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Electromagnetic and gravitational perturbations on Kerr spacetime can be reconstructed from solutions
to the Teukolsky equations. We study the canonical quantization of solutions to these equations for any
integer spin. Our quantization scheme involves the analysis of the Hertz potential and one of the Newman-
Penrose scalars, which must be related via the Teukolsky-Starobinsky identities. We show that the
canonical commutation relations between the fields can be implemented if and only if the Teukolsky-
Starobinsky constants are positive, which is the case both for gravitational perturbations and Maxwell
fields. We also obtain the Hadamard parametrix of the Teukolsky equation, which is the basic ingredient for
a local and covariant renormalization scheme for nonlinear observables. We also discuss the relation of the
canonical energy of Teukolsky fields to that of gravitational perturbations.
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I. INTRODUCTION

Quantum field theory on black hole spacetimes is crucial
for describing black hole evaporation [1–3] or for studying
quantum effects at the inner (Cauchy) horizon [4–7],
related to strong cosmic censorship [8]. In addition to
those and many other established applications, one could
also ask, for instance, whether quantum effects may be used
to “overspin” an extremal Kerr black hole—this is classi-
cally impossible [9]. A natural way to investigate this
question would be to quantize gravitational perturbations of
the extremal Kerr spacetime and then compute semiclass-
ical corrections to its mass and angular momentum. The
aim of this paper is to take a first step towards this difficult
problem.
While scalar quantum fields on black hole spacetimes are

well understood conceptually and essentially all relevant
observables are computable,1 the treatment of gravitational
perturbations, but also of Maxwell fields, is less well
developed. One difficulty is that they are gauge theories;

also, their field equations are not separable in black hole
spacetimes.
Candelas, Chrzanowski, and Howard (CCH) [10] have

suggested an approach to overcome some of the technical
difficulties with gravitational perturbations (and analo-
gously for Maxwell fields) on Kerr spacetime by express-
ing them in terms of the corresponding complex Hertz
potential. This is a solution to one of the Teukolsky
equations (TE) [11], which is well known to be separable.
Hence, one can construct mode solutions for the Hertz
potentials. In the CCH approach, they are symplectically
normalized by reconstructing the corresponding metric
perturbation and using the symplectic inner product that
is naturally defined. In this way, one obtains quantum
fields fulfilling canonical commutation relations (CCR),
and one can easily define a state in the usual way, such as
the Boulware vacuum. From the metric perturbation, one
can also construct the gauge invariant Newman-Penrose
(NP) scalars, which can thus be expressed in terms of
modes and creation or annihilation operators, so compu-
tations of expectation values (or differences thereof) are
possible (at least in certain limits) [10,12,13].
While the CCH approach is very appealing, it has some

aspects which are not completely satisfactory or where a
deeper understanding seems desirable. A slightly awkward
aspect is that the two sets of mode solutions of the TE,
the in- and up-modes (see Sec. III A), are reconstructed
differently; i.e., the corresponding metric perturbations
are in different gauges (so the full metric perturbation is
not in a well-defined gauge). In the computations that are
performed in [10,12,13], this is irrelevant, as only the
gauge invariant NP scalars are considered. However, to the
best of our knowledge, no computation of renormalized
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1To the best of our knowledge, an explicit computation of the
expectation value of the stress tensor in the exterior region of
the Kerr spacetime has not yet been performed, but in view of the
recent rapid progress (with results for the interior region [7]), this
seems to be just a matter of time.
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expectation values has yet been performed for the NP
scalars (only differences of expectation values in different
states). To perform a proper renormalization (for example,
of the stress tensor of the Maxwell field) according to the
principles of quantum field theory on curved spacetimes
(QFTCS) [14,15], a Hadamard parametrix is necessary.
One could of course set up a parametrix for the gravita-
tional perturbations (for which a choice of gauge would be
necessary) and then act on it with the appropriate differ-
ential operators (mapping a metric perturbation to an NP
scalar). However, to the best of our knowledge, this
cumbersome procedure has not yet been performed.
The variation of the CCH approach that we propose here

overcomes these difficulties. It is based on the insight that
the Hertz potential ϕ can naturally be interpreted as “dual”
to an NP scalar ψ (2ψ for metric perturbations and 1ψ for
the Maxwell field) in the sense that both the TE for the
Hertz potential ϕ and the NP scalar ψ follow from the same
“Teukolsky action,” in which ϕ and ψ are coupled [16].
This coupling of ϕ and ψ is analogous to the coupling of a
charged scalar χ to its complex conjugate χ�. In the latter
case, one typically first considers χ and χ� as independent
(for the derivation of the equation of motion and symplectic
normalization, for example), but in the end, one has to
make sure that the Hermitian conjugate of χ coincides with
χ�. This leads to a condition on the normalization of modes
which fixes it up to a phase. Similarly, in the present case,
we require that ψ is the NP scalar for the metric perturba-
tion (or Maxwell field) reconstructed from the Hertz
potential ϕ. This leads to a relation between ϕ and ψ
involving a differential operator of order 2s (with s being
the spin of the field considered, i.e., s ¼ 1 for the Maxwell
field and s ¼ 2 for gravitational perturbations), which for
s ¼ 0 reduces to the relation for the scalar field discussed
above. A further analogy with the complex scalar field is
that the TE for ϕ (and ψ) can naturally be interpreted as
those of a charged Klein-Gordon field in a complex
external potential.
From the “Teukolsky action” one directly obtains a

