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Quantum matrix geometry is the underlying geometry of M(atrix) theory. Expanding upon the idea of
level projection, we propose a quantum-oriented noncommutative scheme for generating the matrix
geometry of the coset spaceG=H. We employ this novel scheme to unveil unexplored matrix geometries by
utilizing gauged quantum mechanics on higher dimensional spheres. The resultant matrix geometries
manifest as pure quantum Nambu geometries: Their noncommutative structures elude capture through the
conventional commutator formalism of Lie algebra, necessitating the introduction of the quantum Nambu
algebra. This matrix geometry embodies a one-dimension-lower quantum internal geometry featuring
nested fuzzy structures. While the continuum limit of this quantum geometry is represented by overlapping
classical manifolds, their fuzzification cannot reproduce the original quantum geometry. We demonstrate
how these quantum Nambu geometries give rise to novel solutions in Yang-Mills matrix models, exhibiting
distinct physical properties from the known fuzzy sphere solutions.
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I. INTRODUCTION

It has been almost 80 years since the inception of
theoretical research on quantized space-time with Snyder’s
first explicit model [1,2]. This research field continues
to be active, contributing to a deeper understanding of
space-time. Noncommutative geometry presents a promis-
ing mathematical framework for describing the micro-
scopic nature of space-time [3]. A general mathematical
framework of noncommutative geometry was set up by
Connes [4]. More tangible noncommutative schemes are
those such as deformation quantization, geometric quan-
tization, and Berezin-Toeplitz quantization [5]. As these
ideas are rooted in the canonical quantization method
of the phase space [6,7], the corresponding noncommuta-
tive schemes are concerned with the quantization of the
symplectic manifolds or Poisson manifolds. However, in
the investigations of M theory, physicists encountered
even exotic noncommutative structures beyond the conven-
tional quantization schemes, including odd dimensional
fuzzy spheres [8–11]. From M(atrix) theory point of
view [12,13], matrix geometries known as fuzzy mani-
folds [14–26] represent fundamental extended objects in
the theory [27,28]. Moreover, it has been recognized that
the quantum Nambu algebra [29] plays crucial roles in the
formulation of M theory (see Refs. [30–32] as nice reviews

and references therein). It may be evident that a new
noncommutative scheme is required to address these
extraordinary noncommutative spaces that extend beyond
the conventional quantization methods based on the com-
mutator formalism.1

Associated with the developments of the higher-
dimensional quantum Hall effect, the understanding of
higher-dimensional noncommutative geometry has signifi-
cantly advanced in the past 20 years (see [39,40] and
references therein). We have learned that the higher dimen-
sional noncommutative geometry on M ≃G=H can be
obtained by examining the Landau model onM in the non-
Abelian monopole background [41–52]. Specifically,
within the lowest Landau level, fuzzy manifolds MF were
successfully realized. Nonetheless, it should be noticed that
the underlying reason for the success is still missing.
Furthermore, while the preceding analysis has provided
a nice physical understanding of noncommutative geom-
etries, one could argue that these analyses have not revealed
unknown matrix geometries. Until now, substantial atten-
tion has been given to the geometry in the lowest Landau
level; however, there is no logical reason for the exclusive
presence of noncommutative geometry solely in this level.
Indeed, it was demonstrated that the higher Landau levels
also give rise to fuzzy geometries [53], which clearly shows
that level projection to any Landau level generates
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1Interestingly, a cubit matrix realization is known for the
quantum Nambu algebra [33–35], although we do not delve into
such possibilities in this paper. The deformation quantization
approach to the quantum Nambu geometry is also discussed in
Refs. [36–38].
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noncommutativity. With regards to a two-sphere, the
emergent noncommutative geometries of the higher
Landau levels are the same as that of the lowest Landau
level. In this sense, the geometry of higher Landau levels
might not be so intriguing. Nevertheless, this does not rule
out the possibility of discovering new noncommutative
geometries in higher dimensional systems. Following this
idea, explorations of novel quantum matrix geometries
have been conducted in various Landau models, such
as relativistic models and supersymmetric models [53],
odd dimensional models [54] and even dimensional
models [55–57]. It is also worthwhile to mention that
quantum matrix geometries associated with the Berezin-
Toeplitz quantization have been intensively studied in
recent years [58–64].
Importantly, now the higher dimensional studies are

not only relevant to theoretical interests but also to
practical experiments. The idea of the synthetic dimension
allows physicists to reach higher dimensional topo-
logical physics [65–67]. In particular, exotic topological
effects of the non-Abelian monopole in higher dimension
have already been observed through table top experi-
ments very recently [68–71]. It is expected that
physical consequences arising from higher dimensional
quantum geometry will be observed in these experimental
systems.
In the present work, with an appropriate interpretation of

the emergent noncommutative geometry in the Landau
models, we introduce a quantum-oriented noncommutative
scheme that leverages Landau models as an effective “tool”
to generate noble quantum geometries. Our approach
provides a concrete prescription for generating the matrix
geometry of the coset manifoldM ≃ G=H. It is shown that
this scheme encompasses pure quantum Nambu matrix
geometry, which cannot be described by conventional
noncommutative methods. We also demonstrate that these
quantum Nambu matrix geometries give rise to novel
classical solutions in Yang-Mills matrix models.
This paper is organized as follows. In Sec. II, we revisit

the derivation of the fuzzy two-sphere from the SOð3Þ
Landau model and address the underlying reasons behind
the emergent noncommutative geometry of the Landau
models. Section III presents explicit fuzzy four-sphere
matrix coordinates in the SOð5Þ Landau levels. We inves-
tigate the matrix structures of fuzzy four-spheres and
discuss their basic properties in Sec. IV. In Sec. V, the
nested internal structures of higher Landau level matrix
geometries are exploited. We investigate the continuum
limit and the classical geometry of the quantum matrix
geometry using the coherent method and the probe brane
method in Sec. VI. In Sec. VII, we demonstrate that the
obtained quantum matrix geometries realize unexplored
solutions of Yang-Mills matrix models and clarify their
physical properties. Section IX is devoted to summary and
discussions.

II. QUANTUM-ORIENTED
NONCOMMUTATIVE SCHEME

In this section, we discuss the underlying mechanism
behind the emergent matrix geometry in the simple SOð3Þ
Landau model and apply this observation to propose a
prescription for generating matrix geometries of G=H.

A. Behind the scene of the emergent matrix geometry

The SOð3Þ Landau model is a Landau model on S2 and
the Hamiltonian is given by

H ¼ −
1

2M

X3
i¼1

ð∂i þ iAiÞ2jr¼1; ð1Þ

where Ai denotes the Uð1Þ gauge field of monopole at the
origin:

Ai ¼ −
I

2rðrþ x3Þ
ϵij3xj: ð2Þ

The index I=2 signifies the monopole charge (in the follow-
ing,we assume I to be a positive integer for simplicity).While
the present system is originally investigated in [72,73], we
will utilize the concise notation of [53] in this paper. The
eigenvalues of the Hamiltonian (1) are obtained as

EN ¼ 1

2M

�
I

�
N þ 1

2

�
þ NðN þ 1Þ

�
ðN ¼ 0; 1; 2;…Þ;

ð3Þ
and the corresponding eigenstates are given by the monopole
harmonics

YðNÞ
m ðθ;ϕÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N þ I þ 1

4π

r
DNþI

2
ðϕ;−θ;−ϕÞI

2
;m�

m ¼ N þ I
2
; N þ I

2
− 1;…;−

�
N þ I

2

��
;

ð4Þ
where D denotes the Wigner D function:

Dlðχ; θ;ϕÞ ¼ e−iχS
ðlÞ
z e−iθS

ðlÞ
y e−iϕS

ðlÞ
z : ð5Þ

Here, SðlÞi stand for the SUð2Þ spin matrices with spin
index l. We sandwich the coordinates on S2 to derive the
corresponding matrix coordinates:

ðXðNÞ
i Þmn ¼ hYðNÞ

m jxijYðNÞ
n i≡

Z
S2
dθdϕ sin θYðNÞ

m
�xiY

ðNÞ
n ;

ð6Þ
where

x1¼ cosϕsinθ; x2¼ sinϕsinθ; x3¼ cosθ: ð7Þ
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In the Nth Landau level, X½N�
i are explicitly obtained as [53]

XðNÞ
i ¼ 2I

ðI þ 2NÞðI þ 2N þ 2Þ S
ðI
2
þNÞ

i ; ð8Þ

which satisfy

XðNÞ
i XðNÞ

i ¼ I2

ðI þ 2NÞðI þ 2N þ 2Þ 1Iþ2Nþ1; ð9aÞ

½XðNÞ
i ; XðNÞ

j � ¼ i
2I

ðI þ 2NÞðI þ 2N þ 2Þ ϵijkX
ðNÞ
k : ð9bÞ

Equation (9) represents the algebra of fuzzy two-
sphere [14]. Note that not only the lowest Landau level
but also each of the higher Landau level matrix geometries
realizes the fuzzy two-sphere matrix geometry.2 The
physical properties of (9) as a classical solution of Yang-
Mills matrix models are discussed in Appendix B.
We depicted the fuzzy two-sphere and the magnitudes of

the monopole harmonics in the left and the right of Fig. 1,
respectively. One may find an apparent resemblance
between the left and the right pictures. The latitudes on
the fuzzy two-sphere represent the degrees of freedom of the
matrix geometry, i.e., the “points,” in the fuzzy space.
Obviously, each point on the fuzzy space corresponds to
the monopole harmonics or each state of the SUð2Þ
irreducible representation. Therefore, one may consider
the fuzzy two-sphere to be composed of the SUð2Þ irre-
ducible representation.
Reflecting the emergence of the noncommutative geom-

etry, we can obtain the following insight:
(1) About the role of global symmetry and irreducible

representation: The SOð3Þ global symmetry of S2 ≃
SOð3Þ=SOð2Þ is naturally transformed to the SUð2Þ
symmetry on thematrix geometry side introducing the
projective representation of SOð3Þ. In the matrix
geometry, an “uncertainty area” or a “point” corre-

sponds to each state of the SUð2Þ irreducible repre-
sentation. The irreducible representation is
“symmetric” in the sense that, while each state of
an irreducible representation is transformed, the set of
states in the irreducible representation remains un-
changed under any SUð2Þ transformation. In the
language of matrix geometry, this means that fuzzy
geometry also remains unchanged under SUð2Þ trans-
formations, as the fuzzy two-sphere is composed of the
states in the SUð2Þ irreducible representation. More-
over, the SUð2Þ group is a compact group, and its
irreducible representation is a finite-dimensional set
with discrete quantum numbers, which aligns with the
intuitive notion that a compact noncommutative space
consists of finite-dimensional discrete points. In this
way, while the fuzzy sphere is a discretized space, it
realizes a space symmetric under continuous SUð2Þ
transformations, unlike the lattice space, which is
symmetric only by the discrete translations corre-
sponding to the lattice spacing. This is the specific
feature of the matrix geometry composed of the
irreducible representation.

(2) About the role of the stabilizer group and the gauge
symmetry: The stabilizer group SOð2Þ of S2 ≃
SOð3Þ=SOð2Þ is a subgroup of SOð3Þ that does not
change a point on the classical manifold S2 [74].
A point in the classical geometry corresponds to a state
of the irreducible representation on the matrix geom-
etry side. Therefore, the stabilizer group is considered
to be some transformation that does not change that
state. The transformation that does not change physical
state is nothing but a gauge transformation. To
encapsulate, the stabilizer group represents redundant
symmetry of the SOð3Þ group in the classical system
when representing S2 ≃ SOð3Þ=SOð2Þ, and such re-
dundancy is naturally regarded as a gauge symmetry
on the quantum mechanical side. Consequently,
the stabilizer group SOð2Þ corresponds to theUð1Þ ≃
SOð2Þ symmetryon thequantummechanical side. It is
interesting to see that while the stabilizer symmetry is
an external symmetry on the classicalmechanical side,

FIG. 1. Left: the schematic picture of the fuzzy two-sphere for N ¼ 0 (8). Right: the distributions of the magnitudes of the monopole

harmonics, jYðN¼0Þ
m j, of m ¼ I=2; I=2 − 1;…;−I=2 for I ¼ 4 are depicted as the red, orange, green, blue, and violet orbitals,

respectively. The monopole orbitals, jYðN¼0Þ
m j, are localized around the latitudes z ¼ 2m=I on the two-sphere.

2For completeness, we derive the noncommutative geometry in
higher Landau levels of the planar Landau model in Appendix A.
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it acts as the internal symmetry on the quantum
mechanical side.3

(3) Reinterpretation of the Landau model: The above
observations suggest that the matrix geometry cor-
responding to S2 ≃ SOð3Þ=SOð2Þ is obtained by
considering a quantum system with global SUð2Þ
symmetry and Uð1Þ gauge symmetry. As we are
dealing with the spatial manifold, the Uð1Þ gauge
symmetry introduces the Uð1Þ vector potential
whose field configuration should be compatible with
the SUð2Þ global symmetry. This necessarily leads
to the radially symmetric magnetic field of the Uð1Þ
monopole. Thus, the magnetic field is just a conse-
quence of the gauge symmetry. In this way, we can
reproduce the original SOð3Þ Landau system. It is
important to note that the primary significance lies in
the gauge symmetry itself rather than the magnetic
field, although the presence of a magnetic field is
commonly believed to be essential for the emergence
of noncommutative geometry.
These speculations provide a natural explanation

for why the fuzzy two-sphere geometry has been
successfully generated through the analyses of the
SOð3Þ Landau model.

B. Noncommutative scheme for generating
the matrix geometry

With the above understanding, we now propose a
prescription for obtaining the matrix geometry of the
general coset manifold, M ≃G=H. We will utilize the
quantum mechanics as a tool for generating matrix geo-
metries. What we need to do is simply replace the SOð3Þ in
the above discussions with G and SOð2Þ with H.4

1. General prescription

(1) Consider quantum mechanics with gauge symmetry
H on base-manifold M:

−
1

2M

X
a

Da
2

����
M
; ð10Þ

where Da ¼ ∂a þ iAa are covariant derivatives with
the gauge field Aa of the gauge group H. The gauge
field configuration has to be chosen to be compatible
with the symmetry G of the base-manifold M.

