplitude including virtual QED
corrections is given by

Al = iV2G K () V. - 1P, )P (p,)
/mgF (p,my) [ Mo, (1) + M, (1)), (21)

Cra, [3, m3

+2QfQu/oodw¢§(a)) HZ’erQz{l (
0

€IR

©o ©0 1
Myl = 20,0, [ o [ d, w1+
g

In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B~ — ¢~ 0,(y).

When corrections of O(aq,) are included, the integrals
over the LCDA ¢2(w) in (20) and (22) no longer converge
at infinity [38,39], indicating another occurrence of an
end-point divergence. One then needs to refactorize these
integrals in the region where Agep < @ < my, using
techniques developed in [42,43]. Since these corrections
are bound to be very small numerically, this issue will be
discussed in detail elsewhere.

The three-particle LCDAs of the B meson have been
studied in [40,41]. Our function ¢5 (w, @,) is related to the
functions defined in these references by

W (0.0) = —lwa(o.0) ~pr(@.0,)). (23)

g

where the momentum variables @ and w, refer to the
spectator quark and the gluon, respectively. For small
values of these parameters one finds the asymptotic
behavior (bgq(a), a)g) x ww, [41], showing that the con-
volution integral in the three-particle term is convergent.

The above expressions show the structure-dependent
nature of the QED corrections. The appearance of the two-
and three-particle LCDAs highlights the fact that hard-
collinear photons are energetic enough to probe the internal
structure of the B meson. Various phenomenological
models for the LCDAs have been proposed in the literature
[38,40,41] and could be used to obtain an estimate of these
effects. The terms sensitive to the quark electric charges in
(22) are missed in a theory in which the B meson is treated
as a pointlike particle. It is evident that the one-loop QCD
corrections contain large single and double logarithms,
which can be resummed using renormalization-group
equations in SCET.

3 m? m? 5
+i{Q§[—lnm—2”— ] Qth[ In2 ’"—+21 2 3 m—+1+i]
ﬂ 2 pu I8 I8
1. ,m2 1 m2 572
- ) —In? f——lnm—§+2+i]},
2 2 u 12
1

J) g wg] . (22)

where the two terms in the second line probe the
two- and three-particle Fock states of the B meson.
After renormalizing the four-fermion operator in (1),
the muon mass, and the parameter F in the MS scheme,
and performing the integrations over x, we obtain at one-
loop order

12

In the absence of QED corrections, we have

Ay (mb)
2w

:| F(mh’ mh) |a—>0 (24)

N [1 - Cr

up to power corrections of O(1/my,). The parameter fgCD
can be computed with high precision using lattice
QCD [44]. While the QED correction included in the
definition of F' is expected to be small, being governed by
a, its value is sensitive to nonperturbative dynamics and
difficult to estimate. Due to the presence of the lightlike
Wilson line in (17), it appears challenging to compute F on
a Euclidean lattice.

To summarize, we have derived the first QCD + QED
factorization formula for a NLP observable using SCET
methods. Focusing on the virtual QED corrections to the
exclusive B~ — u~ v, decay amplitude, our main goal was
to separate perturbative QED corrections from nonpertur-
bative ones, which are sensitive to hadronic dynamics. This
is of great importance for future precision determinations of
the CKM matrix element V,;,, because the new hadronic
parameter F(u,A) and the B-meson LCDAs introduce
significant hadronic uncertainties in the analysis of QED
corrections. Our derivations have required a careful han-
dling of end-point-divergent convolutions, which we have
treated in the RBS scheme [12,14]. While this scheme has
previously been applied to other observables, our case is
special in that applying refactorization in a nonperturbative
context requires a modification of the relevant hadronic
matrix elements. This leads to the introduction of the
O-function in (16) and thus to a novel class of soft operators.
The result (22) is valid for £ = p only, and its generali-
zation to other lepton flavors will be discussed elsewhere.
The approach presented here provides a framework for
future studies of structure-dependent QED corrections to
other rare exclusive B decays at NLP.

L031502-5



CORNELLA, KONIG, and NEUBERT

PHYS. REV. D 108, L031502 (2023)

We are grateful to Martin Beneke, Philipp Boer, and Jian
Wang for useful comments and to Gino Isidori for
suggesting to study this problem. C.C. and M. K. thank
the Mainz Institute for Theoretical Physics for hospitality
during the program Power Expansions on the Light-Cone
(September 19-30, 2022). The research of C. C. and M. N.
was supported by the Cluster of Excellence Precision
Physics, Fundamental Interactions, and Structure of
Matter (PRISMA*, EXC 2118/1) within the German
Excellence Strategy (Project-ID 39083149). M. K. was
supported by the German Research Foundation (DFG)
through the Sino-German Collaborative Research Center

TRR 110 Symmetries and the Emergence of Structure
in QCD (Project-ID 196253076, NSFC  Grant
No. 12070131001). C.C. is grateful for the hospitality
of Perimeter Institute (PI), where part of this work was
carried out. Research at PI is supported in part by the
Government of Canada through the Department of
Innovation, Science, and Economic Development Canada
and by the Province of Ontario through the Ministry of
Economic Development, Job Creation, and Trade. C.C.
was also supported in part by the Simons Foundation
through the Simons Foundation Emmy Noether Fellows
Program at PIL.