symplectic form for the fields ðϕ;ψÞ, and imposing
symplectic normalization as well as the consistency relation
between ϕ and ψ discussed above, one recovers the
symplectic normalization used in the CCH approach.
One slight advantage of our approach is that at least one
of the NP scalars is directly available as a quantum field;
i.e., no further differentiations are necessary. Furthermore,
from the form of the Teukolsky action, it follows that in
physically reasonable (“Hadamard”) states, the two-point
function hϕðxÞψðx0Þi has a universal short-distance singu-
larity, which is captured by the Hadamard parametrix for
the “Teukolsky operator” occurring in the TEs. This can be
straightforwardly obtained by adapting results for the
charged Klein-Gordon field in an external potential [17].
Hence, our approach quite directly yields a parametrix
which can be used to subtract short-distance singularities in

order to obtain renormalized expectation values of electro-
magnetic and gravitational observables.
Finally, a further advantage of our approach is that,

associated with the Teukolsky action, there is also a
canonical energy for ðϕ;ψÞ, which, up to “boundary”
terms, coincides with the canonical energy for metric
perturbations (or Maxwell fields). The latter quantity is
relevant for semiclassical corrections to the black hole mass
(and thus also the quantum stability or instability of Kerr
spacetime). However, for reasons explained in more detail
below, its computation seems to be a daunting task, while a
computation of the “Teukolsky canonical energy” might
soon be within reach.
The article is structured as follows: In the next section,

we first recall basic concepts, such as Kerr geometry and
the Geroch, Held, and Penrose (GHP) [18] formalism. We
also recall the reconstruction of gravitational perturbations
(andMaxwell fields) from the Hertz potential and introduce
the Teukolsky action and the corresponding symplectic
form. In Sec. III, we quantize by first performing a mode
expansion, then imposing symplectic normalization, and
finally implementing the relation between ϕ and ψ dis-
cussed above. In that context we also discuss the (impos-
sibility of the) generalization to generic spin, and the
relation to the CCH approach. In Sec. IV we discuss the
Hadamard parametrix for the Teukolsky fields, and in
Sec. V we perform some first steps towards the evaluation
of the Teukolsky canonical energy. We conclude with a
summary and an outlook.

II. SETUP

A. Kerr geometry

The Kerr metric in Boyer-Lindquist coordinates is

g ¼
�
1 −

2Mr
Σ

�
dt2 þ 4arM sin2θ

Σ
dtdφ

−
Σ
Δ
dr2 − Σdθ2 −

Γ
Σ
sin2 θdφ2 ð1Þ

with

Σ ¼ r2 þ a2 cos2 θ;

Δ ¼ r2 − 2Mrþ a2;

Γ ¼ ðr2 þ a2Þ2 − a2Δ sin2 θ: ð2Þ

Here M ≥ 0 and 0 ≤ a ≤ M represent the black hole mass
and the angular velocity parameter. The function Δ has two
distinct real zeros in r� ¼ M �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
when a ≠ M;

the root rþ represents the outer (event) horizon while r− is
the inner (Cauchy) horizon of the black hole. The surface
gravity on the event horizon is
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κ ¼ rþ − r−
2ðr2þ þ a2Þ ; ð3Þ

which vanishes in the extremal case a ¼ M, i.e., when the
roots of Δ coincide.
In our calculations, we will use the tortoise coordinate r�

implicitly defined by

dr�

dr
¼ r2 þ a2

Δ
: ð4Þ

From the explicit form of the metric (1), this spacetime is
stationary and axisymmetric with two Killing vectors:

ð∂tÞa; ð∂φÞa: ð5Þ

The Kerr metric is of Petrov type D and hence possesses
two principal null directions l and n, i.e., null vector fields
such that

Cabc½dle�lalb ¼ 0; Cabc½dne�nanb ¼ 0; ð6Þ

with Cabcd the Weyl tensor (which coincides with the
Riemann tensor on Kerr spacetime).

B. GHP formalism

In order to simplify Maxwell/linearized Einstein equa-
tions around a Kerr background ðM; gÞ, we use the frame-
work introduced by Geroch, Held, and Penrose [18], which
is a powerful tool in classical black hole perturbation
theory. One first completes the null directions na, la to a
complex null tetrad fl; n;m; m̄g normalized as

lana ¼ 1; mam̄a ¼ −1; ð7Þ

with the other contractions vanishing. Using these, the
metric can be written as

gab ¼ 2lðanbÞ − 2mðam̄bÞ: ð8Þ

The GHP formalism emphasizes the notions of spin and
boost weights, defined as follows. The Abelian subgroup
of the (local) Lorentz group which preserves the principal
null directions la, na, and the orthogonality relations is
defined by

la ↦ λλ̄la; na ↦ ðλλ̄Þ−1na; ma ↦ λλ̄−1ma ð9Þ

with λ∶M → C× and C× the multiplicative group of
complex numbers. A scalar η has GHP weights fp; qg if
it transforms as

