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Canonical quantization of Teukolsky fields on Kerr backgrounds
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Electromagnetic and gravitational perturbations on Kerr spacetime can be reconstructed from solutions
to the Teukolsky equations. We study the canonical quantization of solutions to these equations for any
integer spin. Our quantization scheme involves the analysis of the Hertz potential and one of the Newman-
Penrose scalars, which must be related via the Teukolsky-Starobinsky identities. We show that the
canonical commutation relations between the fields can be implemented if and only if the Teukolsky-
Starobinsky constants are positive, which is the case both for gravitational perturbations and Maxwell
fields. We also obtain the Hadamard parametrix of the Teukolsky equation, which is the basic ingredient for
a local and covariant renormalization scheme for nonlinear observables. We also discuss the relation of the
canonical energy of Teukolsky fields to that of gravitational perturbations.
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I. INTRODUCTION

Quantum field theory on black hole spacetimes is crucial
for describing black hole evaporation [1-3] or for studying
quantum effects at the inner (Cauchy) horizon [4-7],
related to strong cosmic censorship [8]. In addition to
those and many other established applications, one could
also ask, for instance, whether quantum effects may be used
to “overspin” an extremal Kerr black hole—this is classi-
cally impossible [9]. A natural way to investigate this
question would be to quantize gravitational perturbations of
the extremal Kerr spacetime and then compute semiclass-
ical corrections to its mass and angular momentum. The
aim of this paper is to take a first step towards this difficult
problem.

While scalar quantum fields on black hole spacetimes are
well understood conceptually and essentially all relevant
observables are computable,1 the treatment of gravitational
perturbations, but also of Maxwell fields, is less well
developed. One difficulty is that they are gauge theories;
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"To the best of our knowledge, an explicit computation of the
expectation value of the stress tensor in the exterior region of
the Kerr spacetime has not yet been performed, but in view of the
recent rapid progress (with results for the interior region [7]), this
seems to be just a matter of time.
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also, their field equations are not separable in black hole
spacetimes.

Candelas, Chrzanowski, and Howard (CCH) [10] have
suggested an approach to overcome some of the technical
difficulties with gravitational perturbations (and analo-
gously for Maxwell fields) on Kerr spacetime by express-
ing them in terms of the corresponding complex Hertz
potential. This is a solution to one of the Teukolsky
equations (TE) [11], which is well known to be separable.
Hence, one can construct mode solutions for the Hertz
potentials. In the CCH approach, they are symplectically
normalized by reconstructing the corresponding metric
perturbation and using the symplectic inner product that
is naturally defined. In this way, one obtains quantum
fields fulfilling canonical commutation relations (CCR),
and one can easily define a state in the usual way, such as
the Boulware vacuum. From the metric perturbation, one
can also construct the gauge invariant Newman-Penrose
(NP) scalars, which can thus be expressed in terms of
modes and creation or annihilation operators, so compu-
tations of expectation values (or differences thereof) are
possible (at least in certain limits) [10,12,13].

While the CCH approach is very appealing, it has some
aspects which are not completely satisfactory or where a
deeper understanding seems desirable. A slightly awkward
aspect is that the two sets of mode solutions of the TE,
the in- and up-modes (see Sec. III A), are reconstructed
differently; i.e., the corresponding metric perturbations
are in different gauges (so the full metric perturbation is
not in a well-defined gauge). In the computations that are
performed in [10,12,13], this is irrelevant, as only the
gauge invariant NP scalars are considered. However, to the
best of our knowledge, no computation of renormalized
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expectation values has yet been performed for the NP
scalars (only differences of expectation values in different
states). To perform a proper renormalization (for example,
of the stress tensor of the Maxwell field) according to the
principles of quantum field theory on curved spacetimes
(QFTCS) [14,15], a Hadamard parametrix is necessary.
One could of course set up a parametrix for the gravita-
tional perturbations (for which a choice of gauge would be
necessary) and then act on it with the appropriate differ-
ential operators (mapping a metric perturbation to an NP
scalar). However, to the best of our knowledge, this
cumbersome procedure has not yet been performed.

The variation of the CCH approach that we propose here
overcomes these difficulties. It is based on the insight that
the Hertz potential ¢ can naturally be interpreted as “dual”
to an NP scalar y (,y for metric perturbations and |y for
the Maxwell field) in the sense that both the TE for the
Hertz potential ¢ and the NP scalar y follow from the same
“Teukolsky action,” in which ¢ and y are coupled [16].
This coupling of ¢ and v is analogous to the coupling of a
charged scalar y to its complex conjugate y*. In the latter
case, one typically first considers y and y* as independent
(for the derivation of the equation of motion and symplectic
normalization, for example), but in the end, one has to
make sure that the Hermitian conjugate of y coincides with
. This leads to a condition on the normalization of modes
which fixes it up to a phase. Similarly, in the present case,
we require that y is the NP scalar for the metric perturba-
tion (or Maxwell field) reconstructed from the Hertz
potential ¢. This leads to a relation between ¢ and y
involving a differential operator of order 2s (with s being
the spin of the field considered, i.e., s = 1 for the Maxwell
field and s = 2 for gravitational perturbations), which for
s = 0 reduces to the relation for the scalar field discussed
above. A further analogy with the complex scalar field is
that the TE for ¢ (and y) can naturally be interpreted as
those of a charged Klein-Gordon field in a complex
external potential.

From the “Teukolsky action” one directly obtains a
symplectic form for the fields (¢,y), and imposing
symplectic normalization as well as the consistency relation
between ¢ and yw discussed above, one recovers the
symplectic normalization used in the CCH approach.
One slight advantage of our approach is that at least one
of the NP scalars is directly available as a quantum field;
i.e., no further differentiations are necessary. Furthermore,
from the form of the Teukolsky action, it follows that in
physically reasonable (“Hadamard”) states, the two-point
function (¢(x)y(x’)) has a universal short-distance singu-
larity, which is captured by the Hadamard parametrix for
the “Teukolsky operator” occurring in the TEs. This can be
straightforwardly obtained by adapting results for the
charged Klein-Gordon field in an external potential [17].
Hence, our approach quite directly yields a parametrix
which can be used to subtract short-distance singularities in

order to obtain renormalized expectation values of electro-
magnetic and gravitational observables.

Finally, a further advantage of our approach is that,
associated with the Teukolsky action, there is also a
canonical energy for (¢,y), which, up to “boundary”
terms, coincides with the canonical energy for metric
perturbations (or Maxwell fields). The latter quantity is
relevant for semiclassical corrections to the black hole mass
(and thus also the quantum stability or instability of Kerr
spacetime). However, for reasons explained in more detail
below, its computation seems to be a daunting task, while a
computation of the “Teukolsky canonical energy” might
soon be within reach.

The article is structured as follows: In the next section,
we first recall basic concepts, such as Kerr geometry and
the Geroch, Held, and Penrose (GHP) [18] formalism. We
also recall the reconstruction of gravitational perturbations
(and Maxwell fields) from the Hertz potential and introduce
the Teukolsky action and the corresponding symplectic
form. In Sec. IlI, we quantize by first performing a mode
expansion, then imposing symplectic normalization, and
finally implementing the relation between ¢ and yw dis-
cussed above. In that context we also discuss the (impos-
sibility of the) generalization to generic spin, and the
relation to the CCH approach. In Sec. IV we discuss the
Hadamard parametrix for the Teukolsky fields, and in
Sec. V we perform some first steps towards the evaluation
of the Teukolsky canonical energy. We conclude with a
summary and an outlook.