[1] G. Isidori, S. Nabeebaccus, and R. Zwicky, J. High Energy
Phys. 12 (2020) 104.

[2] R. Zwicky, Symmetry 13, 2036 (2021).

[3] M. Beneke, C. Bobeth, and R. Szafron, Phys. Rev. Lett. 120,
011801 (2018).

[4] M. Beneke, C. Bobeth, and R. Szafron, J. High Energy
Phys. 10 (2019) 232; 11 (2022) 99(E).

[5] W. Altmannshofer et al. (Belle II Collaboration), Prog.
Theor. Exp. Phys. 2019, 123C01 (2019); 2020, 029201(E)
(2020).

[6] M. A. Ebert, I. Moult, I. W. Stewart, F. J. Tackmann, G. Vita,
and H. X. Zhu, J. High Energy Phys. 04 (2019) 123.

[7] I. Moult, I. W. Stewart, and G. Vita, J. High Energy Phys. 11
(2019) 153.

[8] M. Beneke, M. Garny, R. Szafron, and J. Wang, J. High
Energy Phys. 09 (2019) 101.

[9] I. Moult, I. W. Stewart, G. Vita, and H. X. Zhu, J. High
Energy Phys. 05 (2020) 089.

[10] M. Beneke, A. Broggio, S. Jaskiewicz, and L. Vernazza,
J. High Energy Phys. 07 (2020) 078.

[11] I. Moult, G. Vita, and K. Yan, J. High Energy Phys. 07
(2020) 005.

[12] Z.L.Liuand M. Neubert, J. High Energy Phys. 04 (2020) 033.

[13] M. Beneke, M. Garny, S. Jaskiewicz, R. Szafron, L.
Vernazza, and J. Wang, J. High Energy Phys. 10 (2020) 196.

[14] Z.L. Liu, B. Mecaj, M. Neubert, and X. Wang, J. High
Energy Phys. 01 (2021) 077.

[15] Z.L. Liu, B. Mecaj, M. Neubert, and X. Wang, Phys. Rev. D
104, 014004 (2021).

[16] M.Beneke, M. Garny, S. Jaskiewicz, J. Strohm, R. Szafron, L.
Vernazza, and J. Wang, J. High Energy Phys. 07 (2022) 144.

[17] G. Bell, P. Boer, and T. Feldmann, J. High Energy Phys. 09
(2022) 183.

[18] Z.L. Liu, M. Neubert, M. Schnubel, and X. Wang, J. High
Energy Phys. 06 (2023) 183.

[19] T. Feldmann, N. Gubernari, T. Huber, and N. Seitz, Phys.
Rev. D 107, 013007 (2023).

[20] T. Hurth and R. Szafron, Nucl. Phys. B991, 116200 (2023).

[21] W. Dekens and P. Stoffer, J. High Energy Phys. 10 (2019)
197; 11 (2022) 148(E).

[22] E.E. Jenkins, A. V. Manohar, and P. Stoffer, J. High Energy
Phys. 01 (2018) 084.

[23] M. Beneke, P. Boer, J.-N. Toelstede, and K. K. Vos, J. High
Energy Phys. 11 (2020) 081.

[24] C. W. Bauer, S. Fleming, D. Pirjol, and I. W. Stewart, Phys.
Rev. D 63, 114020 (2001).

[25] C. W. Bauer, D. Pirjol, and I. W. Stewart, Phys. Rev. D 65,
054022 (2002).

[26] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein, and I. W.
Stewart, Phys. Rev. D 66, 014017 (2002).

[27] M. Beneke, A.P. Chapovsky, M. Diehl, and T. Feldmann,
Nucl. Phys. B643, 431 (2002).

[28] E. Eichten and B. R. Hill, Phys. Lett. B 234, 511 (1990).

[29] H. Georgi, Phys. Lett. B 240, 447 (1990).

[30] B. Grinstein, Nucl. Phys. B339, 253 (1990).

[31] M. Neubert, Phys. Rep. 245, 259 (1994).

[32] M. Beneke and T. Feldmann, Phys. Lett. B 553, 267 (2003).

[33] T. Becher, R.J. Hill, and M. Neubert, Phys. Rev. D 69,
054017 (2004).

[34] S. Fleming, A.H. Hoang, S. Mantry, and 1. W. Stewart,
Phys. Rev. D 77, 074010 (2008).

[35] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
Phys. Rev. Lett. 83, 1914 (1999).

[36] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
Nucl. Phys. B591, 313 (2000).

[37] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
Nucl. Phys. B606, 245 (2001).

[38] A.G. Grozin and M. Neubert, Phys. Rev. D 55, 272
(1997).

[39] B.O. Lange and M. Neubert, Phys. Rev. Lett. 91, 102001
(2003).