(2) Solve the eigenvalue problem of the Hamiltonian
(10) to derive the degenerate eigenstates of each
energy level EN :

jψN;αi: ð11Þ

The set of degenerate eigenstates constitute an
irreducible representation of G.5

(3) Derive the matrix elements of of the coordinates xa
of M utilizing (11) to construct the matrix coor-

dinates of MðNÞ
F :

ðXðNÞ
a Þαβ ¼ hψN;αjxajψN;βi≡

Z
M

dΩψ†
N;αxaψN;β;

ð12Þ

where dΩ is the area element of M.
Notice each energy level N hosts its own matrix geometry

X½N�
a , and distinct energy levels yield different quantum

matrix coordinates in general. Consequently, multiple
quantum geometries will be obtained from a single classical
manifold. The flow of this procedure is depicted in Fig. 2.

2. Advantages

Here, we will outline the advantages of the present
construction.
(1) The first merit is that we do need to worry about

mathematical inconsistency. In the present scheme,
noncommutative geometry is not postulated a priori
but is what emerges in each of the energy levels. As
the original quantum system is totally physical and
the existence of mathematically consistent Hilbert
space behind the quantum mechanics is founded,
there is no need to be concerned about mathematical
inconsistencies.6

(2) Following the above simple prescription, we can
mechanically derive matrix geometries for arbitrary

FIG. 2. Flow of the procedure.

3This suggests that the external space and the internal
space should be treated on the same footing in the matrix
geometry [75].

4While we will assume that G is a compact group with finite
dimensional irreducible representations, our discussions can also
be applied to noncompact groups with discrete series of infinite
dimensional irreducible representations [26].

5In general, the Hamiltonian may possess symmetries other
thanG. In such a case, the degenerate eigenstates constitute states
of an irreducible representation of the entire symmetry. See
Sec. V B.

6This is inspired by the idea of Ref. [76].
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classical manifolds of the type M ≃G=H. Notably,
odd dimensional manifolds are also within the
realm of this scheme. Therefore, this scheme is
not restricted to the symplectic manifolds unlike the
conventional quantization methods in which
the quantization is basically executed by replacing
the Poisson bracket with the commutator. This
suggests that the present scheme is beyond the
noncommutative geometry based on the canonical
commutator formalism.

(3) The present noncommutative scheme is primarily
based on irreducible representations of quantum
mechanics. In this sense, this may be referred to
as a quantum-oriented scheme. The emergent matrix
geometries may even encompass pure quantum geo-
metries that do not have their classical counterparts.
We may explore quantum geometries that have
eluded in the conventional noncommutative
schemes.

C. General properties

To examine specific properties of the present scheme, let
us consider even dimensional spheres:

S2k ≃ SOð2kþ 1Þ=SOð2kÞ: ð13Þ

1. Covariance

We assume that the global symmetry SOð2kþ 1Þ of S2k
is given by

xa¼1;2;…;2kþ1 → Rabxb ðRab ∈ SOð2kþ 1ÞÞ: ð14Þ

The stabilizer group is defined so that the condition
xa ¼ δa;2kþ1 does not change, which is the SOð2kÞ
transformation:

xμ¼1;2;…;2k → Rμνxν ðRμν ∈ SOð2kÞÞ: ð15Þ

Transformations (14) and (15), respectively, correspond to
the following transformations on the quantum mechanics
side:

jψ ðiÞ
α i → jψ ðiÞ

β iUβα ðU∈Spinð2kþ 1ÞÞ; ð16Þ

and

jψ ðiÞ
α i → gijjψ ðjÞ

α i ðg∈Spinð2kÞÞ: ð17Þ

Equation (16) stands for the global transformation, and α
denote the index of the irreducible representation of the
Spinð2kþ 1Þ. Similarly, Eq. (17) represents the gauge

transformation, and i signify that of the gauge group
Spinð2kÞ. Under these transformations, Xa behave as

ðXaÞαβ ¼
X
i

hψ ðiÞ
α jxajψ ðiÞ

β i →
X
i

U�
α0αhψ ðiÞ

α0 jxajψ ðiÞ
β0 iUβ0β

¼ ðU†XaUÞαβ ¼ RabðXbÞαβ; ð18Þ
and

ðXaÞαβ ¼
X
i

hψ ðiÞ
α jxajψ ðiÞ

β i →
X
j;k

X
i

g�ijgik
zfflfflfflfflffl}|fflfflfflfflffl{¼δjk

hψ ðjÞ
α jxajψ ðkÞ

β i

¼
X
j

hψ ðjÞ
α jxajψ ðjÞ

β i ¼ ðXaÞαβ: ð19Þ

The matrix coordinates thus transform as the SOð2kþ 1Þ
vector, similar to the classical coordinates on S2k, and they
are gauge invariant. Generally for M ≃ G=H, the matrix
coordinates areH gauge invariant and transform underG in
the same way as the classical coordinates of the original
manifold M.

2. Beyond the commutator formalism

In the well known construction of the fuzzy 2k-sphere
[15,16], the matrix coordinates are given by the totally
symmetric combination of the gamma matrices, which
satisfy the following commutation relations

½Xa; Xb� ¼ 4iΣab; ð20aÞ

½Xa;Σbc� ¼ −iδabXc þ iδacXb; ð20bÞ

½Σab;Σcd�¼ iδacΣbd− iδadΣbcþ iδbdΣac− iδbcΣad: ð20cÞ

The commutators of Xa yield new matrices Σab (20a),
which are the generators of SOð2kþ 1Þ. In total, Xa and
Σab together form the SOð2kþ 2Þ algebra. Such a matrix
geometry is known to emerge in the lowest Landau level of
the SOð2kþ 1Þ Landau model [75]. The lowest Landau
level matrix geometry is well described by the commutator
formalism. On the other hand, for the higher Landau levels,
some subtleties occur. The SOð2kþ 1Þ angular momentum
operators in the SOð2kÞ monopole background are con-
structed as [44]

Lab ¼ −ixað∂b þ iAbÞ þ ixbð∂a þ iAaÞ þ
1

r2
Fab; ð21Þ

which satisfy the SOð2kþ 1Þ algebra:

½Lab;Lcd�¼ iδacLbd− iδadLbcþ iδbdLac− iδbcLad: ð22Þ
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Since the coordinates xa on S2k transform as an SOð2kþ 1Þ
vector, the algebra associated with the SOð2kþ 1Þ trans-
formation is represented as

½xa; Lbc� ¼ −iδabxc þ iδacxb: ð23Þ

Let us construct matrix coordinates for a given irreducible

representation of SOð2kþ 1Þ, fψ ðrÞ
1 ;ψ ðrÞ

2 ; � � �ψ ðrÞ
DðrÞg:

ðXðrÞ
a Þαβ ≡ hψ ðrÞ

α jxajψ ðrÞ
β i; ðΣðrÞ

ab Þαβ ≡ hψ ðrÞ
α jLabjψ ðrÞ

β i:
ð24Þ

It is important to note that the completeness relation holds
for the total set of the irreducible representations:

X
r

XDðrÞ

α¼1

jψ ðrÞ
α ihψ ðrÞ

α j ¼ 1; ð25Þ

but not for each individual irreducible representation:

XDðrÞ

α¼1

jψ ðrÞ
α ihψ ðrÞ

α j ≠ 1: ð26Þ

Equation (26) is a direct consequence of the level projection
which is the heart of noncommutative geometry [53]. Due

to Eq. (26), XðrÞ
a (24) generally become noncommutative

matrices, whereas the original coordinates xa are commu-
tative quantities. From the property of the irreducible
representation

hψ ðrÞ
α jLabjψ ðr0Þ

β i ¼ ðΣðrÞ
ab Þαβδrr0 ; ð27Þ

one may easily reproduce the lower two equations
of (20) using Eqs. (22) and (23). On the other hand,
unlike Eq. (27), the matrix coordinates are not completely

block diagonalized, hψ ðrÞ
α jxajψ ðr0Þ

β i ≠ hψ ðrÞ
α jxajψ ðrÞ

β iδrr0 (see
Sec. III A for more details). Consequently, the first relation
(20a) turns out to be questionable,

½XðrÞ
a ; XðrÞ

b �∝? iΣðrÞ
ab : ð28Þ

Equation (20a) is not guaranteed in general. So, if the Lie
algebraic geometry fails, what kind of geometry will
emerge? That is the topic that we shall discuss in
Secs. IV and VIII. The failure of Eq. (20a) implies that
the present scheme is beyond the realm of the conventional
commutator formalism.
Here, we also mention relationship to the Berezin-

Toeplitz quantization. The Berezin-Toeplitz quantization
is a method that maps a function to a finite dimensional
matrix [5,62,77]. In this sense, the Berezin-Toeplitz quan-
tization shares the same spirit with the present scheme.

However, Berezin-Toeplitz quantization is primarily
concerned with symplectic manifolds and is based on
commutator formalism. The Kernel employed in the
Berezin-Toeplitz quantization corresponds to the zero
modes of the Dirac-Landau operator whose zero modes
are essentially equivalent to the lowest Landau level
eigenstates [53,55]. Therefore, the Berezin-Toeplitz quan-
tization is thus closely related to the lowest Landau level
matrix geometry and can be viewed as a special case of the
present scheme.7 We will revisit this in Sec. IV.

III. MATRIX COORDINATES FROM THE
SOð5Þ LANDAU MODEL

In this section, we will directly apply the present scheme
to generate quantum matrix geometries for S4. Using the
SOð5Þ Landau model, we will derive the complete form of
matrix coordinates in arbitrary Landau levels. This section
also includes a review of Ref. [55].

A. The SOð5Þ Landau model

Since S4 ≃ SOð5Þ=SOð4Þ, we need to consider a quan-
tum mechanics on S4 with Spin(4) gauge degrees of
freedom. For the Spin(4) gauge field configuration to
respect the SOð5Þ global symmetry of S4, we place a
Spin(4) monopole at the origin. While the Landau model
in such a Spin(4) monopole background has been inves-
tigated [57], we will consider a simpler system by taking
one SUð2Þ from the Spinð4Þ ≃ SUð2Þ ⊗ SUð2Þ. In the
following, we then consider a quantum mechanics on S4 in
the SUð2Þ monopole background, which was originally
introduced in Refs. [41,80,81].
Let us briefly discuss such a SOð5Þ Landau model with a

modern notation [55]. The SOð5Þ Landau Hamiltonian is
given by

H ¼ −
1

2M

X5
a¼1

Da
2jr¼0 ¼

1

2M

X
a<b

Λab
2; ð29Þ

where Da ¼ ∂a þ iAa and

Λab ¼ −ixaDb þ ixbDa: ð30Þ
The gauge field is chosen to be Yang’s SUð2Þ monopole:

Aμ¼1;2;3;4 ¼ −
1

rðrþ x5Þ
η̄iμνxνS

ðI=2Þ
i ; A5 ¼ 0;

ðI ¼ 1; 2; 3;…Þ; ð31Þ
with η̄iμν ¼ ϵμνi4 − δμiδν4 þ δνiδμ4. The SOð5Þ Landau
Hamiltonian is equal to the SOð5Þ Casimir up to a constant.

7Recently mathematicians are also interested in higher
Landau levels from the perspective of the Berezin-Toeplitz
quantization [78,79].
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Consequently, the energy eigenvalues are specified by two
indices of the SOð5Þ Casimir, ðp; qÞ5 ¼ ðN þ I; NÞ5. The
SOð5Þ Landau levels are explicitly given by

EN ¼ 1

2M
ððN þ 1ÞI þ NðN þ 3ÞÞ ðN ¼ 0; 1; 2;…Þ:

ð32Þ

The eigenstates of each of the Landau levels form an
irreducible representation of SOð5Þ and are referred to as
the SOð5Þmonopole harmonics in this paper8 to emphasize
its SOð5Þ covariance. We parametrize the coordinates of the
four-sphere with a unit radius as

xμ¼1;2;3;4¼ sinξyμ; x5¼ cosξ

�X4
μ¼1

yμyμ¼1

�
; ð33Þ

where ξ represents the azimuthal angle and ym denote the
coordinates of (normalized) S3 hyperlatitude:

y1 ¼ sin χ sin θ cosϕ; y2 ¼ sin χ sin θ sinϕ;

y3 ¼ sin χ cos θ; y4 ¼ cos χ: ð34Þ

Normalized SOð5Þ monopole harmonics are represented as

ΨN;j;mj;k;mk
ðξ;χ;θ;ϕÞ¼GN;j;kðξÞ ·Yj;mj;k;mk

ðχ;θ;ϕÞ; ð35Þ

where

GN;j;kðξÞ¼ð−1Þ2jþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nþ I

2
þ3

2

r
1

sinξ
dNþI

2
þ1;−jþk;jþkþ1ðξÞ;

ð36aÞ

Yj;mj;k;mk
ðχ; θ;ϕÞ ¼

Xj
mR¼−j

0
BBBBBBBB@

Ck;mk

j;mR;
I
2
;I
2

Φj;mj;j;mR
ðχ; θ;ϕÞ

Ck;mk

j;mR;
I
2
;I
2
−1Φj;mj;j;mR

ðχ; θ;ϕÞ

..

.

