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For a cosmological first-order phase transition in the early Universe, the associated stochastic
gravitational wave background is usually dominated by sound waves from plasma fluid motions, which
have been analytically modeled as a random superposition of freely propagating sound shells but with the
force by the scalar field that produces the self-similar profile removed. In this Letter, we propose a new
analytic sound shell model by focusing on the forced propagating contribution from the initial collision stage
of sound shells when their self-similar profiles are still maintained by the moving bubble walls. We
reproduce the causal k* scaling in the infrared consistent with numerical simulations, and also recover the
broad dome in the power spectrum first observed in numerical simulations. The total sound waves should
contain both contributions from forced collisions and free propagation of sound shells at early and late stages

of the phase transition, respectively.
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I. INTRODUCTION

The cosmological first-order phase transition (FOPT)
[1-3], if it exists, is a violent process in the early Universe,
inducing large curvature perturbations [4] or even the
formation of primordial black holes [5] due to the asyn-
chronous nature of vacuum-decay progress. The associated
stochastic gravitational wave backgrounds (SGWBs) [6,7]
also open a new window into the early Universe that is
otherwise opaque to light for us to probe the new
physics [8,9] beyond the standard model of particles
physics. The nonequilibrium feature also aids the realiza-
tion for the baryon asymmetry [10,11] and primordial
magnetic fields [12—14].

The main sources of the SGWBs from cosmological
FOPTs are bubble-wall collisions [15,16] and bulk fluid
motions from both sound waves [16] and magnetohydro-
dynamic turbulences [15,17]. Early numerical simulations
[17-21] and analytical estimations [22,23] for the bubble-
wall collisions have long adopted the so-called envelope
approximation that dumps the wall upon collisions, which
was abandoned in later numerical simulations [24-26]
with thermal fluids, leading to the recognition of longi-
tudinal acoustic waves as the dominant contribution [27]
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as long-standing sources until the onset of vortical turbu-
lences estimated both analytically [28-33] and numeri-
cally [34-37].

For a vacuum phase transition without thermal fluids, the
shape of the GW spectrum from bubble-wall collisions has
been analytically modeled in Ref. [38] as a broken power
law (K3, k71) in the infrared (IR) and ultraviolet (UV) limits
of the wave number £, respectively, by assuming thin-wall
and envelope approximations, relaxing the latter of which
analytically leads to the appearance of an intermediate
linear growth [39] in addition to the original broken power
law as (k3, k, k=1). This intermediate linear scaling is later
confirmed in a semianalytical simulation from a dubbed
bulk flow model [40] beyond the envelope approximation
but produces rather different UV behaviors as (k, k) and
(k,k=3) for ultrarelativistic and nonrelativistic walls,
respectively. Relaxing the thin-wall approximation would
suppress the UV power to be steeper than k~! as found in
the numerical simulation [41]. An additional peak seems to
emerge in the UV regime close to the bubble-wall thickness
and has been observed in the numerical simulation [42]
with a plausible explanation as scalar field oscillations
around the true vacuum after vacuum decay.

On the other hand, for a thermal phase transition with
plasma fluids, the shape of the GW spectrum is more
involved as the contributions from bubble-wall collisions
and bulk fluid motions are all mixed together. By detaching
the fluid motions from the wall motion, a recently proposed
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sound shell model [43] has assumed freely propagating
sound shells that were initially formed as self-similar profiles
by hydrodynamics around the bubble wall, and later induces
the fluid velocity field as a linear random superposition of
an individual disturbance from each bubble. This sound
shell model reveals the spectrum shape from sound waves as
(K%, k,k3) in the IR, intermediate, and UV regimes,
respectively. The IR power k° was later corrected as k° in
Ref. [44] due to the causality for the divergence-free fluid
velocity field [45]. However, both the numerical simulations
with spectrum shape (k*, k) [24-26] and a general
theoretical expectation [46] prefer the usual k* scaling at
low frequencies.

In this Letter, we propose a new analytic sound shell
model by considering the initial collision stage when sound
shells are still driven by the uncollided envelope of bubble
walls. These forced propagating sound shells naturally lead
to the usual causal k3 scaling at low frequencies consistent
with numerical simulations. We sketch the main assump-
tions and numerical fittings below and provide the technical
details in the Supplemental Material [47].

