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We discuss the generalization of the local renormalization group approach to theories in which Weyl
symmetry is gauged. These theories naturally correspond to scale-invariant—rather than conformal-
invariant—models in the flat-space limit. We argue that this generalization can be of use when discussing
the issue of scale vs conformal invariance in quantum and statistical field theories. The application of Wess-
Zumino consistency conditions constrains the form of the Weyl anomaly and the beta functions in a
nonperturbative way. In this work, we concentrate on two-dimensional models including also the
contributions of the boundary. Our findings suggest that the renormalization group flow between
scale-invariant theories differs from the one between conformal theories because of the presence of a
new charge that appears in the anomaly. It does not seem to be possible to find a general scheme for which
the new charge is zero, unless the theory is conformal in flat space. Two illustrative examples involving flat
space’s conformal- and scale-invariant models that do not allow for a naive application of the standard local

treatment are given.
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I. INTRODUCTION

In essence, the local renormalization group (RG) is a
generalization of the standard renormalization group to
local couplings in curved space [1]. The local approach has
the advantage that the position-dependent couplings and
the metric act as sources for the expectation values of the
interaction operators and the energy-momentum tensor,
assuming of course the existence of a finite and renormal-
ized effective action from the path integral.

One of the main achievements of the local RG comes by
combining it with the analysis of the Wess-Zumino con-
sistency conditions [2] to Weyl transformations [3]. By
simply requiring that local scale transformations are
Abelian, it is in fact possible to rederive the famous
Zamolodchikov result of irreversibility of the RG in two
dimensions (the famous C theorem) [4] in an elegant way
by constraining the flow of local charges of the Weyl
anomaly and the beta functions of marginal couplings [3]. It
is also possible to generalize some of the same results to
four dimensions [5], resulting in a perturbative proof of
irreversibility, i.e., a perturbative A theorem [6].
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In this paper, we generalize the two-dimensional local
RG approach to the case in which Weyl symmetry is
realized as a gauge symmetry, so there is an additional
vector gauge potential S, which has affine behavior under
Weyl transformations, S, — S, — d,6. The new potential is
a source for the dilation current [7], which we denote as D¥.
Classically, the gauge symmetry implies that the trace of
the energy-momentum tensor is related to the divergence of
D# as

T, =V,Dt, (1)

implying that the gauged theory is scale invariant, rather
than conformal invariant, in the flat-space limit. While the
standard local RG approach is particularly useful for
discussing the properties of the renormalization flow
between two conformal field theories (CFTs), we deduce
that the gauged counterpart considered in this paper is
relevant for theories that are simply scale invariant, given
the natural identification that can be made in the limit of flat
space between the dilation current D, and the virial current
that characterizes scale-invariant theories [8].

The Wess-Zumino consistency of the gauged Weyl
group is structurally interesting because dilatations do
not commute with the local Lorentz group in curved space,
so the gauge-covariant derivative includes a departure from
the standard Christoffel components that depends on S, [9],
which is known as a special type of “disformation” in the
metric-affine literature [10]. This results in a “mixture”
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between the structures of the standard local RG and those
of the application of Wess-Zumino conditions to an Abelian
gauge theory. The most important result of this paper is that
in two dimensions it is possible to find a quantity, denoted

Pw, which on renormalization group trajectories behaves as

A} @
U

where u is the renormalization group scale, y;; can be
interpreted as a metric in the space of couplings, ' are the
beta functions of the marginal couplings, and /35 is an extra
contribution associated to a new charge that appears in the
Weyl anomaly only for gauged symmetry. The quantity
Py generalizes fg considered by Osborn to rederive
Zamolodchikov’s theorem [3]. However, irreversibility of
the renormalization group flow is not possible for an
arbitrary value of f5, unless there exists a scheme for
which 33 is zero, which is not true in general, and the metric
xij 18 positive definite, which is guaranteed for unitary
theories. Using two nonunitary theories as examples, we
confirm that 85 is in general nonzero, and we show that it is
zero in two specific examples of interest for CFT (including
a special case of the theory of elasticity).

As for the organization of the paper, we discuss the
symmetries of interest in the remaining parts of Sec. I, both
from the classical and quantum points of view. Section II
contains the aforementioned main result for the consistency
of the anomaly, including geometric conditions on how to
set 5 = 0 consistently on the flow of models that do allow
it and on the structure of the boundary terms. Section III
shows the application of the result to two examples,
including a special higher-derivative CFT which does not
allow the standard local RG treatment, and the theory of
elasticity, which is known to be scale but not conformal
invariant in flat space. Section IV discusses qualitatively
the interplay of the anomaly with diffeomorphism invari-
ance and some consequence. A brief comparison between
Riemannian and Weylian geometries is reported in
Appendix A, while some details on the examples’ compu-
tations of the anomalies are given in Appendix B.

Throughout the paper, we adopt the Euclidean conven-
tion and discuss everything in terms of the effective action
I' rather than the generator of connected correlators W.
Furthermore, all formulas can be generalized to Lorentzian
signature with very little additional work.

A. Classical conformal and scale vs gauged
Weyl symmetries

Consider a classical action S[®, g| of some field ® on a
Riemannian manifold with metric g,,. Standard Weyl
transformations are defined as

G = G = € G © > @ =e"0, (3)

where the metric and field are rescaled by a local
positive function, ¢ = o(x), according to their Weyl
weights w(g,,) =2 and wg. Invariance of S[®, g| under
conformal transformations implies that the variational

energy-momentum tensor, T = —-2.95 " jg traceless,
V9 09

T = g, 7" =0, when ® is on shell, i.e., when & = 0.
Assuming also invariance under diffeomorphisms, we have
that Weyl symmetry implies flat space’s conformal sym-
metry in the limit g,, — §,,, and therefore Weyl symmetry
can be regarded as the natural extension of conformal
symmetry to curved space [11).

Constant scale transformations are the subgroup of Weyl
transformations such that ¢ is constant and, as such, they
constrain the trace of energy-momentum tensor much less.
In particular, we have that the integral of T is zero,
J /9T = 0, implying that T = V#J,, for some vector J,,
known as the virial current [8]. If the virial current satisfies
some properties, for example, if it is the divergence of a
symmetric tensor J, = V*X,,, we have that a scale
invariance action can be “improved” to a Weyl-invariant
one by including off-shell couplings among the curvatures
and the tensor X, in d > 2 [12]. A stronger condition is
needed in d = 2 to have full Virasoro invariance [13].

Weyl symmetry is a local symmetry, but it is not a gauge
symmetry in the traditional sense [7]. In fact, it is not a
straightforward task to write down a Weyl-symmetric
action for an arbitrary field; conversely, it is generally
simple to write a scale-invariant one by just applying
dimensional analysis. The main reason for the difficulty
is that the Levi-Civita covariant derivative V, does not
transform covariantly under Weyl transformations because
it depends on the derivatives of the metric g,,, 0 spurious
terms in the transformation of V,® must be canceled by
opportune couplings with the curvatures. The construction
of Weyl-covariant connections requires in general addi-
tional geometrical structures [14].