η ↦ λpλ̄qη ð10Þ

under (9), and we will write η ≗ fp; qg. For any scalar of
type fp; qgwe can define the spin and the boost weights by

s ¼ p − q
2

; b ¼ pþ q
2

: ð11Þ

Only objects with the same weights can be added together,
and multiplication between fp; qg and fp0; q0g scalars
gives a fpþ p0; qþ q0g scalar. The generalization to
tensors with GHP weights is straightforward: A tensor
Ta1;…;ak
b1;…;bk

has GHP weights fp; qg if it transforms as

Ta1;…;ak
b1;…;bk

→ λpλ̄qTa1;…;ak
b1;…;bk

ð12Þ

under tetrad transformations (9), and it satisfies the stan-
dard transformation law for tensors under a change of
coordinates.
In this tetrad formalism, there exist two different discrete

transformations that reflect the inherent symmetries of this
construction:

(i) 0: la ↔ na and ma ↔ m̄a, fp; qg ↦ f−p;−qg;
(ii) :̄ ma ↔ m̄a, fp; qg ↦ fq; pg (complex conju-

gation).
By taking the directional derivative of the tetrad vectors, the
12 spin coefficients can be defined as

κ ¼ lamb∇alb; σ ¼ mamb∇alb;

ρ ¼ m̄amb∇alb; τ ¼ namb∇alb ð13Þ
and

β ¼ −
1

2

�
mam̄b∇amb −manb∇alb

�
;

ε ¼ −
1

2

�
lam̄b∇amb − lanb∇alb

� ð14Þ

with their primed, complex conjugated, and prime-complex
conjugated versions. Observe that the formulas in (14)
do not have a well-defined GHP weight, but they can be
encoded in the LieðC×Þ connection

ωa ¼ εna − ε0la þ β0ma − βm̄a ð15Þ

which transforms precisely as a connection one-form
ωa → ωa þ λ−1∇aλ. The GHP covariant derivative is

Θa ¼ ∇a − pωa − qω̄a; ð16Þ

which reduces to the standard covariant derivative when
applied on GHP tensors of type f0; 0g. The projections
of the GHP covariant derivative along the tetrad legs are
usually called

Þ ¼ laΘa; Þ0 ¼ naΘa; ð ¼ maΘa; ð0 ¼ m̄aΘa:

ð17Þ
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When applied to a GHP tensor of type fp; qg, they give
new GHP tensors of type fpþ p0; qþ q0g, with fp0; q0g
given by

Þ ≗ f1; 1g; Þ0 ≗ f−1;−1g; ð18Þ

ð ≗ f1;−1g; ð0 ≗ f−1; 1g: ð19Þ

Observe that the GHP covariant derivative can be
rewritten as

Θa ¼ laÞ0 þ naÞ −mað0 − m̄að ≗ f0; 0g; ð20Þ

which manifestly shows that this operator is invariant under
the tetrad transformation (9).
On a vacuum solution to the Einstein equation, the

nonzero components of the Riemann tensor are given by
the components of the Weyl tensor:

Ψ0 ¼ −Clmlm ≗ f4; 0g; Ψ1 ¼ −Clnlm ≗ f2; 0g;
Ψ2 ¼ −Clmm̄n ≗ f0; 0g; Ψ3 ¼ −Clnm̄n ≗ f−2; 0g;
Ψ4 ¼ −Cnm̄nm̄ ≗ f−4; 0g: ð21Þ

In particular, for Kerr geometry, we have further simpli-
fications. Using the two principal null directions l and n,
one finds

κ ¼ κ0 ¼ σ ¼ σ0 ¼ 0;

Ψ0 ¼ Ψ1 ¼ Ψ3 ¼ Ψ4 ¼ 0; Ψ2 ¼ −
M
ζ3

; ð22Þ

with ζ ≔ r − ia cos θ. Other simplifications read [19]

ρ

ρ̄
¼ ρ0

ρ̄0
¼ −

τ

τ̄0
¼ −

τ0

τ̄
¼ Ψ1=3

2

Ψ̄1=3
2

¼ ζ̄

ζ
: ð23Þ

C. Wald identity and Teukolsky action

On Kerr spacetime, Teukolsky [11] proved that the NP
components of the Maxwell tensor with highest and lowest
spin (s ¼ �1) and the components of the perturbed Weyl
tensor with highest and lowest spins (s ¼ �2) satisfy
second-order differential equations which are uncoupled
and separable. Namely, consider the following NP scalars
sψ ≗ f2s; 0g to be

1ψ ¼ Flm;

2ψ ¼ −Rð1Þ
lmlm ð24Þ

where F is the Maxwell tensor and Rð1Þ is the first-order
correction to the Weyl tensor; then the Teukolsky equations
can be written in GHP formalism as

sOsψ ¼ �
gabðΘa þ 2sBaÞðΘb þ 2sBbÞ − 4s2Ψ2

�
sψ ¼ 0;

ð25Þ

with the null vector Ba ¼ −ρna þ τm̄a ≗ f0; 0g. Observe,
in particular, that sO maps GHP scalars of type fp; 0g into
scalars of type fp; 0g. Moreover, Eq. (25) shows that the
TE has the structure of a Klein-Gordon equation in an
external potential. Indeed, on any sη ≗ f2s; 0g,

ðΘa þ 2sBaÞsη ¼ ½∇a þ 2sðBa − ωaÞ�sη
¼ ð∇a þ sΓaÞsη ð26Þ

where Γa ≔ 2½ð−ε − ρÞna þ ε0la − β0ma þ ðβ þ τÞm̄a� can
be understood as a (complex) external vector potential.
Based on the adjoint method, Wald proved [20] impor-

tant relations between the kernel of the adjoint of sO and
the solutions of the Maxwell operator (s ¼ 1) and the
linearized Einstein equation (s ¼ 2). Consider an operator
P taking an n-index tensor field to an m-index tensor field;
we say that P† is the adjoint of P if