II. FIRST-ORDER PHASE TRANSITION

Depending on the underlying particle physics model with
a FOPT [48,49], the nucleation rate can either exponentially
increase with time or admit a local maximum value at some
time [50]. For the latter case dubbed the simultaneous
nucleation [41,51], the FOPT can never be ended if the
maximal number density of bubbles ever nucleated is too
small for percolation to be completed within one Hubble
time [52,53]. Thus, the background expansion should be
carefully accounted for in the case of simultaneous nucle-
ation with general parameter choices [54]. Hence, for the
sake of simplicity without considering the Hubble expan-
sion effect, we will focus on the former case with an
exponential nucleation rate (the number of nucleated
bubbles per unit time and unit volume) of the form [55-58]

(1) =T(z,)e?), (1)

where ¢, is a fixed reference time usually chosen around
bubble percolations, and ! is roughly the time duration of
the FOPT assumed here to be shorter than the Hubble time
by #/H > 1 so that the background Hubble expansion can
be safely neglected. The strength factor a depicts the
released latent heat of vacuum decay with respect to the
background radiation energy density. The last parameter is
the terminal wall velocity v,, assumed here to be reached
long before bubble collisions [59-62]. As the SGWB from a
FOPT is of more observational interest for a larger v,,, we
will mainly focus on the detonation mode of bubble
expansion with its supersonic terminal wall velocity larger
than the Jouguet velocity [63].

II1. INITIAL SOUND SHELL PROFILE

After bubble nucleations but before bubble collisions,
we assume a steady expansion of spherical thin walls with
a terminal velocity »,. Since there is no characteristic
scale during bubble expansion as the initial size of
nucleated bubbles can be neglected, the wall expansion
and associated fluid motions can be well described with
spherical coordinates (z, 7,6, @) by a single self-similar
coordinate £ =r/(t—1,) tracing the fluid element at
radius r to the bubble center and at time ¢ since bubble
nucleation time ¢,,. Without going into the second-order
hydrodynamics with shear and bulk viscosity, the total
energy-momentum tensor of the scalar-bubble/plasma-
fluid system with a FOPT can be well approximated as
a perfect fluid form [64] Tﬂ,, = (p+p)U,U, + pg,,, with
p, p, and U* denoting the energy density, pressure, and
4-velocity of bulk fluid, respectively. The conservation of
Tﬂy further gives rise to the fluid equation of motion,
which, under an additional assumption from a bag
equation of state, can be explicitly solved for the fluid
velocity profile [65] given the junction conditions at the
bubble wall and shock wave front, if any. The non-
vanishing part of the fluid velocity profile will be referred
to as the sound shell, consisting of compression and/or
rarefaction waves of bulk fluids driven by the expanding
bubble wall at least before the bubble collisions.

For the detonation mode of an expanding wall with v,,,
the sound shell can be numerically solved as a rarefaction
wave just behind the wall with the fluid velocity profile
monotonically growing from zero at £ = ¢, to a maximum
value v,, at £ =wv,. For later convenience in analytic
evaluations, we will adopt an analytical approximation

17,,,(}“— (t))
b (1.5) = vm = {W Rilf) < r<Ry(0)

0, otherwise

(2)

for the fluid velocity at a radial distance r to the bubble
center and time elapse ¢ — ¢, since the nucleation time #,,.
Here, n; = v;/v is a unit vector from the bubble center
toward the point X, v,, is the fluid velocity just behind the
wall, and Ry =c¢,(r—1t,) and R, =0, (t—1,) are the
innermost and outermost radii of the sound shell. This
approximation can be obtained by replacing the curve
between R; and R, with a straight line.

IV. INITIAL ENERGY-MOMENTUM
TENSOR PROFILE

For the computation of GWs, only the anisotropic spatial
part of the energy-momentum tensor matters, that is,
T;;= wyzv,»vj, where w = p + p is the enthalpy and y =
(1—=v?)""2 is the Lorentz factor of the 3-velocity v;.
Similar to the approximated velocity profile above, we
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further approximate the enthalpy profile also with a piece-
wise linear function as