II. SETUP

A. Kerr geometry

The Kerr metric in Boyer-Lindquist coordinates is

oM 4arM sin6
g= (1— Zr>dt2—|—arzsmdtd(p

p) r
~ 24P = 2d0? — & sin’ 6dy? (1)

with

T =12 4 a*cos? 6,
A=r2=2Mr+d?
[=(+a)? - a’Asin0. (2)

Here M > 0 and 0 < a < M represent the black hole mass
and the angular velocity parameter. The function A has two

distinct real zeros in r. = M + VM? — a®> when a # M;
the root r, represents the outer (event) horizon while r_ is
the inner (Cauchy) horizon of the black hole. The surface
gravity on the event horizon is
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r.—r_

= 2(rk + a?)’

(3)

which vanishes in the extremal case a = M, i.e., when the
roots of A coincide.

In our calculations, we will use the tortoise coordinate r*
implicitly defined by

dre P +ad* @
dar A

From the explicit form of the metric (1), this spacetime is
stationary and axisymmetric with two Killing vectors:

(9)°. (5)

The Kerr metric is of Petrov type D and hence possesses
two principal null directions / and #, i.e., null vector fields
such that

Cabc[dle]lalb =0, Cabc[dne]nanb =0, (6)
with C,,.; the Weyl tensor (which coincides with the
Riemann tensor on Kerr spacetime).

B. GHP formalism

In order to simplify Maxwell/linearized Einstein equa-
tions around a Kerr background (M, g), we use the frame-
work introduced by Geroch, Held, and Penrose [18], which
is a powerful tool in classical black hole perturbation
theory. One first completes the null directions n“, [ to a
complex null tetrad {/, n, m,m} normalized as

ln, =1, mém, = —1, (7)

with the other contractions vanishing. Using these, the
metric can be written as

Gab = 2l(aNp) = 2m,inp). (8)

The GHP formalism emphasizes the notions of spin and
boost weights, defined as follows. The Abelian subgroup
of the (local) Lorentz group which preserves the principal
null directions [, n%, and the orthogonality relations is
defined by

1+ AAI°, n® — (AA)~'n?, m A" 'm  (9)
with 1: M — C* and C* the multiplicative group of
complex numbers. A scalar 7 has GHP weights {p, ¢} if

it transforms as

N> APy (10)

under (9), and we will write 7 = {p, ¢}. For any scalar of
type { p, ¢} we can define the spin and the boost weights by

P—q P+q
=" 11

Only objects with the same weights can be added together,
and multiplication between {p,q} and {p’,q'} scalars
gives a {p+p',q+q'} scalar. The generalization to
tensors with GHP weights is straightforward: A tensor

......

R s (12)
under tetrad transformations (9), and it satisfies the stan-
dard transformation law for tensors under a change of
coordinates.

In this tetrad formalism, there exist two different discrete
transformations that reflect the inherent symmetries of this
construction:

(i) " 1* <> n® and m* < m“, {p,q} — {-p,—q};

@) = m* < m* {p,q}+— {q,p} (complex conju-

gation).
By taking the directional derivative of the tetrad vectors, the
12 spin coefficients can be defined as

k= 1"mPV 1, 6 =m*mbV 1,

p = m*mbV 1, 7 =n*m’V,I, (13)

and
1 ab a,,b
p= —E(m m°V my, — m°n Valh),
1
e=-3 (l”ﬁzbvamb —1"n"V,1,) (14)

with their primed, complex conjugated, and prime-complex
conjugated versions. Observe that the formulas in (14)
do not have a well-defined GHP weight, but they can be
encoded in the Lie(C*) connection

Wy = ENg — g/la +ﬂ/ma _ﬂma (15)

which transforms precisely as a connection one-form
w, = w, + 27"V, A. The GHP covariant derivative is

®a = va — pW, — qdy, (16)

which reduces to the standard covariant derivative when
applied on GHP tensors of type {0,0}. The projections
of the GHP covariant derivative along the tetrad legs are
usually called
bp=10"0, P =n‘0,,

3d=m'Q, =m0,

(17)
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When applied to a GHP tensor of type {p, ¢}, they give
new GHP tensors of type {p + p’,q + ¢}, with {p’. ¢’}
given by

p={1,1}, P ={-1-1}, (18)

o={1,-1}, & ={-1.1}. (19)

Observe that the GHP covariant derivative can be
rewritten as

©, = I, + n,p—m,d —ind={0,0}, (20)

which manifestly shows that this operator is invariant under
the tetrad transformation (9).

On a vacuum solution to the Einstein equation, the
nonzero components of the Riemann tensor are given by
the components of the Weyl tensor:

lP0 = _Clmlm = {4’ 0}7 q]l = _Clnlm = {270}’

lPZ = _Clmﬁm = {0’ O}’ ‘.P?’ = _Clnrhn = {_270}7

LI]4 = _Cnﬁ1nﬁ1 = {_4’ 0} (21)
In particular, for Kerr geometry, we have further simpli-

fications. Using the two principal null directions / and n,
one finds

M
T0:T1:T3:T4: 5 TZZ—E, (22)
with { := r — ia cos 8. Other simplifications read [19]
/ / lP]/3 Z
@:g:_gz_%:#:g (23)
P P Y,

C. Wald identity and Teukolsky action

On Kerr spacetime, Teukolsky [11] proved that the NP
components of the Maxwell tensor with highest and lowest
spin (s = £1) and the components of the perturbed Weyl
tensor with highest and lowest spins (s = 42) satisfy
second-order differential equations which are uncoupled
and separable. Namely, consider the following NP scalars
sw = {25,0} to be

1W:F1mv
1
21l/:—R<)

Imlm (24)
where F is the Maxwell tensor and R(!) is the first-order
correction to the Weyl tensor; then the Teukolsky equations
can be written in GHP formalism as

sosl// = [gab<®a + 2SBa><®b + ZSBb) - 4S2‘P2] sY = 0,
(25)

with the null vector B* = —pn“ 4+ zin® = {0, 0}. Observe,
in particular, that ;O maps GHP scalars of type {p,0} into
scalars of type {p,0}. Moreover, Eq. (25) shows that the
TE has the structure of a Klein-Gordon equation in an
external potential. Indeed, on any (n = {2s,0},

(®a + 2SBa)s’7 = [va + 2S(Ba - wa)]s”
= (Vo +sTy)sn (26)

where T, := 2[(—e — p)n, + €l, — f'm, + (B + 7)in,] can
be understood as a (complex) external vector potential.

Based on the adjoint method, Wald proved [20] impor-
tant relations between the kernel of the adjoint of ;O and
the solutions of the Maxwell operator (s = 1) and the
linearized Einstein equation (s = 2). Consider an operator
‘P taking an n-index tensor field to an m-index tensor field;
we say that P' is the adjoint of P if

Wal..‘am (P¢)a1.,.an, - (PTV/)almanfpalma,, = vasa (27)

with s a vector field depending locally on y and ¢.
We can think of  y as being obtained by a linear
differential operator (7,

sl//:sT(f)’ f=

{h for s =2 (28)

A fors=1

where 7 is the first-order perturbation of the metric and A is
the electromagnetic potential. The operator ;7 maps GHP
quantities of type {0,0} into {2s,0}. Moreover, let ;£ be
the field equation for f,

L) =, (29)

where J is a source term. From Teukolsky’s derivation [11],
one identifies the differential operator ;S of order s such
that

$S() = 0.y, sS:{0,0} - {25,0}  (30)
are the inhomogeneous TEs. Then the identity
is known as the Wald identity. Finally, if ;£ = ,£', which is
the case for linearized Einstein and Maxwell equations, and
_y¢ is a solution to (,O)"_,¢ = 0, then

0= ST+SOT—S¢ = SESST—SQb' (32)

In other words, ;S™: ker ,O" — ker ,£. The field
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f=0[S" 4] (33)

is called the reconstructed field, and it satisfies ;£(f) = 0.
Using ;ST defined in [20-22], the field f derived from (33)
is in the so-called ingoing radiation gauge, namely,

(i) for s =1 one has [?A, = 0;

(i) for s =2 one has [“h,, = 0 = tr(hy,).