ψa1…amðPϕÞa1…am − ðP†ψÞa1…anϕa1…an ¼ ∇asa ð27Þ

with sa a vector field depending locally on ψ and ϕ.
We can think of sψ as being obtained by a linear

differential operator sT ,

sψ ¼ sT ðfÞ; f ¼
	
h for s ¼ 2

A for s ¼ 1
ð28Þ

where h is the first-order perturbation of the metric and A is
the electromagnetic potential. The operator sT maps GHP
quantities of type f0; 0g into f2s; 0g. Moreover, let sE be
the field equation for f,

sEðfÞ ¼ J; ð29Þ

where J is a source term. From Teukolsky’s derivation [11],
one identifies the differential operator sS of order s such
that

sSðJÞ ¼ sOsψ ; sS∶ f0; 0g → f2s; 0g ð30Þ

are the inhomogeneous TEs. Then the identity

sSsEðfÞ ¼ sOsT ðfÞ ð31Þ

is known as the Wald identity. Finally, if sE ¼ sE†, which is
the case for linearized Einstein and Maxwell equations, and

−sϕ is a solution to ðsOÞ†−sϕ ¼ 0, then

0 ¼ sT †
sO†

−sϕ ¼ sEsS†
−sϕ: ð32Þ

In other words, sS†∶ ker sO† → ker sE. The field

CLAUDIO IULIANO and JOCHEN ZAHN PHYS. REV. D 108, 125017 (2023)

125017-4



f ¼ ℜ½sS†
−sϕ� ð33Þ

is called the reconstructed field, and it satisfies sEðfÞ ¼ 0.
Using sS† defined in [20–22], the field f derived from (33)
is in the so-called ingoing radiation gauge, namely,

(i) for s ¼ 1 one has laAa ¼ 0;
(ii) for s ¼ 2 one has lahab ¼ 0 ¼ trðhabÞ.
The operator

sO† ¼ �
gabðΘa−2sBaÞðΘb−2sBbÞ−4s2Ψ2

�¼−sO ð34Þ

maps GHP scalars of type f−p; 0g into scalars of type
f−p; 0g. An element −sϕ ≗ f−2s; 0g in the kernel of sO†,
i.e., fulfilling

sO†
−sϕ ¼ 0; ð35Þ

is called a Hertz potential. According to (28) and (33), the
NP scalar sψ corresponding to the field f reconstructed
from the Hertz potential −sϕ is

sψ ¼ sT
�
ℜ½sS†

−sϕ�
�
: ð36Þ

To maintain this consistency condition between the Hertz
potential −sϕ and the NP scalar sψ at the quantum level will
be a crucial aspect of our work.
In the following, we consider the pair Ψ ¼ ð−sϕ; sψÞ

of Teukolsky fields and notice that their equations of
motion (25) and (35) follow from the Teukolsky action [16]
[recall that Ψ2 was given in (22)],

S½Ψ� ¼
Z

ℜ
�ðΘa − 2sBaÞ−sϕðΘa þ 2sBaÞsψ

þ 4s2Ψ2−sϕsψ
�
volg: ð37Þ

To this action corresponds the symplectic form

σ̃ðΨ;Ψ0Þ ¼
Z
Σ
dΣajaðΨ;Ψ0Þ; ð38Þ

with Σ a spacelike Cauchy hypersurface, dΣa the corre-
sponding future directed area element, and the symplectic
current

jaðΨ;Ψ0Þ ¼ −sϕðΘa þ 2sBaÞsψ 0 − −sϕ
0ðΘa þ 2sBaÞsψ

− sψ
0ðΘa − 2sBaÞ−sϕþ sψðΘa − 2sBaÞ−sϕ0:

ð39Þ

Using the fact thatΘa reduces to∇a on GHP tensors of type
f0; 0g and ja ≗ f0; 0g, one can easily check that

∇aja ¼ Θaja ¼ 0 ð40Þ

on shell, i.e., when the components of Teukolsky fields Ψ,
Ψ0 fulfill the equations of motion (25) and (35). Hence, the

symplectic form σ̃ is independent of the choice of the
Cauchy surface Σ.
The symplectic form (38) will be the starting point of our

canonical quantization. Note that we still need to impose
the constraint (36), which also guarantees that we have
the correct number of degrees of freedom (two, from the
complex Hertz potential).