R, (1) < r < Ry(1),

(3)

otherwise

with w, = w,,/wy — 1, where w,, and wy are the enthal-
pies just behind the bubble wall and at null infinity & = 1,
respectively. Note that as the enthalpy behind the sound
shell w(& < ¢,) deviates a constant value from that far in
front of the bubble wall wy, and the contribution of
the enthalpy term to the energy-momentum tensor is
suppressed by the velocity as & — c,; hence, the ratio
w(€ < ¢,)/wy can be approximated to be 1. With approx-
imations (2) and (3), the initial energy-momentum tensor
admits nonvanishing values only within the sound shell
R, <r <R, as

[ A

F—Cs(l‘—tn))zprzn"m (4)

where the expansion is sufficient to take the first three terms
s =0, 1, 2, as the maximal bulk fluid velocity v,, is of order
O(107"). The comparison of T;;n'n/ = wy*v* between our
analytic approximation and the exact numerical evaluation
is shown in Fig. 1, along with which the profiles of the
enthalpy and fluid velocity from the exact self-similar
solution are also shown in the inset. This energy-momentum
tensor will maintain its initial profile (4) until the driven
walls collide with each other, after which, the part of sound
shells still driven by the uncollided envelopes of walls will
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FIG. 1. The initial energy-momentum tensor profile from our
approximation (4) compared to the exact numerical profile from
the self-similar solution as a function of & =r/(t—1,) with
v, = 0.9, a =0.2. The exact numerical profiles of the fluid
velocity and enthalpy are also presented in the inset.

continue to keep its initial hydrodynamic profile, while the
remaining part of the sound shells will propagate freely with
damped amplitude and widened thickness as investigated
in Ref. [43]. In the rest of this Letter, we will focus on the
former contribution from the forced propagating sound
shells that is usually overlooked in the literature.

V. SOUND SHELL FORCED COLLISIONS

Forced collisions of sound shells driven by uncollided
envelopes of bubble walls will generate a GW energy-
density power spectrum Pgw (7, k) = d(pgw/piot)/dInk =
2Ga}/(npa*)A(k) from a two-point correlation function
(T;;(x)T(y)) at two space-time points x and y. Here, pgw
and p,,; are GW and critical energy densities at time ¢ with
scale factor a(t), respectively, redshifted from the dimen-
sionless spectrum A(k) = A(k)/(287*w3,) at the phase-
transition completion ¢, with scale factor a(z,) = a,. When
x and y are in the same (different) sound shell, the two-point
correlator (7';;(x)T(y)) serves as the single-shell (double-
shell) contribution as illustrated in the schematic picture of
Fig. 2. After tedious and lengthy calculations as detailed in
the Supplemental Material [47], the above two contributions
can be analytically expressed as formal integrals, which can
be further evaluated numerically given the wall velocity v,,
and strength factor a. With a typical choice for the
parameters v,, = 0.9 and a = 0.2, the numerical integration
results for the single-shell spectrum AY) (red crosses) and
double-shell spectrum A(@ (blue circles) to the total GW

FIG. 2. A schematic illustration of the single-shell and double-
shell contributions to the energy-momentum tensor with their
two-point correlation functions coming from X and y in the
same sound shell (blue shell) or in different sound shells (cyan
and red shells).
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FIG. 3. The dimensionless power spectrum (black solid) from

single-shell (blue circles) and double-shell (red crosses) contri-
butions fitted by single broken-power-law (blue solid) and double
broken-power-law (orange and red solid) templates, respectively,
for illustrative parameters v, = 0.9 and a = 0.2.

power spectrum A = A®) + A(9) (black solid) are shown in
Fig. 3 with numerical fittings.

For practical use in extracting phase-transition parame-
ters from numerical simulations as well as future GW
observations, we provide here the fitting template from
proper combinations of the broken-power-law ansatz

—ny

. B K\ (14 (k/k,)P\ 77
F”lﬂzﬁ(k’ ka*) =F, (k_*> <f> (5)

depicting a peak amplitude F, at the peak frequency k, with
a peak transition width ~! from a low-frequency slope 7, to
a high-frequency slope n,. For our illustrative example with
a = 0.2 and v,, = 0.9, the single-shell power spectrum A(*)
is well fitted by this broken-power-law shape as

AW (k) = Fy (ks ko F.) (6)
with parameters n; = 3, n, = =3/2,6 = 3/2, k, = p, and
F, = 4.7 x 107*, which asymptotes to k> at low frequen-
cies and k=3/2 at high frequencies. The double-shell power
spectrum A@ admits two peaks that can be well fitted by
the sum of two broken-power-law shapes as
A<d>(k) = Fnl,nz.b'l (ka k*l’ F*l) + Fn],n2,52 (k7 k*29 F*2) (7)
with parameters n; =3, n,=-5/2, 6§, =2, 6, =3/2,
k. =078, ko=4p, F, =54x10"*, and F, =
1.0 x 107*, which again asymptotes to k> at low frequencies
but k=/2 at high frequencies.