There is, however, a gauged version of Weyl symmetry,
which we refer to as gauged Weyl symmetry. It includes a
vector potential S, that has an affine transformation [15] so
that (3) are replaced by

G = G = € Gy, Sy = Sy =S, — 9,0,

D - P = "D, (4)

and there also exists a gauged Weyl-covariant derivative @,
which we show below. In a classical action S = S[®, g, S, |
(we use the same symbol for the action and the gauge

'More precisely, the group of conformal isometries which
leave a given metric g, invariant is a subgroup of the semidirect
product of the diffeomorphisms and Weyl groups, which is finite
in d > 2. So, the flat-space limit of a Weyl-invariant theory must
be a CFT, and we can construct currents with the energy-
momentum tensor.
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potential; hopefully, it does not generate confusion since
the latter always has an index), the field ® couples to the
new vector through the dilation current, D¥ = L35

T VIS
The main consequence of gauged Weyl symmetry is that
the trace of the energy-momentum tensor equals the
divergence of the dilation current, 7' = V¥D,. This
obviously implies that, in the flat-space limit g,, — 6,
and §, — 0, gauged Weyl-invariance reduces scale invari-
ance [7] and also suggests the identification of D, with the
virial current in the same limit [10].

To see that gauged Weyl invariance is actually the natural
generalization of scale invariance to curved space, it is
important to understand the underlying geometry. Using
the gauge potential S,, we can construct a covariant
derivative which is covariant both under diffeomorphisms
and gauged Weyl transformations [9,10],

V@ =V,®+L, ®+weS,o. (5)

The new connection consists of three contributions: the
Levi-Civita connection V,,, which is the unique symmetric
connection such that V,g,, =0, a second term with
components  (L,)% = L%, = 5 (Sy8; + 5,85 — S"gp,),
and a final multiplicative (gauge) term weighed by the
charge wg. The new connection is Abelian, like a standard
Maxwell potential, but, structurally, differs from Maxwell’s
because of the contribution L, known in the metric-affine
literature as a special type of disformation. In fact, the
disformation encodes the fact that local dilatations and
Lorentz transformations do not commute [16,17]. The
contributions are seen as coming from the noncommuta-
tivity of the generators of the subgroup D, X SO(d) with
the rest of GL(d) [18], where D, are the gauged Abelian
dilatations.

The gauged connection is also compatible with the
metric, @ngp = 0, because w(g,,) = 2. It can also be
integrated by parts using the density /g, i.e., \/Evﬂv" =
d,(y/gv*) if and only if the weight of the vector satisfies
w, = —d, i.e., it is a Weylian density as well [10]. Most
importantly, the derivative of a field transforms like the
field itself,

V,® - V,0 = eV, (6)

thanks to the fact that the transformation of §, cancels
precisely the noncovariant contributions coming from the
Christoffel connection. For these reasons, any scale-
invariant action can immediately be promoted to a gauged
Weyl-invariant action through the replacements of V, —

V” and of Riemannian curvatures with curvatures of V

[19]. There is, in addition, a new gauge-invariant field
strength W, = 9,5, —9,S, = 20,5, [10], similar to

Maxwell’s. With all the above properties, it becomes trivial

to write down Weyl-invariant actions; for example,
J/9V,.oV*p is manifestly invariant in any dimension d
for a scalar field ¢ that weighs w,, = % More details on

the geometry of gauged Weyl symmetry and spacetime are
given in Appendix A.

B. Quantum symmetry and Wess-Zumino consistency

It is well known that quantum symmetries can be
anomalous for an effective action I' coming from a path-
integral construction. Schematically, we have

el = / [dD)e=5, (7)

where at the exponent on the lhs we have the finite and
renormalized generating functional of connected Green’s
functions and @ is some bare field over which we are
integrating. The functional I" is assumed to be a finite
functional of the couplings A’ the metric 9u» and the gauge
potential S,, i.e., [ =T[4, g,,.S,]. It satisfies a Callan-
Symanzik equation,

o .0
<u$+ﬂ ﬁ)rzo, (8)

which defines the beta functions ' = u %/li with RG scale
u. We assume a dimensionless regularization scheme, such
as dimensional regularization, and concentrate on marginal
couplings A'.

Symmetries involving transformations of the local scale
are naturally anomalous because of the presence of RG beta
functions. However, conformal symmetry has intrinsic
anomalies that are most easily seen by considering the
theory in curved space [11,13]. We want to generalize the
analysis based on local RG by Osborn [3] to gauged Weyl
symmetry, so we assume that the path integral (7) can be
consistently renormalized for local couplings A' = A(x). In
general, the procedure requires additional counterterms
involving derivatives of the coupling themselves [3], and
the specific form of the additional counterterms in some
examples will become clearer below. The metric, the gauge
potential, and the local couplings are sources for the bare
energy-momentum tensor, dilation current, and interaction
operators, respectively. By construction, derivatives of I
give their expectation values

2 oI 1 or

<THL/> _ _75 , <DH> =——
909, V390S,
0y=--2L 9)

_7§5_,1i’

where O; are the interaction operators associated to the
couplings A'.
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To begin with, we slightly generalize the construction of
Ref. [3] and define the operator

o 1
AV = 2 —=0,0— ;. 10
v [{emgaez) 0

uv

It should be obvious that AY'S = 0 on shell for an invariant
classical action S with constant couplings, as discussed in
the previous section. In fact, it straightforwardly implies the
classical relation T = V,D¥. In general, for the quantum
action I' of (7), we must have

AT = AT + A, (11)

where the first term accounts for scale dependence caused
by the renormalization’s beta functions and the second term
is the “true” anomaly caused by the curved geometry as
well as the additional counterterms to the local couplings.
The above relation can be rearranged as

AT =(AY - A=A, (12)

and the transformation A, = AY — A% now accounts for all
contributions to the change of the local scale, both classical
and quantum [20]. Since the original transformation is
Abelian, it must be that also its quantum counterpart A,
remains Abelian, even if it is anomalous because of the
presence of A,. Therefore, we can impose the Wess-
Zumino consistency condition [2]

[Ag. Ayl =0, (13)

which enforces the Abelian nature of A, and translates into
a consistency condition for the anomaly

(AY = ADA, — (6 < &) =0. (14)

The consistency condition constrains the local structures of
the integrand of the anomaly with the beta functions of the
renormalized action [3].

For example, in the case of only marginal couplings A’ to
local operators O;, for the procedure to work consistently,
then the couplings A’ must be local functions [20] and
I'D> — [/gA(O;). In this case, we have

s _ i 0
Ay = /aﬂ TR (15)
which includes the beta functions B of the marginal
couplings A’. The beta functions are functions of A’ and
can be thought of as the components of a vector in the space
of couplings. For consistency of the local approach, we
must have that A, is a local functional of g,, and S, and
also of covariant tensors constructed from A’ and their
derivatives. Essentially, this was tacitly assumed when
declaring renormalizability [3]. The number of derivatives

in A, depends on the dimensionality of spacetime, and the
case d =2 is worked out in the next section under the
assumption of a dimensionless RG scheme. For a much
more thorough discussion on how to pass from a standard
to a local RG scheme and a comprehensive view on the
topic, we refer to Ref. [20], Sec. II (cautioning that we use
slightly different conventions).