The operator

SOT = [gab (®a - ZSBa)(Qb - 2SBb) - 4S2T2} =0 (34)

maps GHP scalars of type {—p,0} into scalars of type
{=p.0}. An element _p = {—25,0} in the kernel of ;O7,
i.e., fulfilling

sOT—s(p =0, (35)

is called a Hertz potential. According to (28) and (33), the
NP scalar ¢y corresponding to the field f reconstructed
from the Hertz potential _ ¢ is

sV = sT(m[sSr—sqﬁ]) (36)

To maintain this consistency condition between the Hertz
potential _ ¢ and the NP scalar ,y at the quantum level will
be a crucial aspect of our work.

In the following, we consider the pair ¥ = (_,¢, ;)
of Teukolsky fields and notice that their equations of
motion (25) and (35) follow from the Teukolsky action [16]
[recall that ¥, was given in (22)],

¥ = [ [0 - 258 p(©, + 258
+ 45°W,_ oy |vol,. (37)

To this action corresponds the symplectic form
5P, W) — / a5, (¥, W), (38)
b

with X a spacelike Cauchy hypersurface, d¥, the corre-
sponding future directed area element, and the symplectic
current
FOB) = p(0 + 25B) ' — (O, + 25B)y
— W' (0 = 25BY)_;¢p + sw (0 = 25B)_¢'.
(39)

Using the fact that ©, reduces to V,, on GHP tensors of type
{0,0} and j* = {0,0}, one can easily check that

vaja = ®aja =0 (40)

on shell, i.e., when the components of Teukolsky fields P,
¥ fulfill the equations of motion (25) and (35). Hence, the

symplectic form & is independent of the choice of the
Cauchy surface X.

The symplectic form (38) will be the starting point of our
canonical quantization. Note that we still need to impose
the constraint (36), which also guarantees that we have
the correct number of degrees of freedom (two, from the
complex Hertz potential).

III. QUANTIZATION OF TEUKOLSKY FIELDS

A. Mode expansion

We now want to find an explicit representation of the
quantum field operators, following the usual procedure
starting from a complete set of modes which are normalized
with respect to the symplectic form 6. We work in the
Kinnersley frame [23] (given in Appendix A), in which the
TEs are separable.

We make the usual ansatz

—st,fme_iwleimtp—sR(r)w,fm—SSwfm (9> ’

wame_iwteimwsR(r)wfmsSw.fm(e)ﬂ (41)

—sVw.tm =
sUptm = s

where the radial function R(r) and the angular function S(6)
satisfy the Teukolsky radial and angular equations [11]. The
coefficients N will be defined (up to a phase) in the next
sections. In order to uniquely fix the solutions (41) (up to a
phase), we need to impose the asymptotic behaviors at the
null boundaries of the spacetime. We can choose, as a basis
of solutions to the radial TEs, two classes of solutions known
as in and up modes defined by their behaviors on the past
null infinity 7~ and past horizon H™:

(1) In modes: representing waves coming from 7,

characterized by

in —s ,—ikr.
in sTm,fmA e ' Iy = =00
SRw.fm(r) ~ 1 ,—ior, Rin —1-2s jiwr,
v € + w.cm” € I = 0.
(42)

(i) Up modes: representing waves coming from H~,
characterized by

ikr, up —s ,—ikr, _
® () e+ Ry mAe r, > —
S w,fm ~ —1— i
0 sT:lffmr 1 2setwr* r, = 0.
(43)

Here R and 7 are the reflection and transmission coef-
ficients, the power laws A~ and r~'~2* are derived in [11],
and

_a

S 2Mr,

(44)

k=w-mo,, W,

. o in/up in/up
With these prescriptions, we define ,u,), and _ v/,

in accordance with (41). Observe that if 0 < w < mw,
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then k£ < 0. For these frequencies, the up modes do not
describe incoming waves from the past horizon but waves
to the past horizon. These modes are related to the so-called
superradiance (see [24] for a discussion in the scalar case).
In order to account for this in our mode expansions,
we relabel the up modes u'" — up,, and use as the

w(k).fm
mode basis
sul . forw>0, sy, for k>0, (45)

and analogously for the _ v fields.

In Secs. III B and I C, we will prove that to fulfil the
CCRs and the constraint (36), generalized to any integer s,
the normalization constants must be chosen such that

1 =27Q2w)» ! |_ NI, |

, (46)
1= Sﬂps|—ssz)fnz‘2(kMr+)_l

s—1
x [ [|4kMr, +2i(s = )V M* = a?| 2. (47)
j=1

In the second expression, p, is the radial Teukolsky-
Starobinsky constant [25,26], and the product is 1 for
s = 1. For a consistent quantization, p, must be positive for
all k, ¢, m.

Finally, in Sec. IIl E we will argue that a representation
of gravitational and electromagnetic quantum operators can
be obtained by only considering the ones reconstructed
from the Hertz potentials by (33).

B. Symplectic normalization

From the previous section, we know that a basis on the
space of Teukolsky fields W can be written as

vin UuP
_(Din _ (—S wtfm > _q)up — <—S km >
wlm 0 kfm 0
T ow —( ¥ 4
+Fwfm in ’ +Fkfm — up . ( 8)
sUewrm sWiem

Since the symplectic form is conserved, i.e., independent
of X, we will evaluate it in the limit X - H~- U Z". In
particular, we consider the hypersurface X at t = 1, and we
will take the limit 7y — —oo0. The volume element on X is
dX, = u,./—qdrdfd¢ with the future pointing unit normal

[ZA r 2M
ua: 7(11(),050)7 u(l: < 90105m>7
r ZA VZAT
(49)

and the determinant of induced metric g,

2r
RN sin%6). (50)

In the limit 7, — —oo, the in and up contributions to the
symplectic form decouple and, noticing that the symplectic
form & mixes opposite spin fields, we impose the normali-
zation conditions

&(:Fq)igfm’ iq)l—na)’f’—m’) = lé(w - w/)éff’(smm”

5(¥®Z§m’ iq)ii’f’—m’) = lé(k - k/)(sff’(smm" (51)
Let us evaluate these conditions starting with the in

modes. In the Kinnersley frame, the external vector
potential ' defined below (26) reads

1 [M(r? —a?)

M= —— | =/ _ :
Z[ X (r+ia cos)|,

==L (r=M)

= ——(r — s

z

‘Y=o,
1 [a(r—M) . cosf

e =—— j . 52
2[ A +lsin29} (52)

On H~, the in modes vanish, and we have to perform the
integral in (38) only on the past null infinity. On Z~, all the
I components vanish, and using [19]

Suen(®) = (1P Srn(®) ()

together with the orthogonality of spheroidal harmonics,
/0 "0 SN0 Sy pm 1 Sy pm = Been  (54)

we find

o (:Fq)ia?fm’ iq)i—nw’f’—m’) = (=)™ N, iar)lfm N i—nwf—m

X 4inw 5(w — @)y S (55)

In order to obtain the symplectic normalization (51), we
must have

L iy (56)

—wl—m Arw

in
isNa)t’m Fs

For the up modes | ®@,", , we perform the integral in (38)
only on H~ since on Z~ these modes vanish. In this case,
the components I'“ do not vanish on H~. We have to
compute the contraction

u'e,=u'(l,p +n,b-m,0 —m,0). (57)

Since we want to compute the symplectic form on the Cauchy
surface t; — —oo on the field ®"P, the only contributions
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come from r — r,, i.e., A — 0. In this limit, we observe
that the contributions arise in the contractions with the legs
[, and n,: Indeed, one can easily see from the form of (49)
that when A — 0, only those legs and those GHP operators
which contain factors of the form 1/ \/Z contribute to
the integral. Moreover, making use of (26), we find that
for r - r,

ut(V, & sT,) =~ (P + a*)o, + ady, F s(ry —M)].