[40] H. Kawamura, J. Kodaira, C.-F. Qiao, and K. Tanaka, Phys.
Lett. B 523, 111 (2001); 536, 344(E) (2002).

[41] V.M. Braun, Y. Ji, and A.N. Manashov, J. High Energy
Phys. 05 (2017) 022.

[42] S.J. Lee and M. Neubert, Phys. Rev. D 72, 094028 (2005).

[43] M. Beneke, G. Finauri, K. K. Vos, and Y. Wei, arXiv:2305
.06401.

[44] Y.S. Amhis et al. (Heavy Flavor Averaging Group, HFLAV
Collaborations), Phys. Rev. D 107, 052008 (2023).

L031502-6


https://doi.org/10.1007/JHEP12(2020)104
https://doi.org/10.1007/JHEP12(2020)104
https://doi.org/10.3390/sym13112036
https://doi.org/10.1103/PhysRevLett.120.011801
https://doi.org/10.1103/PhysRevLett.120.011801
https://doi.org/10.1007/JHEP10(2019)232
https://doi.org/10.1007/JHEP10(2019)232
https://doi.org/10.1007/JHEP11(2022)099
https://doi.org/10.1093/ptep/ptz106
https://doi.org/10.1093/ptep/ptz106
https://doi.org/10.1093/ptep/ptaa008
https://doi.org/10.1093/ptep/ptaa008
https://doi.org/10.1007/JHEP04(2019)123
https://doi.org/10.1007/JHEP11(2019)153
https://doi.org/10.1007/JHEP11(2019)153
https://doi.org/10.1007/JHEP09(2019)101
https://doi.org/10.1007/JHEP09(2019)101
https://doi.org/10.1007/JHEP05(2020)089
https://doi.org/10.1007/JHEP05(2020)089
https://doi.org/10.1007/JHEP07(2020)078
https://doi.org/10.1007/JHEP07(2020)005
https://doi.org/10.1007/JHEP07(2020)005
https://doi.org/10.1007/JHEP04(2020)033
https://doi.org/10.1007/JHEP10(2020)196
https://doi.org/10.1007/JHEP01(2021)077
https://doi.org/10.1007/JHEP01(2021)077
https://doi.org/10.1103/PhysRevD.104.014004
https://doi.org/10.1103/PhysRevD.104.014004
https://doi.org/10.1007/JHEP07(2022)144
https://doi.org/10.1007/JHEP09(2022)183
https://doi.org/10.1007/JHEP09(2022)183
https://doi.org/10.1007/JHEP06(2023)183
https://doi.org/10.1007/JHEP06(2023)183
https://doi.org/10.1103/PhysRevD.107.013007
https://doi.org/10.1103/PhysRevD.107.013007
https://doi.org/10.1016/j.nuclphysb.2023.116200
https://doi.org/10.1007/JHEP10(2019)197
https://doi.org/10.1007/JHEP10(2019)197
https://doi.org/10.1007/JHEP11(2022)148
https://doi.org/10.1007/JHEP01(2018)084
https://doi.org/10.1007/JHEP01(2018)084
https://doi.org/10.1007/JHEP11(2020)081
https://doi.org/10.1007/JHEP11(2020)081
https://doi.org/10.1103/PhysRevD.63.114020
https://doi.org/10.1103/PhysRevD.63.114020
https://doi.org/10.1103/PhysRevD.65.054022
https://doi.org/10.1103/PhysRevD.65.054022
https://doi.org/10.1103/PhysRevD.66.014017
https://doi.org/10.1016/S0550-3213(02)00687-9
https://doi.org/10.1016/0370-2693(90)92049-O
https://doi.org/10.1016/0370-2693(90)91128-X
https://doi.org/10.1016/0550-3213(90)90349-I
https://doi.org/10.1016/0370-1573(94)90091-4
https://doi.org/10.1016/S0370-2693(02)03204-5
https://doi.org/10.1103/PhysRevD.69.054017
https://doi.org/10.1103/PhysRevD.69.054017
https://doi.org/10.1103/PhysRevD.77.074010
https://doi.org/10.1103/PhysRevLett.83.1914
https://doi.org/10.1016/S0550-3213(00)00559-9
https://doi.org/10.1016/S0550-3213(01)00251-6
https://doi.org/10.1103/PhysRevD.55.272
https://doi.org/10.1103/PhysRevD.55.272
https://doi.org/10.1103/PhysRevLett.91.102001
https://doi.org/10.1103/PhysRevLett.91.102001
https://doi.org/10.1016/S0370-2693(01)01299-0
https://doi.org/10.1016/S0370-2693(01)01299-0
https://doi.org/10.1016/S0370-2693(02)01866-X
https://doi.org/10.1007/JHEP05(2017)022
https://doi.org/10.1007/JHEP05(2017)022
https://doi.org/10.1103/PhysRevD.72.094028
https://arXiv.org/abs/2305.06401
https://arXiv.org/abs/2305.06401
https://doi.org/10.1103/PhysRevD.107.052008

