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Aspects of conformal gravity and double field theory
from a double copy map
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Double field theory (DFT) can be constructed as the double copy of a Yang-Mills theory. In this work we
extend this statement by including higher-derivative terms. Starting from a four-derivative extension of
Yang-Mills theory whose double copy is known to correspond to a conformal-gravity theory, we obtain a
four-derivative theory formulated in double space, which in the pure gravity limit reduces to conformal
gravity at quadratic order. This result reveals important aspects for the study of conformal symmetry in the

context of DFT through double copy maps.
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I. INTRODUCTION

Recently, research activities have witnessed a surge of
interest in exploring possible relationships between gauge
and gravity theories. Such a connection can be instrumental
in determining fundamental relations in order to understand
more deeply the quantum formulation of gravitational
interactions. One successful approach in this direction is
the so-called double copy prescription [1], which is a
map between scattering amplitudes in a broad variety of
gravitational and gauge theories (see [2] and references
therein for an introduction to the subject and its applica-
tions). In its original manifestation revealed by Kawai et al.,
closed-string tree-level amplitudes can be written in terms
of open-string amplitudes [3]. The double copy formulation
also presents correspondences of classical solutions of
Yang-Mills theory and gravity [4] and it has been of
paramount importance for scattering-amplitude methods
in the investigation of classical gravitational physics [5].

A very interesting result was recently obtained in [6]. In
this paper, the authors demonstrated that the gravitational
framework that results from the double copy map of Yang-
Mills theory contains a chiral structure, such as the one that
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happens in the geometry of double field theory (DFT) [7,8].
In particular, after applying the double copy procedure
to the Yang-Mills theory, the resulting gravitational theory
is indeed described by a weak-constrained perturbative
DFT, both at quadratic and cubic order, which requires the
integration of the generalized dilaton as well as a particular
gauge fixing (Siegel’s gauge) for describing the cubic inter-
actions, while the quadratic interactions can be described
without fixing any gauge.

In DFT, a doubled set of coordinates is included. This
approach allows for a consistent treatment of both momen-
tum and winding modes in a way that is invariant under
T-duality transformations. DFT provides a natural setting
for studying the physics of nongeometric backgrounds and
has applications in various areas of theoretical physics,
including black hole physics, cosmology, and the study of
noncommutative geometries." Much of the work on DFT
has been done on the so-called “strongly constrained” DFT:
The inclusion of a T-duality invariant metric as well as a
dynamical generalized metric generates a notion of chiral-
ity that can be explicitly manifest in terms of projectors.
There is an extra fundamental field, the generalized dilaton,
which can be used to construct a measure in the double
geometry. These fields encode the information related with
the massless bosonic fields of the NS-NS (Neveu-Schwarz)
sector of string theory, once the antisymmetric field is
identified with the Kalb-Ramond field. Pure Yang-Mills
theory can be coupled at the DFT level as in [11,12], but in
this work we will consider only gravitational degrees of
freedom in the double geometry.

'For reviews, see [9] and the second lecture of [10].
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The double structure of DFT suggests a natural relation
with the double copy approach. This was initially explored
in [13] where DFT was used to derive the double copy
relationship by showing that the equations of motion of
DFT can be mapped onto the equations of motion for Yang-
Mills theory. This was done from a perturbative method
related with a suitable generalization of the Kerr-Schild
ansatz [14]. This framework can be extended for heterotic
DFT [15,16], Kaluza-Klein DFT [17], and exceptional
field theory [18]. The connection between the double copy
and the geometry of DFT can also explain properties of
the L., structure of the latter. It is well known that the
DFT Jacobiator is not trivial (but it is given by a trivial
parameter), and therefore the algebraic structure of DFT is
given by an L, algebra with a nontrivial /53 product [19],
which measures the failure of the Jacobi identity in the
double geometry. The L, structure of DFT when the gener-
alized Kerr-Schild ansatz is imposed was studied in [20],
while the relation between the double copy prescription
given in [6] was recently studied in [21] generalizing the
results of the former.