Ck;mk

j;mR;
I
2
;−I

2

Φj;mj;j;mR
ðχ; θ;ϕÞ

1
CCCCCCCCA
:

ð36bÞ

Here, dl;m;m0 ðξÞ≡Dlð0; ξ; 0Þm;m0 in (36a) stand for
Wigner’s small D matrices, Cs in (36b) represent the
Clebsch-Gordan coefficients, and Φs in (36b) denote the
SOð4Þ spherical harmonics [54]. The SOð5Þ monopole
harmonics satisfy

Z
S4
dΩ4Ψ

†
N;j;mj;k;mk

ΨN0;j0;m0
j;k

0;m0
k
¼ δN;N0δj;j0δk;k0δmj;m0

j
δmk;m0

k

ð37Þ
and

XN
n¼0

XI=2
s¼−I=2

Xj
mj¼−j

Xk
mk¼−k

ΨN;j;mj;k;mk
Ψ†

N;j;mj;k;mk

¼ ðN þ 1ÞðI þ N þ 2ÞðI þ 2N þ 3Þ
16π2

1Iþ1; ð38Þ

where dΩ4 ≡ dξdχdθdϕsin3ξsin2χ sin θ.
The SOð5Þ irreducible representation ðp; qÞ5 ¼ ðN þ

I; NÞ5 is decomposed as (see Fig. 3)

ðN þ I; NÞ5 ¼ ⨁
N

n¼0

ðnÞ ¼ ⨁
N

n¼0

⨁
I=2

s¼−I=2
ðj; kÞ4; ð39Þ

where

ðnÞ≡ ⨁
I=2

s¼−I=2
ðj; kÞ4 ð40Þ

signifies the set of the SOð4Þ irreducible representations in
the SOð4Þ line (the oblique line of the same color in
Fig. 3). The Nth SOð5Þ Landau level eigenstates consist of
SOð4Þ irreducible representations on the SOð4Þ lines with
n ¼ 0; 1; 2;…N. The SOð4Þ bispin index, ðj; kÞ4, is
defined as

ðj; kÞ4 ≡
�
n
2
þ I
4
þ s
2
;
n
2
þ I
4
−
s
2

�
4

; ð41Þ

with

n ¼ 0; 1; 2; 3;…; N; s ¼ I
2
;
I
2
− 1;…;−

I
2
: ð42Þ

The dimension of the SOð4Þ irreducible representation (41)
is given by

dðn; I; sÞ ¼ ð2jþ 1Þð2kþ 1Þ

¼
�
nþ I

2
þ sþ 1

��
nþ I

2
− sþ 1

�
¼ dðn; I;−sÞ; ð43Þ

and that of the SOð4Þ line is

dðn; IÞ≡ XI=2
s¼−I=2

dðn; I; sÞ

¼ 1

6
ðI þ 1ÞðI2 þ ð6nþ 5ÞI þ 6ðnþ 1Þ2Þ: ð44Þ

Consequently, the Nth Landau level degeneracy is
counted as

8In the original paper [81], they are referred to as the SUð2Þ
monopole harmonics.
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DðN;IÞ¼
XN
n¼0

dðn;IÞ¼
XN
n¼0

XI=2
s¼−I=2

dðn;I;sÞ

¼1

6
ðNþ1ÞðIþ1ÞðIþNþ2ÞðIþ2Nþ3Þ: ð45Þ

B. Matrix coordinates

The matrix coordinates have nonzero components only
within the same Landau level and among adjacent Landau
levels [55]:

hx5i ≠ 0 → ΔN ¼ 0; ð46aÞ
hxμi ≠ 0 → ΔN ¼ 0;�1: ð46bÞ

See the left of Fig. 4 where the nonzero matrix elements are
denoted as the shaded color regions. Under the SOð4Þ
rotation around the fifth axis, x5 behaves as a scalar ðj; kÞ ¼
ð0; 0Þ, while xμ transform as a bispinor ðj; kÞ ¼ ð1=2; 1=2Þ.
From (41), we can see that the SOð4Þ selection rule implies
that nonzero matrix coordinates exist only for

X½N�
5 ≠ 0 → ðΔn;ΔsÞ ¼ ð0; 0Þ; ð47aÞ

X½N�
μ ≠ 0 → ðΔn;ΔsÞ ¼ ð�1; 0Þ; ð0;�1Þ: ð47bÞ

FIG. 4. The matrix coordinate representation of xa.

FIG. 3. Each of the filled circles represents an SOð4Þ irreduc-
ible representation ðj; kÞ. The SOð4Þ irreducible representations
denoted by the filled circles amount to the SOð5Þ irreducible
representation ðp; qÞ5 ¼ ðN þ I; NÞ5. (Taken from [55].)
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Equations (47a)/(47b) correspond to the upper/lower right

of Fig. 4. There are two cases in which X½N�
μ take finite

values. The first is ðΔn;ΔsÞ ¼ ð�1; 0Þ that corresponds to
the green shaded rectangles in Fig. 4, representing tran-
sitions between two adjacent SOð4Þ lines in Fig. 3. The
second ðΔn;ΔsÞ ¼ ð0;�1Þ corresponds to the small purple
shaded rectangles in Fig. 4, signifying transitions between
two adjacent SOð4Þ irreducible representations on same
SOð4Þ lines in Fig. 3. With this in mind, we will explicitly
evaluate the matrix elements of xa.

We can perform integrations of the azimuthal part and
the S3 hyperlatitude part separately. For instance, the
orthonormal condition (37) is evaluated as

hΨN0;j0;m0
j;k

0;m0
k
jΨN;j;mj;k;mk

i
¼ hGN0;j0;k0 jGN;j;ki · hYj0;m0

j;k
0;m0

k
jYj;mj;k;mk

i; ð48Þ

where

hGN0;j;kjGN;j;ki ¼
Z

π

0

dξsin3ξGN;j;kðξÞ�GN0;j;kðξÞ ¼ δN;N0 ; ð49aÞ

hYj0;m0
j;k

0;m0
k
jYj;mj;k;mk

i ¼
Z
S3
dχdθdϕ sin2χ sin θYj;mj;k;mk

ðχ; θ;ϕÞ† × Yj0;m0
j;k

0;m0
k
ðχ; θ;ϕÞ ¼ δjj0δmjm0

j
δkk0δmkm0

k
: ð49bÞ

The matrix elements of X½N�
5 are derived as9

X½N�
5 ∶ − hΨN;j0;m0

j;k
0;m0

k
jx5jΨN;j;mj;k;mk

i
¼ −hGN;j;kjx5jGN;j;ki · δj;j0δk;k0δmj;m0

j
δmk;m0

k
; ð50Þ

where

−hGN;j;kjx5jGN;j;ki¼
2nþIþ2

ð2NþIþ2Þð2NþIþ4Þ ·2s: ð51Þ

The matrix coordinate (51) takes equally spaced discrete
values specified by s ¼ I=2; I=2 − 1;…;−I=2, which are
regarded as the hyperlatitudes on fuzzy four-sphere. This
structure is quite similar to that of the fuzzy two-sphere
(Fig. 1). However notice that while the latitudes of fuzzy
two-sphere are not degenerate, the hyperlatitudes of fuzzy
four-sphere are degenerate, resulting in an intriguing
internal structure as we shall discuss in Sec. V. Next, we
turn to

X½N�
μ ∶ hΨN;j0;m0

j;k
0;m0

k
jxμjΨN;j;mj;k;mk

i ¼
X

σ;τ¼þ;−
hGN;jþσ

2
;kþτ

2
jsin ξjGN;j;kihYjþσ

2
;m0

j;kþτ
2
;m0

k
jyμjYj;mj;k;mk

iδj0;jþσ
2
δk0;kþτ

2
: ð52Þ

Here, the azimuthal part is evaluated as

hGN;jþσ
2
;kþτ

2
jsin ξjGN;j;ki ¼ δσ;τhGN;jþσ

2
;kþσ

2
j sin ξjGN;j;ki þ δσ;−τhGN;jþσ

2
;k−σ

2
j sin ξjGN;j;ki; ð53Þ

with10

hGN;jþσ
2
;kþσ

2
jsin ξjGN;j;ki ¼ −

4s
ð2N þ I þ 2Þð2N þ I þ 4Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N − nþ 1 − σ

2

��
N þ nþ I þ 2þ 1þ σ

2

�s
;

hGN;jþσ
2
;k−σ

2
jsin ξjGN;j;ki ¼ −

4nþ 2I þ 4

ð2N þ I þ 2Þð2N þ I þ 4Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N þ I

2
− σsþ 1

��
N þ I

2
þ σsþ 2

�s
: ð55Þ

9The minus sign in (50) is not essential but added for later convenience.
10In the derivation of (53), we used the formulasZ

π

0

dθ sin θdl;m0;nðθÞ sin θdl;m;nðθÞjm0¼m�1 ¼
2n

ð2lþ 1Þðlþ 1Þl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl�mþ 1Þðl ∓ mÞ

p
; ð54aÞ

Z
π

0

dθ sin θdl;m;n0 ðθÞ sin θdl;m;nðθÞjn0¼n�1 ¼ −
2m

ð2lþ 1Þðlþ 1Þl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl� nþ 1Þðl ∓ nÞ

p
: ð54bÞ
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The S3 hyperlatitude part is

hYjþσ
2
;m0

j;kþτ
2
;m0

k
jy1jYj;mj;k;mk

i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2jþ 1Þð2kþ 1Þp

2
ð−1ÞnþIþτ

2

(
jþ σ

2
kþ τ

2
I
2

k j 1
2

)X
κ¼þ;−

ð−1Þκ−12 Cjþσ
2
;m0

j
1
2
;κ
2
;j;mj

C
kþτ

2
;m0

k
1
2
;κ
2
;k;mk

;

hYjþσ
2
;m0

j;kþτ
2
;m0

k
jy2jYj;mj;k;mk

i ¼ −i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2jþ 1Þð2kþ 1Þp

2
ð−1ÞnþIþτ

2

(
jþ σ

2
kþ τ

2
I
2

k j 1
2

)X
κ¼þ;−

C
jþσ

2
;m0

j
1
2
;κ
2
;j;mj

C
kþτ

2
;m0

k
1
2
;κ
2
;k;mk

;

hYjþσ
2
;m0

j;kþτ
2
;m0

k
jy3jYj;mj;k;mk

i ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2jþ 1Þð2kþ 1Þp

2
ð−1ÞnþIþτ

2

(
jþ σ

2
kþ τ

2
I
2

k j 1
2

)X
κ¼þ;−

C
jþσ

2
;m0

j
1
2
;κ
2
;j;mj

C
kþτ

2
;m0

k
1
2
;−κ

2
;k;mk

;

hYjþσ
2
;m0

j;kþτ
2
;m0

k
jy4jYj;mj;k;mk

i ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2jþ 1Þð2kþ 1Þp
2

ð−1ÞnþIþτ
2

(
jþ σ

2
kþ τ

2
I
2

k j 1
2

)X
κ¼þ;−

ð−1Þκ−12 Cjþσ
2
;m0

j
1
2
;κ
2
;j;mj

C
kþτ

2
;m0

k
1
2
;−κ

2
;k;mk

; ð56Þ

where C
jþτ

2
;m0

1
2
;κ
2
;j;m

denote the Clebsch-Gordan coefficients:

C
jþτ

2
;m0

1
2
;κ
2
;j;m

¼ δm0;mþκ
2

 
δτ;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþ κmþ 1

2jþ 1

s
þ κδτ;−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþ κm
2jþ 1

s !
:

ð57Þ

The formulas of Appendix D in [55] were utilized in the
derivation of Eq. (56). We thus derived the explicit form
of the matrix coordinates in the SOð5Þ Landau levels.
For a better understanding, in Appendix C of Ref. [82],
we provide the matrix coordinates for the case of
ðN; IÞ ¼ ð1; 1Þ. Note that all of the quantities involved
in the matrix coordinate calculations, such as an integral
measure and S4 coordinates, are SOð5Þ invariant or
covariant quantities. Consequently, the obtained matrix
coordinates are necessarily SOð5Þ covariant coordinates
that transform as the SOð5Þ vector like the original S4

coordinates [see Eq. (86)].
In the case of I ¼ 0, the gauge symmetry no longer

exists. Therefore, we cannot expect fuzzy geometries
(recall that the gauge symmetry is crucial in the present
scheme). Indeed, when I ¼ 0, the energy eigenstates are
given by the SOð5Þ spherical harmonics and the matrix
coordinates become trivial:

X½N�
a ¼ 0: ð58Þ

The corresponding dimensions of the SOð5Þ spherical
harmonics are

DðN;I¼0Þ¼1

6
ðNþ1ÞðNþ2Þð2Nþ3Þ¼5;14;30;…:

ð59Þ

Therefore in these matrix dimensions, the matrix geo-
metries do not exist. In Ref. [16], the authors argued the
nonexistence of five-dimensional matrix coordinates,
which corresponds to the smallest dimension in Eq. (59).

IV. PURE QUANTUM NAMBU
MATRIX GEOMETRY

Using the explicit matrix coordinates, we now expand
concrete discussions about the matrix geometries. It is
shown that the matrix coordinates satisfy

X5
a¼1

X½N�
a X½N�

a ¼ c1ðN; IÞ1 ð60Þ

and

½X½N�
a ; X½N�

b ; X½N�
c ; X½N�

d � ¼ 4!c3ðN; IÞ
X5
e¼1

ϵabcdeX
½N�
e ; ð61Þ

where the quantum Nambu bracket denotes the totally
antisymmetric combination of the four quantities inside the
bracket:

½O1; O2; O3; O4�≡ sgnðσÞOσ1Oσ2Oσ3Oσ4 : ð62Þ

(Detail discussions about the coefficients, c1 and c3, will be
given in Sec. IV B.) Equations (60) and (61) signify a
realization of the fuzzy four-sphere [15,16]. The quantum
Nambu geometry thus emerges as the matrix geometry in
the SOð5Þ Landau levels. We delve into geometric struc-
tures hidden in the mathematics of the quantum Nambu
algebra using the explicit form of the matrix coordinates.

A. The lowest Landau level matrix geometry

ForN ¼ 0, Eqs. (50) and (52) reproduce the lowestLandau
level matrix coordinates previously obtained in [55,60]:

X½0�
a ¼ 1

I þ 4
Γa; ð63Þ

where Γa represents the I-fold symmetric tensor product of
the SOð5Þ gamma matrices [16]:
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Γa ¼ ðγa ⊗ 1 ⊗ � � � ⊗ 1þ 1 ⊗ γa ⊗ � � � ⊗ 1þ � � �
þ 1 ⊗ 1 ⊗ � � � ⊗ γaÞsym ð64Þ

with

γi¼
�

0 iσi
−iσi 0

�
; γ4¼

�
0 12

12 0

�
; γ5 ¼

�
12 0

0 −12

�
:

ð65Þ

We can readily check that X½0�
a satisfy (60) and (61),

X5
a¼1

X½0�
a X½0�

a ¼ I
I þ 4

11
6
ðIþ1ÞðIþ2ÞðIþ3Þ ð66Þ

and

½X½0�
a ; X½0�

b ; X½0�
c ; X½0�

d � ¼ −ðI þ 2Þ
�

2

I þ 4

�
3

ϵabcdeX
½0�
e : ð67Þ

The radius and the noncommutative scale are derived as

R ¼
ffiffiffiffiffiffiffiffiffiffiffi
I

I þ 4

r
ð !I→∞

1Þ;

ΔX ¼ 2

I þ 4
ð !I→∞

0Þ; ð68Þ

which implies that the ordinary four-spherewith a unit radius
is reproduced in the continuum limit (Fig. 5).
It should be emphasized that the algebra of Xa can be

described within the commutator formalism, and the
quantum Nambu algebra (67) is not indispensable for
the description of the lowest Landau level matrix geometry.

