PHYSICAL REVIEW D 108, 126013 (2023)

Odd entanglement entropy in TT deformed CFT,s and holography
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We construct a replica technique to perturbatively compute the odd entanglement entropy (OEE) for
bipartite mixed states in TT deformed CFT,s. This framework is then utilized to obtain the leading-order
correction to the OEE for two disjoint intervals, two adjacent intervals, and a single interval in TT deformed
thermal CFTjs in the large central charge limit. The field theory results are subsequently reproduced in the
high-temperature limit from holographic computations for the entanglement wedge cross sections in the
dual bulk finite cutoff Bafiados-Teitelboim-Zanelli geometries. We further show that for finite size TT
deformed CFT,s at zero temperature the corrections to the OEE are vanishing to the leading order from

both field theory and bulk holographic computations.
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I. INTRODUCTION

Quantum entanglement has emerged as a prominent area
of research to explore a wide range of physical phenomena
spanning several disciplines from quantum many-body
systems in condensed matter physics to issues of quantum
gravity and black holes. The entanglement entropy (EE)
has played a crucial role in this endeavor as a measure for
characterizing the entanglement of bipartite pure quantum
states although it fails to effectively capture mixed-state
entanglement due to spurious correlations. In this context
several mixed-state entanglement and correlation measures
such as the reflected entropy, entanglement of purification,
balanced partial entanglement etc. have been proposed in
quantum information theory.

Interestingly it was possible to compute several of these
measures through certain replica techniques for bipartite
states in two-dimensional conformal field theories (CFT),s).
In this connection the Ryu-Takayanagi (RT) proposal [1,2]
quantitatively characterized the holographic entanglement
entropy (HEE) of a subsystem in CFTs dual to bulk AdS
geometries through the AdS/CFT correspondence. This was
extended by the Hubeny-Rangamani-Takayanagi (HRT)
proposal [3] which provided a covariant generalization of
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the RT proposal for time dependent states in CFTs dual to
nonstatic bulk AdS geometries. The RT and HRT proposals
were later proved in [4-7].

Recently another computable measure for mixed state
entanglement known as the odd entanglement entropy
(OEE) was proposed by Tamaoka in [8]. The OEE may
be broadly understood as the von Neumann entropy of the
partially transposed reduced density matrix of a given
subsystem [8].] The author in [8] utilized a suitable replica
technique to compute the OEE for a bipartite mixed
state configuration of two disjoint intervals in a CFT,.
Interestingly in [8] the author proposed a holographic
duality relating the OEE and the EE to the bulk-entangle-
ment wedge cross section (EWCS) for a given bipartite
state in the AdS;/CFT, scenario. For recent developments
see [9-18].

On a different note it was demonstrated by
Zamolodchikov [19] that CFT,s which have undergone
an irrelevant deformation by the determinant of the stress
tensor (known as TT deformations) exhibit exactly solv-
able energy spectrum and partition function. These the-
ories display nonlocal UV structure and have an infinite
number of possible RG flows leading to the same fixed
point. A holographic dual for such theories was proposed
in [20] to be a bulk AdS; geometry with a finite radial
cutoff. This proposal could be substantiated through the
matching of the two-point function, energy spectrum and
the partition function between the bulk and the boundary
(see [21-29] for further developments). The authors in
[30-40] computed the HEE for bipartite pure state

"This is a loose interpretation as the partially transposed
reduced density matrix does not represent a physical state and
may contain negative eigenvalues [8].
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configurations in various TT deformed dual CFTs.
Subsequently the authors in [41] obtained the reflected
entropy and its holographic dual, the EWCS, for bipartite
mixed states in TT deformed dual CFT,s. Recently the
entanglement negativity for various bipartite mixed states
in TT deformed thermal CFT,s, and the corresponding
holographic dual for bulk finite cutoff Baffiados-
Teitelboim-Zanelli (BTZ) black hole geometries were
computed in [42].

Motivated by the developments described above, in this
article we compute the OEE for various bipartite mixed
states in TT deformed dual CFT,s. For this purpose we
construct an appropriate replica technique and a con-
formal perturbation theory along the lines of [32,34,42] to
develop a path integral formulation for the OEE in TT
deformed CFT,s with a small deformation parameter. This
perturbative construction is then utilized to compute the
first-order corrections to the OEE for two disjoint inter-
vals, two adjacent intervals, and a single interval in a TT
deformed thermal CFT, with a small deformation param-
eter in the large central charge limit. Subsequently we
explicitly compute the bulk EWCS for the above mixed-
state configurations in the TT deformed thermal dual
CFT,s by employing a construction involving embedding
coordinates as described in [10]. Utilizing the EWCS
obtained we demonstrate that the first-order correction to
field theory replica technique results for the OEE in the
large central charge and the high-temperature limit match
exactly with the first-order correction to the sum of the
EWCS and the HEE verifying the holographic duality
between the above quantities in the context of TT
deformed thermal CFT,s. Following this we extend our
perturbative construction to TT deformed finite size
CFT,s at zero temperature and demonstrate that the
leading-order corrections to the OEE are vanishing, which
is substantiated through bulk holographic computations
involving the EWCS.

This article is organized as follows. In Sec. II we briefly
review the basic features of TT deformed CFT,s and the
OEE. In Sec. III we develop a perturbative expansion for
the OEE in a TT deformed CFT,. In Sec. IV this
perturbative construction is then employed to obtain the
leading-order corrections to the OEE for various bipartite
states in a TT deformed thermal CFT,. Following this we
explicitly demonstrate the holographic duality for first-
order corrections between the OEE and the sum of the
bulk EWCS and the HEE for these mixed states.
Subsequently in Sec. V we extend our perturbative
analysis to a TT deformed finite size CFT, at zero
temperature and show that the leading-order corrections
to the OEE are zero. This is later verified through bulk
holographic computations. Finally, we summarize our
results in Sec. VI and present our conclusions. Some of
the lengthy technical details of our computations have
been described in Appendix.

II. REVIEW OF EARLIER LITERATURE
A. TT deformation in a CFT,

We begin with a brief review of a two-dimensional
conformal field theory deformed by the TT operator
defined as follows [19]:

(1) = ¢ (T T — (T4,

(2.1)
It is a double-trace composite operator which satisfies the
factorization property [19]. The corresponding deformation
generates a one parameter family of theories described by a
deformation parameter x(>0) as given by the following
flow equation [19,32,34]:

AT . ()
Tdu /dzx(TT%u Zgerhi=o = T, (22)

where 7, ggT and Z gy represent the actions of the deformed

and undeformed theories respectively. The deformation
parameter u has dimensions of length squared. Note that the
energy spectrum may be determined exactly for a TT
deformed CFT, [43,44].

When u is small, the action of the deformed CFT, may
be perturbatively expanded as [32,34]

IgﬁT =Zcr +H/d2x(TT),40

— Temr s / Px(TT-0Y),  (23)
where T=T,,, T=Ts; and ®=T,; describe the
components of the stress tensor of the undeformed theory
expressed in the complex coordinates (w,w). Our inves-
tigation focuses on deformed CFTjs at a finite-temperature,
and finite-size deformed CFT,s at zero temperature, which
are defined on appropriate cylinders. The expectation value
of ® vanishes on a cylinder and the ® term in Eq. (2.3)
may be dropped from further consideration [32].

B. Odd entanglement entropy

We now focus our attention on a bipartite mixed state
correlation measure termed the OEE, which approximately
characterizes the von Neumann entropy for the partially
transposed reduced density matrix of a given bipartite
system [8]. In this context we begin with a bipartite system
comprising the subsystems A and B, described by the
reduced density matrix p,p defined on the Hilbert space
Hap = Hy ® Hp, where H, and Hp denote the Hilbert
spaces for the subsystems A and B, respectively. The partial

transpose pgg for the reduced density matrix p,p with
respect to the subsystem B is then given by

A) (B A) (B A) (B A) o8
(e olslelef”) = (e e pasle e, (2.4
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where |e§A)> and |ej-B)> describe orthonormal bases for the

Hilbert spaces H, and Hp, respectively. The Rényi odd
entropy of order n, between the subsystems A and B may
be defined as [45]

() ( 4 - 1
o) (A:B) =
So " (A:B) e

log [Tr(p5)"], (2.5)

where n, is an odd integer. The OEE between the
subsystems A and B may now be defined through the
analytic continuation of the odd integer n, — 1 in Eq. (2.5)
as follows [8]:

S,(A:B) = liml[Sf)”v) (A:B)]
. Tg\n,
= Jim 1 — Py log [Tr(p,p)™].