More general results with another fixed @ = 0.1 but
varying v,, = 0.8-1.0 are shown in the Supplemental
Material [47], from which we can learn that, for both
contributions, the low-frequency behaviors always recover
the causal &3 scaling, consistent with both numerical

simulations [24-26] and general analytic expectation [46].
Furthermore, the double-shell contribution always domi-
nates over the single-shell contribution at low frequencies,
while the single-shell contribution would gradually take over
the high-frequency dominance for an increasing wall veloc-
ity. Therefore, we reproduce a broader dome in the total
power spectrum with a decreasing detonation wall velocity
as first observed in numerical simulations [24-26]. However,
except for the universal k* scaling at low frequencies, all
other parameters admit mild extra dependence on the
bubble-wall velocity and phase-transition duration as sum-
marized below.

A. Peak amplitudes
For the case attached in the Supplemental Material [47]
with fixed o = 0.1 but varying v, = 0.8-1.0, the peak
amplitudes of single-shell and double-shell spectra can be
naively fitted as

1 —1.84v,, + 0.8522,
—4.40 4 5.50v,, — 9.96v2,
~(d) 1 —1.89v,, + 0.9002

AW — 104, (9
T 23334 7330, — 3.9002 ®)

AY = x 1074, (8)

_ 1-1.96 0.9602
AW — Pw £DIOV 104, (10)
—1.58 +2.94p,, + 1.1412,

The peak amplitudes for other values of the strength factor
can be related to the above example with a = 0.1 by a
simple scaling relation since the pure @ dependence can be
factorized out approximately in a form like

Ak, vy, @) = (W, (0, @) 03 (0, Q)17 (0, @) A (K, 0,),
(11)

where w,, (v,,, @) and v,,(v,,, @) can be analytically derived
from the junction condition at the bubble wall [65]. This is
because, as the maximum fluid velocity v,, is small and
w, = w,,/wy — 1 is also not large, the energy-momentum
profiles of different o could be approximately related by

Ti.i(vw’ al)ninj _ Wm(vwv g )U%(vw’al )yi(vw’ al)

Tkl(vw’ a2)nknl B Wi (Uwv a2)U%n(UW’ aZ)}/%(UW’ 12%)

(12)
Therefore, the peak frequencies and spectrum slope are
essentially encoded in A(k, v,,) independent of a, while the
peak amplitudes can be transformed back and forth by
applying Eq. (11) as long as any one of them is known.

B. Peak frequencies

To physically fit the peak frequencies from our numeri-
cal results, we first identify two characteristic length scales.
The first scale is the averaged separation of bubbles at the
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onset of nucleation, which is twice the averaged bubble
radius R,, = (87)'/3v,p~! = k;;! at collisions. The second
scale is the thickness of sound shell Ly = R,,(v,, — ¢,)/
v, = k;'. Then, the peak frequency for the single-shell
spectrum can be well fitted at

K = 378k, (13)

and for the double-shell spectrum, the lower peak fre-
quency can be well fitted at

(d) ks " kw "
KD = Z) k=) & 14
Do) ume(e) o

with n = —-0.74, m +n = —1, and C = 1.54, while the
higher peak frequency can be well fitted at

k(d) _ 1_(2_51)1]w+(1+51)v\24/
28+ (0.1 + 83w, — (0.1 = 83)v2 "

(15)

C. Spectrum slopes

Because of numerical errors from integrating irregular
regions of sound shell collisions, spectrum slopes at high
frequencies are extremely difficult to be determined pre-
cisely, especially the single-shell spectrum. For the exam-
ple shown in the Supplemental Material [47], the high-
frequency slopes of the single-shell spectrum vary roughly
from k=2 to k=! as v,, increases from 0.80 to 1.00, while for
the double-shell spectrum, the high-frequency slopes drop
from k=>/? to k=3 more confidently. These behaviors might
be related to the sound shell thickness, similar to that
observed previously in the numerical simulation [41] of
wall collisions with varying wall thicknesses. This allows
us to constrain v,, from spectrum slopes besides the usual
peak frequencies and amplitudes if the SGWBs of the
FOPTs are observed in the future. It might as well be that
the correct UV slope be captured by the free collisions of
sound shells. We leave the precise », dependence of
spectrum slopes for future work.