1
VIA
(58)

Thus, on the past horizon, we get

5(q:q)zl;m’ iq)ii’f’—m’) = (_l)m-HZHZFNzI;m iN—kf m
x (4ikMr, F 25V M* — a?)
x (k= k') Bs1- (59)

In order to have the correct symplectic normalization (51),
we impose

U] u (_1)m+s
k?fmis —p. —m . (60)

S o (4kMr, + 25V M? = @?)

As one can easily see, Egs. (55) and (60) do not yet fix
the normalization coefficients uniquely (not even up to a
phase). We have the freedom to modify them using a
complex A by

:I:s'/\/’lur;fm - j’mfm j:leaI)]fm’

Fs 111u)f—m (lz;fm)_ Fs 1jmf—m’ (61)
together with similar transformations for the normalization
coefficients for the up modes. How to fix this ambiguity
(up to a phase) will be discussed below.

The field operators can be expressed using the basis
described above:

"
+/0 dk(akfm Sukfm + bzgm sU iI;<f—rrz):| ’

sy

+ /0 dk (bkfm —s”kfm + aZEL —Svil;cf—m):| . (62)

blﬂ' 1r1 )

(ufm\ (ufm wtm sU—wt—m

in inf in
dw bwz,’m =S wfm + Atm —A‘U—wf—m)

Because we have normalized the modes using the
symplectic form &, the creation and annihilation operators
must fulfill

w,fm’

[azpfm’ azs;’m’] = 5(/{ - k,>5ff’5mm’v (63)

[a"‘ a ,7;, ,] = 5(60 - w/)éff’(smm’v

and analogously for b"/" (the other commutators vanish)
in order for the Teukolsky fields to fulfill the CCR. We
define the past Boulware vacuum state |B) by

wfm|B>
bigwlB) =0, (64)

a)fm|B>
aw,|B) =0,

corresponding to an absence of particles emerging from H~
and 7~ [24]. With the previous definitions, we write the
two-point function of the field in the past Boulware vacuum
states

Wi’ (x.x') = (B|_¢(x),w(x')|B)

-3 ij(x (65)

where, in order to simplify the notation, we have intro-
duced the indices I € {in,up}, 1 = {w;.£m}, and —1 =
{-w;, ¢ —m}, with &, = ®, w,, =k, and Y stands for
summation over £ and m and integration over w; from
0 to co. We remind the reader that, due to the limited
applications of the Boulware state in the subextremal
regime of a Kerr spacetime, in Sec. III D, we will give a
formal construction of the Unruh state.

In any case, we conclude by stressing the fact that while
the mode expansion is a standard procedure to construct
“vacuum” states [24], it does not guarantee the Hadamard
property of such states (due to the fact that there is no
Killing field which is timelike in the full exterior region).
For example, the existing proofs of the Hadamard property
of the Unruh state on Kerr (-de Sitter) spacetime require a
small rotation parameter a [27,28].

C. Implementation of (36)

Finally, we need to implement the relation (36) between
_s¢ and gy at the quantum level. In the Maxwell (s = 1)
and linearized Einstein theories (s = 2), these conditions
can be written as the Teukolsky-Starobinsky identity (see,
e.g., Refs. [19,26,29])

-0, (66)

but we can (and will) also consider this relation for general
spin 5.2 When expanding the fields as in (62), the condition
(66) is fulfilled iff the modes satisfy

’One can see that in the scalar case s = 0 the relation (36)
reduces to the relation between the complex scalar field and its
Hermitian conjugate, discussed in the Introduction.
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25

25 =in _ m
2_Sp Vo rm = +sU—w f—m> (67)

and analogously for the up modes.

We discuss the gravitational case (s = 2) first. As we
know that complex conjugation followed by the application
ofiID4 maps solutions to the TE of spin —2 to those of spin
+2, this must also be true for mode solutions, for which,
by complex conjugation, @ and m change sign. It can be
proved along the lines of [29] that the mode solution
2V, ¢ Satisfying both the TE and the constraint (67) can
be obtained by

—ZUa) ‘m — _IAZ(DT) [A 2u—w,f—m] =:H(2u—w,f—m) (68)
with
r* + a?
D' = ———0,+0, ~ (a/ D)3, (69)

In (68), p is related to the nonvanishing radial Teukolsky-
Starobinsky constant [26]

p=(2(A+2)?
+ 4dw*a?

— 8w?A[a?(51 + 6) — 124?]
+ 1440’M?) /4 (70)

where a = a® — am/w and A is defined in [25]. Observe
that using Teukolsky-Starobinsky identities, it is possible
to see that p > 0 [25]. Hence, we can, instead of (67),
equivalently require that

H+2u =_2 U (71)

—0,0—m w,fm’

and analogously for the up modes.

In order to explicitly perform the r derivatives, we work
in the asymptotic regions Z~ and 7~, where the radial
functions have explicit expressions (42) and (43). It is
important to notice that b vanishes on ¢(*~") for r, — oo
and on e~ for r, - —oco, while D' vanishes on
e(+n) for r, — oo and on e for r, — —oco. This
leads to a complication in the computations since they will
require the analysis of subleading terms in the asymptotic
expansions of the mode solutions. To overcome this
problem, we use the same strategy as in [29]. We define

D, =0, +iK/A, D =0, —iK/A, (72)
with K = am — (r* + a*)w. Using (53), we can express the
constraints (67) and (71) as

Di )4
—Zwam ( a)m) 2Ra)fm’

(73)

(_1>m 2N1—Il(1).f—m 2Rl—na),f—m -

N—a)f mp_lAz(Du),m)4
[Az 2R w,f— m] (74)

=rup
(_l)m —ZN(U m 2 w, fm -

For r, — oo, we have [29]

To\4 & N 4 el
(Di) < : ) 160 ( : ) (75)

A(D,,) [Az (— : )] ~ 160 emior, (76)

r

and for r, > —oo

(Diom)* (A%e™7) ~ QA2 (77)
A*(D,, ) [A* (e )] ~ Qemikr-, (78)
where
0 = (4kMr + 4/ M? — &®) (4kMr, + 2iv/M? — @?)
X (4kMr, = 2iV' M?* — a®)4kMr , . (79)

Using the above to compare the asymptotic behavior as
r, — oo on both sides of (73), we see that it reduces to

(_l)m 2 i—nw,)f’—m = 4604—2 \ Lr)l,fm' (80)

Taking into account the constraint (56) from symplectic
normalization, we obtain

16z’ | LN, 12 =1 (81)

, fm

which can be easily satisfied. Comparing both sides of (74)
for r, - —o0, one similarly obtains, using (60),

|—2N2f)fm|2pﬂ
2kMr  |4kMr, + 2iVM?* — a?|?

=1, (82

which can also be satisfied, as p is positive (see below).
For generic spin s, the constraint (67) can be inverted as

5T em = S A (DA p]  (83)
where p, is the radial Teukolsky-Starobinsky constant for
spin s [26]. Following the same steps as before and using

the coefficients G§5) and (526) in [26], we find the conditions

125017-8



CANONICAL QUANTIZATION OF TEUKOLSKY FIELDS ON ...