II. CONSISTENCY CONDITIONS
IN TWO DIMENSIONS

In d =2, the curvature scalar of V becomes R =
R —2V*S,, where R = Rlg| is the curvature scalar of
the Levi-Civita connection V and depends only on the
metric (see the discussion of Appendix A), so it is a natural
term to parametrize the anomaly because, for a dimension-
less regularization scheme, we must have that the anomaly
A, is the integral of local dimension-2 operators con-
structed with the available sources [3].2 We choose to
parametrize the anomaly as

1 Po 4 Kij 3 qiunj
A, :ﬂ/dzx\/g{(T?R—O'jjaﬂﬂ >

s
— 0,0w;0"A' + 6pyV, S + a% S, S

—0,0p35" + oziaﬂ/liS”}. (16)

The above parametrization includes all possible terms
constructed with up to two derivatives of the sources.’
We have included the following general functions of A':
Bo. Pw. B5. B3, wi, z, and y,;, all of which can be
interpreted as “tensors” in the space of couplings (scalars,
vectors, and a rank-2 symmetric tensor, respectively).4 In
the first line of (16), there are all the “standard” local RG
contributions (for a nongauged symmetry), and in the
second line, there are all the new contributions due to
the presence of the source S,. The scalars S, fy, and B
(for m = 2, 3) are scalar functions of A’; the vectors w; and
z; also depend on A’; and y; ; could be interpreted as a metric
in the space of couplings [22]. We colloquially refer to the
scalar functions as “charges” in the following.

*Our approach based on a dimensionless scheme differs from
the one of Ref. [21], which uses an infrared cutoff.

*Having in mind a fundamental field realization, we have also
neglected possible terms that are zero on shell; in fact, there
would be a contribution proportional to the equations of motion
off shell [20].

Whether these quantities are scalars, vectors, and tensors is
decided here by their latin indices as in Refs. [3,22]. This
statement could be made more precise by adopting a framework
in which the anomaly is manifestly invariant under couplings
reparametrizations A’ = A’(1), such as the one of Ref. [23], which
requires a further modification of the covariant derivative
generated by the pullback of the Levi-Civita connection of y;;.

125018-4



CONSEQUENCES OF GAUGING THE WEYL SYMMETRY AND THE ...

PHYS. REV. D 108, 125018 (2023)

The computation of the Wess-Zumino consistency con-
dition (13), with A, = AY — Ag defined in (12), requires
only the infinitesimal gauged Weyl transformations

509/41/ - zagyw 50'R e —ZGR - 2V”aﬂa,
8,V4S, = —6V S, — V¥,0, (17)

from which it is easy to see that 5(,IA€ = —20R, so \/ﬁfi’ is
invariant. Integrating some derivatives by part, we find

1
[Ag, Ayl = 2—/d2x\/§(00”0/ -0'0,6)2"=0. (18)
n

The vector Z* is a relatively long function of all the
involved currents and the tensors of (16) that we give in a
moment after having discussed its structure.

Using the chain rule 9, = a,,/lfai on all the tensors in the
space of the couplings, it is easy to argue that Z, must have
the form

Z, =0,V + S,X, (19)

so for arbitrary 6M/1i and §,, we have that Z, = 0 implies
Y; = 0and X = 0 independently. The explicit forms of the
two contributions to Z, are

Vi = =0,py + xiip = Pojw; —wop; + z;,
X = ﬂ‘zg - ﬁ"aiﬂ§ - uf (20)

and they are the first main result of this section.
To understand the implications of the consistency con-
ditions, we define a new charge:

Py = By + wip' + 5. (21)

In the definition, we see that the charge By is shifted by a
term proportional to the beta functions and the vector w; in
a way familiar to the traditional local RG [3] but also by the
term 5 which is included for future convenience. From
Y; =0, we see that the gradient

0Py = Xii 4 (0w — 0wl 4+ 0,55 +z;  (22)

has symmetric and antisymmetric terms contracting ' like
in the standard local RG, besides two additional contribu-
tions. The flow of fy is almost gradientlike, and the local
scale derivative ;4% Py = 0,y becomes

d - - o . .
ﬂaﬁw = 0.y = xi; P + Pof5 + Pz (23)

Crucially, we can now use the solution of X = 0, that is,
S = Bof3 + z;/#, to simplify further

d - .
M@ﬁl{! = X'+ B (24)

We deduce that the function By is monotonic if Xij 18
positive definite and, importantly, if #5 > 0. For a proof of
monotonicity of the RG, it would be sufficient to find at
least one scheme for which By is monotonic. For example,
a scheme in which y;; > 0 and B3 = 0 gives a correspond-
ing By which is a candidate C function [4]. We thus return
on the analysis of (24) after having addressed how the
quantities actually transform under a change of renorma-
lization scheme, to see if it is possible to find a general
scheme in which 5 = 0, but we anticipate now that it is
actually not possible.

A. Scheme change transformations

A change in the renormalization prescription can be
encoded in the redefinition of the renormalized couplings
of the effective action I'" of the local theory. This corre-
sponds to I' = I" 4 oI', that we parametrize as

1 bo s Ci oo
oT / dlx\/g{fle—%aﬂmaw + byVrS,

N

bs .
+ 725/15,, + eia,,ws#}, (25)

and all the newly introduced tensors are functions of A'.
From I' - I' 4+ I, we have a corresponding change in

the anomaly A, — A, + 5A,, where 54, = (AY — A%)6T.
Comparing with the structure of the original anomaly (16),
we can read how the anomaly coefficients change with the
scheme. Some tensors transform as Lie derivatives in the
space of couplings

Po = Po + 0:be = Po + Lsbe
Pw = Py + Lsby
Xij = Xij + Bojci; + 0iflcy; + 0, ey = yij + Lyey
B3 = B3 + Lybs
2= 2+ Ploje; + ;0. =z, + Lye,, (26)

where Cﬂ is the Lie derivative in the ‘“direction” of the

vector ﬂi acting on scalars, a symmetric tensor, and a form.
The others transform with “shifts”

Wi = Ww; + €; + Cijﬂj - aib\y
B = B3+ b5 —ef. (27)
It is easy to check that the consistency equations, ); = 0

and X =0, are invariant under the combination of the
transformations (26) and (27). As for the quantity of
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interest, using the definition By = fy + w;f + 5, we
have

Py = Py + Cijﬁiﬁj + b3, (28)

that transforms similarly to the local RG counterpart [3],
except for the additional contribution b5.

The transformations induced by the choice of scheme
cannot be used to set the charge ﬁ§ to zero, because
P35 — B3 + L4b3, unless f3 has the form of the gradient of a
function contracted with the beta functions. In other words,
we cannot find a general scheme for an arbitrary model in
which f#5 is zero, and this fact will be confirmed by the
explicit examples of Sec. III. Nevertheless, we discuss the
self-consistency of the special case 5 = 0 along the RG
flow in the next subsection.