(2.6)

C. Odd entanglement entropy in a CFT,

The subsystems A and B in a CFT, may be characterized
by the disjoint spatial intervals [z;,z,] and [z3,z4] in the
complex plane [with x; < x, < x3 < x4,x = Re(z)]. In [8]
the author advanced a replica technique to compute the
OEE for bipartite systems in a CFT,. The replica con-
struction involves an n, sheeted Riemann surface M,
(where n,€2Z" —1) prepared through the cyclic and
anticyclic sewing of the branch cuts of n, copies of the
original manifold M along the subsystems A and B
respectively. Utilizing the replica technique, the trace of
the partial transpose in Eq. (2.5) may be expressed in terms
of the partition function on the n, sheeted replica manifold
as follows [46,47]:

ZM,,]

7(2[/\4])” . (2.7)

T
Tr(pap)" =

The relation in Eq. (2.7) may be utilized along with
Eq. (2.6) to express the OEE in terms of the partition
functions as follows:

oy g Z[M,,]
S,(A:B) = nll{]rl}1 —n. log [(Z[M] n] (2.8)

The partition function in Eq. (2.7) may be expressed in
terms of an appropriate four-point correlation function of
the twist and antitwist operators ¢, and &, located at the
end points of the subsystems A and B as follows [46,47]:

ZIM,, ]
(Z[M])

= (0,,(21,21)0n,(22,22)50,(23,23)0, (24, 24)).  (2.9)

We are now in a position to express the OEE between the
subsystems A and B in terms of the four-point twist

correlator by combining Egs. (2.5)—(2.7), and (2.9) as
follows [8,46,47]:

S,(A:B) = lim

n,—11—n

10g[<6n0 (Zl ) Z1 )5% (127 22)

o

X 8,,(23.23) 00, (24, 24))]- (2.10)

Note that 6, and &, represent primary operators in CFT,
with the following conformal dimensions [46—48]:

_ c 1
ho=h =< (n ——).
ny = Mn, 24(”" n)

We also note in passing the conformal dimensions of the

twist operators o7 and &3 , which are given as follows

[8,46-48]:

(2.11)

(2.12)

D. Holographic odd entanglement entropy

We now follow [8,49] to present a brief review of the
EWCS. Let M be any specific time slice of a bulk static
AdS geometry in the context of AdS,, |/CFT, framework.
Consider aregion A in M. The entanglement wedge of A is
given by the bulk region bounded by A U I'fi", where "}
is the RT surface for A. It has been proposed to be dual to
the reduced density matrix p, [50-52]. To define the
EWCS, we subdivide A =A; UA,. A cross section of
the entanglement wedge for A; U A,, denoted by X, 4,, is
defined such that it divides the wedge into two parts
containing A and B separately. The EWCS between the
subsystems A; and A, may then be defined as [53]

Area(Z )
Ew(A1: Ay) = ————,

2.13
4Gy ( )

where 22‘:22 represents the minimal cross section of the
entanglement wedge.

In [8] the author proposed a holographic duality describ-
ing the difference of the OEE and the EE in terms of the
bulk EWCS of the bipartite state in question as follows:

So(Ar Ay) = S(A) UA;) = Ew(A;14), (2.14)
where S(A; U A,) is the EE for the subsystem A; U A,, and
Ew(A,:A,) represents the EWCS between the subsystems
A, and A,, respectively.

III. OEE IN A TT DEFORMED CFT,

In this section we develop an appropriate replica tech-
nique similar to those described in [32,34,42] for the
computation of the OEE for various bipartite mixed-state
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configurations in a TT deformed CFT,. To this end we
consider two spatial intervals A and B in a TT deformed
CFT, defined on a manifold M. The partition functions
on M and M,, for this deformed theory may be expressed
in the path integral representation as follows [refer to
Eq. (2.3)]

When the deformation parameter p is small, Egs. (2.3),
(2.8), and (3.1) may be utilized to express the OEE as

SY(A:B)
f Dd)e—ICFr—ﬂ ann (TT>
— lim logl Mo, - ] . (32)
n,—~11-—n, (f/vl D¢e—ICFT—ﬂ IM(TT)) °

where the superscript ¢ has been used to specify the OEE in
the deformed CFT,. The exponential factors in Eq. (3.2)
may be further expanded for small y to arrive at

ano D¢e_ICFT(1 —HU fM,,o (TT) + O(ﬂ2)>

= Jim n, log [U"M Depeterr (1 —p [ (TT) + @(ﬂz))]"‘l

ZIM] = | DpeLanl?)
M
ZM, | = | Dpe Tl (3.1)
M”o
|
SY(A:B) = lim
(CFT) . .
=S (A:B) + 1
( )+ nlg}l 1—-n
(CFT)

The term S,

1 o [(1 = # Ju, (T T>M)nn:)] |

(1 _ﬂfM<TT>M (33)

(A:B) = sY=0 (A:B) in Eq. (3.3) represents the corresponding OEE for the undeformed CFT,. The

expectation values of the TT operator on the manifolds M and M, appearing in Eq. (3.3) are defined as follows:

— _ JuDgeTer(TT)
<TT>M - fM ’D¢e‘ICFT ’

(TT

_ Jwm,, Dpe™*e(TT)
>Mn(; - f./\/l DgpeLerr

(3.4)

The second term on the right-hand side of Eq. (3.3) may be simplified to obtain the first-order correction in y to the OEE due

to the TT deformation as follows:

1
8S,(A:B) = —uli
o(A:B) ”nfﬂl—no{/M

IV. TT DEFORMED THERMAL CFT,
AND HOLOGRAPHY

A. OEE in a TT deformed thermal CFT,

We now investigate the behavior of the deformed CFT,
at a finite temperature 1//. The corresponding manifold M
for this configuration is given by an infinitely long cylinder
of circumference S with the Euclidean time direction
compactified by the periodic identification 7~ 7+ f.
This cylindrical manifold M may be described by the
complex coordinates [48]

w=x+ir, W= x — I, (4.1)
with the spatial coordinate x € (—o0,00) and the time
coordinate 7€ (0,/). The cylinder M may be further
expressed in terms of the complex plane C through the
following conformal map [48]

22w 2w

7= e/_i’ e’ (42)

8T
|

no

(3.5)

where (z,Z) represent the coordinates on the complex
plane. The transformation of the stress tensors under the
conformal map described in Eq. (4.2) is given as

T(w) = (%)ZT(z) - Ziﬁj.

The relations in Eq. (4.3) may be utilized to arrive at

(4.3)

o= (55) 4.4)

where we have used the fact that (T(z))e = (T(Z))c =0
for the vacuum state of an undeformed CFT, described by
the complex plane. In the following subsections, we utilize
Eq. (3.5) to compute the first-order correction in y to the
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OEE in a finite temperature TT deformed CFT, for two
disjoint intervals, two adjacent intervals, and a single
interval.

1. Two disjoint intervals

We begin with the bipartite mixed-state configuration of

in a TT deformed CFT, at a finite temperature 1/, defined
on the cylindrical manifold M (x; < x5 < x3 < x4). Note
that the intervals may also be represented as A = [wy, wy|
and B = [w3, wy] with 7 =0 [cf. Eq. (4.1)]. The value of
(TT) M,, on the replica manifold M,, may be computed by

insertion of the TT operator into the appropriate four-point

two disjoint spatial intervals A = [x;, x,] and B = [x3,x;]  twist correlator as follows [54,55]:

s AT WT(W)6,, (w1 W1)5,, (W, 92)5,, (w3, W3)0, (Wa. 94)) g
/M (TT) 1, = ;/M (00, W1, W1)8,, (Wo, W2)5,, (W3, W3)0, (Wa, Wa)) g

_/ i<T(n”)(W)T<n0)("_v)6n0(wl"’_Vl)5n,,(w21W2)5nu(w37w3)0no(w4ﬂ"_‘}4)>M
M, <0n0 (Wl’ wl)5no (WZ’ V_VZ)&no (W3’ V_V3)0n0 (W41 V_V4)>/Vl

(4.5)

Here T;(w) and T () are the stress tensors of the undeformed CFT, on the kth sheet of the Riemann surface M,, , while
T(") (w), T") () represent the stress tensors on M, [54,55]. 6, (W;, W;), 5, (w;, w;) represent the twist operators located
at the end points w; of the intervals. An identity described in [34] has been used to derive the last line of Eq. (4.5). The
relation in Eq. (4.3) may now be utilized to transform the stress tensors from the cylindrical manifold to the complex plane.
The following Ward identities are then employed to express the correlation functions involving the stress tensors in terms of
the twist correlators on the complex plane