PHYS. REV. D 108, 125017 (2023)

) 1 !
5 l_nw_f_m = 211fm 2 (20))2&( 1)m+3
_ 2s5—1
s l/:,pfm e (_1)m+s ] ul;(f mp‘ {H |:4kMr+
j=0
+2i(s — j)VM? — a? } (84)

Finally, using the normalization conditions (55) and (60),
we get the result (47). The condition (47) can be fulfilled iff
the radial Teukolsky-Starobinsky constant p, is strictly
positive. Fixing M > 0 and |a| < M, by Lemma 3.5 in [26],
ps 1s positive for s < 2. Also by Lemma 3.7 in the same
reference, for s = 2, the infimum p, is strictly positive, and
for s =1 it approaches zero for @ — o0, a #0 and a
suitable choice of (¢, m). However, by Lemma 3.10 in [26],
for s =3, M >0, and 0 < |a| < M, there is a range of
values (@, Z, m) such that p; is negative. This is expected
to hold true for general s > 3.

Hence, for s = {1,2} the symplectic normalization is
consistent with the constraint (36), which is equivalent to
the Teukolsky-Starobinsky identity (66). For s = 3 both
conditions cannot be simultaneously fulfilled, and the same
is expected to be the case for all s > 3.

Also in the CCH approach [10], the NP scalar gy is
quantized, and one can easily check that the mode norma-
lization used there (which, as explained in the Introduction,
is determined from the symplectic form of gravitational
perturbations or Maxwell fields) coincides with our
normalization.

D. Unruh state

The limited applications of the Boulware state are well
known in the literature. For example, it does not describe a
black hole formed by gravitational collapse, and it does not
capture Hawking radiation. It is also not Hadamard across
the event horizon. It therefore has a diverging expectation
value of the renormalized stress-energy tensor at the event
horizon, limiting its relevance to the extremal limit.

In order to construct the so-called Unruh state in the
exterior region of the Kerr black hole, we rely on (and
adapt) the results of [13,30], where the two-point function
in the past Unruh state is given by

B (x.¢) = (U0 (X))
/ ak B )

" Iv?(mum ) (85)

A

where we used the notation introduced below (65). This
state corresponds to the absence of particles from Z-,

but the horizon H~ is thermally populated, capturing the
Hawking radiation phenomenon.

The construction of an Unruh state in the extended
Kerr black hole requires additional care due to the fact that
our tetrad is singular across the future horizon [31,32]. In
particular, it is not evident how to perform an explicit
decomposition of Unruh modes into Boulware ones, as
performed in, e.g., Ref. [33]. We leave the analysis of these
issues to a future investigation.

E. Quantization of gravitational and electromagnetic
perturbations and zero modes

We conclude this section by reconstructing the quantum
operators associated with gravitational and electromagnetic
fields.

In the gravitational case, after the quantization of the
Hertz potential _,¢, we can reconstruct the linearized
metric perturbation associated with it by using (33). It is
known that any perturbation h,, with proper falloff at
infinity (preserving asymptotic flatness) can be expressed
(modulo gauge transformation) as

huh = m [sST—Zqﬁ] ab + guh (86)
where ¢,, are the zero modes associated with changes of
mass or angular momentum, i.e., perturbations towards
another Kerr black hole [34,35]. Thus, we have to discuss
the quantization of §g,;,. One can see that the zero modes
are symplectically orthogonal to the metric reconstructed
from the Hertz potential with respect to the symplectic form
of linearized gravity [35,36] and thus can be quantized
independently. On the other hand, the zero modes are also
symplectically orthogonal to each other (the would-be
symplectically dual modes, growing linearly in ¢, do not
have the appropriate falloff at infinity and are thus not in
the space of gravitational perturbations to be considered).
Hence, we can treat the zero modes as classical perturbations,
so in particular, we may set them to 0, corresponding to
fixing (at the linear order) the mass and angular momentum
of the perturbation to the ones of the background.

In the electromagnetic case, one should consider the zero
mode associated with a change in the charge as well.
However, by similar considerations, it is consistent to treat
this mode classically and set it to O.

To conclude, we can quantize the gravitational and
electromagnetic perturbations by only quantizing the
Hertz potentials _ ¢ and reconstructing the field operators
using Eq. (33).

IV. HADAMARD EXPANSION

Once the quantization procedure is understood, we can
analyze expectation values of physically meaningful
observables. However, as usual in quantum field theory,
these expectation values are not well defined a priori (if the
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observable is nonlinear in the fields). In order to renorm-
alize such quantities, we need to characterize the singular
behavior of the two-point functions, e.g., wp and @y .

In order to perform a Hadamard point-split renormaliza-
tion, we need to construct the Hadamard parametrices for
,O and ;O7, which encode the singular behaviors of the
two-point functions. At this stage, we emphasize the fact
that the TEs (26) have the structure of the charged Klein-
Gordon equation for a complex external potential I“.
Thus, the Hadamard parametrix for the operator ;O can
be written as

UM (x,x') o(x,x")
) = a| oo v (-2

(87)

where a = —1/(87%), K is an arbitrary length scale,
6, = o —ie(t—1'), and o is Synge’s world function, equal
to half the squared geodesic distance between x and x' [37].
The Hadamard coefficients, U(x,x’) and V(x,x’), are
smooth functions which are determined in a local and
(gauge) covariant way as follows. Writing V(x,x') =

"+ V,u(x, x')o" (x,x’) and requiring that the application
of OF yields a smooth function, one derives the transport
equations

1
LIS P
1
2 [G“Du +5|:|6— 1} VIV = _[D*D, — 4™, U,

1
2(n+1) [aaDa +500+ n] V¥ =—[D“D, - 45, |VI¥,

(88)
!

VI = 2529,

1 .
V%’i]’a = _S21P2;a + 2S3lP2Fa - Evaba,

where we introduced 6 = V% and the covariant derivative
D,:=(V,—-sI',) and used o¢“%c, = 20. Requiring that
U%(x,x) = 1, we obtain

UM (x,x') = A3 (x, X' )PP (x, x') (89)

where A(x, x") is the van Vleck-Morette determinant and
P?(x,x') is the parallel transport with respect to the
covariant derivative D, along the geodesic from x’ to x.
For the applications of the point-splitting method, we only
need the coinciding point expansion of the Hadamard
coefficients. In order to evaluate these, we perform a
covariant Taylor expansion of the coefficients in the form

K(x,x') = Ko(x) + Ky4(x)o" (x, X)
+ Koap(x)0 (x, )0 (x, x') + -+, (90)

and, adapting the results in [17] for the complex Klein-
Gordon field in an external potential, we obtain (s > 0)

Uy =1,
Ut =T,
S
vt = -p,1,,

ny §
U, = ED(“DbFC)’
1 s
Py e f R
U4abcd - 360R(a|f|bRc|e|d) 24D(”DbDCFd)’ (91)

and, for the logarithmic part

2

¢ _ s 1 cde 3 3 1 e T s cL 1 cr

Vg = ?TZ;ab - %R aRegep = V2D (L) — 57T (W) + ﬂF aFpe + Er(av Fpe — ﬂv(av Fpe,
52 1 ) 1 . ..

VI = 25493 - 5 LY, + mRadeRabcd + EFabFaba (92)

where we defined F,, = s(V,I', — V,I',). Similarly, the parametrix H¥?(x,x’) for (O, i.e., the divergent part of
W) = (Bl 0g(1B) = 3 a0l ) (93)
T
A

can be obtained by simply exchanging I'y, — —I,.