The matrix coordinates X½0�
a and X½0�

ab ≡ −i 1
4
½X½0�

a ; X½0�
b �

satisfy a closed algebra

½X½0�
a ; X½0�

b � ¼ 4i
1

ðI þ 4Þ2 X
½0�
a;b;

½X½0�
a ; X½0�

bc� ¼ −iδabX
½0�
c þ iδacX

½0�
b ;

½X½0�
ab; X

½0�
cd� ¼ iδacX

½0�
bd − iδadX

½0�
bc þ iδbdX

½0�
ac − iδbcX

½0�
ad;

ð69Þ

which is the SUð4Þ [20]. The quantum Nambu algebra (67)
is not exactly equivalent with the SUð4Þ algebra (69);
however, they have been treated almost synonymously
thus far. This is because the known matrix realization of
the fuzzy four-sphere was only the fully symmetric
representation that satisfies both (67) and (69). The closed
algebra (69) suggests that the natural symmetry in the
lowest Landau level is the SUð4Þ rather than the original
SOð5Þ. This becomes clearer in the following discussion.
The symmetric representation can be simply realized using
the Schwinger boson operators11:

X½0�
a ¼ 1

I þ 4
ψ̂†
αðγaÞαβψ̂β ð70Þ

with

½ψ̂α; ψ̂
†
β� ¼ δαβ; ½ψ̂α; ψ̂β� ¼ 0: ð71Þ

The boson number indicates the SUð2Þ index of Yang’s
monopole:

X4
α¼1

ψ̂†
αψ̂α ¼ I: ð72Þ

One may readily check that (70) satisfy the SUð4Þ algebra
(69) together with X½0�

ab ¼ −i 1
4
ψ̂†
αð½γa; γb�Þαβψ̂β. The fuzzy

FIG. 5. Fuzzy four-sphere in the lowest Landau level (the left) and its continuum limit (the right).

11Historically, the Schwinger boson operators were utilized in
the first construction of the fuzzy four-sphere [15].
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manifold constructed from the SUð4Þ matrices of the
SUð4Þ fully symmetric representation is referred to as
the fuzzy CP3 [19]. Note that the dimension of the SOð5Þ
lowest Landau level ðp; qÞ5 ¼ ðI; 0Þ5, is exactly equal to
that of the SUð4Þ fully symmetric representation:

Dð0; IÞ ¼ 1

3!
ðI þ 1ÞðI þ 2ÞðI þ 3Þ: ð73Þ

Therefore, the fuzzy S4 is equivalent to the fuzzy CP3 (see
Ref. [83] for discussions including matrix functions on
them). The commutation relations of the Schwinger boson
operators correspond to the canonical quantization of the
homogeneous coordinates of the symplectic manifold CP3.
Therefore, it may be reasonable that the lowest Landau
level geometry can be described within the conventional
commutator formalism of the Lie algebra. The correspond-
ing continuum limit is CP3, which is the coset

CP3 ≃ SUð4Þ=Uð3Þ: ð74Þ

Here, we encounter the SUð4Þ symmetry again. It is also
worth noting that CP3 is locally equivalent to

CP3 ∼ S4 × S2: ð75Þ

While the original S4 itself is not a symplectic manifold,
the S2-fiber twisted on S4 makes the entire bundle
symplectic.

B. Higher Landau level matrix geometry

From (50), we have

trðX½N�
5

2Þ ¼ 1

ð2N þ I þ 4Þ2ð2N þ I þ 2Þ2
XN
n¼0

ðI þ 2þ 2nÞ2

×
XI=2

s¼−I=2
ð2sÞ2dðn; I; sÞ

¼ 1

5
c1ðN; IÞDðN; IÞ; ð76Þ

where

c1ðN; IÞ≡ IðI þ 2Þ
ð2N þ I þ 4Þð2N þ I þ 2Þ : ð77Þ

Since all of X½N�
a are related by unitary transformations, their

traces are the same, trðX½N�
1

2Þ¼ trðX½N�
2

2Þ¼ ���¼ trðX½N�
5

2Þ¼
1
5
c1D. The orthonormal relation for Xa½N� is given by

trðX½N�
a X½N�

b Þ ¼ 1

5
c1ðN; IÞDðN; IÞδab; ð78Þ

which implies Eq. (60):

X5
a¼1

X½N�
a X½N�

a ¼ c1ðN; IÞ1DðN;IÞ: ð79Þ

One can explicitly check the validity of Eq. (79) using
Eqs. (50) and (52). The radius of the fuzzy four-sphere is
given by

RðN; IÞ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðN; IÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IðI þ 2Þ

ð2N þ I þ 4Þð2N þ I þ 2Þ

s
∼

I
2N þ I

: ð80Þ

Since the matrix coordinates have two parameters, N and I,
there are two different infinity limits of the radius:

lim
I→∞

RðN; IÞ ¼ 1; ð81aÞ

lim
N→∞

RðN; IÞ ¼ 0: ð81bÞ

Equation (81a) signifies the usual commutative limit in
which the fuzzy four-sphere is reduced to the continuum
four-sphere with a unit radius. On the other hand, Eq. (81b)
indicates the collapse of the fuzzy four-spheres at N → ∞.

We will revisit this in Sec. IV C. It is demonstrated that X½N�
a

satisfy the quantum Nambu algebra (61):

½X½N�
a ; X½N�

b ; X½N�
c ; X½N�

d � ¼ −4! c3ðN; IÞ ϵabcdeX½N�
e ; ð82Þ

where

c3ðN; IÞ≡ −
5

c1ðN; IÞDðN; IÞ tr
�
X½N�
1 X½N�

2 X½N�
3 X½N�

4 X½N�
5

�
:

ð83Þ

For instance, trðX½N�
1 X½N�

2 X½N�
3 X½N�

4 X½N�
5 Þ ¼ − 2896

7503125
;− 217

124416
;

− 856
5250987

for ðN; IÞ ¼ ð1; 1Þ; ð1; 2Þ; ð2; 1Þ.12 The matrix
coordinates of the higher Landau levels not only satisfy
the quantum Nambu algebra (82) but also encompass all
possible matrix realizations of that algebra, because the
higher Landau level matrix geometries encompass all
possible irreducible representations of SOð5Þ.

12In the lowest Landau level, we have

trðX½0�
1 X½0�

2 X½0�
3 X½0�

4 X½0�
5 Þ ¼

�
1

I þ 4

�
5

trðΓ1Γ2Γ3Γ4Γ5Þ

¼ −
1

90ðI þ 4Þ4 IðI þ 1ÞðI þ 2Þ2ðI þ 3Þ;

ð84Þ

and Eq. (82) reproduces Eq. (67).
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It is also easy to see

½X½N�
a ; X½N�

b �∝ iΣ½N�
ab ðN ≥ 1Þ; ð85Þ

where Σ½N�
ab denote the SOð5Þ generators in the ðN þ I; IÞ5

representation. Equation (85) is consistent with the general
discussions in Sec. II C 2. While the commutators of Xa do
not give rise to the SOð5Þ generators, Xa themselves
transform as an SOð5Þ vector:

½X½N�
a ;Σ½N�

bc � ¼ −iδabX
½N�
c þ iδacX

½N�
b : ð86Þ

The higher Landau level geometry is thus the one that
adheres to the quantum Nambu algebra but not the SUð4Þ
algebra in contrast to the lowest Landau level matrix
geometry. Let us recall again that the present scheme is
beyond the conventional commutator formalism. The
quantum geometry in the higher Landau levels is thus
qualitatively different to that of the lowest Landau level.
The algebraic structure of the higher Landau level geometry

is apparent only after introducing the quantum Nambu
bracket and cannot be captured by the ordinary commutator
formalism. In this sense, the higher Landau level geometry
is considered to be a pure quantum Nambu geometry.

C. Nested fuzzy four-sphere

Let us delve into the matrix structure of X½N�
a . We

represent (50) by the following DðN; IÞ ×DðN; IÞ matrix
(the upper left of Fig. 6):

X½N�
5 ¼⨁

N

n¼0

XðnÞ
5 ¼

0
BBBBBBBBB@

Xð0Þ
5 0 0 0 0

0 Xð1Þ
5 0 0 0

0 0 Xð2Þ
5 0 0

0 0 0 . .
.

0

0 0 0 0 XðNÞ
5

1
CCCCCCCCCA
; ð87Þ

where

XðnÞ
5 ¼ I þ 2nþ 2

ð2N þ I þ 4Þð2N þ I þ 2Þ ⨁
I=2

s¼−I=2
2s 1dðn;I;sÞ;

¼ I þ 2nþ 2

ð2N þ I þ 4Þð2N þ I þ 2Þ

0
BBBBBBBB@

I1dðn;I;I=2Þ 0 0 0 0

0 ðI − 2Þ1dðn;I;I=2−1Þ 0 0 0

0 0 ðI − 4Þ1dðn;I;I=2−2Þ 0 0

0 0 0 . .
.

0

0 0 0 0 −I1dðn;I;−I=2Þ

1
CCCCCCCCA
: ð88Þ

The diagonal blocks in X½N�
μ that correspond to XðnÞ

5 are denoted as XðnÞ
μ (the lower right in Fig. 6), which signify the matrix

coordinates on the SOð4Þ line (n). We will delve into the matrix structure of XðnÞ
a that represents the fuzzy geometry on the

SOð4Þ line (n). The sum of the squares of XðnÞ
a is given by

X5
a¼1

XðnÞ
a XðnÞ

a ¼ ⨁
I=2

s¼−I=2
Rðn;sÞ21dðn;I;sÞ ¼

0
BBBBBB@

Rðn;I=2Þ21ðnþIþ1Þðnþ1Þ 0 � � � 0

0 Rðn;I=2−1Þ21ðnþIÞðnþ2Þ 0 0

..

.
0 . .

.
0

0 0 0 Rðn;−I=2Þ21ðnþ1ÞðnþIþ1Þ

1
CCCCCCA; ð89Þ

where

Rðn;sÞ ≡ I þ 2nþ 2

ð2N þ I þ 4Þð2N þ I þ 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðBðj; kÞ þ Bðk; jÞÞ þ ð2sÞ2

q
¼ Rðn;−sÞ ð90Þ
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with Bðj; kÞ defined by (104). Thus,
P

5
a¼1 X

ðnÞ
a XðnÞ

a is not
proportional to unit matrix 1dðn;IÞ (except for the special

case I ¼ 1),13 and so XðnÞ
a does not give rise to a complete

fuzzy four-sphere geometry but provides a fuzzy four-
sphere-like structure referred to as the quasifuzzy
four-sphere [55]. The I þ 1 diagonal blocks on the most
right-hand side of Eq. (89) signify the I þ 1 fuzzy hyper
hyperlatitudes on the quasifuzzy four-sphere. Inside the

matrix coordinates X½N�
a (Fig. 6), there exist such N þ 1

quasifuzzy four-spheres Xðn¼0;1;2;…;NÞ
a . The nonzero off-

diagonal blocks of the X½N�
μ (the green filled rectangles in

the lower left of Fig. 6) are interpreted as the interactions
between the adjacent quasifuzzy four-spheres.
The nested geometry of the N þ 1 quasifuzzy four-

spheres is depicted in Fig. 7. One should not confuse the
present geometry with the nested structure made of a
completely reducible representation [84]: In the case of

the completely reducible representation, the nested fuzzy
structure originates from the direct sum of the irreducible
representations, while in the present, the nested fuzzy
four-sphere is constituted from a single SOð5Þ irreducible
representation and each of the quasifuzzy four-spheres is
not made of an SOð5Þ irreducible representation [but
rather consists of the SOð4Þ representations on the SOð4Þ
line].14 Consequently, each quasifuzzy four-sphere is not
regarded as an SOð5Þ-symmetric object. This is also
evident from the right-hand side of (89), which is
apparently not SOð5Þ invariant. The quasifuzzy four-
spheres along with their interactions collectively form
an SOð5Þ-symmetric fuzzy manifold. We would like to
draw the analogy to benzene. Each Kekulé structure only
respects the C3 rotational symmetry, while quantum
mechanical superposition of two Kekulé structures results
in benzene, which exhibits higher C6 symmetry. Such a
structure cannot be comprehended without quantum
mechanics, and benzene realizes a purely quantum
mechanical structure with no classical counterpart. In a
similar sense, the nested fuzzy four-sphere can be con-
sidered a pure quantum geometry. This stems from the
present quantum-oriented scheme, which can encompass
pure quantum geometries.

FIG. 6. Matrix coordinates of the Nth Landau level. Nonzero matrix elements are denoted as the shaded color regions.

13For I ¼ 1, we have only two hyperlatitudes with the same
radius, and

P
5
a¼1 X

ðnÞ
a XðnÞ

a is proportional to 1:

Xa
μ¼1

XðnÞ
a XðnÞ

a ¼
�

2nþ 3

ð2N þ 5Þð2N þ 3Þ
�

2
�
2

ðN þ 2Þ2
ðnþ 2Þðnþ 1Þ þ 1

�
× 12dðn;1Þ¼2ðnþ2Þðnþ1Þ: ð91Þ

14The very fuzzy fibers of fuzzy geometry is reported in [85–87].
That structure originates from the direct sum of irreducible
representations, and so it is more akin to [84] than the present one.
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The noncommutative scale differs in each of the quasifuzzy four-spheres (88):

ΔXðnÞ ¼ 2

ð2N þ I þ 4Þð2N þ I þ 2Þ ð2nþ I þ 2Þ; ð92Þ

and the “radius” of the quasifuzzy four-sphere is estimated as

RðnÞ ∼ ΔXðnÞ ·
I
2
¼ 1

ð2N þ I þ 4Þð2N þ I þ 2Þ ð2nþ I þ 2ÞðI þ 1Þ ∼ ð2nþ IÞI
ð2N þ IÞ2 : ð93Þ

The outer quasifuzzy four-spheres have wider noncommu-
tative scales (see Fig. 7). It can be confirmed that the
outermost quasifuzzy four-sphere of n ¼ N (93) exhibits
the same behavior as the nested fuzzy four-sphere (80), as
anticipated. We now provide an intuitive explanation for the
previous result of the two limits (81). In the commutative
limit I → ∞, while ΔXðnÞ ∼ 2

I (92) is reduced to zero, the
number of the hyperlatitudes I goes to infinity. These two
contributions are compensated to realize a continuum
four-sphere with a unit radius, which simultaneous implies
that all of the N þ 1 quasifuzzy four-spheres are reduced to
the single four-sphere.15 On the other hand, in the limit
N → ∞, while the number of hyperlatitudes remains

unchanged, the noncommutative length (92) ΔXðnÞ ∼ 1
N

converges to zero. This leads to the collapse of the very
nested fuzzy four-sphere, RðnÞ → 0 (Fig. 8).