<T(n“)(Z)Ol(Z1»ZI)-~-O (Zm>Zm)) i < (z—z)) (Z_IZ.) azj) (O1(21.21)---Op(2m: Zn)) e

(T (2)O01(21,71) - O (Zins Zm)) i ( G-z ( : (4.6)

7— f]) 5@_) <01 (Zl, ?1) 'Om(zmv Zm)>Ca

where O;s represent arbitrary primary operators with conformal dimensions (h;, i;). Utilizing Eq. (4.3), we may now

express the expectation value in Eq. (4.5) as
222\ 2 & 1
() % Errean)]
= \(z—z) (z —-z;) 7

rlen, [(277\2< Iy 1 . N _ _
<[ (22) ;((Z_Zk)ﬁ(z_zk)azk)}<a,10<zl,zl>ano<z2,z»ono<z3,Z3>ano<z4,Z4>>C, @)

/ :_/ 1 [ r’cn,
M 117Z1 n, (22:22)6 n,,(Z37Z3) nO(Z4 Z4)> 6ﬂ2

no

where h; = h; = h,, (i =1,2,3,4) [see Eq. (2.11)]. The four-point twist correlator in Eq. (4.7) for two disjoint intervals in
proximity described by the 7-channel is given by [8,56]

o o _ _ _ + +
(02,(21,21)60, (22, 22)5n, (23, 23) 0, (24. Za) ¢ % 214223 4%(1—\\2) (1—§)

(4.8)

The conformal dimensions #,, , hg,?, and l_z,(f”) in Eq. (4.8) are given in Egs. (2.11) and (2.12). We have defined the cross ratio

o— 212234 =7, — 7.
ni= where z;; = z; — z;.
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We are now in a position to obtain the first-order correction due to x in the OEE of two disjoint intervals in a TT deformed
finite temperature CFT, by substituting Eqgs. (4.4), (4.7), and (4.8) into Eq. (3.5) as follows:

6S,(A:B) = —
(4:B) 186*251 230241243 J:m

pcrat\/n ) [232242 [231(22 = 32y + z4) /11 + 243(z — 21)]
z 2
(z—z1)
. 231241[242(22 = 325 + 23) /1 — 243(2 — 22))]

_ Zaza [231(22 + 22 — 323)/1 — 221 (2 — 23)]

)
(z— Zz)
)

Z31Z32[Z42(2Z + 21 = 324) /1 + 221(2 — 24)]

(z—z3)

(z— Z4)

} +Hec. (4.9)

The detailed derivation of the definite integrals in Eq. (4.9) has been provided in Appendix A 1. These results may be used

to arrive at

Z

e ({24 )2+ )

5S,(A:B) = 5
364 41
{fa-(Vaz-1))

+

41

2mx;

log [Z—g} +H.c.|.
24

(\ [ — 2) (2122 — 23274) {ﬂ

132241

(4.10)

We may now substitute z; =z; = e 7 (at z; = 0) into Eq. (4.10) to finally obtain the leading-order corrections to the OEE

as follows:

05,(A:B) = 96> \|sinh (’”3‘) sinh (”x“z)

24
_ﬂ;TZ|:x32 Oth( ; >+X4100th< ﬁ >:|,

where x;; = x; — x;. It is worth noting that the last term
in the above expression is nothing but the leading-
order corrections to the entanglement entropy of the two
disjoint intervals in the 7-channel. Remarkably, in the
low-temperature limit # > x;;, the corrections to the OEE
—2um’c?
92
[32]. In particular, in the zero-temperature limit f — oo, the
corrections vanish conforming to our expectations.

lj >
scales exactly like that for the entanglement entropy,

1 (T0) (w)T") (W), (Wi, W1)52, (Wa., W2)0,, (W3, W3)) g

> 4 |sinh (’”2‘) sinh (m)
_ker / [xm coth (—ﬂ;ﬂ) —Xx3, coth <@> — X4 COth< ; ) + Xg43 COth( F; )]

p

(4.11)

2. Two adjacent intervals

We now turn our attention to the bipartite mixed state
configuration of two adjacent intervals A = [x;, x,] and B =
[x,,x3] in a TT deformed CFT, at a finite temperature 1//
(x; < x5 < x3). As earlier the intervals may be expressed as
A = [wy,w,] and B = [wp,w3] with 7 = 0. The value of
(TT) M, for two adjacent intervals may be evaluated in a
manner similar to that of two disjoint intervals as follows:

|, = [

no

(00, (W1, W1)85 (W, Wa)o, (W3, W3)) Aq

> (4.12)

As before the relations in Egs. (4.3) and (4.6) may be utilized to express the expectation value in Eq. (4.12) as follows:

S

_ 1 1
(TT),, =— / e
/M Mo, S (o, (21,21)03, (22, 22)0

n,(23:23))c [

men,  (272\2 L h; 1 ﬂ
_ g : 0
6p° +<ﬁ> ;((z—zj)2+(z—zj) K

X[‘”Z;Z”(?)é((zf?o”(z—zo 1) on 02088 e e e T

(4.13)
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Ineq. (4.13) we have hy = h3 = h, , h, = h,(l? with h; = h; (i = 1,2, 3) [see Eq. (2.11)]. The three-point twist correlator in

Eq. (4.13) is given by [57]

(04, (21,21)0 n,(23,23))c =

310 (ZZ’ ZZ)O-

where C; 2 ,

(TnU(_TnOO'no

4.14
W2 WD oy —hD D G0 of 0 (4.14)

no ='"no no )

2152057 23" (215 05 2

is the relevant OPE coefficient. The first-order correction due to y in the OEE of two adjacent intervals in a

TT deformed thermal CFT, may now be obtained by substituting Eqs. (4.4), (4.13), and(4.14) into Eq. (3.5) as follows:

1 (—3Z+Z1 +22+Z3)

8S,(A:B) =

,uczn"‘/ Zz[ 1 N 1 N
18 Jm™ lz—2)* (z—2)?

(4.15)

+ H.C.:| .

(z- 23)2 (z=z)(z—22)(z—2)

The technical details of the definite integrals in Eq. (4.15) have been included in Appendix A 2. The correction to the OEE

may then be expressed as

5S,(A:B) = —

5”4 He.

362

uc?m? [(Z% —223) log(%) n

212213

(2122 — 23) log(2) ] (4.16)

223213

27x;

As earlier we may now restore the x coordinates by inserting z; = z; = e7 (at 7; = 0) into Eq. (4.16) to arrive at

) + x3, cosh( ”x”) — X3 cosh(z’”“)

5S,(A:B) = — < o7

Once again, we see that the leading-order corrections to the
OEE scales exactly like that of the entanglement entropy in
the low-temperature limit # > x;;. It is interesting to note
that we are unable to reproduce the above result by taking an
appropriate adjacent limit of the corrections to the disjoint
intervals given in Eq. (4.11). However, this does not lead to
any contradiction since our field theory results are pertur-
bative and there is no a priorireason to believe that a limiting
analysis holds in each order of conformal perturbation
theory. More evidence towards this mismatch will be
provided from a holographic viewpoint in Sec. IV B 2.