In the context of the CCH approach, expectation values of the form (p(x)ay(x’)) were considered for s =
{#£1,£2} [12,13]. Using the Teukolsky-Starobinsky identity (66), the singular behavior for s = {+1, 42} can easily

be obtained as
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_7)2s
HP (x,x) = %DZSH‘W()C, x'), (94)

s
and for the opposite spin, one can use the GHP prime
transformation defined in Sec. II B as _yy = (i)* /' [18],
leading to

H-7-V(x,x') = (H"V (x,x'))". (95)
In contrast to H?” and H"?, these are not of Hadamard
form: From the derivative in (94), one obtains a leading
divergence in the coinciding point limit of the form
(1% ,)*6>~!, and from (95) one obtains a leading diver-
gence for H-%-¥ of the form (n%,)*6=2"!. Never-
theless, (94) and (95) capture the universal short-distance
singularity (in Hadamard states) and may thus be used to
obtain renormalized expectation values for expressions
such as (¥, w)(x). On the other hand, we note that in
our approach, it is unclear whether a universal short-
distance behavior of (¢(x)¢(x’)) exists. This is a limitation
of our framework as it implies that it is presently unclear
how to obtain renormalized expectation values for some
|

electromagnetic or gravitational observables. In the electro-
magnetic case, the only quadratic observable for which this
limitation is relevant is (yy%)(x), with the electromag-
netic NP scalar gy = 3 (F), + F,,). In the gravitational
case, quadratic expressions of the Killing invariants I; and
I (see [38]) are affected by this limitation. In any case, for
the evaluation of quantum corrections of the gravitational
canonical energy, discussed below, only H? and H" are
required for renormalization.

An explicit form for the Hadamard coefficients can be
achieved by using standard computer algebra packages.
In situations where a locally covariant renormalization
scheme is required [39], we will need the coinciding point
limit of combinations of H?¥, H¥?, and their derivatives
(e.g., in the renormalization of (| ;y, %)). In particular, we
are only interested in the nonzero contribution coming from
the limit x’ — x.

As an example of divergent contributions, when taking
the point split only in time Ax* = (z,0), we can expand
Synge’s world function in powers of 7 using the formulas
in [40]. In the coinciding point limit, the Hadamard
parametrix for s =2 is

lH‘ﬁ"’ B 2(a’x* +1?) 4(a’x* — iaMx — 3Mr + r?)
a 2(a®x* = 2Mr +r*)  t.(r —iax)(a’x* = 2Mr + r?)
N M*{—aSx* + a*re®[2Mx* + r(3x* = 2)] + a*P[r(2x* — 1) —4Mx*| + rP(2M - r)}
6(a’x> + r?)3(a®x* + r(r —2M))?
4(a’x* - za.Mx 3Mr + r?)? _8_1\341 o (@ =2Mr + 1) 0@, (96)
(r—iax)3(r + iax)(a*x* =2Mr +r?) & 2%

where x = cosf and 7z, = 7 —ie. In the Schwarzschild
limit @ — O this reduces to

lHW — 2_r2 + 4(r—3M) 215M* — 144Mr + 24r°
@ mA wA 6r°A
M 2A
T e <_ 2r2> (97)

with A = r(r — 2M). For the spinless case and a = 0, we
can directly set s = 0 in the expansions (91) and (92) to get

1 2r

M2(16M7r> — 8r°)
_H|s:0 )
a 7o (r —2M)

48r8(r - 2M)2

. (98)

which is the standard result [41].

V. APPLICATION: CANONICAL ENERGIES
A. Classical setting

An important nonlinear observable in classical linear-
ized gravity on stationary spacetimes is the gravitational

|
canonical energy [42]. In this section we show how to use
the Teukolsky formalism in order to obtain the divergent
part of its expectation value on any Hadamard state. Since
we are interested in the gravitational case, we will set s = 2;
we will drop the index s from the previous quantities.

Following [36,42], we construct the gravitational canoni-
cal energy as follows. We first implicitly define the vector
w* such that

i (Elha))ay = (€[] aphs” = Vow (hy. ho), (99)

with £ the equation of motion operator for metric pertur-
bations &, (recall the discussion in Sec. II C). Then, the
symplectic form on the space of solutions (modulo gauge)
of the linearized Einstein equation is given by

Qi) = [ @zl ). (100

where X is a spacelike Cauchy surface. Finally, we define the
gravitational canonical energy of the metric perturbation of
Kerr spacetime by setting
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&(h) = Q(h, L:h) (101)

with L the Lie derivative with respect to & = —(d,)" —
. (0,)".

For the canonical energy to be physically meaningful—
and for it to be gauge invariant—certain gauge conditions
must be chosen at the horizon bifurcation cross section,
and certain asymptotic conditions must hold near spatial
infinity [42]. Under these conditions, the canonical energy
is related to second-order corrections to the black hole
parameters [42] by the master formula

&(h) = M — 0, 57 — 8552/4. (102)
JT

The detailed properties of the canonical energy were not
investigated in [42] in the case of extremal black holes.
For the sake of our informal discussion below, we shall
assume that the conditions hold in the extremal limit by
some sort of continuity; in particular, using k = 0,0, =
1/(2M), M* = J? in the extremal case, the master formula
would become

52(M4 _ _]2)

Eh) = =37

(103)

for any perturbation satisfying 6M = 6J = 0. From (103)
it is evident that a negative sign of the canonical energy
implies instability of the black hole; i.e., the black hole is
overspinning.

In [42], an expression for the canonical energy was given
directly in terms of the perturbation #,,, which, however, is
rather complicated.

On the other hand, we can also use the symplectic
form (38) to define the canonical energy of Teukolsky
fields as

Er(P) = No(W,L:P). (104)
Here t.; is the GHP generalization of L, and it reduces to
the standard Lie derivative when applied on a GHP quantity
of type {0,0} and for n = {p, ¢}. Its explicit definition is
given in Appendix B.

Assume that 7 = RST¢ and thus ¥ = (¢, TR(S)).

We want to understand the relation between

ENSTP) and E(P). (105)
For this, it is advantageous to express the symplectic
form & as

(W1, ¥s) = (1, y2) — (¢, yr1), (106)

with

(¢, w) ==Lua7r“(¢,u/), (107)

7 () = (O + 4BV — (O —4B9)p.  (108)
If ¢ is a smooth solution to O¢p = 0 with initial data of
compact support on some Cauchy surface and if 4 is a
smooth, real perturbation solving the linearized Einstein
equation £k = 0, then [36]
Q(?R(SU]S), h) =N (H((,b, Th)). (109)

This intimate relation between the symplectic forms for
Teukolsky fields and metric perturbations explains the fact
that mode normalization in the CCH approach coincides
with the normalization in Sec. III.

Using that in the Kinnersley tetrad .; annihilates all the
legs and spin coefficients and commutes with all GHP
operators [43] and (109), we finally obtain

Er(¥) = No(P, L)

= R [(¢, Ley) — (e, )]
= Q(NS'p, LMNAS P) — QNRLS P, NST)

=28 (N(STp)) =2&(h) (110)
when y = TR(S7¢), i.e., when the Teukolsky fields ¥ =
(w, @) fulfill the constraint (36) and & = R(ST¢). In the
above derivation, we assumed that ¢ is of compact support
on the given Cauchy surface.

B. Canonical energy operator

In the context of quantum field theory on Kerr spacetime,
it is tempting to replace the classical expressions (102)
and (103) by an expectation value (®|& (h)|®) in order to
understand how vacuum fluctuations would affect the
balance between mass, angular momentum, and area.

It is already known that classical gravitational fluctua-
tions with M = 6J = 0 cannot achieve a negative sign on
the right side of (102) or (103) [9,20]. However, this leaves
open the possibility of a negative sign of (®|&'(h)|®) due
to quantum effects. Thus, a first principle calculation seems
necessary.