Based on these previous researches, in this work we go a
step further and explore the double copy of higher-derivative
theories. In particular, we are interested in a result coming
from the computation of scattering amplitudes—the double
copy of certain higher-derivative Yang-Mills theories cor-
responds to conformal (super)gravity [22,23]. As it was
noted in [6], a double copy requires replacing color factors
with a second set of kinematic factors, which come with
their own momenta. This substitution leads to a theory in
double momentum space or, in position space, a doubled
set of coordinates. This suggests a close relation between
conformal gravity and a higher-derivative deformation of
DFT via double copy prescription. We start by reviewing
the double copy prescription on the Yang-Mills Lagrangian
as was done in [6], which serves us to present the procedure
for the leading-order theory (two-derivative case). In the
following section, we extend the analysis to a Lagrangian
containing higher-derivative terms. We find a consistent
action on the double space to quadratic order by imposing
gauge-fixing conditions that reduce to Weyl gravity.
Then we compute the full cubic order of the theory, which
in the pure gravity case contains a larger structure of
terms beyond Weyl gravity. Finally, we discuss different
alternatives to address the inclusion of conformal sym-
metry in nonperturbative DFT. We work with units such
ash=c=G=1.

II. DOUBLE FIELD THEORY AS THE DOUBLE
COPY OF YANG-MILLS THEORY

As we mentioned previously, it was shown in [6] that
DFT may arise quite naturally from the color-kinematics
double copy of Yang-Mills theory. In that work, the authors
showed that, after implementing a double copy prescription
on a Yang-Mills theory, the resulting gravitational theory is,

at least to cubic order in fields, a weak-constrained
perturbative DFT that requires the integration of the
generalized dilaton. More precisely, at quadratic order they
obtained a gauge invariant DFT, whereas the cubic order
requires a particular gauge-fixing procedure, the use of the
Siegel gauge.

In this section, we briefly review the analysis made in
Ref. [6]. This will help us establish the notation, but mainly
the point here is to introduce the double copy prescription
before applying it to a higher-derivative gauge theory
related to conformal gravity in the next section. The starting
point is a D-dimensional Yang-Mills action,

1
SYM = —Z/ deKabFMDaFﬂyb, (1)

where the Yang-Mills field strength is defined in the
standard way

F;wa = 26[/4A1/]a + gYMfabcAﬂbAyc’ (2)
and space-time indices are contracted with a Minkowski
metric ), = diag(—, +, -+, +). Passing over to momentum

space, the quadratic terms of the gauge action reads (up to a
total derivative)

1
S0 = =3 [ R T4, 04, W) (3)

where [, = [ d”k. The projector IT**(k) is defined as

k' k¥
(k) = == @)
and obeys the identities
I (k)k, = 0, 11, =11 . (5)

The next step is to take the double copy prescription to
construct a gravitational theory. It consists of replacing the
color indices by a second set of space-time indices (a — ji)
corresponding to a second set of space-time momenta k*.
This implies

A (k) = e,u(k k). (6)
The Cartan-Killing metric «,, must also be substituted
following the relation [6]

= 5 TR, )

where the projector I177 is defined in the same way as the
projector IT** but for barred momenta and indices instead of
the original ones. Using these rules, the quadratic action (3)
becomes
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1 _ _ _
SO = - A l;kZH””(k)H””(k)eW(—k, —Ke,, (kK). (8)

It is obvious that the action is symmetric in k and k
except for the factor k>. This asymmetry is solved in DFT
due to the so-called level-matching constraint, which states
that k> = k°.

To complete the construction of the gravitational theory
related to (3), we have to Fourier transform the previous
action to position space. After expanding the projectors and
using the level-matching constraint, we find the presence of
a nonlocal term that forces the introduction of an auxiliary
scalar field ¢(k,k) such that, when integrated out, the
action (8) can be explicitly recovered. It is straightforward
to Fourier transform to a local action in doubled position
space,

1 i, _
SO = Z/ dPxdx (e’“’Dem7 + e,

+ Fedets — g+ 24)0#5%,45), 9)

which reproduces the standard quadratic DFT action with-
out the assumption of any gauge choice.

We have reviewed how to obtain quadratic DFT from
the ordinary Yang-Mills action. Next we are going to
discuss some relevant aspects of the cubic construction.
After Fourier transforming to momentum space the cubic
contributions from (1), the three-point vertex function
arises naturally (k;; = k; — k),

w0 (ki ky, ks) = Ky + ntPkys + iy, (10)

which satisfies the antisymmetric properties of the structure
constant. The action at this point can be written as
[A; = A(k;)]

3
= -

I9ym
———— | 6ky +ky+k
6(27[)D/2 Aj ( 1 + 2 + 3)