3. A single interval

We finally focus on the case of a single interval A =
[~¢,0] in a thermal TT deformed CFT, (¢ > 0). To this end
|

ucta*\ X21 cosh( £
) smh(’”‘“) sinh(%;2) sinh (%)

(4.17)

|

it is required to consider two auxiliary intervals B; =
[-L,—¢] and B, = [0, L] on either side of the interval A
with B=B; U B, (L> ¢) [48]. The intervals may be
equivalently represented by the coordinates B; = [xy, x5,
A= [.X'z, X3] and Bz [.X'3, X4] with X, = —L, Xy =
—C,x3=0,x, =L and x; < x, < x3 <x4. As before
the intervals may also be characterized as B; = [wy, ws],
A = [w,, w3], and B, = [w3, wy] with 7 = 0. The OEE for
the mixed-state configuration of the single interval A is then
evaluated by implementing the bipartite limit L — oo
(B U B, = A°) subsequent to the replica limit n, — 1
[48]. For the configuration described above, the integral of
(TT) M,, on the replica manifold is given by

no
no

- 1 (T (W) T (W), (W, W1)55, (Wa, W) 03, (W3, W3)5, (Wa, Wa))
//vt <TT>M //Vln_o <0n0(W1,W1) 3:0(W2,W2) 30(W3’W3> .

o (2. ) (4.18)

As earlier Eq. (4.18) may be simplified by utilizing Eqs. (4.3) and (4.6) as follows:

R my
M,, Mro Ny M<6n0(Z1’21)530(Zz,Zg)G%”<Z3,Z3)5n0(24vz4)> 6* p — (Z—Zj)z (Z—Zj) Zj

’cn, 277\ ? 4 hy, 1
X{ 65 +< ﬁ) ;(@—zk)”(z—zk)

j=1

azk)}<an,,(zl,zn&%,,<z2,zz>az,,<z3,za>an,,<z4,z4>>c, (4.19)
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where hy = hy = h, ,hy = hy = hY) with h; = h; (i =1,2,3,4) [see Egs. (2.11) and (2.12)]. The four-point twist

correlator in Eq. (4.19) is given by [48]

(04,(21,21)52, (22.22)03, (23.23)5

n, (24’ 24)

of Fum) F o, (1)
= Cn,Cn, @ = 0 o )’
2h,, 2hE @ )\ 2k, 282 ;@
yg L3 M

(4.20)
Zyg 23 M

where ¢, and CE,? are the normalization constants. The functions F,, (17) and F, (i) in Eq. (4.20) satisfy the following OPE

limits:
Fo,(DF, (1) =1,

where C; 2 5

Eq. (3.5) to arrive at

Fo,(0)F,,(0) =

2 -
C1ny0ny0n,

2 9
i

represents the relevant OPE coefficient. As earlier, Eqs. (4.4), (4.19), and (4.20) may be substituted into

2 4 4
. pcn
55,(A:B) = — ]8ﬂ4/M[Z -

4
Z Z _ Z Z] log[ZngMi’]f( )]) + H.c.|.
j=1

(4.21)

The functions f(57) and f(7) introduced in Eq. (4.21) are defined as follows:

lim [, (n)]7% = [f(n))</"2,

n,—1

lim (7, (7)]7 = (7))

n,—1

The first-order correction due to u in the OEE of a single interval in a TT deformed CFT, at a finite temperature 1/ may
now be computed from Eq. (4.21) by reverting back to the coordinates involving £, L and implementing the bipartite limit

L — oo as follows:

2 ulatt (1 o flleF 2L (2xL
5S,(A:Ac) = - £ < 1Sl W]> ~ lim [”C il coth(Lﬂ. (4.22)
9 eh —1 2f[e7 7)) L=l 9P p

The technical details of the integrals necessary to arrive S,(A:AC) =8, — ST, (4.23)
at Eq. (4.22) from Eq. (4.21) have been provided in
Appenfllx A 3. Note that the second. term on.the pght— where the thermal entropy ST is now given by
hand side of Eq. (4.22) represents a divergent piece in the
OEE for a single interval. Essentially, the quantity inside
the parenthesis of the second term is the leading-order §Th _ wct 1 pale 494
correction to the entanglement entropy of the interval AT3p —H 3p2) (4.24)

A U B; U B,. In the bipartite limit L — oo, this represents
the entanglement entropy of the entire system and hence
should be vanishing. The IR divergence is an artifact of
placing a cutoff in a continuum field theory.2

Interestingly the universal finite piece of the OEE for a
single interval in a TT-deformed CFT, may be rewritten up
to leading order in the deformation as follows:

*Similar divergences are observed in the usual CFT, in its
vacuum state. The entanglement entropy for a smgle interval of
length # at zero temperature is given by zlog( ) [54], which
diverges logarithmically as £ — .

A comparison of the above expression to the thermal
contribution in the undeformed case, ’%ﬂf [48], indicates
that the thermal entropy receives nontrivial corrections due

to the TT-deformation.

B. Holographic OEE in a TT deformed
thermal CFT,

We now turn our attention to the holographic description
of the OEE as advanced in [8] for various bipartite mixed
states in a TT deformed CFT, at a finite temperature 1/p.
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The holographic dual of a TT deformed CFT, is described
by the bulk AdS; geometry corresponding to the unde-
formed CFT, with a finite cut-off radius r. given as

follows [20]:
[6R* R
Fe =(|—=—.
e €

In Eq. (4.25) p is the deformation parameter, ¢ is the
central charge, € is the UV cutoff of the field theory, and
R is the AdS; radius. For a TT deformed CFT, at a finite
temperature 1/f, the corresponding bulk dual is character-
ized by a BTZ black hole [58] with a finite cutoff, represented
by [20]

(4.25)

2 2 2
rr—r
h 1.2
- dr +r2—

ds? = sdr? +r7dx?. (4.26)
T

In the above metric, the horizon of the black hole is located at

% as the inverse temperature of the black
hole and the dual CFT,. For simplicity from now onwards we
set the AdS radius R = 1. The metric on the TT deformed
CFT,, located at the cutoff radius r = r,, is conformal to the

bulk metric at r = r, as follows [32,34]:

r=ry, withf =

d~2
ds?=—-dr* + xzz—dﬂ—l-dxz, X=—,

_ ri—r
2 ¢k

where x represents the spatial coordinate on the deformed
CFT,. To compute the EWCS, we embed the BTZ black hole
described by Eq. (4.26) in R*>? as follows [10]:

ds? = n,pdXAdX5

— —dXZ-dX2+dXZ+dx3,  X2=—1. (4.28)

The metric in Eq. (4.26) may then be described by these
embedding coordinates as follows [59,60]:

2 27t
Xo(t.r,x) = ,/%— 1 sinh(%),

o
X (t,r,x) = Lcosh <%x)

I

[ 2 2t
X,(t,r,x) = %—lcosh<7ﬂ>,

-
Xa(.r.x) = Lsinh (7)
h

Note that for convenience the embedding coordinates in
Eq. (4.29) are parametrized in terms of the coordinate x

(4.29)

described in Eq. (4.27). We also introduce a new coordinate
u = 1/r to simplify later calculations, with u,. = 1/r. and
u, =1/r,. We also note the Brown-Henneaux formula
Gy = 3/(2c) described in [61], which will be extensively
used in later sections. In the following subsections we apply
the methods described above to compute the holographic
OEE from Eq. (2.14) for two disjoint intervals, two adjacent
intervals, and a single interval in a TT deformed thermal
holographic CFT,.

1. Two disjoint intervals

We begin with the two disjoint spatial intervals
A = [x;,x,] and B = [x3,x4] With x; < x, <x3 <x; as
described in section 4. 1. 1. The setup has been shown
in Fig. 1. The EWCS involving the bulk points
X(s1),X(s2),X(s3), and X(s4) is given by [10]

_ {1+ Vu
EW — ECOS}I (7) s (430)
where
Enéu EA6) i gy )
= ’ - N L= — BE ). .31
algl Tatgn Ci = X)X @43

The four points on the boundary may be expressed
in the global coordinates as X(0, r.,x;) for i =1,2,3,4.
The corresponding EWCS may then be computed from
Eq. (4.30) as

Black Hole Interior

TH
Horizon
A B e
Ty T T3 B 4 ir
~ — ~ Too
T [ T3 Ly
FIG. 1. EWCS for two disjoint intervals in a 7T deformed

CFT,. Figure based on [42].
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{uz—uh—i-uhcosh i MX“)} {u —uh—&—uhcosh(V il x“ﬂ
h
Hn)} {uf—uh+uhcosh<v X“")}

1
EW<AB) :ECOSh 1 |:
2

-
u2 —ul + us, cosh(
)
)

uh u? x4;

2 —u? le
{u —uh+uhcosh [ uh+uhcosh

[u —uj + up cosh(ivuzuzum)]

(4.32)

{u% —ul +u; cosh .