III. QUANTIZATION OF TEUKOLSKY FIELDS

A. Mode expansion

We now want to find an explicit representation of the
quantum field operators, following the usual procedure
starting from a complete set of modes which are normalized
with respect to the symplectic form σ̃. We work in the
Kinnersley frame [23] (given in Appendix A), in which the
TEs are separable.
We make the usual ansatz

−svω;lm ¼ −sN ω;lme−iωteimφ
−sRðrÞω;lm−sSω;lmðθÞ;

suω;lm ¼ sN ω;lme−iωteimφ
sRðrÞω;lmsSω;lmðθÞ; ð41Þ

where the radial function RðrÞ and the angular function SðθÞ
satisfy the Teukolsky radial and angular equations [11]. The
coefficients N will be defined (up to a phase) in the next
sections. In order to uniquely fix the solutions (41) (up to a
phase), we need to impose the asymptotic behaviors at the
null boundaries of the spacetime. We can choose, as a basis
of solutions to the radial TEs, two classes of solutions known
as in and up modes defined by their behaviors on the past
null infinity I− and past horizon H−:

(i) In modes: representing waves coming from I−,
characterized by

sRin
ω;lmðrÞ ∼

(
sT in

ω;lmΔ−se−ikr� r� → −∞
1
r e

−iωr� þ sRin
ω;lmr

−1−2seiωr� r� → ∞:

ð42Þ
(ii) Up modes: representing waves coming from H−,

characterized by

sR
up
ω;lmðrÞ ∼

(
eikr� þ sR

up
ω;lmΔ−se−ikr� r� → −∞

sT
up
ω;lmr

−1−2seiωr� r� → ∞:

ð43Þ

Here R and T are the reflection and transmission coef-
ficients, the power laws Δ−s and r−1−2s are derived in [11],
and

k ¼ ω −mωþ; ωþ ¼ a
2Mrþ

: ð44Þ

With these prescriptions, we define su
in=up
ω;lm and −sv

in=up
ω;lm

in accordance with (41). Observe that if 0 < ω < mωþ
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then k < 0. For these frequencies, the up modes do not
describe incoming waves from the past horizon but waves
to the past horizon. These modes are related to the so-called
superradiance (see [24] for a discussion in the scalar case).
In order to account for this in our mode expansions,
we relabel the up modes uupωðkÞ;lm → uupk;lm and use as the

mode basis

suinω;lm for ω > 0; su
up
k;lm for k > 0; ð45Þ

and analogously for the −sv fields.
In Secs. III B and III C, we will prove that to fulfil the

CCRs and the constraint (36), generalized to any integer s,
the normalization constants must be chosen such that

1 ¼ 2πð2ωÞ2sþ1j−sN in
ω;lmj2; ð46Þ

1 ¼ 8πpsj−sN up
k;lmj2ðkMrþÞ−1

×
Ys−1
j¼1



4kMrþ þ 2iðs − jÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p 

−2: ð47Þ

In the second expression, ps is the radial Teukolsky-
Starobinsky constant [25,26], and the product is 1 for
s ¼ 1. For a consistent quantization, ps must be positive for
all k;l; m.
Finally, in Sec. III E we will argue that a representation

of gravitational and electromagnetic quantum operators can
be obtained by only considering the ones reconstructed
from the Hertz potentials by (33).

B. Symplectic normalization

From the previous section, we know that a basis on the
space of Teukolsky fields Ψ can be written as

−Φin
ωlm ¼

�
−svinωlm

0

�
; −Φ

up
klm ¼

�
−sv

up
klm

0

�
;

þΦin
ωlm ¼

�
0

suinωlm

�
; þΦ

up
klm ¼

�
0

su
up
klm

�
: ð48Þ

Since the symplectic form is conserved, i.e., independent
of Σ, we will evaluate it in the limit Σ → H− ∪ I−. In
particular, we consider the hypersurface Σ at t ¼ t0, and we
will take the limit t0 → −∞. The volume element on Σ is
dΣa ¼ ua

ffiffiffiffiffiffi−qp
drdθdϕ with the future pointing unit normal

ua ¼
ffiffiffiffiffiffiffi
ΣΔ
Γ

r
ð1; 0; 0; 0Þ; ua ¼

� ffiffiffiffiffiffiffi
Γ
ΣΔ

r
; 0; 0;

2Mraffiffiffiffiffiffiffiffiffiffi
ΣΔΓ

p
�
;

ð49Þ

and the determinant of induced metric qab,

q ¼ −
ΣΓ
Δ

sin2θ: ð50Þ

In the limit t0 → −∞, the in and up contributions to the
symplectic form decouple and, noticing that the symplectic
form σ̃ mixes opposite spin fields, we impose the normali-
zation conditions

σ̃
�
∓Φin

ωlm; �Φ
in
−ω0l0−m0

� ¼ iδðω − ω0Þδll0δmm0 ;

σ̃
�
∓Φup

klm; �Φ
up
−k0l0−m0

� ¼ iδðk − k0Þδll0δmm0 : ð51Þ

Let us evaluate these conditions starting with the in
modes. In the Kinnersley frame, the external vector
potential Γa defined below (26) reads

Γt ¼ −
1

Σ

�
Mðr2 − a2Þ

Δ
− ðrþ ia cos θÞ

�
;

Γr ¼ −
1

Σ
ðr −MÞ;

Γθ ¼ 0;