Unfortunately, the computation of the canonical energy
(®|&(h)|®), even for the Boulware state, is a daunting
task: Not only does it have a complicated algebraic
structure [42], but even worse, when the metric perturbation
h is reconstructed from the Hertz potential ¢, one obtains a
bilinear in ¢ involving up to six derivatives (one from the
symplectic form, one from the time derivative, and two
times two from the reconstruction). To renormalize such
an energy density, one would have to go to very high
orders in the Hadamard expansion. Hence, the canonical
energy (102) in the form given in [42] does not seem to be a
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useful starting point for the evaluation in the quantum field
theory.

Instead, one may attempt to start with the expression for
the canonical energy in terms of the Teukolsky fields given
in above in Sec. VA. For a Teukolsky field satisfying the
constraint (66) and expanded in symplectically normalized
modes as in (62), one obtains

5'(111, Lg\P) - Z (/0 dwk (a:;;mag)l.fm + ag)lfmaiar;jrfm
‘m
4 binT in + bin bin-}- )

w.f/m” w,fm w,.f/m” w,fm
* upt _up up up
+ 0 dkk (ak,t’mak,fm + Artm@rem

il T
+ bZ?fmbz?fm + bzpfmbipfm) ) . (1 1 1)

This can be shown by evaluating the symplectic form on Z~
and H~ so that, in particular, the in- and the up-modes
are manifestly orthogonal. One also uses (67) and the fact
that in the Kinnersley frame ., = —d, — @, 9, on GHP
scalars [19], so that

infup _
wfm

ikyu™/P (112)

w,fm*

ngu

Straightforward computations will then lead to (111).

According to the principles of QFTCS [14,15], the
renormalization of nonlinear observables must be per-
formed locally; i.e., we need to renormalize the associated
density. From the definition of &7, we can read off the
canonical energy density directly from the integral

Er(¥) =N (H(ﬁb’ Lay) — (Lo, V/))

—Lfﬁ(uaﬂ“(gb,Léy/)—uazt“(Lfgb,y/))dZ (113)

where u, is given by (49). In terms of modes, we compute
the density

(Blum,(¢.Lew)|B) = Z I[k(w’w —um —2iu,I)
T
p

I 1 t.y_ 1,¢
x_zvuu_/l—i—k(ua) u?m

+ 2iu T ul vl ] (114)

where (64) has been used. Finally, it easy to also check that
(Wimy (. kew)) = —(u'm,(Lepoy)).  (115)

and thus the divergent expectation value of the canonical
energy density is given by

N(B|u[r,(¢. Lew) — n,(Leg. w)]|B)

= 2%2 Ik[(u’w —u’m — 2iual—'“)_2vfl2ul_/1
7
2

+ (u'o — u?m + 2iu ) ul 0] (116)

In a completely analogous manner, one can show

(Ulu[ra(p, Ley) — mo(Lep, w)]|U)

= Z%Ik[(u’a) —u’m = 2iu ) o0, ul",
p

+ (u'w — u?m + 2iu,T),uld o]

k
+ ZSRIIC coth <ﬂ—) [(W'w = u?m = 2iu,I)_, v} ;u™,
K
2
+ (u'o — u’m + 2iu,0),u;” 0] (117)
The renormalization of these quantities proceeds with
standard techniques of QFTCS. The canonical energy
density ey(x) for the Teukolsky fields can be read from

the integrand of (113) and the definition of z, (108),
namely,

er(x) = —u"R[p(x)Dig Oy (x) — &0 (x) Dyeh ()

= &0, (x)Day (x) + y(x) D& 0yp(x)].  (118)
with D, = V, + 2I",. After quantization, i.e., understand-
ing ¢ and y as quantum fields, the previous expression is
no longer well defined since it contains pointwise products
between fields and their derivatives. In the point-split
method, we start from®

{er(x.x')) = —u'ER([Didyy (x)p(x') + Dyypp(x)r (')
_abl//(x)gaa/l)a’(ﬁ(xl) - ahd’(x)gaa]Dz/W(x/)] >’
(119)

with ¢,% = g,% (x, ') the parallel transport of vectors from
x' to x [37]. The universal short-distance singularity of the
above can be obtained by evaluating

— ufgb [DZ@[,HW/)(X, x') + D0, H? (x,x)

~0u” Dy 0y H" (x,x) — g,* D10, H? (x,x')].  (120)

*In principle, this expression is ill behaved under gauge
transformations. In order to ensure gauge invariance, one can
introduce the parallel transports P#¥ (x, x') and P¥?(x, x) in the
expressions (119) and (120). However, in view of the limit (121),
the introduction of parallel transports will not affect the coinci-
dence point limit (see discussion in [44]).
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We give an explicit expansion of the divergent part D in
Appendix C (for a point-split in time direction). Finally, the
regularized expectation value can be obtained via

(1)) = lim [(e7 (x. ) = RD(x. )]

X =X

(121)

The short-distance singularity to be renormalized here has
exactly the same form as the u“£T,, component of the
stress tensor of the Klein-Gordon field. Hence, a numerical
implementation should be possible in situations for which
the latter can be handled. This applies to Schwarzschild
spacetime [41,45] but, to the best of knowledge, not yet to
Kerr spacetime (but note that a stress tensor renormaliza-
tion has been performed in the interior region [7]). We do
not attempt an evaluation here but conclude this section
with a few remarks:

(i) In order to ensure the conservation of the canonical
energy at the quantum level, one has to make sure
that the renormalized current, i.e., (118) without the
contraction with u¢, is also conserved. In particular,
by using the facts that the coefficients (92) are ¢ and

¢ independent and that V% = V¥¢, from formulas
in [46] it follows that

Ve )y = 0. (122)

ren

(i) As is obvious from (111), the Boulware state is not
a stable state. Because of superradiance, there exist
in modes with k < 0 even for positive @, making
the Teukolsky canonical energy unbounded from
below. In order to consider a stable state, one has to
construct it with k£ > 0 also in Z~. States with similar
properties have been constructed in [47] in the
Reissner-Nordstrom black hole. One can adapt that
construction to our case in order to obtain a mean-
ingful state to analyze the quantum stability of a Kerr
black hole.

(iii) The identification (110) of the canonical energies
of Teukolsky fields and metric perturbations was
only proven for fields with compactly supported
Cauchy data. Quantum fluctuations are not restricted
in this way, so in order to compute the gravitational
canonical energy by expressing it via the “Teukolsky
canonical energy,” boundary terms also need to be
taken into account, which can be obtained from the
boundary terms in the relation between the sym-
plectic forms for metric perturbations and Teukolsky
fields [48].

VI. CONCLUDING REMARKS

We discussed the canonical quantization of gravitational
and electromagnetic perturbations on Kerr spacetime. We
showed how to construct field operators in a fixed gauge
and that quantum states can be obtained as for a Klein-
Gordon theory in an external potential. Our construction is

based on Teukolsky fields, i.e., pairs ¥ = (¢, y) of a Hertz
potential ¢ and an NP scalar w. We showed that the
(Teukolsky-Starobinsky) constraint relating ¢» and y can be
implemented for spin s < 2, i.e., for the Hertz potentials
corresponding to metric perturbations and Maxwell fields.
However, for higher spin the constraint cannot be imple-
mented (for s = 3, this follows from results of [26], but it is
expected that these extend to all s > 3).

Our quantization of the Hertz potential is equivalent to
that obtained in the CCH approach [10], but we think that
our approach has conceptual as well as practical advan-
tages: On the conceptual side, we do not have to split the
metric perturbation (or the vector potential) into two parts
which are reconstructed from the Hertz potential in differ-
ent gauges. Instead, we can reconstruct the metric pertur-
bation in a well-defined gauge. On the practical side, we
have not only directly quantized a relevant observable, an
NP scalar, but also obtained a Hadamard parametrix, which
can be used to perform a Hadamard point-split renormal-
ization of physically relevant quantities. As a further
potential application of our approach, we worked out the
relation between the canonical energy of gravitational
perturbations and that of Teukolsky fields (up to boundary
terms), which may allow for the computation of semi-
classical corrections to black hole masses (and thus address
the issue of quantum stability of extremal black holes).