V. INTERNAL MATRIX GEOMETRY

Fuzzy three-sphere geometry can be realized as a
submanifold of the (unnested) fuzzy four-sphere. Here,
we explore the generalization of this concept for the nested
fuzzy four-spheres.

A. Fuzzy hyperlatitudes

The quasifuzzy four-sphere is constituted from the
SOð4Þ irreducible representations on the SOð4Þ line (n).
The matrix coordinates of the hyperlatitudes on the
quasifuzzy four-sphere are readily derived from
Eq. (56):

ðYðnÞ
μ Þm0

j;m
0
k;mj;mk

≡ hYj0;m0
j;k

0;m0
k
jyμjYj;mj;k;mk

ijj0þk0¼jþk¼nþI
2
;

ð95Þ

FIG. 7. Matrix geometry of the Nth higher Landau level is constituted from the N þ 1 quasifuzzy four-spheres (and their interactions)
to exhibit a nested fuzzy structure.

15In the commutative limit I → ∞, each point on the four-
sphere is highly degenerate. Because of the SOð5Þ symmetry, we
can count this degeneracy, for instance, at the north pole XðnÞ

5 ¼ 1:

I
XN
n¼0

ðnþ 1Þ ¼ I
1

2
ðN þ 1ÞðN þ 2Þ: ð94Þ
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which denotes a dðn; IÞ × dðn; IÞ matrix.16 The sum of the squares of YðnÞ
μ is given by

X4
μ¼1

YðnÞ
μ YðnÞ

μ ¼ ⨁
I=2

s¼−I=2
Rðn;sÞ

Y
21dðn;I;sÞ ¼

0
BBBBBBBB@

R
ðn;I

2
Þ

Y
2
1ðnþIþ1Þðnþ1Þ 0 � � � 0

0 R
ðn;I

2
−1Þ

Y
2
1ðnþIÞðnþ2Þ 0 0

0 0 . .
.

0

0 0 0 R
ðn;−I

2
Þ

Y
2
1ðnþIþ1Þðnþ1Þ

1
CCCCCCCCA
; ð98Þ

FIG. 8. Behaviors of the quantities of the nested fuzzy four-sphere: The degeneracies (the upper left) and the radii (the lower left), the
continuum limit I → ∞ (the upper right) and the N → ∞ limit (the lower right).

16The matrix YðnÞ
μ has the same matrix form as XðnÞ

μ (the lower right of Fig. 6):

YðnÞ
μ ¼

0
BBBBBBBBBBBBBBBBBB@

0 Yðþ−Þ
μ

	
Iþn−1

2
;nþ1

2



0 0 0 0

Yðþ−Þ
μ

	
Iþn−1

2
;nþ1

2


†
0 Yðþ−Þ

μ

	
Iþn−2

2
;nþ2

2



0 0 0

0 Yðþ−Þ
μ

	
Iþn−2

2
;nþ2

2


†
0 Yðþ−Þ

μ

	
Iþn−3

2
;nþ3

2



0 0

0 0 Yðþ−Þ
μ

	
Iþn−3

2
;nþ3

2


†
0 . .

.
0

0 0 0 . .
.

0 Yðþ−Þ
μ

	
n
2
;nþI

2



0 0 0 0 Yðþ−Þ

μ

	
n
2
;nþI

2


†
0

1
CCCCCCCCCCCCCCCCCCA

; ð96Þ

and Aðj; kÞ and Aðk; jÞ in (99) are given by

X4
μ¼1

Yðþ−Þ
μ ðj; kÞ†Yðþ−Þ

μ ðj; kÞ ¼ Aðj; kÞ1ð2jþ1Þð2kþ1Þ; ð97aÞ

X4
μ¼1

Yðþ−Þ
μ

�
j −

1

2
; kþ 1

2

�
Yðþ−Þ

μ

�
j −

1

2
; kþ 1

2

�†
¼ Aðk; jÞ1ð2jþ1Þð2kþ1Þ: ð97bÞ
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where

Rðn;sÞ
Y ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Aðj; kÞ þ Aðk; jÞ
p

¼ Rðn;−sÞ
Y ð99Þ

with

Aðj; kÞ≡ 2ðjþ 1Þk
�
jþ 1

2
k − 1

2
I
2

k j 1
2

�2

: ð100Þ

Note that Aðn
2
þ I

2
; n
2
Þ ¼ 0. Equation (98) represents a block

diagonal matrix, with diagonal blocks indicating the hyper

latitudes of the radius Rðn;sÞ
Y . At I → ∞ and jsj ≪ I, we

have

Rðn;sÞ
Y → 1

�
Aðj; kÞ → 1

2

�
: ð101Þ

Around s ∼ 0, the radii of the hyperlatitudes converge to
unity, as anticipated from

P
4
μ¼1 yμyμ ¼ 1. The hyperlati-

tudes for s as thevertical axis are depicted in the left of Fig. 9.
We also evaluate the radii of the hyperlatitudes within the

quasifuzzy four-sphere. Using Eq. (52), we can derive

X4
μ¼1

XðnÞ
μ XðnÞ

μ ¼ ⨁
I=2

s¼−I=2
Rðn;sÞ

X
21dðn;I;sÞ ¼

0
BBBBBBBB@

R
ðn;I

2
Þ

X
2
1ðnþIþ1Þðnþ1Þ 0 � � � 0

0 R
ðn;I

2
−1Þ

X
2
1ðnþIÞðnþ2Þ 0 0

0 0 . .
.

0

0 0 0 R
ðn;−I

2
Þ

X
2
1ðnþIþ1Þðnþ1Þ

1
CCCCCCCCA
; ð102Þ

where

Rðn;sÞ
X ≡ 2nþ I þ 2

ð2N þ I þ 2Þð2N þ I þ 4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðj; kÞ þ Bðk; jÞ

p
¼ Rðn;−sÞ

X ; ð103Þ

with

Bðj; kÞ≡ 4

�
N þ I

2
− jþ kþ 1

�

×

�
N þ I

2
þ j − kþ 2

�
Aðj; kÞ: ð104Þ

For the distributions of R
ðn;I

2
Þ

X , see the right of Fig. 9.
Obviously, the distribution of points of the same color

forms a quasifuzzy four-sphere. (The distribution of Rðn;sÞ
X

is illustrated in Fig. 7 with X5 as the vertical axis.) At
I → ∞ and jsj ≪ I, we have

Rðn;sÞ
X → 1

�
Bðj; kÞ → 1

2
I2
�
: ð105Þ

When I is even, Rðn;sÞ
X takes the maximum value at

s ¼ j − k ¼ 0:

Rðn;s¼0Þ
X ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IðI þ 2Þ

ð2N þ I þ 4Þð2N þ I þ 2Þ

s
: ð106Þ

This quantity does not depend on n, indicating that the
equators of all the quasifuzzy four-spheres have the same
radius, which is identical to the radius of the fuzzy S4 (80)
(see Fig. 7 also).

B. Fuzzy three-sphere

The fuzzy three-sphere is naturally embedded within
the geometry of the fuzzy four-sphere [18,21,23]. This
subspace is composed of SOð4Þ representations with

FIG. 9. The distributions of Rðn;sÞ
Y (the left) and Rðn;sÞ

X (the right) for I=2 ¼ 5. The SOð4Þ line index nð¼ 0; 1; 2; 3; 4Þ corresponds to
red, orange, green, blue, and purple points, respectively.
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s ¼ 1=2 ⊕ −1=2. In the case of the usual (un-nested)
fuzzy four-sphere, there exists only one fuzzy three-
sphere around the equator of the fuzzy four-sphere. In
contrast, the nested fuzzy four-sphere consists of multiple
quasifuzzy four-spheres, each of which accommodates a
fuzzy three-sphere. Consequently, the Nth Landau level

fuzzy four-sphere hosts N þ 1 fuzzy three-spheres around
its equator. To extract the fuzzy three-sphere geometry,
we focus on the s ¼ 1=2 ⊕ −1=2 subspace of the matrix

coordinates YðnÞ
μ . For odd integer I, we can derive the

fuzzy three-sphere matrix coordinates (see Fig. 10)

Y ðnÞ
μ ¼

0
BB@ 0 Yðþ−Þ

μ

	
n
2
þ I

4
− 1

4
; n
2
þ I

4
þ 1

4



Yðþ−Þ

μ

	
n
2
þ I

4
− 1

4
; n
2
þ I

4
þ 1

4


†
0

1
CCA; ð107Þ

which satisfy

X4
μ¼1

Y ðnÞ
μ Y ðnÞ

μ ¼ RðnÞ
Y

212dðn;I;1=2Þ; ð108Þ

where

RðnÞ
Y ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Aðj; kÞ
p

jj¼n
2
þI

4
−1
4
;k¼n

2
þI

4
þ1

4

¼ I þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2nþ I þ 1Þð2nþ I þ 3Þp : ð109Þ

Unlike the sum of the squares of YðnÞ
μ (98), Eq. (108) is

proportional to a unit matrix. This implies that while YðnÞ
μ

themselves cannot be regarded as the coordinates of the

fuzzy three-sphere, their sub-block matrices Y ðnÞ
μ can be.

Furthermore, Y ðnÞ
μ are shown to satisfy

½½Y ðnÞ
μ ;Y ðnÞ

ν ;Y ðnÞ
ρ ��

¼8ð2nþIþ2Þ
�

Iþ1

ð2nþIþ1Þð2nþIþ3Þ
�

2

ϵμνρσY
ðnÞ
σ ;

ð110Þ

where the “three bracket” ½½Y μ;Y ν;Y ρ�� is defined as

½½Y ðnÞ
μ ;Y ðnÞ

ν ;Y ðnÞ
ρ ��≡ ½Y ðnÞ

μ ;Y ðnÞ
ν ;Y ðnÞ

ρ ;Γ5� ð111Þ

with

Γ5 ≡
 
1dðn;I;1=2ÞÞ 0

0 −1dðn;I;−1=2Þ

!
: ð112Þ

Equations (108) and (110) clearly show that Y ðnÞ
μ realize the

matrix coordinates of the fuzzy three-sphere.17 Figure 11

FIG. 10. The fuzzy three-sphere matrix coordinates Y ðnÞ
μ from YðnÞ

μ for odd I.

17With

Y ðnÞ
5 ≡ I þ 1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2nþ I þ 3Þð2nþ I þ 1Þp Γ5; ð113Þ

Y ðnÞ
μ¼1;2;3;4 satisfy the orthonormal condition:

trðY ðnÞ
a Y ðnÞ

b Þ ¼
�
I þ 1

4

�
2

δab: ð114Þ

Equation (110) is realized as a special case of the four-algebra,

½Y ðnÞ
a ;Y ðnÞ

b ;Y ðnÞ
c ;Y ðnÞ

d �

¼−2
ffiffiffi
2

p
ðIþ1Þ3 2nþ Iþ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2nþ Iþ3Þð2nþ Iþ1Þp

5
ϵabcdeY

ðnÞ
e : ð115Þ
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illustrates the behaviors of the matrix sizes and the radii
(109) of fuzzy three-spheres. The qualitative features of
these quantities are similar to those of the fuzzy four-sphere
(Fig. 8) as the fuzzy three-spheres being embedded in of the
fuzzy four-sphere. Note that the radius of the fuzzy three-
sphere is not equal to that of the fuzzy hyperlatitude of the

same s (99), Rðn;s¼1=2Þ
Y ≠ RðnÞ

Y , and RðnÞ
Y does not converge

to unity in the continuum limit, RðnÞ
Y ⟶

I→∞
1=

ffiffiffi
2

p
≠ 1.

We also explain how the fuzzy three-sphere itself is
obtained within the present noncommutative framework,
without referring to the geometry of the fuzzy four-sphere.
Since S3 can be identified with SOð4Þ=SOð3Þ, the stabilizer
group SOð3Þ is interpreted as the SUð2Þ gauge symmetry
on the quantum mechanics side. Then, we consider an
SUð2Þ gauged quantum mechanics on S3, known as the
SOð4Þ Landau model [46,50,54]. In this model, n repre-
sents the Landau level index, and s signifies the subband
index. The SOð4Þ Landau model exhibits degeneracy due
to the presence of the left-right Z2 symmetry, in addition to
the global SOð4Þ symmetry. The fuzzy three-sphere geom-

etry Y ðnÞ
μ emerges in the lowest energy subbands with

indices s ¼ 1=2;−1=2, for arbitrary nth Landau level. The
degenerate energy eigenstates that constitute the fuzzy
three-sphere consist of the direct sum of irreducible
representations of the global symmetry SOð4Þ, which is
an irreducible representation of the entire symmetry
group SOð4Þ ⊗ Z2.

VI. CONTINUUM LIMIT AND THE S4 GEOMETRY

We discuss the continuum limit and the classical geom-
etry of the nested fuzzy four-sphere. While the continuum
limit of the fuzzy two-sphere is the usual classical two-
sphere, this is not generally the case for other fuzzy
manifolds. For instance, the continuum limit of the unnested
fuzzy 2k-sphere yields the symplectic manifold SOð2kþ
1Þ=UðkÞ [20], which is obviously distinct from S2k.