Γφ ¼ −
1

Σ

�
aðr −MÞ

Δ
þ i

cos θ
sin2θ

�
: ð52Þ

On H−, the in modes vanish, and we have to perform the
integral in (38) only on the past null infinity. On I−, all the
Γ components vanish, and using [19]

sSω;lmðθÞ ¼ ð−1Þmþs
−sS−ω;l−mðθÞ ð53Þ

together with the orthogonality of spheroidal harmonics,Z
π

0

dθ sin θ�sSω;lm �sSω;l0m ¼ δll0 ; ð54Þ

we find

σ̃
�
∓Φin

ωlm; �Φ
in
−ω0l0−m0

� ¼ ð−1Þmþs∓sN in
ωlm �sN

in
−ωl−m

× 4iπω δðω − ω0Þδmm0δll0 : ð55Þ

In order to obtain the symplectic normalization (51), we
must have

�sN
in
ωlm ∓sN in

−ωl−m ¼ ð−1Þmþs

4πω
: ð56Þ

For the up modes �Φ
up
k;lm, we perform the integral in (38)

only on H− since on I− these modes vanish. In this case,
the components Γa do not vanish on H−. We have to
compute the contraction

uaΘa ¼ uaðla Þ0 þ na Þ −mað0 − m̄aðÞ: ð57Þ

Sincewewant to compute the symplectic form on the Cauchy
surface t0 → −∞ on the field Φup, the only contributions
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come from r → rþ, i.e., Δ → 0. In this limit, we observe
that the contributions arise in the contractions with the legs
la and na: Indeed, one can easily see from the form of (49)
that when Δ → 0, only those legs and those GHP operators
which contain factors of the form 1=

ffiffiffiffi
Δ

p
contribute to

the integral. Moreover, making use of (26), we find that
for r → rþ

uað∇a � sΓaÞ ≃
1ffiffiffiffiffiffiffi
ΣΔ

p �ðr2þ þ a2Þ∂t þ a∂ϕ ∓ sðrþ −MÞ�:
ð58Þ

Thus, on the past horizon, we get

σ̃
�
∓Φ

up
klm; �Φ

up
−k0l0−m0

� ¼ ð−1Þmþs2π∓N up
klm �N

up
−kl−m

×
�
4ikMrþ ∓ 2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p �
× δðk − k0Þδmm0δll0 : ð59Þ

In order to have the correct symplectic normalization (51),
we impose

∓sN
up
k;lm �sN

up
−k;l−m ¼ ð−1Þmþs

2π
�
4kMrþ � i2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2−a2

p � : ð60Þ

As one can easily see, Eqs. (55) and (60) do not yet fix
the normalization coefficients uniquely (not even up to a
phase). We have the freedom to modify them using a
complex λ by

�sN
in
ωlm → λinωlm �sN

in
ωlm;

∓sN in
−ωl−m → ðλinωlmÞ−1 ∓sN in

−ωl−m; ð61Þ

together with similar transformations for the normalization
coefficients for the up modes. How to fix this ambiguity
(up to a phase) will be discussed below.
The field operators can be expressed using the basis

described above:

sψ ¼
X
l;m

�Z
∞

0

dω
�
ainωlm suinωlm þ bin†ωlm suin−ωl−m

�

þ
Z

∞

0

dk
�
aupklm su

up
klm þ bup†klm su

up
−kl−m

��
;

−sϕ ¼
X
l;m

�Z
∞

0

dω
�
binωlm −svinωlm þ ain†ωlm −svin−ωl−m

�

þ
Z

∞

0

dk
�
bupklm −sv

up
klm þ aup†klm −sv

up
−kl−m

��
: ð62Þ

Because we have normalized the modes using the
symplectic form σ̃, the creation and annihilation operators
must fulfill

�
ainω;lm; a

in;†
ω0;l0m0

� ¼ δðω − ω0Þδll0δmm0 ;�
aupk;lm; a

up;†
k0;l0m0

� ¼ δðk − k0Þδll0δmm0 ; ð63Þ

and analogously for bin=up (the other commutators vanish)
in order for the Teukolsky fields to fulfill the CCR. We
define the past Boulware vacuum state jBi by

ainωlmjBi ¼ 0; binωlmjBi ¼ 0;

aupklmjBi ¼ 0; bupklmjBi ¼ 0; ð64Þ

corresponding to an absence of particles emerging fromH−

and I− [24]. With the previous definitions, we write the
two-point function of the field in the past Boulware vacuum
states

wϕψ
B ðx; x0Þ ≔ hBj−sϕðxÞsψðx0ÞjBi

¼
X
I

XZ
λ

vIλðxÞuI−λðx0Þ ð65Þ

where, in order to simplify the notation, we have intro-
duced the indices I ∈ fin; upg, λ ¼ fωI;lmg, and −λ ¼
f−ωI;l −mg, with ωin ¼ ω, ωup ¼ k, and

PR
stands for

summation over l and m and integration over ωI from
0 to ∞. We remind the reader that, due to the limited
applications of the Boulware state in the subextremal
regime of a Kerr spacetime, in Sec. III D, we will give a
formal construction of the Unruh state.
In any case, we conclude by stressing the fact that while

the mode expansion is a standard procedure to construct
“vacuum” states [24], it does not guarantee the Hadamard
property of such states (due to the fact that there is no
Killing field which is timelike in the full exterior region).
For example, the existing proofs of the Hadamard property
of the Unruh state on Kerr (-de Sitter) spacetime require a
small rotation parameter a [27,28].