X fabc”ﬂDpAlllyAgpAgp’ (1 1)
which shows that an extension of the double copy pre-
scription (6) and (7) must be considered in order to include
the structure constant. The proper substitution rule is

fabc _)iﬁ_pﬁ7 (12)
defined in the same way as (10) but for barred momentum.
One obtains

(3) _ 1 /
SHe = dK,dK,dK;6(K, + K, + K
DC 48(277,')D/2 1 2 3 ( 1 2 3)
X TP e, n 0,35 (13)

where K = (k. k), dK = d*PK, and ¢;,; = e,;(K;). After
some manipulations, Fourier transformation to position
space, and integration by parts, the authors obtain the
following cubic action for the double copy of Yang-Mills
theory:

5 ) o -
S8 = g/ dPxdPxe,; [26”@,,/—,0“6/’” —20'e,;0" e

— 2006 e,; + e, 0 e + éﬁe”ﬁapepﬁ} . (14)

It was proven that this action agrees with the cubic DFT
action by a gauge-fixing condition, integrating out the
dilaton. The imposition of a gauge-fixing condition is
expected considering amplitude computations.

In the next section, we are going to apply the double copy
map (6), (7), and (12) on the minimal (DF)? theory [22] in
order to explore the relation between higher-derivative
double field theory and conformal gravity.

II1. HIGHER-DERIVATIVE DOUBLE FIELD
THEORY FROM THE MINIMAL (DF)? THEORY

Our main interest in this work lies in exploring the
existence of a relation between conformal gravity and DFT.
It was demonstrated that, at the level of amplitudes, the
double copy of the following higher-derivative (HD)
extension of the usual Yang-Mills theory, given by the
Lagrangian

L= %KabDﬂF”””Dprbb, (15)
corresponds to conformal (super)gravity [22,23]. Here, we
take this deformation and follow the procedure presented
in [6]. The idea is to explore if this resulting double copy
presents a structure that can be interpreted from the double
geometry framework.

Considering the gauge covariant derivative defined as

DpF/u/a = apF;wa + gYMfabcApr;wC’ (16)

the expansion of the action (15) up to quadratic terms and
its subsequent integration by parts becomes

1
Sib =3 [ Pxes0ae(@A, - 0,00,1). (17

This expression is interesting because it contains the
quadratic expansion of the pure Yang-Mills action (1).
Going to momentum space, it becomes

1
Sib = =5 [ Kk TP (0A ALK (19

After imposing the double copy (DC) relations (6) and (7)
on the previous action, we obtain

126017-3



LESCANO, MENEZES, and RODRIGUEZ

PHYS. REV. D 108, 126017 (2023)

1 _ - -
Siiboe = =7 |, TP (O R)eys(—k e (kD)
(19

which, not surprisingly, takes the same form as the Yang-
Mills case except for the additional k> contribution.
However, this additional contribution avoids the emergence
of nonlocal terms in the action, as we can observe after
expanding the projectors

@ _ 1 p L
SHD/DC = _ZAI_( S <k26” e — Kk e ze,
- 1 -
- kykaeﬂljeﬂf; + P kﬂkykpkaeyye/)(S) ’ (20)

and hence the introduction of auxiliary fields is not
necessary. Transforming the last expression to doubled
position space, we find the following higher-derivative
contributions:

1 _ _
Sg]))/DC = _4_1/ dPxdPx [De"”DeM,j - 0e0,0%¢,;
—0e0,0%¢,5 + 0”556”;0/’556/,;,} ) (21)

This action can be understood as a higher-derivative
extension of DFT with conformal symmetry in the double
space (in a classical sense). To clarify this point, we are
going to explore the conformal-gravity action

SCG = /de\/ _gCﬂupiC”W/{v (22)

with the Weyl tensor given by

2
Chwpr = Ry = (9up R = 9upRiy)

+ (23)

—— R .
(D—1)(D —2) " 9

Considering the expansion of Scg up to quadratic order for
G = NMw + hﬂy7 we obtain

(2) - D — 3 v v
Sco =15 [ 47 {(Dh/‘ Olhy, — 2000 0,0°h,
1
+ 0" 00 hyy) = (Oh=0,0,)? | (24)

where h = h/.

The second term in (24) can be removed by imposing the
gauge-fixing condition [ = 9,0, ", related to dilatation
symmetry 6h,, = —2Apn,,. It is straightforward to prove

that, after setting x = x and properly rescaling the metric
(and/or considering a particular volume for the double
space when we integrate), in the pure gravity case
(eus ~ hy,) the action (21) reduces to (24).