A. The second Hopf map

The Hopf maps are a key to bridge noncommutative
geometry and classical geometry [39]. The second
Hopf map

ψα¼1;2;3;4 ðψ�
αψα ¼ 1Þ∈ S7 → xa ¼ ψα

�ðγaÞαβψβ ∈ S4 ðxaxa ¼ ðψ†
αψαÞ2 ¼ 1Þ ð116Þ

provides a clear understanding of the fuzzy four-sphere
geometry. The fuzzification is simply executed by replacing
the components of the Hopf spinor with four annihilation
operators:

ψα →
1ffiffiffiffiffiffiffiffiffiffiffi
I þ 4

p ψ̂α; ð117Þ

with

½ψ̂α; ψ̂
†
β� ¼ δαβ; ½ψ̂α; ψ̂ β� ¼ 0: ð118Þ

The “quantized” Hopf map is now given by

ψ̂α ðψ̂†
αψ̂α ¼ IÞ → Xa ¼

1

I þ 4
ψ̂†
αðγaÞαβψ̂β; ð119Þ

which satisfy

XaXa ¼
1

ðI þ 4Þ2 ðψ̂
†
αψ̂αÞðψ̂†

βψ̂β þ 4Þ ¼ I
I þ 4

: ð120Þ

Notice that Xa (119) coincide with the lowest Landau level
coordinate operators (70). The total manifold S7 represents
the classical manifold of the Hopf spinor and the S7 modulo
Uð1Þ phase is CP3, which is the continuum limit of the
(unnested) fuzzy four-sphere. The second Hopf map thus

FIG. 11. The matrix size and the radius of the fuzzy three-sphere.
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presents a relationship between the unnested fuzzy four-
sphere and its continuum limit.
Also notice that the Hopf spinor for (116) can be

chosen as

ψ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x5Þ

p
0
BBBB@

1þ x5
0

x4 − ix3
x2 − ix1

1
CCCCA

¼

0
BBBBB@

cos ξ
2

0

sin ξ
2
ðcos χ − i sin χ cos θÞ

−i sin ξ
2
sin χ sin θeiϕ

1
CCCCCA; ð121Þ

which satisfies

X5
a¼1

xaγaψ ¼ þψ : ð122Þ

This is the simplest version of the SOð5Þ spin-coherent
state equation, which plays a central role in deriving the
classical geometry of the fuzzy four-sphere in Sec. VI C 1.

B. Continuum limit

To expand a concrete discussion, let us focus on the north
point of the nested fuzzy four-sphere. Since the nested
fuzzy four-sphere is an SOð5Þ symmetric object, we can
choose the north pole as a reference point without loss of
generality. The north pole is represented by the index
s ¼ I=2, which corresponds to the N þ 1 most right edges
of the oblique SOð4Þ lines in Fig. 3:

⨁
N

n¼0

ðj; kÞjs¼I=2 ¼ ⨁
N

n¼0

�
I
2
þ n

2
;
n
2

�
4

: ð123Þ

Since j and k are two independent SUð2Þ indices, the
ðj; kÞ4 realizes a direct product of two fuzzy spheres
specified by the SUð2Þ spins, j and k, in the language
of the fuzzy geometry. In the continuum limit I → ∞,
Eq. (123) becomes

⨁
N

n¼0

ðj; kÞjs¼I=2 ∼ ⨁
N

n¼0

�
I
2
; 0

�
; ð124Þ

which suggests that the fuzzy structure of the north pole is
well approximated by the N þ 1 identical fuzzy two-
spheres, each with the SUð2Þ spin I=2. Since every
SOð4Þ line or quasifuzzy four-sphere thus accommodates
a fuzzy two-sphere, each quasifuzzy four-sphere is
described locally by S4 × S2, or CP3 in the continuum.
Consequently, the nested fuzzy four-sphere is reduced to

N þ 1 overlapped identical CP3s. This is also suggested by
the continuum limit of the degeneracy (45)

DðN; IÞ ⟶I→∞ ðN þ 1Þ · 1
6
I3; ð125Þ

where 1
6
I3 denotes the degrees of freedom of a single

fuzzy CP3.
It should be emphasized that while the continuum limit

of the nested fuzzy four-sphere is N þ 1 overlapped CP3s,
their fuzzification does not recover the original nested
fuzzy four-sphere but just provides N þ 1 identical fuzzy
CP3s (or N þ 1 unnested identical fuzzy four-spheres). In
other words, the nested fuzzy four-sphere geometry cannot
be reproduced from its corresponding continuum manifold.
This agrees with the previous observation that the nested
fuzzy four-sphere is a pure quantum object.

C. S4 geometry

The coherent state method [88–90] and the probe brane
method [91–93] are systematic methods to obtain a
classical manifold corresponding to a given matrix geo-
metry. These two methods are related but not exactly the
same [60,93]. Here, we derive the S4 geometry from the
matrix coordinates using there methods.

1. Coherent state method

For matrix coordinates Xa, the coherent method [88–90]
adopts the following matrix Hamiltonian,

H ¼
X5
a¼1

ðX½N�
a − xa1DðN;IÞÞ2: ð126Þ

We can derive classical manifold as a configuration of xa by
following the three steps: First, we diagonalize the matrix
Hamiltonian to derive the groundstate energy EGðxaÞ.
Second, we examine the minimum of EGðxaÞ as a function
of xa to determine the vacuummanifold of xa. Last, we take
the I → ∞ limit of this configuration.
The matrix Hamiltonian (126) is rewritten as

H ¼ X½N�
a

2 − 2xaX
½N�
a þ r21DðN;IÞ

¼
�

IðI þ 2Þ
ð2N þ I þ 4Þð2N þ I þ 2Þ þ r2

�
1DðN;IÞ − 2xaX

½N�
a ;

ð127Þ

with

r≡ ffiffiffiffiffiffiffiffiffi
xaxa

p
: ð128Þ

The cross term of Eq. (127) is diagonalized as

Uðξ; χ; θ;ϕÞ†ðxaX½N�
a ÞUðξ; χ; θ;ϕÞ ¼ rX½N�

5 ; ð129Þ
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where

Uðξ; χ; θ;ϕÞ≡Hðχ; θ;ϕÞ†eiξΣ½N�
45 Hðχ; θ;ϕÞ

ðHðχ; θ;ϕÞ≡ e−iχΣ
½N�
34 eiθΣ

½N�
31 eiϕΣ

½N�
12 Þ: ð130Þ

The maximal eigenvalue of X½N�
5 is attained at the north pole

s ¼ I=2 of the outermost quasifuzzy four-sphere n ¼ N
with degeneracy dðN; I; s ¼ I=2Þ:

X½N�
5 eσ ¼

I
2N þ I þ 4

eσ ðσ ¼ 1; 2;…; dðN; I; I=2ÞÞ:
ð131Þ

Here, eσ denotes a DðN; IÞ-component unit vector with
ðeσÞα¼1;2;…;DðN;IÞ ≡ δσα. The SOð5Þ rotation of eσ to align
with the direction of xa will result in

ðxaX½N�
a ÞΨ½N;I�

σ ¼ r
I

2N þ I þ 4
Ψ½N;I�

σ ; ð132Þ

where

Ψ½N;I�
σ ðξ; χ; θ;ϕÞ≡Uðξ; χ; θ;ϕÞeσ ¼

0
BBBBB@

U1;σ

U2;σ

..

.

UD;σ

1
CCCCCA: ð133Þ

Equation (132) signifies a generalized SOð5Þ spin-coherent
state equation and its simplest version ðN ¼ 0; I ¼ 1Þ
corresponds to Eq. (122).18 The spin-coherent states
(133) constitute an orthonormal set:19

Ψ½N;I�
σ ðξ; χ; θ;ϕÞ†Ψ½N;I�

τ ðξ; χ; θ;ϕÞ ¼ δστ: ð135Þ

The ground state energy is then obtained as

EGðrÞ¼ r2−2r
I

2NþIþ4
þ IðIþ2Þ
ð2NþIþ4Þð2NþIþ2Þ ;

ð136Þ

and the corresponding eigenstates are given by (133) with
degeneracy

dðN; I; I=2Þ ¼ ðN þ 1ÞðN þ I þ 1Þ: ð137Þ

The classical vacuum of EGðrÞ (136) is attained by

r ¼ I
2N þ I þ 4

: ð138Þ

Note that Eq. (138) is equal to the radius of the outermost
quasifuzzy four-sphere n ¼ N (93). From (138), we have

lim
I→∞

r ¼ 1: ð139Þ

We thus obtained the classical S4 geometry ðxaxa ¼ 1Þ
from X½N�

a .

2. Probe brane method

The probe brane method [91–93] adopts the Dirac-
operator matrix

DðxaÞ ¼
X5
a¼1

γa ⊗ ðX½N�
a − xa1DðN;IÞÞ: ð140Þ

In this method, the classical manifold is obtained through
the following two steps. First, we consider the condition for
the existence of the zero modes of the Dirac-operator
matrix (140). For zero modes to exist, xa must satisfy a
certain condition which characterizes a classical manifold.
Subsequently, we take I → ∞ limit of the classical mani-
fold to derive the corresponding classical geometry. Due to
the tensor product form of (140), it is rather technically
intricate to derive general results unlike the case of the
coherent state method. Hence, we conduct numerical

investigations by employing the explicit forms of X½N�
a .

The obtained numerical results imply

detðDðxaÞÞjxaxa¼
�

I
2NþIþ4

�
2 ¼ 0 ð141Þ

and the number of the zero modes

dðN; I þ 1; ðI þ 1Þ=2Þ ¼ ðN þ 1ÞðN þ I þ 2Þ: ð142Þ

Equation (141) indicates that the zero modes exist when
xa satisfy r ¼ I

2NþIþ4
, which is equal to the previous

result (138). Therefore, both the coherent state method and
the probe branemethod yield the identical classical geometry
in the present case. Meanwhile, the number of the zero
modes (142) is distinct from that of the coherent states (137).

18From (132), we have

Ψ½N;I�
σ

†X½N�
a Ψ½N;I�

σ ¼ r
I

2N þ I þ 4
xa: ð134Þ

This concise form of the transformation from matrix coordinates
Xa to classical coordinates xa is given in Ref. [62].

19The SOð5Þ spin-coherent states are closely related to the
SOð5Þ Landau level eigenstates (35), as both are realized in the
unitary matrix (130) [57]. See Ref. [94] for more details.
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VII. REALIZATION IN YANG-MILLS
MATRIX MODELS

In this section, we demonstrate that the nested fuzzy
four-spheres realize new classical solutions of Yang-Mills
matrix models and investigate their physical properties.
In particular, we clarify distinct behaviors between the
lowest Landau level matrix geometry and the newly
obtained higher Landau level matrix geometries.

A. Basic relations

Using the explicit forms of X½N�
a , we can demonstrate that

X½N�
a satisfy

X½N�
a X½N�

a ¼ c1ðN; IÞ1DðN;IÞ; ð143aÞ

X½N�
b X½N�

a X½N�
b ¼ c2ðN; IÞX½N�

a ; ð143bÞ

ϵabcdeX
½N�
b X½N�

c X½N�
d X½N�

e ¼ −4! c3ðN; IÞX½N�
a ; ð143cÞ

where c1 and c3 are given by (77) and (83), respectively. In
principle, we can determine all of values of the cs through
Eq. (143). For instance, c2ð1; 1Þ ¼ − 47

1225
, c2ð1; 2Þ ¼ 5

72
,

c2ð1; 3Þ ¼ 211
1323

, c3ð1; 1Þ ¼ 181
128625

, c3ð1; 2Þ ¼ 31
20736

,
c3ð1; 3Þ ¼ 367

250047
.20 Equations (143a) and (143b) imply

−
1

4
ð½X½N�

a ; X½N�
b �2Þ ¼ 1

2
ðc1 − c2Þc11DðN;IÞ ð145Þ

and the potential energy is expressed as

VðX½N�
a Þ≡ −

1

4
trð½X½N�

a ; X½N�
b �2Þ ¼ 1

2
ðc1 − c2Þc1DðN; IÞ:

ð146Þ

The behaviors of the cs and the V are illustrated in Fig. 12.
Their behaviors are similar to those of the fuzzy two-sphere
(see Fig. 16 in Appendix B).
While we have utilized X½N�

a as the matrix coordinates,
from an algebraic standpoint, it might be more natural to
adopt “normalized” matrix coordinates that align with the
quantum Nambu algebra:

½X̂½N�
a ; X̂½N�

b ; X̂½N�
c ; X̂½N�

d � ¼ −4! ϵabcdeX̂
½N�
e ; ð147Þ

or

X̂½N�
a ¼ 1

c31=3
X½N�
a : ð148Þ

For X̂½N�
a , important physical quantities are given by21

radius∶ R̂≡ c11=2

c31=3
ðX̂½N�

a X̂½N�
a ¼ R̂21DðN;IÞÞ; ð150aÞ

potential energy∶ V̂ ¼ −
1

4
trð½X̂½N�

a ; X̂½N�
b �2Þ ¼ 1

2c34=3
ðc1 − c2Þc1DðN; IÞ; ð150bÞ

potential energy density∶
V̂

R̂4
¼ −

1

4
trð½X̂½N�

a ; X̂½N�
b �2Þ ¼ c1 − c2

2c1
DðN; IÞ: ð150cÞ

The quantities in Eq. (150) are plotted in Fig. 13. The
radius R̂ increases as N increases (Fig. 13) unlike the
original R (80) (Fig. 8). The behaviors of the quantities in
Eq. (150) are qualitative similar to those of the fuzzy two-
sphere (Fig. 17), except for the potential energy densities

(the lower right of Fig. 13) in which the order of
magnitudes for I ¼ 1, 2, 3 is reversed between the
lowest Landau level (N ¼ 0) and the higher Landau levels
(N ≥ 1).

20In the lowest Landau level (N ¼ 0), the coefficients are
given by

c1ð0; IÞ ¼
I

I þ 4
; c2ð0; IÞ ¼

I2 þ 4I − 8

ðI þ 4Þ2 ;

c3ð0; IÞ ¼
I þ 2

3ðI þ 4Þ3 : ð144Þ

21In the lowest Landau level (N ¼ 0), Eq. (148) is reduced to
X̂½0�
a ¼ ð 3

Iþ2
Þ13ðI þ 4ÞX½0�

a ¼ ð 3
Iþ2

Þ13Γa, and Eq. (150) becomes

R̂ ¼ I1=2ðI þ 4Þ1=2
�

3

I þ 2

�
1=3

;

V ¼ 2

�
3

I þ 2

�
1=3

IðI þ 1ÞðI þ 3ÞðI þ 4Þ;

V

R̂4
¼ 2

3

ðI þ 1ÞðI þ 2ÞðI þ 3Þ
IðI þ 4Þ : ð149Þ
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FIG. 13. Behaviors of the matrix size D (the upper left), the radius (the upper right), and the potential energy (the lower left) and the
potential energy density (the lower right).