B. Setting the charge 5 =0 consistently
We can investigate the interplay of the special case
f5 = 0 along the flow with the Wess-Zumino consistency
conditions. If we impose 5 = 0, we have from Eq. (20)
that /0,45 = —z;#, which implies, for general f', that

z = =03 = N, (29)
where N; is a form in the cotanget space to the couplings

orthogonal to #, i.e., N;# = 0. Using this relation, we see
that the last two terms of the anomaly (16) become

1 i '
105 0 [ Exya-,0pS ~ 000,15~ oN 0,15
1 .
- _E/dzx\/g{aﬂ(f’ﬂg)sﬂ +0N;0,A'S"}. (30)

Integrating the first term by parts, we thus have that in the
case 5 = 0 the complete anomaly becomes

1 Bors  Xijy sivgsi
A=——|@ Pop_ oLl zignpi
B Zﬂ/dx\/g{az azaﬂ/laﬂll

+0(fy + 5V, S = 9,0w;0" A — 6N,9,4' S } (31)

The anomaly term VS, has the additional additive con-
tribution ﬁ§ , which reproduces the term included in the
previous definition of fy given in (21). In fact, B3 is no
longer necessary, and we could define iy = fy + 3 so
that the anomaly becomes

Xl g Jigra

A, =— [ @ Pop _
o 2;;/ x‘/g{"z 2 %

+0p4V St = 0,000 — aNiaﬂliS”}. (32)

Following the analysis of Sec. II, we can see that the charge
Py = By +w;B is now such that

d - .
ﬂ@ﬂ‘{l :)(ijﬂlﬁ] (33)

and has the same structure of the RG flow given for the
charge ﬁq, by Osborn in Ref. [3]. At this stage, for
monotonicity, one wound only need to find a scheme in
which y;; > 0, which is possible only if the underlying
theory is unitary.

The choice 5 = 0 must be consistent with the choice of
scheme, so the available changes of scheme given in (25)
must also be such that b3 = 0, implying that we always
remain in a scheme without §,8* anomaly. As a conse-
quence, if we remain in such schemes with bg = 0, we have
that the transformation (28) becomes

Py — Pw + cifp (34)

which also agrees with the transformation of B¢ given in
Ref. [3]. Using (26) and (27), we see that choice f; =
also implies

i ™% +ﬁj0je,- + eja,-ﬁf =z;+ Eﬂé,’,
B = B —ep. (35)

Recall now that the case f; =0 implies that z; =
—0,»/339 — N;, so the two transformations above cannot
actually be independent. In fact, from their combination,
we can deduce a transformation for the N,;. From the
transformation of f3, we infer 0,85 — 0,45 — 0:(¢;p’) =
0,55 — po;e; — e;0,4’. We thus have

N;=—-z;= 0,3 = N; + ploe;— plo;e;.  (36)

Geometrically, N = N;,dA’ is a l-form in the space of
coupling, and the transformation on the rhs of (36) depends
on the exterior differential de of e = e;dA!, which is a
2-form. In this notation, we can write

N — N +de(p,-), (37)

where 8 = 30, is a vector in the space of couplings and the
2-form is evaluated on only one argument. By construction,
N(p) = N, remains zero along a scheme transformation
because de(, #) = 0, as expected. Using Cartan’s formula,

N — N+ Lze —d(e;f). (38)

This is telling us that the part of e; that is orthogonal
to B transforms the vectors N; homogeneously, like the
transformations (26), while the rest transforms the n;
inhomogeneously, like the transformations (27).
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C. Comparison with the standard local RG

As a consequence of the analysis of Sec. Il A and, in part,
of Sec. II B, we now know that it is not possible to find a
general scheme in which 5 = 0. This result is somehow
expected because we know that conformal invariance and
unitarity imply irreversibility of the RG flow, but there is no
reason to expect that scale invariance alone implies
irreversibility. Since conformal invariance is a special case
of scale invariance, our discussion points to the fact that the
“signature” of pure scale invariance in the RG flow is
precisely the charge 5. We thus expect that 45 is nonzero
for models that are scale invariant, but not conformal
invariant, which is confirmed by the examples of the next
sections.

The standard results of the local RG can be reproduced
“trivially” by decoupling the gauge potential S, from the
anomaly. This is achieved by requiring fy = fp, Which
cancels the divergence in A, 5, =0 for m = 2,3, and
z; = 01in (16). In this case, there must be no change in the
renormalization of the S-independent contributions, so a
different scheme can be achieved only for by = bg, and for
b5 = e; =0 in (25). With this in mind, we see that Py
becomes Sy = fg + Wi considered in Ref. [3].

Then, if and only if S, is decoupled, one could follow
the proof of Ref. [3] that B is monotonic or, more
precisely, that there exists at least one scheme for which
Xij 1s positive definite for unitary theories. The scheme of
choice is the one in which y;; is Zamolodchikov’s metric,

Gj=x[*(0;(x)0;(0)), and B becomes Zamolodchikov’s
monotonic C function up to a constant, completing the
elegant proof of irreversibility of Ref. [3]. In general, fq
itself differs from the C function by terms proportional to
modulo a normalization, so the two quantities coincide at
fixed points of the renormalization group.’

Returning to the case of nonzero gauge potential S,
things become more complicated. There is still the freedom
of changing the scheme, but there is no general scheme in
which 5 is zero as seen in Sec. II A, so monotonicity is not
guaranteed because of the extra contribution in (24), even if
the underlying theory is unitary. The simplest solution
would be to find some scheme for which 5 = 0, but this
can only be done with a specific model in mind, though we
discussed the consistency of this choice along the flow in

Sec. II B. In this case, from (24), we could deduce u % Py =

Xi jﬂiﬂ/ and eventually develop a proof to monotonicity that
could apply to special models following the steps of Ref. [3],
assuming that such models are also unitary (i.e., such that

SThe fact that xij can be related to Zamolodchikov’s metric
(0;0;) is a luxury of the two-dimensional case. In four
dimensions, there is a consistency condition that leads to a result
similar to (24), but in that case, the symmetric tensor relates to the
correlator (O;O;T), for which it is not obvious to establish
positivity [3,20].

there is a scheme in which y;; > 0). Notice, however, that all
the famous examples of scale-but-not-conformal theories
are nonunitary theories [24], which leaves little hope for a
generalization of Zamolodchikov’s theorem to even a
subclass of scale-invariant theories. That said, the consis-
tency of the choice #5 = 0 involves normal terms to the beta
functions in the anomaly, but they do not seem to have much
effect in the form of the flow.

For a final remark, notice that there is no consistency
condition involving fg because fg is coupled to a Weyl-
invariant density (see also the discussion of Appendix A).
This may be counterintuitive since the local RG without the
gauging of the Weyl potential constrains the coefficient of
the scalar curvature anomaly, but it actually happens
because of our parametrization, having coupled fg to
R=R- 2V¥S,, which now plays the role of a type-B
anomaly, instead of R which is a type-A anomaly [25].