In a future work, we aim to apply the results developed
here to an explicit computation of propagators and expect-
ation values of local and gauge invariant observables in the
electromagnetic and gravitational perturbations in order to
have an explicit gauge invariant characterization of such
fluctuations around Kerr spacetime. Furthermore, we aim
to make progress on the computation of the canonical
energy of gravitational perturbations.
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APPENDIX A: KINNERSLEY FRAME

In Boyer-Lindquist coordinates, the Kinnersley frame
reads [11,23]

1
4 = A (r* +d* A,0,a),
1
nt = 55 (r? 4+ a*,—A,0,a),
1
m* (ia sin 6,0,1,i/sin 0), (A1)

- 212(r + ia cos )

and the nonvanishing spin coefficients are
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1 , A
pP=—7, P =<5=> A2
¢ 20 (A2)
ia sin@ , ia sin@
T=———=—, T ==, (A3)
V2L V282
cotd , cotd iasind
=—, =, A4
N W T Ay
A -M
e=0, - - (A5)
20°¢ 20¢
with { = r —ia cosé.
APPENDIX B: GHP LIE DERIVATIVE &,
The Lie derivative £ in (104) can be defined on GHP tensors as
.=t +o,k, (B1)
with [19]
bo=c0+ 20w, + 109,
2 2
1
L(p = ELE — aL,,
¢ , ,
be = 4 [(C O (p'P—pP) = ({4 (70 - 16)] — p=hy —qzhy,
1 - 1 -, - 1 - 1 -
ghy = §§(§2 + )Y, - 14'42‘1’2 + 5/’,0/4'2(4' -¢) + ETT/QVZ(C + ). (B2)
The action of £ on a tensor field n,' 3" = {p, q} is
LOn = 1@y Ty = Z@ oy + Z@Jh T, (B3)
where we may express the generator of time translations as
1 =L(=p'l1* + pn® + 7m* — zin?). (B4)
Observe that the operator Lz can also be associated with a generator of symmetries in Kerr [49] (see also [19]).
APPENDIX C: DIVERGENCES OF THE CANONICAL ENERGY DENSITY
Here we give an explicit expression of the divergent part of
D = —uV,0,Hg(x,x") + 0,u”VyHg(x,x') + 4uT"0,H 4 (x, x') (C1)

where Hg = H? + HY? H, = H? — HY?_ By similar and more tedious computations, one can achieve the divergent part
related to the angular derivative £#0,,. In particular, separating points in the  direction, we can write the nonvanishing part in
the limit 7 — O as

Dy = 8—7112 K%)A(r, 0) + <l2>3(r, 0) + In(=F(r,0)2)C(r.0) + D(r,0) (€2)

€ €
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where A, B, C, D are smooth functions determined by the expansions (88), (91), and (92) and their derivatives and
f(r,0)=(a*x*=2Mr+r*)/[2(a*x* +r?)], with x =cos6. In particular, using the Black Hole Perturbation Toolkit for
Mathematica [50], we obtain

A:

C:

4832 AY
(z-2mMr)2\V T
16

AY
—3CZ(Z M) \/?(61'07)(7 + 6a°rx® — 6ia®x> (M? + 6Mr — 3r%) + 18a*rx*(—=M?* — 2Mr + r?)
—2Mr

+iadrx(M3(11x% + 1) + 84M?rx* — T2M r’x? + 18r°x%) + a?r? (M3 (37x* — 1) + 60M?rx* — 72M r’x* + 18r°x?)
+6iarix(=14M3 + 15M?*r — 6Mr? + 1) + 6r*(=10M> + 13M*r — 6Mr? + r3));
16M |AX

o5 ?(2514)64 —ia®(M(9x* 4+ 2)x + 4rx3) + a*Mr(2 — 35x%) + iar’x(37TM — 4r) + r*(15M - 2r)), (C3)

and finally,

D: -
4555(z —2Mr)*

1
(480a"6x"6 + 120a'5i(71Mx* — 16rx% + M)x'® — 240ia"((16x* + 3)M>

+ r(1105x% + 46)M? + 3r2(28x% — 1)M + 4073 x?)x"! + 12a"*M (107(309x2 + 1)x2 + M (2370x* + 413x2 = 3))x!°
+120a" ir(4(37x% + 12)M* + 2r(7735x% + 333)M?> + 472 (623x% — 115)M? + r3 (15 — 1739x*)M — 144r*x?)x°
+a'(5(96x* — 1)M* — 487r(5340x* + 841x% — 6)M> — 1212(62166x* — 1552x7 + 15)M? + 240r3x*(559x% + 3)M
—960074x*)x® —240ia°r? (4(28x> + 13)M> + 34r(669x> + 28)M* + r*>(10873x% — 1362)M? + r3(460 — 13933x%) M?
+5r*(369x% — 2)M + 40 x?)x” = 2a'%r(10(72x* + 25x> = 2)M? + r(—419352x* — 63663x> + 370)M*
—247r2(97747x* = 2453x +24)M? + 3073 (35301x* — 313x% + 6)M? — 60r*x%(979x% + 15)M + 153607 x*)x5
+120a7ir3 (16(7x* +4)M® + 8r(7647x> + 319)M> + 24r%(3841x? — 250)M* + 1213 (343 — 11143x2)M?
+8r%(5293x% — 115)M? — 5r°(643x> — 3)M + 80r°x?)x> — aBr?(—=20x? (51x% 4+ 44)M® + 12r(99083x* + 15140x>
—58)M° + 12(13505661x* —256304x2 +2190)M* — 4873 (184093 x* — 1402x% +36)M> + 12r*(44541x* + 1000x>
+30)M? + 24007 x*(53x> — 1)M +432007°x*)x* — 240ia” r° (8(1943x? + 84)M® + 4r(21321x% — 677)M?
—4r2(32153x% = 762)M* + r3(57746x% — 1377)M? + r*(230 — 8953x2)M? + r°(442x% — 3)M — 72r%x%)x*

+ 4alr* (4x*(38736x% + 6029) MO 4 2r(2307539x* — 24621x + 159)M° 4 r>(—2923083x* + 1239x2 — 545) M*

+ 2413 (=38173x* 4+ 1051x% + 12)M? + 3r4(260616x* — 3065x> — 15)M? — 150r°x2(497x> — 3)M — 7680r°x*)x*
+240air® (r —2M)?(—=4698M* + 5179rM> — 1673r>M? + 115> M + 8r*)x + 120a°i(2M — r)r7 (8(7045x> — 88) M
+4r(257 — 12074x>)M* + 2r*(1723x% = 255)M? + 613 (757x% + 15)M?* — r*(467x% + 1)M — 8017 x?)x
+r19(r—2M)?(=203573M* +226368rM> — 73692r>M?* 4 4800r> M + 480r*)

+2a’M(2M — r)r8(4(664618x> — 5141)M* + (30941 — 3782242x* ) M? + 361> (51813x* — 443) M

—6r3(59395x% —493)M + 60r*(307x> — 1)) + a*r((13328x% — 9716936x*)M® — 8r(314726x* — 18638x> — 77)M?
+ r2(19080922x* — 249696x% — 725)M* — 4813 (276026x* — 2803x% — 6)M> + 12r4(266304x* — 2152x> — 3) M?

AS
~2407°%(7932° = 3)M — 9600/°x*)) | = (C4)
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