We will now address the double copy prescription for the
cubic terms in (15), which can be written as

Stb = Gvu / dPxf ape [Aﬂ (A ppAve — AP APe)
— apADaAﬂbAm} , (25)

with A, ¢ = [JA,* — 9,0"A,“. Following the same logic as
in the quadratic case, we transform the action to momentum
space obtaining

i
s@) — _tm / dkydiydksd(ky + ks + k3)

(27)P/?
X fabck%npﬂ (kg - klf)AlﬂaAZDbABpC7 (26)

where I1°* was defined in (4). Before applying the double
copy prescription, we consider a deformation to the three-
point vertex function, given by

090 (ky, ky, k) = TR, + TIP KA, + TIPS, (27)

Notice how similar this is to the standard three-point vertex
function defined in Eq. (10)—indeed, [1**” can be obtained
from 7#** by replacing the metric #* with IT**. This object
retains all the properties of the leading-order definition and
allows us to write the cubic action as

sB) = oM / S(ki) fape K3TIP Ay " Ay, P Ay . (28)

3(2x)P? Ji,
Analyzing the structure of the action, one can realize that
the only way to apply the double copy prescription (6)
and (7) preserving the symmetry between the coordinates y
and j is to consider IT*” instead of ##* in the substitution
rule for the structure constant (12), this is

fabc - iﬁﬂl—/ﬁ. (29)
Then the higher-derivative cubic contributions read

3) 1

Sup/pC = ~ 24(21)P/?

/ dK,dK,dK8(K, + K, + K3)

2YTRD v
X KIFPPIIP ey pesype3,5. (30)

This expression resembles Eq. (13) but encodes the higher-
derivative terms of the action (15). Expanding this last
equation, we obtain
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3) 1

SHD/DC = _4(2ﬂ>0/2

/dKldszK35<K1 + K2 + K3) k%kfl_cfelﬂﬁegﬁe3p5 - k%kgl_c‘l_’elﬂﬂegﬁe3p(—, + k%kg/_c‘?elﬂpegﬁewt—,

2116 U 2116 U 2116 U 7 116 1 A6 v
— kikEkS ey ,p€5 €35 — kikbkS e ,p65 €35 + kikskS ey pe5” es,5 — KKk kT ey pea,” 05,5 4+ KKK KT €y pen,7 €355
A1,6 v 11,6 v 11,6 v 11,6 v
— KKKk ey pe5," exi5 + KKK KT eye0,” €315 + KoKk RS e ypea,” €305 — K5 KK RS €1500,7 €315

.U 1,6 I,k H .U I,6 .k M .U I,6 I.K P .U 1,6 I,k 4
- klklklkll)elﬂﬂe2 5€3pr T klklklkgelyﬂez 5€3px T klklkagelﬂDe2 5€3px — k1k1k2k§elyzez 5€3p%

1

H7D viP 1P
1k1k!1lk1k!1k/1€1uﬁ€2ua€3pp e
1

1 ... -
——kﬁ’kﬁkik’fk’ék’éelﬂpemegpﬁ]-

TRTD 7P 1P
klllkl{kjllklfkll kIZelyﬁeZDDe?a/)/_) +

1

TRTLD LU P TP
2 klllklklklkgkgelyﬁehﬂe?apﬁ
1

(31)

Unlike the quadratic case, the cubic action contains terms that would give rise to nonlocal terms once we transform to
coordinate space, as in the Yang-Mills theory. As we learned from that case, the introduction of an auxiliary scalar field

solves this problem. Considering this, the action becomes

(3) 1

SHD/DC = _4(2ﬂ>0/2

/dKldszK35<K1 + K2 + K3) [k%k?l}?elﬂpegDE:;p& - k%k’z)/_c‘;’elﬂ,;egpe3pt—, + k%kgi{?eleegl—/€3p5

2115 U 2115 U 2115 U A6 v AT.6 v
— kikskTe 565 es,5 — kikhkG ey 65 es,5 + kikshS ey ,nes” €35 — KK KTk €1 65,7 e3,5 4 ki KT KG A € 5e0,7 €355
176 v WP LA T5 v Y v H1PLATG v
—kgk'll)klkleleezp e3,15+k3k/1)k1k1€1m—/€2p 3325-+kgk?k1k2€1ﬂ,;€2p 6345—k3k€k1k2€1”582p €35