FIG. 12. The upper: the behaviors of cs. The blue, orange, and green lines correspond to I ¼ 1, 2, 3, respectively. The lower: the
behaviors of the potential (146).
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B. As classical solutions of Yang-Mills matrix models

1. With a mass term

Let us consider Yang-Mills matrix model with a mass
term [95]:

Smass ¼ −
1

4
trð½Aa; Ab�2Þ −

1

2
ρ trðAa

2Þ ðρ > 0Þ: ð151Þ

Under the scaling Ai →
ffiffiffi
ρ

p
Ai, the parameter ρ turns to the

overall scale factor of the action and does not have any
physical effect. We will take ρ ¼ 1:

Smass ¼ −
1

4
trð½Aa; Ab�2Þ −

1

2
trðAa

2Þ: ð152Þ

The equations of motion are derived as

½½Aa; Ab�; Ab� ¼ Aa: ð153Þ

Using (143), we readily see that the nested fuzzy four-
spheres realize new classical solutions:22

Acl
a ¼ αmassðN; IÞX̂½N�

a ; ð154Þ

where the noncommutative parameter is given by

αmassðN; IÞ≡ c3ðN; IÞ1=3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðc1ðN; IÞ − c2ðN; IÞÞp : ð155Þ

The noncommutative parameter α is a parameter-dependent
quantity unlike the case of the fuzzy two-sphere solution
(see Appendix B 2). This brings specific physical proper-
ties to the fuzzy four-sphere solutions. The physical
quantities (150) are evaluated as23

radius∶Rmass≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c1
2ðc1−c2Þ

r
ðAcl

a Acl
a ¼Rmass

21Þ; ð157aÞ

action∶ Sclmass ¼
�
−
1

4
þ 1

2

�
trð½Acl

a ; Acl
b �2Þ ¼

1

4
trð½Acl

a ; Acl
b �2Þ

¼ −
1

8

c1
c1 − c2

D ¼ −
1

4
Rmass

2D; ð157bÞ

action density∶
Sclmass

Rmass
4
¼−

c1−c2
2c1

D¼−
1

4Rmass
2
D¼−

V

R̂4
:

ð157cÞ

The behaviors of Eqs. (155) and (157) are shown in
Fig. 14. Similar to the case of X̂½N�

a in Sec. VII A, the
action densities (the lower right of Fig. 14) exhibit quali-
tatively distinct behaviors to the fuzzy two-sphere (Fig. 17).

2. With a fifth-rank Chern-Simons term

We next consider the Yang-Mills matrix model with a
fifth-rank Chern-Simons term [95]

SCS½Xa� ¼ −
1

4
trð½Xa; Xb�2Þ þ

λ

5
ϵabcdetrðXaXbXcXdXeÞ:

ð158Þ
The coupling constant λ can be absorbed in the action when
scaling Aa as Aa →

1
λ · Aa. We then set λ ¼ 1 and deal with

the following action:

SCS ¼ −
1

4
trð½Aa; Ab�2Þ þ

1

5
ϵabcdetrðAaAbAcAdAeÞ: ð159Þ

The equations of motion are given by

½½Aa; Ab�; Ab� ¼ −ϵabcdeAbAcAdAe: ð160Þ

From (143), we easily obtain new classical solutions as

Acl
a ¼ αCSðN; IÞX̂½N�

a ; ð161Þ
with

αCSðN; IÞ≡ 1

12

c1ðN; IÞ − c2ðN; IÞ
c3ðN; IÞ2=3 ; ð162Þ

and24

22Fuzzy two-sphere and fuzzy torus are also solutions of
Eq. (153) [95].

23In the lowest Landau level (N ¼ 0), Eq. (157) is reduced to

Rmass ¼
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IðI þ 4Þ

p
;

Sclmass ¼ −
1

384
IðI þ 1ÞðI þ 2ÞðI þ 3ÞðI þ 4Þ;

Sclmass

Rmass
4
¼ −

2

3

ðI þ 1ÞðI þ 2ÞðI þ 3Þ
IðI þ 4Þ : ð156Þ

24In the lowest Landau level (N ¼ 0), we have

α ¼ 2

3

�
3

I þ 2

�
2=3

; Acl
a ¼ αX̂½0�

a ¼ 2

I þ 2
Γa; ð163Þ

which satisfies

½Acl
a ; Acl

b ; A
cl
c ; Acl

d � ¼ −
�

8

I þ 2

�
2

ϵabcdeAcl
e : ð164Þ

Equation (166) reproduces the results of Ref. [95] for N ¼ 0:

RCS ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IðI þ 4Þp
I þ 2

; SclCS ¼ 32

15

IðI þ 1ÞðI þ 3ÞðI þ 4Þ
ðI þ 2Þ3 ;

SclCS
RCS

4
¼ 2

15

ðI þ 1ÞðI þ 2ÞðI þ 3Þ
IðI þ 4Þ : ð165Þ
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radius∶ RCS ≡ 1

12

ðc1 − c2Þc11=2
c3

¼ αCSR̂ ðAcl
a Acl

a ¼ αN
2X̂½N�

a X̂½N�
a ¼ RCS

21DðN;IÞÞ; ð166aÞ

action∶ SclCS ≡ SCS½Acl
a � ¼ −

�
1

4
−
1

5

�zfflfflfflfflffl}|fflfflfflfflffl{¼ 1
20

trð½Acl
a ; Acl

b �2Þ ¼
1

5
αCS

4V ¼ 1

10

ðc1 − c2Þ5c1
ð12c3Þ4

DðN; IÞ; ð166bÞ

action density∶
SclCS
RCS

4
¼ 1

10

c1 − c2
c1

DðN; IÞ ¼ 1

5

V

R̂4
CS

¼ −
1

5

Sclmass

Rmass
4
: ð166cÞ

Figure 15 depicts the behaviors of Eq. (166). There are
three noteworthy points. First, the order of αCS for I ¼ 1, 2,
3 is the reverse of that of αmass (the upper left in Fig. 14).
Second, the order of magnitudes of RCS for I ¼ 1, 2, 3 is
reversed between N ¼ 0 and N ¼ 2. Last, the order of
magnitudes of both SclCS (lower left in Fig. 15) and
SclCS=RCS

4 (lower right in Fig. 15) of N ¼ 0 for I ¼ 1, 2,
3 is the reverse of those of N ≥ 1. Thus, the lowest Landau
level matrix geometry (N ¼ 0) and the newly obtained
higher Landau level matrix geometries (N ≥ 1) exhibit
qualitatively distinct physical properties. It is rather curious
that, while the matrix size D is a monotonically increasing
function about I and the quantities such as RCS and SclCS are
expected to show similar behaviors the higher Landau level

matrix geometries, i.e., the nested fuzzy four-spheres, do
not follow this anticipation.

VIII. EVEN HIGHER DIMENSIONS

We here investigate higher Landau level matrix geom-
etries in even higher dimensions. The associated higher
form gauge field and Yang-Mills matrix model are also
discussed.

A. Landau level matrix geometries

It is known that (unnested) higher dimensional fuzzy
spheres are realized as the lowest Landau level matrix
geometries in higher dimensional Landau models

FIG. 14. Behaviors of Eqs. (155) and (157).
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[44,75,96]. Since Sd ≃ SOðdþ 1Þ=SOðdÞ, the correspond-
ing gauged quantum mechanics is given by the SOðdþ 1Þ
Landau model in the SOðdÞ non-Abelian monopole back-
ground. The matrix coordinates in the lowest Landau level
are given by the fully symmetric combination of the
SOð2kþ 1Þ gamma matrices:

X½N¼0�
a ¼ 1

I þ 2k
ðγa ⊗ 1 ⊗ � � � ⊗ 1þ 1 ⊗ γa ⊗ � � � ⊗ 1

þ � � � þ 1 ⊗ 1 ⊗ � � � ⊗ γaÞsym; ð167Þ
which satisfy the Spinð2kþ 2Þ Lie algebraic commutation
relations together with the SOð2kÞ generators.
The higher Landau level geometries in the SOðdþ 1Þ

Landau model have not been investigated so far. Though it
is in principle possible to derive higher Landau level matrix
geometries by following the present noncommutative

scheme, it is rather laborious to solve the eigenvalue
problem of the higher dimensional Landau Hamiltonian.
Furthermore, the resulting matrix structures may be
mathematically too involved to deduce useful informa-
tion about the higher dimensional noncommutative
geometry. Therefore, we will engage in a somewhat
speculative yet more general discussion based on group
theory. Let us focus on the following SOð2kþ 1Þ irreduc-
ible representation

½l1; l2;…; lk�SOð2kþ1Þ ¼ ½N þ I; I;…; I�; ð168Þ

which corresponds to the Nth Landau level eigenstates of
the SOð2kþ 1Þ Landau model studied in Refs. [44,75].
From group representation theory, the corresponding
degeneracy is given by

DðN; IÞSOð2kþ1Þ ¼
2N þ I þ 2k − 1

ð2k − 1Þ!!
ðN þ k − 1Þ!
N!ðk − 1Þ!

ðI þ 2k − 3Þ!!
ðI − 1Þ!!

ðN þ I þ 2k − 2Þ!
ðN þ I þ k − 1Þ!

Yk−2
l¼1

ðI þ 2lÞ!
ðI þ lÞ!

Yk−1
l¼1

l!
ð2lÞ! : ð169Þ

Meanwhile, for the one dimension lower SOð2kÞ Landau model, the Landau levels consist of subbands [96]. The
eigenstates of the s band of the nth Landau level constitute an SOð2kÞ irreducible representation:

½l1; l2;…; lk−1; lk�SOð2kÞ ¼


nþ I

2
;
I
2
;…;

I
2
; s

�
; ð170Þ

FIG. 15. Behaviors of the noncommutative scale (the upper left), the radius (the upper right), the action (the lower left), and the action
density (the lower right).
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with degeneracy

dðn; I; sÞSOð2kÞ ¼
ð2nþ I þ 2k − 2Þ2 − 4s2

4ðk − 1Þ2 ·
Y

2≤i≤k−1

ðnþ I þ 2k − i − 1Þðnþ i − 1Þ
ð2k − i − 1Þði − 1Þ

·
Y

2≤i<j≤k−1

I þ 2k − i − j
2k − i − j

·
Y

2≤i≤k−1

ðI þ 2k − 2iÞ2 − 4s2

4ðk − iÞ2 : ð171Þ

There exists an exact relation between the degeneracies
(169) and (171):

DðN; IÞSOð2kþ1Þ ¼
XN
n¼0

XI=2
s¼−I=2

dðn; I; sÞSOð2kÞ: ð172Þ

Equation (172) signifies a higher dimensional generali-
zation of Eq. (45) and implies that the SOð2kþ 1Þ
irreducible representation is constructed by adding up
the SOð2kÞ sectors from n ¼ 0 to n ¼ N each of which is
made of s ¼ I=2;…;−I=2. Since the geometric structure
of the fuzzy manifold reflects on the structure of the
irreducible representation, the matrix geometry of the Nth
Landau level is expected to exhibit N þ 1 nested fuzzy
structures in arbitrary dimensions, just like the nested
fuzzy four-sphere. It is also reasonable to consider that
fuzzy (2k − 1)-spheres are embedded within the nested
fuzzy 2k-sphere.

B. Higher form gauge field and Yang-Mills
matrix model

The lowest Landau level matrix geometry in 2k dimen-
sion is associated with a generalized Hopf maps [39] and
are described by both the SOð2kþ 2Þ Lie algebra and
quantum Nambu 2k algebra. Meanwhile, the matrix coor-
dinates in the higher Landau levels are not associated with
the generalized Hopf map but are covariant under the
SOð2kþ 1Þ transformation like the lowest Landau level
matrix coordinates. Therefore, the higher Landau level
matrix coordinates will not conform with the Lie algebraic
description but instead is described by the quantum Nambu
algebra exclusively:

½Xa1 ; Xa2 ;…; Xa2k � ¼ ð2kÞ!ikc3ϵa1a2���a2kþ1
X2kþ1: ð173Þ

When one adopt more general irreducible representations
beyond Eq. (168), the corresponding fuzzy manifold will
exhibit a more exotic quantum geometry than the nested
fuzzy structure, however, due to the existence of the
SOð2kþ 1Þ covariance, the matrix coordinates will also
adhere to the quantum Nambu algebra (173).
Interestingly, “magnetic field” appears on the right-hand

side of (173) [75], which signifies the tensor monopole
field strength:

G2k¼
1

2kþ1r2kþ1
ϵa1a2���a2kþ1

xa2kþ1
dxa1 ∧dxa2 ∧ � � �∧dxa2k :

ð174Þ

The existence of the higher form gauge field behind the
quantum Nambu geometry is thus glimpsed. One may
wonder where such a higher gauge symmetry comes from,
where as the present quantum mechanical system only has
the SOð2kÞ gauge symmetry. Indeed, the tensor monopole
gauge field is directly obtained from the SOð2kÞ monopole
gauge field through the Chern-Simons term [75].
The (unnested) fuzzy 2k-sphere realizes a solution of [22]

½½Xa; Xb�; Xb� ¼ ikϵaa2a3���a2kþ1
Xa2Xa3 � � �Xa2kþ1

; ð175Þ

which is derived from the Yang-Mills matrix model with a
2kþ 1 rank Chern-Simons term,

SCS½Xa�¼−
1

4
trð½Xa;Xb�2Þ

− ik
1

2kþ1
trðϵa1a2���a2kþ1

Xa1Xa2 � � �Xa2kþ1
Þ: ð176Þ

Since the equations of motion are concerned with the
covariance of the matrix coordinates, it is anticipated that
the nested fuzzy 2k-spheres realize classical solutions of
Eq. (175). The action of for the fuzzy 2k-sphere solution is
given by