To compare with the field theory computations in Sec. IVA 1, we have to take the limit of small deformation parameter y,
corresponding to large cutoff radius r.. (or small u.) [see Eq. (4.25)]. Further we must consider the high-temperature limit
p < |x;;], as the dual cutoff geometry resembles a BTZ black hole only in the high-temperature limit. Expanding Eq. (4.32)
for small u, and f < |x;;| we arrive at

1
Ew(A:B) = Hcosh‘1

N

2 sinh(32) sinh(3%)
Uuc 2u, uj, X21 X43 X32 X41
— coth| — coth|{ —= | —x3, coth{ —= | — coth| —
16Gy1e) \/smh( ) sinh(22) [xz‘ (2uh> s <2uh> 2 <2uh> ta <2uh)]

ke 5 sinh h)S?nh(iﬁ) esch?( 221} 4 esch? (242 ) — eseh? (222 ) — csch? 241
32Gyu; sinh(3 h)smh(ﬁ) 2uy, 2uy, 2uy, 2uy,

s1nh(x’l ) sinh(52) X X X X
U= | esch? [ 221 h2 (=2 ) —csch?( =22 ) —csch?( =21 ) | ). 433
* \/smh(x“)smh( L) [CSC (2uh hese 2uy, > 2uy, > 2uy, (433)
|
The first term in Eq. (4.33) is the EWCS between the two 2. Two adjacent intervals
disjoint intervals for the corresponding undeformed CFT,. We now consider two adjacent intervals A = [x,, x,] and

The rest of the terms (proportional to u? and thus to y) g —

= [x,, x3] with x; < x, < x3 as described in Sec. 4. 1. 2.
describes the leading-order corrections to the EWCS due to The configuration has been depicted in Fig. 2. The EWCS
the TT deformation. The third term becomes negligible
(compared to the second term) in the high-temperature
limit. The change in HEE for two disjoint intervals in
proximity due to the TT deformation is given by [34]

Black Hole Interior

5S(AUB)

:—% [x3zcoth< 2 )+x4lcoth< 5 )] (4.34)

The change in holographic OEE for two disjoint intervals
due to the TT deformation may now be computed by
combining Egs. (4.33) and (4.34) through Eq. (2.14).
Interestingly our holographic result matches exactly with A B 3 T

our earlier field theory computation in Eq. (4.11), in the T = T Too
large central-charge limit together with small deformation

= TH

Horizon

rc

parameter and high-temperature limits, which serves as a
strong consistency check for our holographic construction.

FIG. 2. EWCS for two adjacent intervals in a 77T deformed
CFT,. Figure based on [42].
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for the corresponding bulk points X(s), X(s,), X(s3) is
given by [10]

Ey = (4.35)

! cosh™! V2
4Gy Vo)’

where

1 4I/lh Slnh(%) Slnh(%) uz X X X
Ew(A:B) = G, log { . o b ] [xm coth <§) — x5, coth (ﬁ) + x3, coth <ﬁ>}

u, sinh(zuh) B 16Gyu;

2
uy 2 X2t 2 31
2 (220) —esch? (220
T 166y [CSC <2u,,> o5 (214,,>+CS

Similar to the disjoint configuration, the first term in
Eq. (4.37) is the EWCS between the two adjacent intervals
for the corresponding undeformed CFT,. The rest of the
terms (proportional to u? and thus to u) describe the
leading-order corrections for the EWCS due to the TT
deformation. The third term becomes negligible (compared
to the second term) in the high-temperature limit. The
change in HEE for two adjacent intervals due to the TT
deformation is given by [34]

2 4
SS(AUB) = — (I%)xm coth (%)

(4.38)

The change in holographic OEE for two adjacent intervals
due to the TT deformation may now be obtained from
Egs. (2.14), (4.37), and (4.38), and is described by
Eq. (4.17), where as earlier we have used the holographic
dictionary. Once again we find exact agreement between
our holographic and field theory results (in the large
central-charge limit, along with small deformation param-
eter and high-temperature limits), which substantiates our
holographic construction.

Note that a limiting analysis of the EWCS for two
disjoint intervals for the undeformed CFT, does not lead to
the corresponding adjacent result given by the first term in
Eq. (4.37). This mismatch is not surprising since for the
case of disjoint intervals the EWCS is given by a minimal
curve between two bulk geodesics whereas for adjacent
intervals it is a minimal curve between a bulk geodesic and
a boundary point. In this connection, we should not expect
the corrections due to the TT deformations to have a well-
defined adjacent limit as well.

3. A single interval

Finally we consider the case of a single interval
A = [=#,0] in a thermal TT deformed holographic CFT,

(&)

—1
_ 513 —1
s rsE ij
512523

= —X(s;) - X(s;).  (436)

As earlier the three points on the boundary may be
expressed in the global coordinates as X(0,r.,x;) for
i =1,2,3. The corresponding EWCS may then be com-
puted from Eq. (4.35) as

h h h

(4.37)

(Z > 0). As described in Sec. IVA3 this necessitates
the introduction of two large but finite auxiliary intervals
B, = [-L,—¢] and B, = [0, L] sandwiching the interval A
with B= B U B, (L > ¢) [48]. The situation has been
outlined in Fig. 3.

We then compute the holographic OEE for this modified
configuration, and finally take the bipartite limit B — A€
(implemented through L — oo0) to obtain the desired OEE
for the original configuration of the single interval A. The
EWCS between the intervals A and B = B; U B, may be
computed from the following relation [62—64]

Ew(A:B) = Ey(A:B)) + Ey(A:B,), (4.39)

where Ey(A:B) denotes an upper bound on the
EWCS between the intervals A and B. All subsequent

Black Hole Interior
/ — TH
Horizon
Ew
» '\D
/ \
/ |
| I
| |
L re TC
—L B; -1 4 0 By L
~ — - ? - Too
x T2 I3 Ty
FIG. 3. EWCS for a single interval in a 7T deformed CFT,.

Figure based on [42].
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computations involving Eq. (4.39) should be interpreted
accordingly. Note that each term on the right-hand side of
Eq. (4.39) represents the EWCS of two adjacent inter-
vals which has already been computed in Sec. IV B 2.
The corrections to these terms may thus be read off from
Eq. (4.37) as follows:

u? 4
SEw(A:B,) = ——— | £ coth | —
WA 16G yu} 2u,,

+ (L = ¢) coth (Lz_ "ﬂ>

up

L
— Leoth(— ), 4.40
0 (Zuhﬂ ( )
and
SEw(A:B,) U Lo (2 + 1 cot(
. = - CO - CO D
v : 16Gyu; 2uy, 2u,,
L+¢
—(L—l—f)coth( a )] (4.41)
21/!]1

where we have already taken the limits of small deforma-
tion parameter and high temperature. The correction to the
HEE for a single interval is given as follows [34]:

SS(AUA‘) = - <%> coth <2717L> (4.42)

where the bipartite limit has already been implemented.
The correction to holographic OEE for a single interval
due to the TT deformation may then be computed from
Egs. (4.39)—-(4.42) through Eq. (2.14) on effecting the
bipartite limit L — oo as follows:

5S,(A:AC) = —”092;:”& [coth <”;> - 1]
— lim [”692;: L ot <2”ﬂL>} (4.43)

L—oo
where we have utilized the holographic dictionary as
earlier. Note that on taking the high-temperature limit
(# — 0), Eq. (4.22) reduces (the second part of the first

term becomes negligible as e = 0) exactly to Eq. (4.43).
This once again serves as a robust consistency check for our
holographic construction.

We may understand the corrections to the thermal
entropy described in Eq. (4.24) from a holographic view-
point as well. Recall that the holographic entanglement
entropy receives the thermal contribution as the corre-
sponding RT surface wraps the black hole horizon [3].
Under the TT deformation, the holographic screen is
pushed inside the bulk and the wrapping of the correspond-
ing minimal surface around the black hole horizon is now
smaller compared to the undeformed case. As a result, the
contribution to the thermal entropy decreases compared to
the undeformed case.

V. TT DEFORMED FINITE SIZE CFT,
AND HOLOGRAPHY

A. OEE in a TT deformed finite size CFT,

In this section we follow a similar prescription as in
Sec. IVA to formulate a perturbative expansion for the
OEE in a TT deformed finite-size CFT, of length L at zero
temperature. For this setup, the corresponding manifold
M describes an infinitely long cylinder of circumference
L with the length direction periodically compactified by
the relation x ~ x + L [47]. The cylindrical manifold M
for this configuration may be represented by the complex
coordinates described in Eq, (4.1) with the spatial coor-
dinate x€(0,L) and the time coordinate 7€ (—o0, o)
[47]. The cylinder M may be further described on
the complex plane C through the following conformal
map [47]

(5.1)

where (z, ) are the coordinates on the complex plane. The
relations in Egs. (4.3) and (4.4) remain valid with f
effectively replaced by iL. With these modifications, the
expressions in Egs. (3.1)—(3.3), and (3.5) may now be
applied to compute the OEE in a TT deformed finite size
CFT, at zero temperature.