D. Boundary terms in two dimensions

We now want to succinctly add to the considerations of
Sec. II the effects of a finite boundary in the Weyl anomaly.
We are still working in two dimensions, meaning that the
boundary is a one-dimensional submanifold with some
coordinate 7 orthogonal to a vector n* of unit norm, which
we assume to exist in a neighbor of the boundary itself. The
intrinsic geometry of the boundary is characterized by an
“induced” metric from projecting gﬂy%%, and it is
convenient to parametrize the measure on the boundary
with dz = ds, where s is the arc length measured using g,,, .
There is also an extrinsic component to the geometry,
given here by the trace of the extrinsic curvature tensor,

K = ¢V ,n,. Using the covariant derivative @, it is natural
to define K = K + n#S s which has the meaning of

extrinsic curvature of the gauged connection. Under infini-
tesimal Weyl transformations, we have

o,n* = —on*, 6,ds = ods,
6,K = —oK — n*d,0, (39)
from which it is easy to see that 6,K = —6K, so K

transforms covariantly, and the combination dsK is invari-
ant similarly to \/§IAK’ in Sec. II.

In the presence of a finite boundary, the effective action
must contain a new boundary contribution I',, = I' + ['g.
For consistency, to the anomaly (16), we must add a
boundary term, which we parametrize as

1 P .

Apgs = 2—/ds{6ﬂq,K + ow;n*0,A'
T

+ en”d,c — oPyn*S,}. (40)

For parametrizing the boundary, we have made similar

choices as we have done for the bulk in (16), particularly
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with regard to the use of K as monomial. Similarly to the
bulk, we have that Bq;, ,B\y, and ¢ are scalar functions of A/
and that w; is a vector form in the space of the couplings.
An anomaly of the form d,6S8" is not included because it
can be integrated by parts and, by construction, it does not
have any additional effect given that the boundary of the
boundary is empty.

New terms appear when applying the Wess-Zumino
consistency condition to Ay, = A; + Apg,. The new
contributions come from applying A, directly to the
boundary terms but also from the total derivatives in the
bulk that have been neglected in Sec. II. Structurally,
the Wess-Zumino condition becomes

1
[Agy, Ayl = 2—/ d*x\/g(60,0' — 6'0,0) Z*
b3

1
—l-ﬂ/dsn"(m)ﬂo’ —-06'0,6)B =0, (41)
where Z# is the same vector computed in Sec. II, and

B =Py~ pu—of' + floe. (42)

Consequently, B = 0 is the new consistency condition that
is intrinsic to the boundary. As happened for g in Sec. II,
there is no condition on ﬁq, because it couples to a type-B
anomaly. The interesting point is that the charges fy and ﬁq,
are equal at fixed points, i.e., Bq} = py from B =0 for
S’ = 0. We can also recover the original local RG result of
Ref. [3] when decoupling §,, which, in this case, corre-

sponds to the requirement ﬁ\{; = ﬁq, and the relation B =0
then reproduces the boundary consistency condition given
in Ref. [3].

The boundary terms of the anomaly can be parametrized
in a new scheme by changing I'\y — I'yq + 6I},q, Where

1 PN N
Ol = Z/ds{bq,l( +ntd0, A" — byn*S,},  (43)

and, similarly to Sec. I D, we have chosen conventions that
simplify the final form of the transformations below. To
obtain how the tensors of (40) transform, we must use the
definition, A, = A,I', which induces the transformation
Apds = Apds + 0Apg - Notice also that the transformation
of the bulk does not affect the boundary in the general case.
Finally, the tensors of (40) transform as

By — By + Eﬂl;‘l’
e e—by+df,  (44)

Bo = Po + £ﬂl;d>
a)i Ed a),- + Lﬁd,

and it is easy to see that B is invariant under the above
transformations. Arguably, we could use the freedom of the
choice of the scheme to parametrize the anomaly so that
& = 0. The analysis of this section could be relevant to open

string theory, should the need for the gauged version of
Weyl symmetry arise.

III. EXAMPLES

We want to consider nontrivial yet simple examples to tie
things together. We choose two that are motivated in part by
the analysis of the charge f35, since it is the main actor in
differentiating (24) from the standard local RG result of
Ref. [3]. The first example is a higher-derivative free scalar
theory that does not admit a standard Weyl-covariant
description in curved space because of a geometrical
obstruction, yet it is a CFT in flat space [26]. The second
one is the theory of elasticity, which is scale invariant but
not conformal invariant in flat space as discussed by Riva
and Cardy [27]. The two examples display zero and
nonzero values for ﬂg, which, we argue, occur in relation
to their conformal properties.

A. Free higher-derivative scalar and f5 =0

To begin with, we restrict our attention to “generalized
free” fields with quadratic actions coupled to a Weylian
geometry, playing the role of “Gaussian” fixed points. A
standard scalar with a two-derivatives action is not par-
ticularly interesting for us because the scalar has canonical
dimension (d —2)/2, so its Weyl weight is zero in d = 2,
and it does not couple minimally with §,. A standard Dirac
spinor does not work either, because even if it does couple
to S, through W we have that, due to the (anti-)Hermiticity
of the Dirac Lagrangian, S, cancels in a symmetrized
action.’

The above considerations motivate the simplest non-
trivial example that works for our purpose, i.e., a higher-
derivative scalar ¢, with canonical dimension % — —land
thus Weyl weight w,, = % — 1. We first concentrate on
the computation of the anomaly and then discuss its
relevance more pragmatically. The Weyl gauged classical
action

S-S = =5 [ V(PR 63)

is manifestly invariant under (4) and ¢ — €"+°¢ in any d,
including d = 2, given the covariant derivative V that is
defined in (5). We set on d = 2 for the explicit computation
below but notice that the field has then negative scaling

%The simple curved space action with Lagrangian £ ~ —pV2¢
is already conformally invariant in d =2 because —V? is
conformally covariant in d = 2. Furthermore, the presence of
S, in the Dirac operator can be interpreted as a contribution of the
vector part of the torsion up to a factor 1/(d — 1) [10,17], which
decouples from a Dirac spinor. In other words, also ¥ is a
conformally covariant operator, and this is true in any d. For a
complete discussion of the degrees of freedom of the torsion
tensor, see Ref. [28].

125018-8



CONSEQUENCES OF GAUGING THE WEYL SYMMETRY AND THE ...

PHYS. REV. D 108, 125018 (2023)

dimension, signaling that it is related to a special type of
CFT [26].

Manifest gauge invariance is lost if the covariant
derivative is expressed in terms of the Levi-Civita con-
nection. We have that the “kinetic” operator is of the form

(V229 = (V*)p + BV, 0,0 + C*d, + Dop.  (46)
with relatively simple tensor coefficients in d = 2,

Bu, = 20,,5°S, — 45, +4V,,S,),
C, = 2R, S" — 45, V'S, + 45'W,,,
+2V2S, +2V, V7S, (47)

and D = ($#S,)? + - - -, where the dots hide several terms
involving S, and its derivatives that we do not report for
indolence. Crucially, there is no term with three derivatives.