C. Implementation of (36)

Finally, we need to implement the relation (36) between
−sϕ and sψ at the quantum level. In the Maxwell (s ¼ 1)
and linearized Einstein theories (s ¼ 2), these conditions
can be written as the Teukolsky-Starobinsky identity (see,
e.g., Refs. [19,26,29])

sψ ¼ ðiÞ2s
2s

Þ2s −sϕ̄; ð66Þ

but we can (and will) also consider this relation for general
spin s.2 When expanding the fields as in (62), the condition
(66) is fulfilled iff the modes satisfy

2One can see that in the scalar case s ¼ 0 the relation (36)
reduces to the relation between the complex scalar field and its
Hermitian conjugate, discussed in the Introduction.
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i2s

2s
Þ2s −sv̄inω;lm ¼ þsu

in
−ω;l−m; ð67Þ

and analogously for the up modes.
We discuss the gravitational case (s ¼ 2) first. As we

know that complex conjugation followed by the application
of 1

4
Þ4 maps solutions to the TE of spin −2 to those of spin

þ2, this must also be true for mode solutions, for which,
by complex conjugation, ω and m change sign. It can be
proved along the lines of [29] that the mode solution

−2vω;lm satisfying both the TE and the constraint (67) can
be obtained by

−2v̄ω;lm¼p−1Δ2ðD†Þ4½Δ2
2u−ω;l−m�≕Hð2u−ω;l−mÞ ð68Þ

with

D† ¼ −
r2 þ a2

Δ
∂t þ ∂r − ða=ΔÞ∂φ: ð69Þ

In (68), p is related to the nonvanishing radial Teukolsky-
Starobinsky constant [26]

p ¼ �
λ2ðλþ 2Þ2 − 8ω2λ

�
α2ð5λþ 6Þ − 12a2

�
þ 144ω4α4 þ 144ω2M2

�
=4 ð70Þ

where α ¼ a2 − am=ω and λ is defined in [25]. Observe
that using Teukolsky-Starobinsky identities, it is possible
to see that p > 0 [25]. Hence, we can, instead of (67),
equivalently require that

Hþ2uin−ω;l−m ¼−2 v̄inω;lm; ð71Þ

and analogously for the up modes.
In order to explicitly perform the r derivatives, we work

in the asymptotic regions I− and H−, where the radial
functions have explicit expressions (42) and (43). It is
important to notice that Þ vanishes on eiωðt−r�Þ for r� → ∞
and on eiωt−ikr� for r� → −∞, while D† vanishes on
eiωðtþr�Þ for r� → ∞ and on eiωtþikr� for r� → −∞. This
leads to a complication in the computations since they will
require the analysis of subleading terms in the asymptotic
expansions of the mode solutions. To overcome this
problem, we use the same strategy as in [29]. We define

Dω;m ¼ ∂r þ iK=Δ; D†
ω;m ¼ ∂r − iK=Δ; ð72Þ

withK ¼ am − ðr2 þ a2Þω. Using (53), we can express the
constraints (67) and (71) as

ð−1Þm 2N
in
−ω;l−m 2R

in
−ω;l−m ¼ −2N̄

in
ω;lm

1

4

�
D†

ω;m
�
4
−2R̄

in
ω;lm;

ð73Þ

ð−1Þm −2N̄
up
ω;lm −2R̄

up
ω;lm ¼ 2N

up
−ω;l−mp

−1Δ2ðDω;mÞ4
×
�
Δ2

2R
up
−ω;l−m

�
: ð74Þ

For r� → ∞, we have [29]

�
D†

ω;m
�
4

�
eiωr�

r

�
∼ 16ω4

�
eiωr�

r

�
; ð75Þ

Δ2ðDω;mÞ4
�
Δ2

�
e−iωr�

r5

��
∼ 16ω4r3e−iωr� ; ð76Þ

and for r� → −∞

�
D†

ω;m
�
4ðΔ2eikr� Þ ∼ Q̄Δ−2eikr� ; ð77Þ

Δ2ðDω;mÞ4
�
Δ2ðe−ikr� Þ� ∼Qe−ikr� ; ð78Þ

where

Q ¼ �
4kMrþ þ 4i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p ��
4kMrþ þ 2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p �
×
�
4kMrþ − 2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p �
4kMrþ: ð79Þ

Using the above to compare the asymptotic behavior as
r� → ∞ on both sides of (73), we see that it reduces to

ð−1Þm 2N
in
−ω;l−m ¼ 4ω4

−2N̄
in
ω;lm: ð80Þ

Taking into account the constraint (56) from symplectic
normalization, we obtain

16πω5j−2N in
ω;lmj2 ¼ 1 ð81Þ

which can be easily satisfied. Comparing both sides of (74)
for r� → −∞, one similarly obtains, using (60),

j−2N up
k;lmj2pπ

2kMrþj4kMrþ þ 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
j2
¼ 1; ð82Þ

which can also be satisfied, as p is positive (see below).
For generic spin s, the constraint (67) can be inverted as

−sv̄ω;lm ¼ i2sp−1
s ΔsðD†Þ2s½Δs

su−ω;l−m� ð83Þ

where ps is the radial Teukolsky-Starobinsky constant for
spin s [26]. Following the same steps as before and using

the coefficientsCð5Þ
s andCð6Þ

s in [26], we find the conditions
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sN in
−ω;l−m ¼ −sN̄