1. Two disjoint intervals

As earlier we start with the mixed state of two disjoint
spatial intervals A = [x,x,] and B = [x3,x4] in a TT
deformed finite size CFT, of length L at zero temperature,
defined on the cylindrical manifold M described above
(x; < x5 < x3 < x4). The first-order correction in the OEE
of two disjoint intervals in a TT deformed finite size CFT,
may be obtained by substituting Eqgs. (4.5)—(4.8) along with
Eq. (5.1) (p replaced by iL) into Eq. (3.5) as follows:
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24
8S,(A:B) = pen

18L4(z) — 23)% (22 — 24)*(n — 1) /11

« / 2 {(Zz —3)(22—24)((z = 21)(z3 — 2a) + (21 — 23) (22 = 32 + 24)\/’7)
M

(2—21)2

(Zl - 23)(11 - 14)(—((2 - Zz)(Z3 - 14)) + (2Z -3z + Za)(Zz - Z4)\/’7)

+
(z— Z2)2
(a1 —29)(z2 — 24)((21 — 22) (=2 4 23) + (22 + 20 — 323) (21 — 23) /1)
(z—z)?
" (z1 —23)(z3 — 22)((z1 = Zz)(Z(Z— Z4Z) ; (22 + 7y — 324) (22 — 24)/0) ‘ (5.2)
— 24

. 2mi(yti) . . . . .
We now substitute z — e~ into eq. (5.2) and integrate the resulting expression with respect to x to arrive at

L 23
pem 2/ 22/ Nl 2/
5S,(A:B) = |V v L SV S
! ) 6L\ |:eZ”<L+)—Z] w—Zz eZ<LL)—Z3 ez(L'L)—Z4
(—ix+7)
n (z1(z3 = 24) + (21 — 23)(21 + 24)/7) log[e2 T 1]
(z1 —23)(21 —24)
(22(24 — 23) + (22 + 23) (22 — 24) /) log[e™ T~ — 2]

+

(22— z3)(z2 — 24)

2(—ix+7)

n ((z2 = 21)z3 + (21 = 23) (22 + 23) /1) logle™ T — z3]
(21 —z3)(z3 — 22)

+

((z2 = z1)z4 + (21 + 24) (24 — 22) /1) logle™ T

2n(=ix+1)

(Zl - 24)(24 - Zz)

We observe that the first four terms on the right hand side of
Eq. (5.3) readily vanish on inserting the limits of integration
x = 0and x = L. Since we have considered the system on a
constant time slice, we may take 7; (j = 1,2,3,4) to be
zero for all boundary points, and the contributions of the
logarithmic functions become zero identically. Thus it is
observed that the resultant integrand for the 7 integration in
Eq. (5.3) vanishes leading to no nontrivial first-order
correction to the OEE. This is in conformity with the
vanishing entanglement entropy for a finite sized TT
deformed CFT, [32].

2. Two adjacent intervals

We now focus on the bipartite mixed state of two
adjacent intervals A = [x;,x,] and B = [x,,x3] in a TT
deformed finite size CFT, of length L at zero temperature,
defined on the cylindrical manifold M described by
Egs. (4.1) and (5.1) (x; <x, < x3). For this case,
Egs. (3.5), (4.12), (4.13), and (4.14) may still be
employed along with the relation described in
Eq. (5.1), effectively replacing f by iL. The first-order
correction in OEE due to y for two adjacent intervals is
then given by

(5.3)

_Zﬂ.
|

2.4 2
Jlent/s z
5S,(A:B) = —
(A:5) 18L4//\A<Z_Zl)2(z_z2>2(z_z3)2

X [Z%Z% - 122322 +23) + (3 — 2223+ 23)

+ 2+ B -nn+3 -0z +2))
—2(3(za + 23) + 2223(22 + 23)
+21(2 — 6223 +Z§))}- (5.4)
Next we replace z — = into Eq. (5.4) and sub-
sequently integrate with respect to x to obtain

. 2.3
5SU(A:B):’”C”/dT[ a 2L %

36L3 eZIr(—z)Hrr) _ Zl eZI[(*LI"X‘F‘[) _ 22
27(—ix+1)
I _Z3 (z%—z2z3)log[e T -z
e A (21 —22) (21 — 23)
7(—ix+7)
(Z% - 2123) 10g[€2 - 2]
(2 —z1)(z2 - 23)
2n(—ix+1)
(Z% B ZZZI) log[e L - Z3] (55)

(21— z3)(z2 — 23)
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Similar to the disjoint case, the first three terms on the right
hand side of Eq. (5.5) readily vanish when the limits of
integration x = 0 and x = L are inserted. As earlier, for a
constant time slice 7; =0 (j = 1,2, 3), the logarithmic
functions also contribute nothing to the definite integral.
The resulting integrand for the z integration in Eq. (5.5) thus
vanishes. Hence, the corresponding first-order correction in
the OEE of two adjacent intervals turns out to be zero.

3. A single interval

Finally we turn our attention to the bipartite mixed state
configuration of a single interval A = [x;,x,| in a TT
|

deformed finite size CFT, of length L at zero temperature,
defined on the cylindrical manifold M given in Egs. (4.1)
and (5.1) (x; < xp). The construction of the relevant
partially transposed reduced density matrix for this con-
figuration is described in [47]. Once again we may utilize
Egs. (4.18) and (4.19) with only two points z; and z,,
subject to Eq. (5.1) (with the effect of iL replacing /), and a
two-point twist correlator as mentioned below in Eq. (5.7).
We have expressed the modified version of Eq. (4.19) as
applicable for the system under consideration for conven-
ience of the reader as follows:

M ! Moo :"io M <030(11721)1530(22’52)>
L e e

r*cn, 277\ 2 1
- .
6L° ( ) ;(z—q (z—2) )}

1

’cn, (27:2) 2 G ( Iy
X - — - -
{ 6L L ,; (z—z)?

where h| = h, = hg) with h;=h;, (i=1,2) [see
Egs. (2.11) and (2.12)]. The corresponding two-point twist
correlator for this configuration is given by [47]

Cip
|Z1 - 22|2h”"

(o7, (21.21)5% (5.7)

(ZZ’ Z2)>

where C, is the relevant normalization constant. Following
a similar procedure like the earlier cases, the first-order

L )azk)} (2, (21.2)2, (22.22))c. (5.6)

(Z-2%

correction for the OEE of this setup may be given as
follows:

2. 4 2

_ pc'm 2/ z
B - - .
) 18L* (Zl Zz) M(Z—Zl)z(Z—ZZ)z

We then obtain the following expression by substituting
7= e 7/u(L+

5S,(A: (5.8)

into Eq. (5.8) and integrating with respect to x

|
0S,(A:B ——i cn d °l + ©
0( . ) 36 3 T ez,,(—Lierr) Zl e2n(—£x+r)

Like the previous cases, we observe that the first two terms
in eq. (5.9) vanish on implementation of the limits of
integration x = 0 and x = L. As the system under consid-
eration is on a constant time slice z; = 0 (j = 1,2), once
again the terms containing the logarithmic functions also
vanish. Again the resulting integrand for the 7 integration in
eq. (5.9) vanishes, indicating the vanishing of the first-order
corrections of the OEE as earlier.

B. Holographic OEE in a TT deformed finite size CFT,

The bulk dual of a TT deformed finite size CFT, of
length L at zero temperature is represented by a finite
cutoff AdS; geometry expressed in global coordinates as
follows [1,2]:

ds? = R?>(—cosh? pdz? + sinh? pd¢p* + dp?),  (5.10)

- = <log [EZK(TW) —z]—log [EZH(TM —Zz]> } .
-2

5.9
—— (5.9)

I
where ¢ = 2zx/L. As earlier we embed this AdS; geom-
etry in R%? as follows [10]:

dsz = ﬂABdXAdXB

= —dX} —dX?+dX3+dX3, X*=-1. (5.11)

The metric in Eq. (5.10) may be expressed in terms
of the embedding coordinates introduced in Eq. (5.11)
as follows:

Xo(7,¢,p) = Rcoshpsinz,
X, (7,¢,p) = Rcoshpcost,
X,(z,¢,p) = Rsinhpcos ¢,
X3(z,¢,p) = Rsinhpsin ¢. (5.12)
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The finite cutoff of the AdS; geometry is located at p = p,.,
where

3L?
2 pcr®

coshp, = (5.13)