Classically, the energy-momentum tensor and the dila-
tion current are complicated functions of the field ¢ and the
sources. We have computed them in general, but for brevity,
we give them off shell in the flat-space limit

1
T = 200" o) g — 80 0, — 59 (P)?,

Dt = =o' + 9pd* g, (48)

and it is straightforward to check that T = d,D* using the
flat-space limit of the equations of motion (0%)%¢ = 0. Off

shell, the relation becomes T — 9,D* = ¢(0*)*¢, where on
the rhs we have the flat-space limit of % Jw,o0 g—j’, in
agreement with the Nother theorem. Notice that it is the
contribution of the dilation current, and not the one of the
trace of the energy-momentum tensor, that brings the term
proportional to the equations of motion of ¢ on the rhs. It is
also easy to deduce that D* is not the gradient of a scalar,
nor the divergence of a symmetric tensor on shell, because
such a symmetric tensor would have two derivatives and
the equations of motion cannot help in its construction.
This is consistent with the fact that the energy-momentum
tensor does not admit an improvement to tracelessness and
is related to a geometrical obstruction that we mention
below.

Using heat kernel methods [29], we can easily compute
the anomaly without having to introduce further external
sources; e.g., we compute what is occasionally referred to
as the vacuum functional. More details of the procedure,
which is based on heat kernel methods, can be found in
Appendix B. The computation is greatly simplified by the
fact that we work in d = 2; in fact, we can use the results of
Ref. [30], Sec. VI, to show that the anomaly depends only
on the trace of the tensor B;w and on the curvature scalar R,

A =L [ Ry Lo
° T on) TVINe T4
1 R
= 2 — H
2ﬂ_/d X 90{6 +V Sﬂ}. (49)

By comparison with (16), we deduce the nonzero values of
the charges fp =1 and By =3, which should be under-
stood as Gaussian fixed-point values of some RG flow.
There is no S? anomaly, i.e., 3 = 0, so it is consistent to
discuss schemes without such charge for this model as in
Sec. I B. Furthermore, we have that fig = 1 is twice as
much the contribution of a simple scalar (which would be
Po = %), and this is what one could expect from a simple
higher-derivative scalar and a one-loop analysis.

A practical reason why the action (45) is interesting
is because in even dimensions there are obstructions to
extending some flat space’s CFTs to fully Weyl- and
diffeomorphism-invariant models. The simplest example
of obstruction is seen by considering the conformally
invariant four-derivatives scalar in general d. In curved
space, its action is governed by a Weyl-covariant
operator [31,32], sometimes known as the Paneitz operator
in arbitrary d [33]. The Paneiz operator depends on the
Schouten tensor

1 1
P,=——<R,——R , 50
v d—2{ Hv 2(d—1) g/w} ( )

which is required to balance the Weyl transformations of
terms with two or more covariant derivatives of the field [34].
However, the tensor has a pole in d = 2, signaling the
presence of a geometrical obstruction to Weyl invariance.
Amusingly, in this section’s example, we obtain 5 = 0,
which is what we would expect from any ordinary CFT, and
this is probably related to the fact that in flat space the model
is known to be a generalized free CFT [26].

B. Gauging the theory of elasticity and ﬂg #0

Now, we want to address an example of scale-but-not-
conformal theory. The two best-known examples are the
Aharony-Fisher model of dipolar ferromagnets [35] and the
theory of elasticity, as originally pointed out by Riva and
Cardy [27]. For both theories, the virial current cannot be
expressed as a total divergence, so the models have the
virial current as a special vector operator of dimension
d — 1 in their spectra [24].

We concentrate on the model discussed by Riva and
Cardy. The action in flat space is

1
S[u] = §/d2x{211uwu"” + Lt u,}, (51)

where u,, = d(,u,) and u, is a vector describing the local
deformation of some material. The coefficients /; and [, are
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related to shear and bulk stresses of the underlying
material.” The model is a scale-invariant theory that, for
general /; is not conformally invariant. In fact, there is no
way to write down an improved (traceless and conserved)
energy-momentum tensor because the virial current cannot
be written as the divergence of a scalar field [27]. It is also
not unitary.

However, in the special case 3/; + [, = 0, which we call
the “global conformal limit” (in the sense of Ref. [38]),
a finite subgroup of the infinite-dimensional conformal
symmetry (the Virasoro group) survives. The implication of
this is seen below. R

Using the connection V defined in Sec. T A, it becomes
trivial to write an action that generalizes (51) to curved
space and that is invariant under gauged Weyl trans-
formations. The “gauged” elasticity model is

1
S[u, g S,] = E/dzx\/§{2llﬁwid‘” + Lty (52)

where now i, = @(ﬂ%) with V defined in (5). We assign
the Weyl weight w, = w(w*) = —1, which is also the
natural Weyl weight that one would expect for a coordinate
displacement with units of length (besides being the
necessary choice for Weyl invariance).

According to the definitions (9), we can find a symmetric
energy-momentum tensor and a dilation current satisfying
T = V¥D, when going on shell using the equations of
motion of the field »*. For simplicity, we give them in the
flat-space limit, i.e., for g,, — §,, and S, — 0,

T, =4l,0,u,0’u, —8l,0,u’u,, —4l,0,u’d,u,
+ 41,6, u,,u’” — 8Lu’0,u,, — 41,0,,u”0,u’,
= 20,6,,u” u’,,

D, = =421y + L)uu’, + 8y, (53)

but they can be computed with minimal effort in the general
case. It is easy to check that 7 = V¥#D,, in general on shell.

In the global conformal limit, 3/; + [, = 0, the virial
current is the divergence of a symmetric tensor,

D, =X, X, =4 uu,+205,uu, (54)

up

"The coefficients [ . and [, are generally denoted y and 4,
respectively; however, here we do not want them confused with
scale and couplings in this paper. The action S[u] is quadratic, but
an interacting version describes the crystalline/tethered membrane
model, which is also an example of scale-but-not-conformal
model [36]. Interestingly, all these models can be understood as
coming from cosets that involve spacetime symmetries in the
breaking process [37]. The fact that the field variables share the
indices of spacetime is what allows for more than one independent
contraction in (51), and it would be interesting to investigate this
property in relation to the existence of a virial current.

having identified the virial current with the dilation current in
the flat-space limit. In d > 2, this would imply that scale
invariance could be extended to conformal invariance by
appropriately improving the variational energy-momentum
tensor introducing a coupling between the symmetric tensor
and the Schouten tensor [defined in (50)] of the form
J \/9X,,P* in the original action among other terms [12].
However, the improvement of an energy-momentum tensor
based on X, truly works only in d > 2 because of the same
obstruction discussed in the example of Sec. III A. In fact, in
d =2, one needs the stronger condition that D, = 9, X,
where X is some scalar operator. In other words, X, = §,,X
must only have a trace part on shell [13].

We can compute the anomaly (16) of the gauged
action of elasticity. The simplest way to approach the
computation is to use the curved space generalization of a
trick applied by Nakayama in a similar context [38], by
which we define

u, =V,p+e€,VYy, (55)

so we decompose the vector u, in a scalar and a pseudo-
scalar using the covariant ¢ tensor. The decomposition
assumes implicitly that there is no global zero mode
(a harmonic form) and neglects the constant shift of u,,
which would not contribute to the energy balance of the
statistical system anyway.