TOTE IR u TOTE TR u TUTG TR p TOTETR A p
— kI kTK K €1,5€5 sesc + KIKTR K  e1,0€h se3,e + KIKTKS Ky €),p€5 55,0 — K KTRSKE €1,5€5 53,

+ KKKy exype3,5 — KIKGKS K b eaypes s + Ko KKK ey pes s — kgkg’;'f]_(i}fﬁzelyﬂ%pa} . (32)

The final step in the procedure consists of transforming back to coordinate space. We finally obtain

1 — _ —_ _ — _ — _ —
SS]))/DC = _4_1/ dPxdPx [D()f’d"eﬂ,;e””ep& —0d%e,;,0°ee,; + 00e ;0" e’ e,z — 07,6/ 0 e,z — e, ;040" e e

+ Oe,p0° e e 5 — 07 0* e e,

Ve + 0400 e, 00, e, — 0 P e, 00, e5 + 07 e

+ 000,007 e, e;; — e, ;07,70 e ) — OO Ve et ze

v
uv e/) o €l

or T 5”060’(6”1—,6'06”56[”—( + 555‘?6”55’?6”6/’56[),—(

- 55566#1’/5’?8/)56”epk+a#aﬂaua&¢elu_jep& - aﬂéﬂa{}¢6peﬂﬂepa- + aﬂaﬂ¢5{/56€ﬂljepa- - aﬂ¢55566#;aﬂem—,} . (33)

Just as in the quadratic case, we will set x = X for the
pure gravity case (e,; ~ h,,, ¢ =0) in order to compare
with the cubic contributions coming from (22). As a first
observation, we notice that the cubic action obtained from
the double copy of the (DF)? theory contains further
contributions apart from the Weyl square action. Some
of these contributions vanish after imposing a particular
gauge, e.g., the harmonic gauge condition, as well as by
choosing a particular space-time dimension. It would be
interesting to fully understand the physical interpretation of
the action (33) in terms of symmetry arguments. In the ideal
case, one expects a four-derivative gauge theory whose
double copy map matches with the higher-derivative DFT
introduced in [24]. It is important to take into account that,
once we are interested in making contact with a theory
coming from a double formalism, it is possible that there
are remnants of O(D,D) symmetry in addition to con-
formal symmetry. Therefore, one possibility is to study this

|

formalism under a generic D-dimensional toroidal com-
pactification and to inspect how the O(D, D) multiplets are
constructed.

IV. DISCUSSION

As well known, DFT is defined on a 2D-dimensional
space with coordinates X,, = (X,,x*), where M is in the
fundamental representation of the O(D,D) group. The
field content is the generalized metric H,y,y, a symmetric
O(D, D) tensor encoding the standard metric g,, and the
Kalb-Ramond field b,,, and the generalized dilaton d,
which is related to the standard supergravity dilaton ¢.

Besides O(D, D) symmetry, the theory is invariant under
a generalized notion of diffeomorphism transformations,
which accounts for usual diffeomorphisms as well as
Abelian gauge transformations of the b field. Additional
symmetries can be incorporated; for instance, the tangent
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space is enhanced with an extended Lorentz symmetry.
Supersymmetry can also be naturally considered. Closure
of the generalized diffeomorphisms require the imposition
of the so-called “strong constraint,”
OyxMx =0, 0yMx =0, (34)
where * denotes O(D, D) fields or combinations of them.
The theory is equipped with an action principle from
which one can derive equations of motion,

SDFT:/dedDjC‘R(H, d) (35)

As we can see, the Lagrangian of DFT is given by the
generalized Ricci scalar R, which depends on both the
generalized metric and the generalized dilaton,

1
R - ZHMN()MHKL()NHKL - HMNaNHKLaLHMK

+ 8HMNoy0nd + 89y HMNoyd

— 8HMN0ydoyd — 20,0y HMN. (36)
For a particular solution of the strong constraint, this action
reproduces exactly the NS-NS sector of string theory at
leading order in «'.

At the moment, we do not have a conformal formulation
of DFT in the sense that it is not clear how to implement
conformal symmetry in the double space of the theory. So it
is difficult to compare our cubic action (33) with a given
result derived directly from DFT. We speculate this action
could be the cubic contribution from an appropriate
conformal DFT defined in a suitable generalized Siegel
gauge, a sort of higher-derivative realization of the inter-
pretation given in Ref. [6]. Indeed, our results of the
previous section clearly suggest the existence of a relation
between conformal gravity and some higher-derivative
extension of the usual DFT. This scenario is possible due
to the symmetric structure between k and k that appears in
Egs. (19) and (30), similar to the ones that emerge in the
pure Yang-Mills case. This gives us the opportunity to
venture into some intriguing proposals that could account
for this relation, which we quickly discuss below.