With the UV cutoff of the field theory given by ¢ =

\/ucm/6 [see Eq. (4.25)], the relation in Eq. (5.13) may be
rewritten as

L
hp, =—. 5.14
coshpe = >— (5.14)
1. Two disjoint intervals
We begin with two disjoint spatial intervals A = [x;, x,]

and B = [x3, x4 on a cylindrical manifold M as detailed
in Sec. VA1 (x; < x, < x3 < x4). Note that the EWCS
|

involving arbitrary bulk points X(s;), X(s,), X(s3), X(s4)
for a TT deformed finite size CFT, is described by [10]

1 1+ \/u
Ew—mcosh ( o ) (5.15)
where
Saigl ey i =X (519

The end points of the two disjoint intervals under consid-
eration on the boundary may be represented by the
embedding coordinates as X (0, ¢;,p.) for i =1,2,3,4,
where ¢ < ¢ < ¢p3 < ¢p, (Note that ¢p; = 2zx;/L). The
corresponding EWCS may then be computed from
Eq. (5.15) as

L

N

[1 + sin?(

Z2)sinh?p,|[1 + sin®(%4)sinh?p,]

(A'B) _ LCOSh_l (\/[1 + Sinz(ﬂ)£31)slnh2pc][1 + sin (@)Smthc]

L L

“\

k

N [1 + sin*(%2)sinh?p ][1 + sin*(%2)sinh?p,]
[1 + sin®(%32)sinh?p ][1 + sin®(%}%)sinh?p,]

To extract the desired first-order corrections, we now
expand Eq. (5.17) in small (1/coshp,) as follows:

1 sin(%2) sin(%2)
Ew(A:B) =——cosh™! |1 4+2—L -~ L~
w ) 4Gy €08 + s1n(”L ) sin(*)

+ O[¢). (5.18)

where we have utilized Eq. (5.14) to substitute €. The first
term in Eq. (5.18) is the EWCS between the two disjoint
intervals for the corresponding undeformed CFT,. The rest
of the terms characterizing the corrections for the EWCS
due to the TT deformation are second order and higher in €
and thus negligible. The corresponding leading-order
corrections for the HEE due to the TT deformation has
been shown to be zero [32]. Thus the leading-order
corrections to the holographic OEE of two disjoint intervals
in a TT deformed finite size CFT, is zero, which is in
complete agreement with our corresponding field theory
computations in the large central charge limit described in
Sec. VA 1.

The vanishing of the EWCS as well as the entanglement
entropy may be attributed to the fact that in TT deformed
finite sized CFT,s, the lengths of the intervals do not

(5.17)

I
depend on the cutoff radius in Eq. (5.13). In contrast, for
thermal CFT,s the lengths of the intervals depend non-
trivially [cf. Eq. (4.27)] on the cutoff radius r, as long as
r, # 0 (or, 1/ # 0) [32]. We will discuss this issue further
in Sec. VL.

2. Two adjacent intervals

We now turn our attention to the case of two adjacent
intervals A = [x1,x,] and B = [x,,x3] (x; < xp < x3) as
described in Sec. VA 2. The bulk description of the end
points of the intervals A and B for a TT deformed finite-size
CFT, is given by X(0, ¢;,p.) for i = 1,2,3, where ¢; <
¢y < 3 (¢p; = 27x;/L). The EWCS for this configuration

is described as follows [10]:
V2
ﬁ 9

1
Ey = ——cosh™! (5.19)

4Gy

where
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We now utilize Eq. (5.19) to explicitly compute the EWCS as follows:

N

bt g T - )

We are now in a position to extract the leading-order
corrections to the EWCS from Eq. (5.21) by expanding in
small (1/coshp,) as follows:

1 2L\ sin(Z2) sin(%2)
Ew(A:B) = Elog |:<7T€> L—xﬂL

sin(%)
+ Olé?),

(5.22)

where we have already substituted the relation in
Eq. (5.14). As earlier the first term on the right-hand side
of Eq. (5.22) describes the EWCS between the two adjacent
intervals for the corresponding undeformed CFT,. Again
the TT correction terms are second order and higher in e
and negligible. The leading-order corrections of the HEE
for this configuration due to the TT deformation has been
demonstrated to be vanishing [32]. Hence, the leading-
order corrections to the holographic OEE for this case
vanishes, which once again is in conformity with our field
theory results in the large central-charge limit described in
Sec. VA 2.

3. A single interval

The bulk representation of the end points of a single
interval of length ¢ may be given by X(0,0,p.) and
X(0.6¢.p.), where 6¢ =22, The EWCS for the given
configuration (same as the HEE for a single interval) may
be computed as

Ey(A:A%)

1 14
— -1 ) L2
=7 Ncosh {1 + 2sinh*(p,.)sin <L )] (5.23)

Once again Eq. (5.23) may be expanded for small
(1/coshp,) to obtain the following expression for the
EWCS:

Ew(A:AC) = ﬁlog {é sin (”T'f)] +O[e?], (5.24)

where we have used Eq. (5.14) to replace coshp,.. Once
again the first term of Eq. (5.24) represents the EWCS of a
single interval for the corresponding undeformed CFT,,
while we have neglected the second- and higher-order
correction terms in €. The corresponding corrections for the
HEE of a single interval has been shown to be zero [32].

(5.21)

Thus the leading-order corrections to the holographic OEE
for a single interval vanishes, demonstrating agreement
with our field theory calculations in the large central charge
limit detailed in Sec. VA 3.

VI. SUMMARY AND DISCUSSIONS

To summarize we have computed the OEE for different
bipartite mixed-state configurations in a TT deformed finite-
temperature CFT, with a small deformation parameter y. In
this context we have developed a perturbative construction
to compute the first-order correction to the OEE for small
deformation parameter through a suitable replica technique.
This incorporates definite integrals of the expectation value
of the TT operator over an n,, sheeted replica manifold. We
have been able to express these expectation values in terms
of appropriate twist-field correlators for the configurations
under consideration. Utilizing our perturbative construction
we have subsequently computed the OEE for the mixed-
state configurations described by two disjoint intervals, two
adjacent intervals, and a single interval in a TT deformed
thermal CFT,.

Following the above we have computed the correspond-
ing EWCS in the dual bulk finite cutoff BTZ black hole
geometry for the above configurations utilizing an embed-
ding coordinate technique in the literature. Interestingly it
was possible to demonstrate that the first-order correction
to the sum of the EWCS and the corresponding HEE
matched exactly with the first-order correction to the CFT,
replica technique results for the OEE in the large central-
charge and high-temperature limit. This extends the holo-
graphic duality for the OEE proposed in the literature to TT
deformed thermal CFT,s.

Finally we have extended our perturbative construction to
TT deformed finite size CFT,s at zero temperature. We have
computed the first-order corrections to the OEE for the
configurations mentioned earlier in such CFTjs in the large
central-charge limit. In all the cases we have been able to
show that the leading-order corrections vanish in the
appropriate limits. Quite interestingly it was possible to
demonstrate that the first-order corrections to the corre-
sponding bulk EWCS in the dual cutoff BTZ geometry were
also identically zero in a further validation of the extension
of the holographic duality for the OEE in the literature to TT
deformed finite size CFT,s at zero temperature.

There are several recurring features of our results. Note
that when the intervals are located along a compactified
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FIG. 4. Schematics of two disjoint intervals placed along the
compactified direction in a holographic TT deformed CFT,. The
undashed (dashed) circle denotes the location of the holographic
screens before (after) the TT deformation.

direction, there are no TT corrections as the angular
separations of the subsystems are not affected by pushing
the holographic screen inside the bulk [65], as depicted in
Fig. 4. On the other hand, when this direction is non-
compact, the spatial extents of the subsystems become
dependent on the finite cutoff radius as depicted in Figs. 2,
1, and 3, and hence there will be appropriate TT corrections
[65]. For thermal CFT,s, the time direction is compactified,
but the intervals are spatial and hence situated along the
spatial direction. Thus for thermal CFT,s our results

indicated corrections due to the TT deformations. For
finite-size CFT,s, the space direction is compactified,
and the corresponding corrections vanish.

It will be instructive to develop similar constructions for
other entanglement measures such as entanglement of puri-
fication, balanced partial entanglement, reflected entropy etc.
for TT deformed CFT,s. Also a covariant framework for
holographic entanglement in these theories along the lines of
the HRT construction is an important open issue.
Furthermore, it will be interesting to extend our analysis to
TT deformations of thermal CFT, with conserved charges.
These constitute exciting open problems for the future.