SCSðXa ¼ Xcl
a Þ ¼

�
−
1

4
þ 1

2kþ 1

�
trð½Xcl

a ; Xcl
b �2Þ

¼ 2k − 3

2kþ 1
VðXcl

a Þ; ð177Þ

where

VðXcl
a Þ≡ −

1

4
trð½Xcl

a ; Xcl
b �2Þ: ð178Þ

While the signs of SCSðXcl
a Þ and VðXcl

a Þ are opposite for
k ¼ 1, they have the same sign for k ≥ 2, as we have seen,
for k ¼ 2, in Eq. (166b).
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IX. SUMMARY AND DISCUSSIONS

Based on the insight obtained from the emergent fuzzy
geometry in the simple SOð3Þ Landau model, we
proposed a novel noncommutative scheme for generating
the matrix geometries for arbitrary manifolds of the coset
type G=H. In the present approach, manifolds need
not be either symplectic or even dimensional unlike the
conventional non-commutative schemes. We explicitly
derived the matrix geometries for S4 by utilizing the
SOð5Þ Landau model. The emergent matrix geometries in
higher Landau levels realize pure quantum Nambu geom-
etries in which matrix coordinates are not closed within
the canonical formalism of the Lie algebra but are
described only by introducing the quantum Nambu
algebra. We also demonstrated that such pure quantum
matrix geometries manifest new solutions of the Yang-
Mills matrix models. The particular features of the nested
quantum geometry, such as the internal matrix geometries,
continuum limit, and classical counterpart, were clarified.
The pure Nambu matrix geometries are common to the
higher Landau levels of the Landau models in arbitrary
dimensions.
The conventional scheme is based on the spirit of

quantization of classical (symplectic) manifolds, i.e., the
replacement of the Poisson bracket with the commutator,
where as the present noncommutative scheme is largely based
on the mathematical structure of the Hilbert space behind
quantum mechanics from the beginning. In this sense, the
present scheme is considered to be a quantum-oriented
noncommutative scheme. That is the reasonwhywe obtained
thepure quantumgeometry.We showed this noncommutative
scheme is practically useful in deriving novel solutions of the
matrix models. As matrix model solutions, the nested matrix
geometries exhibit quantitatively distinct behaviors with the
unnested fuzzy four-sphere.
The discovery of the novel quantum Nambu matrix

geometries now brings various open questions, such as
brane construction, relation to tachyon condensation
[97,98], realization in the Nahm equation in higher energy
physics. The higher form gauge field implied by the
quantum Nambu algebra is closely related to the higher
Berry phase [99,100] whose usefulness is getting appreci-
ated in the very recent studies of strongly correlated many-
body systems. It would be intriguing to speculate on the role
of quantum Nambu geometry in condensed matter physics.
We also add that the present scheme itself should be
appropriately generalized to treat less symmetric fuzzy
objects, while we studied highly symmetric objects in
this work.
To the best of the author’s knowledge, this work is the

first example of quantum matrix geometry found in the
analysis of the Landau models being practically applied to
the solutions of the M(atrix) models. M(atrix) theory is
assumed to describe the physics at the Planck scale of
1019 GeV, while the Landau models or the quantum Hall

effect are about the low temperature physics at millielectron
volt. It is rather amazing that same mathematics work in
both physics with such a huge energy gap.
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APPENDIX A: GROENEWOLD-MOYAL PLANE
FROM PLANAR LANDAU MODEL

We demonstrate a realization of the Groenewold-Moyal
plane in higher Landau levels. Let us consider a 2D plane
subject to a constant perpendicular magnetic field:

∂xAy − ∂yAx ¼ B: ðA1Þ

We employ the gauge-independent relation (A1), and so all
of the following results are also gauge independent. The
covariant derivatives and the center-of-mass coordinates are
respectively constructed as

Di¼
∂

∂xi
þ iAi; XCM

i ¼xiþ i
1

B
ϵijDj ði¼1;2Þ; ðA2Þ

which satisfy two independent commutation relations:

½Dx;Dy�¼ iB; ½XCM;YCM�¼ i
1

B
; ½Di;XCM

j �¼0: ðA3Þ

We then realize two sets of creation and annihilation
operators as

a¼ i
1ffiffiffiffiffiffi
2B

p ðDx− iDyÞ; a†¼ i
1ffiffiffiffiffiffi
2B

p ðDxþ iDyÞ;

b¼
ffiffiffiffi
B
2

r
ðXCMþ iYCMÞ; b†¼

ffiffiffiffi
B
2

r
ðXCM− iYCMÞ; ðA4Þ

which satisfy

½a; a†� ¼ ½b; b†� ¼ 1; ½a; b� ¼ ½a; b†� ¼ 0: ðA5Þ

The Hamiltonian of the planar Landau model is given by

H ¼ −
1

2M
ðDx

2 þDy
2Þ ¼ B

M

�
a†aþ 1

2

�
: ðA6Þ

The corresponding energy Landau levels and the eigen-
states are

EN ¼ B
M

�
N þ 1

2

�
; jN;mi ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

N!m!
p a†Nb†mj0i

ðN;m ¼ 0; 1; 2;…Þ: ðA7Þ
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Using

x¼ XCM − i
1

B
Dy ¼

1ffiffiffiffiffiffi
2B

p ðbþ b†Þ− i
1ffiffiffiffiffiffi
2B

p ða− a†Þ;

y¼ YCM þ i
1

B
Dx ¼ −i

1ffiffiffiffiffiffi
2B

p ðb− b†Þ þ 1ffiffiffiffiffiffi
2B

p ðaþ a†Þ; ðA8Þ

we readily evaluate the matrix elements of x and y:

hN;mjxjN0; m0i ¼ 1ffiffiffiffiffiffi
2B

p
	 ffiffiffiffiffi

m0p
δm;m0−1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0 þ 1

p
δm;m0þ1



δN;N0 − i

1ffiffiffiffiffiffi
2B

p
	 ffiffiffiffiffi

N0p
δN;N0−1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N0 þ 1

p
δN;N0þ1



δm;m0 ;

hN;mjyjN0; m0i ¼ −i
1ffiffiffiffiffiffi
2B

p
	 ffiffiffiffiffi

m0p
δm;m0−1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0 þ 1

p
δm;m0þ1



δN;N0 þ 1ffiffiffiffiffiffi

2B
p

	 ffiffiffiffiffi
N0p
δN;N0−1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N0 þ 1

p
δN;N0þ1



δm;m0 : ðA9Þ

The intra-Landau level matrix coordinates are then obtained as

ðXðNÞÞmm0 ≡ hN;mjxjN;m0i ¼ 1ffiffiffiffiffiffi
2B

p
	 ffiffiffiffiffi

m0p
δm;m0−1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0 þ 1

p
δm;m0þ1



;

ðYðNÞÞmm0 ≡ hN;mjyjN;m0i ¼ −i
1ffiffiffiffiffiffi
2B

p
	 ffiffiffiffiffi

m0p
δm;m0−1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0 þ 1

p
δm;m0þ1



; ðA10Þ

or

XðNÞ ¼ 1ffiffiffiffiffiffi
2B

p

0
BBBBBBBB@

0
ffiffiffi
1

p
0 0 0 0ffiffiffi

1
p

0
ffiffiffi
2

p
0 0 0

0
ffiffiffi
2

p
0

ffiffiffi
3

p
0 0

0 0
ffiffiffi
3

p
0 . .

.
0

0 0 0 . .
.

0 . .
.

1
CCCCCCCCA
; YðNÞ ¼ i

1ffiffiffiffiffiffi
2B

p

0
BBBBBBBB@

0 −
ffiffiffi
1

p
0 0 0 0ffiffiffi

1
p

0 −
ffiffiffi
2

p
0 0 0

0
ffiffiffi
2

p
0 −

ffiffiffi
3

p
0 0

0 0
ffiffiffi
3

p
0 . .

.
0

0 0 0 . .
.

0 . .
.

1
CCCCCCCCA
: ðA11Þ

Notice that (A11) does not depend on the Landau level
index N, and the matrix coordinates satisfy

½XðNÞ; YðNÞ� ¼ i
1

B
1: ðA12Þ

Obviously, the dimensionless coordinates, X̂ðNÞ ¼ ffiffiffiffi
B

p
XðNÞ

and ŶðNÞ ¼ ffiffiffiffi
B

p
YðNÞ, satisfy the Heisenberg-Weyl algebra

together with 1:

½X̂ðNÞ; ŶðNÞ� ¼ i1; ½X̂ðNÞ; 1� ¼ ½ŶðNÞ; 1� ¼ 0: ðA13Þ

We have thus confirmed the emergence of the Groenewold-
Moyal plane in any Landau level.

APPENDIX B: TWO-SPHERE
MATRIX COORDINATES IN YANG-MILLS

MATRIX MODELS

For comparison with the fuzzy four-sphere (Sec. VII),
we revisit the matrix model analyses of the fuzzy

two-sphere [101,102], clarifying physical properties of
the matrix coordinates in the SOð3Þ Landau model.

1. Basic properties

The Nth Landau level matrix coordinates XðNÞ
i (8) satisfy

the following relations:25

XðNÞ
i XðNÞ

i ¼ c1ðN; IÞ1DðN;IÞ; ðB1aÞ

XðNÞ
j XðNÞ

i XðNÞ
j ¼ c2ðN; IÞXðNÞ

i ; ðB1bÞ

ϵijkX
ðNÞ
j XðNÞ

k ¼ 2ic3ðN; IÞXðNÞ
i ; ðB1cÞ

where

DðN; IÞ ¼ I þ 2N þ 1; ðB2Þ

25In the literatures on matrix models, it is common to denote
the variables D and I as N and n, respectively.
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and

c1ðN; IÞ≡ I2

ðI þ 2NÞðI þ 2N þ 2Þ ; ðB3aÞ

c2ðN; IÞ≡ I2

ðI þ 2NÞ2ðI þ 2N þ 2Þ2
× ððI þ 2NÞðI þ 2N þ 2Þ − 4Þ; ðB3bÞ

c3ðN; IÞ≡ I
ðI þ 2NÞðI þ 2N þ 2Þ : ðB3cÞ

These cs are not independent quantities; instead, they
satisfy

c1 − c2 ¼ 4c32: ðB4Þ
From (B3), we readily have

−
1

4
½XðNÞ

i ; XðNÞ
j �2 ¼ 1

2
ðc2 − c2Þc11D ðB5Þ

and

VðN; IÞ ¼ −
1

4
trð½XðNÞ

i ; XðNÞ
j �2Þ

¼ 1

2
ðc2 − c2Þc1D

¼ 2
I4

ðI þ 2NÞ3ðI þ 2N þ 2Þ3 ð2N þ I þ 1Þ: ðB6Þ

The behaviors of (B3) and (B6) are shown in Fig. 16.
We introduce “normalized” matrix coordinates that

satisfy the SUð2Þ algebra

½X̂ðNÞ
i ; X̂ðNÞ

j � ¼ 2iϵijkX̂
ðNÞ
k ðB7Þ

as

X̂ðNÞ
i ¼ 1

c3ðN; IÞX
ðNÞ
i ¼ 2S

ðI
2
þNÞ

i : ðB8Þ

Notice that X̂ðNÞ
i depend on the SUð2Þ index l ¼ N þ I

2

rather than N and I, separately. Several important physical
quantities are evaluated as

radius∶ R̂ ¼
ffiffiffiffiffi
c1

p
c3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðI þ 2NÞðI þ 2N þ 2Þ

p
; ðB9aÞ

potential energy∶V¼−
1

4
trð½X̂ðNÞ

i ;X̂ðNÞ
j �2Þ¼ 2

c32
c1DðN;IÞ¼2ðIþ2NÞðIþ2Nþ1ÞðIþ2Nþ2Þ; ðB9bÞ

potential energy density∶
V

R̂2
¼ 2DðN; IÞ ¼ 2ðI þ 2N þ 1Þ: ðB9cÞ

The potential energy density is simply the twice the
matrix size of the fuzzy two-sphere.

2. Matrix model analysis

Yang-Mills matrix models with a mass term and with a
third-rank Chern-Simons term are given by

Smass ¼ −
1

4
trð½Ai; Aj�2Þ −

1

2
trðAi

2Þ;

SCS ¼ −
1

4
trð½Ai; Aj�2Þ þ i

1

3
ϵijktrðAiAjAkÞ; ðB10Þ

and the corresponding equations of motion are, respec-
tively,

½½Ai; Aj�; Aj� ¼ Ai; ½½Ai; Aj�; Aj� ¼ −iϵijkAjAk; ðB11Þ

The fuzzy two-sphere is realized as a solution:

Acl
i ¼ αmassX̂

ðNÞ
i ; Acl

i ¼ αCSX̂
ðNÞ
i ; ðB12Þ

with

αmass ≡ 1

2
ffiffiffi
2

p ; αCS ≡ 1

4
: ðB13Þ

Notice that both coefficients, αmass and αCS, are constant
unlike the case of the fuzzy four-sphere solutions (see
Sec. VII). The classical solutions (B12) have the following
properties:
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FIG. 17. Physical quantities of the fuzzy two-spheres. All quantities monotonically increase or decrease as N and I increase.

FIG. 16. The blue, orange, and green lines correspond to I ¼ 1, 2, 3 of Eqs. (B3) and (B6).
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radius∶ Rmass ≡ αmassR̂ ðAcl
i A

cl
i ¼ Rmass

21Þ; RCS ≡ αCSR̂ ðAcl
i A

cl
i ¼ RCS

21Þ; ðB14aÞ

action∶ Sclmass¼
�
−
1

4
þ1

2

�zfflfflfflfflfflffl}|fflfflfflfflfflffl{¼1=4

trð½Acl
i ;A

cl
i �2Þ¼−αmass

4V; SclCS≡SCS½Acl
i �¼

�
−
1

4
þ1

3

�zfflfflfflfflfflffl}|fflfflfflfflfflffl{¼1=12

trð½Acl
i ;A

cl
j �2Þ¼−

1

3
αCS

4V; ðB14bÞ

action density∶
Sclmass

Rmass
2
¼ −αmass

2
V

R̂2
¼ −

1

4
D;

SclCS
RCS

2
¼ −

1

3
αCS

2
V

R̂2
¼ −

1

24
D: ðB14cÞ

See Fig. 17 for the behaviors of these quantities.
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