The use of (55) and integration by parts brings the action
(52) in a form that is more useful for the computation of the
anomaly

1 Agy Am) <¢>
Slu, g, Sy == d? . . ,
- G 53 2/ x\/§<¢ X) <Ax¢ A/ \X

(56)

where A, ; are rank-4 differential operators with the same
general structure as (46), but different normalization of the
V# term. In particular,

Njy=CL+L)(V?)2+-, A, =41,(V})2+-, (57)

with the dots hiding lower-derivative terms of rank 2, so the
method of Appendix B applies after appropriately rescaling
the two fields. A significant simplification comes from the
fact that the two scalars have different parity, so the off-
diagonal terms AM and Am do not contribute, which can
be checked explicitly. In practice, the anomaly is the same
as that of two decoupled scalars with action

[ ExVabd by ()

125018-10



CONSEQUENCES OF GAUGING THE WEYL SYMMETRY AND THE ...

PHYS. REV. D 108, 125018 (2023)

After integrating out ¢ and y using the method sketched
in Appendix B, a somewhat lengthy computation that uses
twice the same formula as (49) gives the anomaly

| 130, + 50, 31, +1
A, =— [ & ! R-— VK
o 27r/ x\@{6(211+lz) SRR
BL+h? .,
_ DTl . 5
0,20+ 1) (59)

The nontrivial “denominators” 21; 4 [, and 4/, are caused
by the fact that, for the application of the heat kernel
methods of Appendix B to the differential operators (57),
we have to rescale the fields ¢ and y, respectively.

Comparing the anomaly with (16), we find the following
values of the charges:

5 I, 2
ﬂ®—§+m, ﬁ\lf—g’
31 1,)?
R < k. (60)

CAL2L+ 1)

The important difference from the example of Sec. III A is
that 35 #0 unless the global conformality condition
31, + [, = O is satisfied. This result is somewhat expected;
in the global conformal limit, the charge /33, that represents
a departure from the flow y % Pw = xi;'P, is zero. Instead,

when the theory is only scale invariant, we have that ﬂg is
different from zero. The global conformal limit has the
additional property that B¢ = fy = % The general con-
dition f¢ = Py was observed as a consequence of the
decoupling of S, for conformal theories, so it further
confirms that the limit is globally conformally invariant.

IV. INTERPLAY BETWEEN WEYL AND
DIFFEOMORPHISMS SYMMETRIES

In this section, we want to discuss some points that may
be of relevance for the application of the Weyl gauged local
RG to quantum gravity. It is known that, as a result of the
path-integral procedure, one can choose to either have a
conformal or a diffeomorphism anomaly. Classically, the
energy-momentum tensor can be made traceless at the price
of its conservation. For a quantum example, see Ref. [39]
with a discussion of the case d = 2, which becomes very
relevant when studying two-dimensional quantum gravity
because the Einstein action is not dynamical in the limit
[40,41]. The presence of the Weyl anomaly discussed in the
previous sections assumes tacitly that diffeomorphism
invariance is not anomalous.

The gauged Weyl transformations (4) for infinitesimal
o are

5,‘;‘/9”1, =200, 5(‘;‘/5” = —0,0,

VD = 2wepo® (61)

and, as discussed in Sec. I, imply classically 7 = VD,
(the label W is for “Weyl”). The classical relation between
the currents is subject to the anomaly (16) coming from the
quantization, as we discussed in Sec. II.

As stressed above, we have been working under the
assumption that the classical action I' is diffeomorphism
invariant. Infinitesimal diffeomorphisms are generated by a
vector &+,

5?g;w = (‘Cég)m/ - Zv(ﬂglj) ’

éfESﬂ =(LS),=&V,S,+8V,&,, 65‘5(13 =L:D, (62)
where we used the fact that V,, is symmetric and compatible
(the label E is for “Einstein”). The tensor structure of ® is
unspecified, so the Lie derivative of ® depends on its
holonomic indices, while it is insensitive to other indices,
which could be gauge and local Lorentz ones, and it is also
insensitive to the Weyl weight. Consequently, 5§CI> might
not transform covariantly under the other local transforma-
tions [9]. On-shell, classical invariance under diffeomor-
phisms implies that

V, T + VDS + D, W =0, (63)

and the energy-momentum tensor is conserved in the limit
S, = W,, = 0. This equation is not anomalous if diffeo-
morphism invariance is preserved during quantization.

With a bit of work, it is possible to rewrite the relation
(63) in a gauged Weyl-covariant form,

V, T* + D, W =0, (64)

where we used the fact that w(7T#") = —d — 2 (which can be
deduced from its definition, given that the Weyl weight is
multiplicative), but also, importantly, we used the relation
T = V¥D,, coming from classical gauged Weyl invariance.
Classically, the energy-momentum tensor is thus gauge-
covariantly conserved also for integrable Weyl geometries
in which W, = 0 (i.e., when §,, is locally the gradient of
some scalar function).

A more direct way to prove the gauge-covariant relation
(64) is to consider “modified” diffeomorphism transforma-
tions, which combine diffeomorphisms and Weyl trans-
formations as

5F = 68 + 50, (65)

where & - § = £#S,. This transformation makes it such that
3? O is Weyl covariant if O is also Weyl covariant, for an
arbitrary operator O with some weight and holonomic
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indices. The operator O could be the basic field @, or any of
the ;. A generalization to other anholonomic and gauge
indices is possible by including in (65) further contributions
of the form 6?{ 4» Where A, = /Al is the potential of some

gauge group G and algebra generators #/. In practical
applications, the transformation Sg is the so-called covari-

ant Lie derivative [42], sometimes denoted 5% = Z(: [10].
It is interesting to study the algebras, in view of the
application of Wess-Zumino consistency conditions. We
have for the original transformations
ooy =0.  [EoE =t (66)
where [&,£']# are the Lie brackets. The algebra of diffeo-
morphisms is isomorphic to the algebra of Lie brackets, as
expected. Using the definition of 6%, one can show
0% 0] = Oze) + e (67)
where W(&,&) =W, & (W=1W,dx* Adx* is the
Weyl curvature 2-form). The above algebra extends cor-
rectly to sources and connections, including S, even if it
has an affine transformation [10]. We have that Sg does not
form a closed subalgebra, except for integrable Weyl
geometries when W(&, &) =0. The algebra satisfies a
Jacobi identity, but it does not generate a group in the
traditional sense because it depends on S, through W ,,.
The relation (67) makes it clear that if one chooses to
preserve diffeomorphisms invariance (i.e., one assumes that
diffeomorphisms invariance is preserved by the underlying
path integral’s measure, but Weyl transformation are
anomalous) then the modified diffeomorphisms are anoma-
lous because of the presence of the anomaly in &V, We

W(Eg):
deduce the quantum version of (64) using the anomaly

(V,T™) + (D)W + (S* A) = 0, (68)

where A =2 (AT + A,) is the anomalous part of the
trace of the energy-momentum tensor, using the definitions
give in Egs. (16) and (15). Therefore, even at a fixed point
B = 0 and even for integrable Weyl geometries, we expect
an anomalous contribution to the gauge-covariant conser-
vation of the energy-momentum tensor. Using the explicit
form of the anomaly, we can inspect the limit 3; = 0 for
constant (traditional) couplings A’; we find
</ v v ﬂ P D
(V, ") + (D,)WH + ERS
P I
— VHS, S¥ + =84S, =0, 69
* 2r " + 2 (69)
which depends, as one might have expected, on the charge
Py that can be monotonic if ﬂg = 0 and y;; > 0 (the scalar

functions of the couplings are regarded here as constant
numbers set at their fixed-point values). We are treating the
sources as classical fields, so further expectation values, for
example, those including insertions of (©;, could be
obtained using functional derivatives of the local couplings.