ACKNOWLEDGMENTS

We would like to thank Lavish, Mir Afrasiar and
Himanshu Chourasiya for valuable discussions. The work
of G. S. is supported in part by the Dr. Jag Mohan Garg
Chair Professor position at the Indian Institute of
Technology, Kanpur. The work of S. B. is supported by
the Council of Scientific and Industrial Research (CSIR) of
India under Grant No. 09/0092(12686)/2021-EMR-I.

APPENDIX: THE INTEGRALS
FOR THERMAL CFT,s

The detailed derivation of the integrals appearing in
Egs. (4.9), (4.15), and (4.21) has been provided in this
appendix. Note that the corresponding domain of integra-
tion for all the configurations is the cylindrical manifold M
characterized by the complex coordinates (w,w) [see
Egs. (4.1) and (4.2)].

1. Two disjoint intervals

The holomorphic part of the integral in Eq. (4.9) may be written as

pcta / Pw [232242[221 (22 =32y + 24) /11 + 243(2 — 21)] n 231241[242(22 = 322 + 23) /M — 243(2 — 22)]
18,3 221232241243 (Z - Zl) (Z - Zz)2
_ Z42Z41 [231(22 + 20 = 323) /11 — 221 (2 — 23)] _Z31232[Z42(2Z+Z1 = 3z)+ 221(z2 — 7)) (A1)
(z—23)? (z—24)?
x (i)
ucnt I //3 datrsi) {232242[231(26 " —311 +za) M+ zsle 7 —zy)]
18ﬁ4221Z32241143 (62”(;’+”) —z1)?
2x(x+it) 2n(x+it) 2x(x+it) 2m(x-+ir)
n Bizazee 7 -3n+m)i-sle T —2)] zpzalzie T+ -3zm)-mi(e T —23)]
2a(xtic) 2a(xtic)
(e 7 —2)? (e 7 —z)
2a(xti) Qa(x+i)
_znlze(2e7 +z = 3zy)ynt (e 7 - 24)]] (A2)

2n(x+ir)

(e 7 —z4)?
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The primitive function on indefinite integration with respect to z turns out to be

2n(x+it)
_ipe?m [(Vizt + (V= 1)z (2a) = Viizaza) log (=21 + e 7
364°\/n 731241
27 (x+it)
+Q@ﬁ+(ﬁ%ﬁkﬂﬂ—¢ﬁﬂdbﬁ—h+eﬂ )
232242
2z(x+it)
B (Vnziza + (Vi1 = 1)z123 + 23(=y/M22 + 20 — \/M23)) log (=23 + € 7
331232
2x(x+it)
N (za(=\/Mz2 + 22 + \/M24) — 21 (V/l122 = /24 + 24)) log (24 + € 7 a3
241342

Due to the presence of branch points, the logarithmic functions necessitate careful treatment while implementing the
limits of integration 7 =0 and 7z = f. The following relation outlines the contribution due to a branch point at
7z =7z; [32,34]

(A4)

27x
2n(x+it) —=p 2rmi, forer >z, & x> ﬁlogz»
_ ’ j 2 J?
log (e 7 —zj)l = { g

0, otherwise.

The branch cuts of the logarithmic functions change the limits of the x integrals as follows:

/ dx—>/ dx, forj=1,2,34.
—© %logzj

We are now in a position to integrate over x and utilize the prescription described above to implement the limits of
integration to arrive at

e (@ BE=e)) (2B @anmnw) g (o ()
log|—| + log + log

36/° 2 % 2

232241 4

The anti holomorphic part of the integral in Eq. (4.9) follows a similar analysis and produces the same result as the
holomorphic part.

2. Two adjacent intervals

The holomorphic part of the integral in Eq. (4.15) may be written as

/zz{ n 1 n 1 (-3z+z1+2+23)
M Lz—z2)? (z-2)? (z-n)? (-u)(z-2)(z—2z)

© B 2(xtit 1 1 1 —3e 7
:/ dx/ Jo >[ + . n 21+ 2 +23— 3¢ (A6)
-0 0 (6

27 (x-+it) 2m(x+irt) 2m(x-+irt) 2 2m(x-+it) 2m(x-+it) 2m(x+it)

o) (T ) (ET ) (@ ) (@ T ) (T 2)

We proceed in a similar manner to the disjoint configuration as described in Appendix A 1. The indefinite integration with
respect to 7 leads to the following primitive function:

2 .
< z Z 7] — 2% 2n(x-+i)
2fr(x+ir)1 + 27r(x+i7:)2 + Mm,? + ( ! 2 3> log (e [ Zl)
= _ — —7 — 21— 2)(21 — 23)
e / ;7 e 7’ 7, e’ Z3 ( 1 2
2 . 2 .
3133 — 2 2n(x+it) 5 — 712 2 (x+it)
+ ( 143 2) log (e 7 _Z2>+ ( 3 1 2) 1Og(e 7 —Z3). (A7)

(Zl —Zz)(Zz—Z3) (Zl —13)(22—23)
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On implementation of the limits of integration 7 = 0 and 7 = f, the nonlogarithmic terms in the above expression vanish,
while the contributions of the logarithmic terms follow the relation in Eq. (A4). Due to the relation in Eq. (A4), the limits of

integration over x for each term in the integrand gets modified as follows:

/ dx—>/ dx, forj=1,2,3.
-logz;

The integration over x may now be performed to arrive at

5 1 1 1 (=3z+2z1+2+23) - s (Z% —2223) log(%) (2122 z%)log(i—i)
z S+ S+ S+ = + . (A8)
M Lz=2) (z-2) (z-z) (—z)(z-2)(z-z3)] 2z 212213 23213

As earlier, the antiholomorphic part of the integral gives result identical to the holomorphic part.

3. A single interval

The holomorphic part of the integral in Eq. (4.21) is given by

2

/ dzw Z ( Z _ ZJ (Z i Zj) azj IOg [Z%IZ%’HC(V]H)

4r(x+ir) 1
Vi -
dx dTe 2x(x+ir) 2
(6 r—= Zj)
2z (x+it)

7 (x+it)
46T — 22320 + 21 (=20 + 23 — 224) + 2224 — 3z 426 T (21 + 2+ 23 + 24)

2m(x+it) 2x(x+it) 27 (x+it) 2m(x+ir)
(7 —z)(e 7 —n)(e 7 —n)e T )
!
- 27 (x+it) 27 (x+it) Z21 Z322§£Jlrf)43f (rl) 27 (x+irt) ° (Ag)
(e 7 —z)(e 7 —z)le 7 —zn)e 7 —z4)zzaf(n)

The indefinite integration over z gives

o 4
lﬁ 2(x-+ir)
EZ[ijLleog(e 7=zl (A10)
=1
where
z
Bj=—r—. Jj=1234 (A1)
e r - Zj
and Cy, C,, C3, and C, are given as follows:
C, = 1 [131 (23 + 23 (24 — 223) + 2122(23 — 224) + 222324) n Z1Z32Z43f'(’7)}
Z%1 241221 nf (’7) ’
C, - 1 |:Z42(Z% + 23(23 — 224) + 2122(24 — 223) + 212324) n ZzZ41243f/('1)}
Ziz 232221 z31f(n) ’
C; = _L [ZN (Zg + (22— 2Z1)Z§ + (21 = 222) 2423 + 212024) 4 13221141][/(’7)}
3 243232 wafm) |
1 22,)z2 -2 !
C, = — [Z42(Z4 + (21 — 22)24 + (22 Zl)Z3Z4 +212223) + 24221232 (’1)} ) (A12)
2 241243 1S (’1)
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Once again the nonlogarithmic terms described by Eq. (A11)
vanish on insertion of the limits of integration 7 = 0 and
7 = f3, whereas the logarithmic terms in Eq. (A10) contribute
according to the relation in Eq. (A4), which modifies the
limits of the integration over x as follows:

o0 (s
dx —> dx,
—0 {—ilog zZj

The integration over x for the integrand in Eq. (A10) may
now be performed with the modified limits described above
to arrive at

j=1.23,4.  (A13)

(A14)

The desired correction to the OEE of a single interval of
length # may now be obtained through the substitutions

L e L
{z1,20, 23,24} > {e 7,e 7,1,¢7} and subsequent
implementation of the bipartite limit L — oo as follows:

2 2

4
. Z < =z 2 2
2 /M o = [(Z P G- tog i)

(€ 1) 2ffe ]

- gl—{rolo {Lﬂ coth <M7L> } .

As before the antiholomorphic part of the integral produces
identical result to the holomorphic part.
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