D. Present spectrum

The SGWBs from FOPTs propagate as noninteracting
radiations whose energy density evolves with a=*. The
scale factor a, at the end of phase transition is related to that
ag at present by [38]

1
a, _ G+« 3 T* -1
& _8.0x 10716 e ), 16
o x <100> <100 GeV) (16)

where g, is the total number of degrees of freedom of
relativistic species at phase-transition temperature 7,. The
peak frequency at present redshifted by a,/a, reads

s( T, AYLS
to= 165310 255 ) (0 ey ) (1) (5 )

(17)
The GW power spectrum at present is redshifted as
dQgw 1 2G ~
— % = 1.67 x 107 “2w3)A
dink * <100> ﬂpmt( 25w )AK)

— 451 x 1076 K
B 100
18)

where the total energy density 3H2/(87G) = pioy = Prad + €

consists of the released vacuum energy e = ap,4 and
thermal radiations with the enthalpy wy = (4/3)pra-
Compared to the usual GW spectrum template with the
combination [k,a/(1 + a)]* factorized out, we prefer to
keep the efficiency factor «, [65] hidden in the dimension-
less A due to the scaling relation (11).

VI. CONCLUSIONS AND DISCUSSION

The SGWBs from the bulk fluid motions, especially the
sound waves, are the dominant GW sources for cosmo-
logical FOPTs provided that most bubble walls collide with
each other long after they have approached the terminal
velocity [61,62]. Because of the limited computational
power, numerical simulations are usually implemented
for a limited parameter space, making the analytic auxiliary
modeling an indispensable tool to extract from the numeri-
cal simulations the fitting templates of the GW spectrum
that are used for specific model predictions. The analytic
auxiliary modeling [43,44] for GWs from sound waves has
only considered the late-time free collisions of sound shells
but overlooked the early-time forced collisions of sound
shells, which has been computed analytically in the present
work for the detonation mode of bulk fluid motions. We
have successfully recovered the causal k* scaling at low
frequencies and revealed the underlying structure of a
widened dome around the peak frequency from a combi-
nation of single-shell and double-shell contributions, all
consistent with numerical simulations. The final sound-wave
spectrum (k*,k=3) suggested by numerical simulations
should be a combination of the forced and free collisions
of sound shells producing the & scaling and k=3 scaling in
the IR and UV regimes, respectively,

forced free

dQgw
dink

_ dQgy
sw dlnk

dQgw
SW dink

(19)

SW

Several improvements can be made in future works for better
analytic auxiliary modelings as follows.

First, for completeness, the GWs from forced collisions
of sound shells should also be computed for deflagration
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cases of Jouguet and weak types, the latter of which has
been recently shown to be feasible for strongly coupled
FOPTs [66]. All these calculations should be carried out for
more realistic sound shell profiles beyond the simple linear
interpolation and bag equation of state [67-71].

Second, our analytic sound waves from forced collisions
of sound shells driven by the envelope of uncollided walls
have neglected the contributions from the overlapping parts
of colliding sound shells. This envelope approximation of
sound shell forced collisions might be the reason why our
high-frequency slopes from both single-shell and double-
shell spectra deviate from numerical simulations.

Third, although our analytic model has achieved much
better agreement with simulations than either sound shell
model [43,44] or bulk flow model [39,40] by reproducing
the causal IR scaling and double-peak structure, respec-
tively, the envelope approximation we have adopted for the
forced collisions of sound shells during the percolation
stage, similar to the bulk flow model, also results in an extra
suppression factor H,/f in the GW spectrum compared to
the sound shell model and numerical simulation results.
Future analytic study of sound shell collisions both during

and after bubble percolations should go beyond the
envelope approximation of sound shells.

Last, the Hubble expansion effect has been considered
in previous modelings of wall collisions [72] and sound
waves [73], which should also be accounted for even
though we expect it to be small as our forced collisions of
sound shells are mainly important at the early stage of
collisions when the sound shells still maintain their self-
similar profiles.
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