(i) Generalized Kerr-Schild ansatz: In Ref. [13] a
duality invariant analogous of the widely known
Kerr-Schild (KS) ansatz was introduced. There, the
background generalized metric is linearly and ex-
actly perturbed by a pair of generalized null vectors,

HMN:ﬂMN+K(KMKN+KNI_(M)7 (37)

with « an arbitrary parameter that quantifies the
order of the perturbations and where tildes denote
background quantities. Among other conditions,
this generalization of the KS ansatz leads to a

(i)

(iif)

126017-6

linearization of the equations of motion of DFT.
The parametrization of (37) leads to

Contrary to the ordinary KS ansatz, now the b field
can be perturbed, but as a consequence, the pertur-
bation of the metric is no longer linear. However,
it was proven in the same work that, with this
perturbation, the classical double copy structure at
the level of the equations of motion can be extended
to the entire string NS-NS sector.

In Ref. [16] the authors extended the analysis to

heterotic DFT at order « and, using the classical
double copy, they found higher-derivative correc-
tions to the Maxwell equations at order x in the
perturbations. Based on this result, one of our
proposals is to continue this path by extending the
order of the perturbations to x*, which match with
the order of gauge fields expected for the equations
of motion coming from (15).
Conformal symmetry in DFT: A different path
consists of introducing a new symmetry in the
framework of DFT such that Weyl transformations
at the supergravity level could be obtained. This
seems to be possible with the introduction of an
O(D, D) invariant ® parametrizing double Weyl
transformations.

Consideration of this kind of transformation leads
to a particular parametrization of the generalized
metric as well as a deformation of the O(D, D)
metric. As a consequence, the theory requires a
coupling with an extra scalar field to have a
conformal invariant action at leading order.
Generalized Weyl tensor: It is well known that the
generalized Riemann tensor of DFT is not fully
determined [25] since there are not enough compat-
ibility conditions in the double geometry to fully
determine the generalized connection I'y;yp in terms
of the degrees of freedom of the theory. This makes
the direct construction of higher-order terms with the
structure

RMNPQRMNPQ

a difficult task.

This, however, has not been a sufficiently great
obstacle to calculate higher-derivative extensions of
DFT. A very interesting construction in this sense
was put forward in Ref. [24], based on a generali-
zation of the Green-Schwarz mechanism of anomaly
cancellation. This theory depends on two parameters
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whose values are related to different theories:
bosonic and heterotic strings and also Hohm-
Siegel-Zwiebach theory [26]. Therefore, it would
be interesting to explore if it is possible to obtain
a combination of the parameters such that con-
formal gravity could be obtained after supergravity
reduction.

A different but related approach is to look for the
existence of a two-derivative combination of the
DFT fields Cpypg, mimicking the usual Weyl
tensor, such that an action

CMNpchNPQ

could be constructed and reduced to conformal
gravity.

V. OUTLOOK

We used the double copy prescription introduced in [6]
as a guiding principle to study the relation between higher-
derivative gauge theories and higher-derivative extensions
of double field theory. Exploring the double copy structure
of the action (15), we obtained promising results for
addressing the generalization of conformal symmetry to
the double space in which DFT is formulated.

It is known that the double copy of (15) is related to a
gravity theory with conformal symmetry. As it is possible
to express this double copy in a double space formalism,
we suggest a relation between conformal gravity and a
higher-derivative deformation of DFT. Furthermore, at
quadratic order our prescription reduces to Weyl gravity
upon enforcing a gauge-fixing condition.

Here we prove that, in the pure gravity case, the quadratic
action (21) precisely agrees with the quadratic graviton

terms of conformal gravity. This is expected since these
contributions are common to all theories of conformal
gravity. The cubic action has additional contributions
beyond the Weyl square action. Some of these, but not
all, vanish with specific conditions. The physical interpre-
tation of the action (32) in terms of symmetry arguments is
of interest, and different ways of approaching it were
proposed.

Finally, based on the relation of the action (15) and
conformal gravity and our construction in double space, we
discuss different alternatives to consider conformal sym-
metry in the context of double field theory. We believe that
the proposal discussed in this paper is an important step
further in the construction of a nonperturbative conformal
double geometry with applications to scattering amplitudes.
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