V. CONCLUSIONS

The generalization of the local RG approach to theories
involving the gauged version of Weyl transformations reveals
interesting similarities, but also several differences, when
compared to the nongauged case developed in the past [3]. In
practice, the generalization consists of coupling the finite and
renormalized quantum theory with local couplings to a
Weylian geometry, rather than a Riemannian one. The former
is characterized by the presence of an additional gauge
potential S, that acts as a source of the dilation current and
that has an affine transformation under local rescalings of the
metric. The dilation current is naturally interpreted as the
virial current of scale-invariant models in the flat-space limit.

We have restricted our attention to the application of the
Wess-Zumino consistency condition to the anomaly in the
two-dimensional case, although several considerations can
be straightforwardly extended to four or higher dimensions.
Our results indicate that a new charge, denoted /35 in the main
text, is responsible for the differences between scale and
conformal invariance. While we see that it is not possible to
set the value of the new charge to zero in an arbitrary
renormalization scheme of a general model, we also realize
that, if for some specific theory ﬁg = 0, then it should be
possible to find consistent RG trajectories such that the new
charge remains zero along the flow. However, we do not
expect a generalization of Zamolodchikov’s irreversibility
theorem [4] on such consistent trajectories; the theorem
requires the positivity of the metric in the space of the
couplings, y;; > 0, which in turn requires the underlying
model to be unitary [8], but to our knowledge, all examples of
scale-but-not-conformal theories are nonunitary [24].

The natural extension of our work is to repeat the analysis
in the four-dimensional case, which is certainly going to be
much more complicated since we already know that the four-
dimensional local RG requires the inclusion of several more
tensor structures in the space of the marginal couplings [3].
Nevertheless, we think that the four-dimensional analysis
is certainly within reach. The discussion of the four-
dimensional case would also lead to more interesting example
applications as compared to the ones shown in the present
paper. The four-dimensional case could also be important for
the study of completions of ““Standard Model 4 Gravity” that
require gauged Weyl symmetry [19]. For these completions of
the Standard Model, it has been shown that the Weyl anomaly
cancels (for standard constant couplings), also thanks to the
fact that S, couples only to the Higgs sector [43]. The
four-dimensional anomaly with local couplings that general-
izes (16) can nevertheless offer nonperturbative insights on
the RG flow.
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APPENDIX A: RIEMANN
AND WEYL GEOMETRIES

Geometrically, a Riemannian geometry consists of a pair
(M, g,,), where M is a manifold and g,, a metric. In
contrast, a Weylian geometry can be seen as a triple
(M., g,,.S,) such that the geometrical information depends

on the equivalence (g,,.S,) ~ (¢*g,,. S, — 0,0). A

We can associate local curvatures to the connection V
defined in (5) [10]. The simplest curvature is the gauge-
invariant field strength, W,, =9,S, —9,S,. To work out
the others, consider a holonomic vector field v# with zero
Weyl weight w(v#) = 0.® We have the commutator

V.V, ]Jo* = R, 0F (A1)

and R"ﬁ”y = R%,, + -+, where the dots hide several
additional structures that depend on S, and its covariant
derivatives, which we do not report for brevity. We can
define a Ricci tensor as R, = R, sO

R

uw — R/w - g/wvasa

d
- (d_2>{v(/4sv) _SySv+gnyaSa} _EWﬂl/’ (AZ)

which is not symmetric due to the presence of W, (as seen

from the last term). The contraction leading to IAQW is not
unique, but alternative choices differ by the above only by
the coefficient of the antisymmetric part. Consequently, the
Ricci scalar R = g"”f?,w is unambiguous,

A

R=R-2(d=1)VS, — (d—1)(d-2)$"S,. (A3)

Let us also note that the gauged Weyl geometry admits an
ambient space construction [44], in analogy to the one of
conformal geometry [14].

¥A nonzero weight would just give additional structures
involving W, so what follows is only one possible convention
to define the Riemann and Ricci tensors of V [10]. It is also
important to realize that the charge of Weyl transformation, i.e.,
the weight, is multiplicative, so it depends on whether the indies
are raised or lowered with the metric. For example, the weight of
v, is different than that of . In our convention, w(v,) =
W(guw) +w(v*) =w, =2#0 if w(v*) = 0.

APPENDIX B: HEAT KERNEL

The heat kernel of an elliptic differential operator A is
defined as the solution of the diffusion equation
(0, + A H; (53, %) = 0, (B1)

with initial condition 3 (0; x, x") = &(x, x’), where &(x, x’)
is the covariant Dirac delta [29]. Formally, we have the
representation  Hj (1;x,x') = (x| exp(=tA)|x'). For the
computations of Sec. III, Aisa rank-2p scalar operator
of the form A = (=V?)? + .-, where the dots include
lower-order terms in the covariant derivatives, and we only

need the coincidence limit x = x’ of the heat kernel, which
admits an asymptotic expansion in s,

Ha(six,x) = m (1 + Zt"/l’an(x)) (B2)

n>1

The coefficients a,(x) are local functions depending on
metric, potentials, curvatures, and tensor structures of A.
The a,(x) can be computed with various algorithms [29]
and are known also for the general case p = 2 [30], which
includes the operator (46) given in Sec. III A. Similar
operators are needed in Sec. III B.

The heat kernel is directly related to the zeta function of
the differential operator by {3 (s;x,x") =T(s)~" [ dr x
#~'H;(#;x,x’) and the asymptotic expansion is used to
evaluate £3(0,x,x) = (47)™¥?a,»(x). Using the zeta
function and considering a bare action of the form
S~ [ @A, we can formally express the nonrenormalized
effective action as

1_.d
'=—-Tr—{i(ssx0,x)]

B3
2 ds s=0 ( )

where the trace includes an integration over spacetime for
x = x'. For Weyl- and diffeomorphism-covariant differ-
ential operators, such as the ones considered in the main
text in Sec. III, it is straightforward to show that the scale
transformation of the renormalized action is

6, = W/ddx\/@md/z (x), (B4)

and therefore we have a formal way to obtain the anomaly.
From the above computation, the standard result that shows
the relation of the anomaly with the coefficient of the
dimensional pole of divergent part of the regulated effective
action follows. The case d = 2 requires the heat kernel
coefficient a;(x), which, for a self-adjoint differential
operator of rank 4 acting on a scalar, A = (V2)2+
B*V,0, + C*d, + D such as (46), is given in completely
general form in Ref. [30],
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T(d/4-1/2)
@) =Tz

1 1
(gB”# + 6R>. (BS)

Notice that heat kernel coefficients of differential operators of rank greater than 2 depend on d nontrivially, so it is necessary
to take the limit d = 2, which appears in Eq. (49) of the main text.
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