in
ω;lm

1

2s
ð2ωÞ2sð−1Þmþs

−sN̄
up
k;lm ¼ ð−1Þmþs

sN
up
−k;l−mp

−1
s

(Y2s−1
j¼0

h
4kMrþ

þ 2iðs − jÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p i)
: ð84Þ

Finally, using the normalization conditions (55) and (60),
we get the result (47). The condition (47) can be fulfilled iff
the radial Teukolsky-Starobinsky constant ps is strictly
positive. FixingM > 0 and jaj ≤ M, by Lemma 3.5 in [26],
ps is positive for s ≤ 2. Also by Lemma 3.7 in the same
reference, for s ¼ 2, the infimum p2 is strictly positive, and
for s ¼ 1 it approaches zero for ω → ∞, a ≠ 0 and a
suitable choice of ðl; mÞ. However, by Lemma 3.10 in [26],
for s ¼ 3, M > 0, and 0 < jaj ≤ M, there is a range of
values ðω;l; mÞ such that p3 is negative. This is expected
to hold true for general s ≥ 3.
Hence, for s ¼ f1; 2g the symplectic normalization is

consistent with the constraint (36), which is equivalent to
the Teukolsky-Starobinsky identity (66). For s ¼ 3 both
conditions cannot be simultaneously fulfilled, and the same
is expected to be the case for all s ≥ 3.
Also in the CCH approach [10], the NP scalar sψ is

quantized, and one can easily check that the mode norma-
lization used there (which, as explained in the Introduction,
is determined from the symplectic form of gravitational
perturbations or Maxwell fields) coincides with our
normalization.

D. Unruh state

The limited applications of the Boulware state are well
known in the literature. For example, it does not describe a
black hole formed by gravitational collapse, and it does not
capture Hawking radiation. It is also not Hadamard across
the event horizon. It therefore has a diverging expectation
value of the renormalized stress-energy tensor at the event
horizon, limiting its relevance to the extremal limit.
In order to construct the so-called Unruh state in the

exterior region of the Kerr black hole, we rely on (and
adapt) the results of [13,30], where the two-point function
in the past Unruh state is given by

ωϕψ
U ðx; x0Þ ≔ hUj−sϕðxÞsψðx0ÞjUi

¼
X
lm

Z
R
dk

sgnðkÞ
1 − e−2πk=κ

vupλ ðxÞuup−λðx0Þ

þ
XZ
λ

vinλ ðxÞuin−λðx0Þ ð85Þ

where we used the notation introduced below (65). This
state corresponds to the absence of particles from I−,

but the horizon H− is thermally populated, capturing the
Hawking radiation phenomenon.
The construction of an Unruh state in the extended

Kerr black hole requires additional care due to the fact that
our tetrad is singular across the future horizon [31,32]. In
particular, it is not evident how to perform an explicit
decomposition of Unruh modes into Boulware ones, as
performed in, e.g., Ref. [33]. We leave the analysis of these
issues to a future investigation.

E. Quantization of gravitational and electromagnetic
perturbations and zero modes

We conclude this section by reconstructing the quantum
operators associated with gravitational and electromagnetic
fields.
In the gravitational case, after the quantization of the

Hertz potential −2ϕ, we can reconstruct the linearized
metric perturbation associated with it by using (33). It is
known that any perturbation hab with proper falloff at
infinity (preserving asymptotic flatness) can be expressed
(modulo gauge transformation) as

hab ¼ ℜ
�
sS†

−2ϕ
�
ab þ ġab ð86Þ

where ġab are the zero modes associated with changes of
mass or angular momentum, i.e., perturbations towards
another Kerr black hole [34,35]. Thus, we have to discuss
the quantization of ġab. One can see that the zero modes
are symplectically orthogonal to the metric reconstructed
from the Hertz potential with respect to the symplectic form
of linearized gravity [35,36] and thus can be quantized
independently. On the other hand, the zero modes are also
symplectically orthogonal to each other (the would-be
symplectically dual modes, growing linearly in t, do not
have the appropriate falloff at infinity and are thus not in
the space of gravitational perturbations to be considered).
Hence, we can treat the zero modes as classical perturbations,
so in particular, we may set them to 0, corresponding to
fixing (at the linear order) the mass and angular momentum
of the perturbation to the ones of the background.
In the electromagnetic case, one should consider the zero

mode associated with a change in the charge as well.
However, by similar considerations, it is consistent to treat
this mode classically and set it to 0.
To conclude, we can quantize the gravitational and

electromagnetic perturbations by only quantizing the
Hertz potentials −sϕ and reconstructing the field operators
using Eq. (33).

IV. HADAMARD EXPANSION

Once the quantization procedure is understood, we can
analyze expectation values of physically meaningful
observables. However, as usual in quantum field theory,
these expectation values are not well defined a priori (if the
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observable is nonlinear in the fields). In order to renorm-
alize such quantities, we need to characterize the singular
behavior of the two-point functions, e.g., ωB and ωU.
In order to perform a Hadamard point-split renormaliza-

tion, we need to construct the Hadamard parametrices for

sO and sO†, which encode the singular behaviors of the
two-point functions. At this stage, we emphasize the fact
that the TEs (26) have the structure of the charged Klein-
Gordon equation for a complex external potential Γa.
Thus, the Hadamard parametrix for the operator sO† can
be written as

Hϕψðx; x0Þ ¼ α

�
Uϕψðx; x0Þ
σϵðx; x0Þ

þ Vϕψðx; x0Þ ln
�
−
σϵðx; x0Þ

K2

��
ð87Þ

where α ¼ −1=ð8π2Þ, K is an arbitrary length scale,
σϵ ¼ σ − iϵðt − t0Þ, and σ is Synge’s world function, equal
to half the squared geodesic distance between x and x0 [37].
The Hadamard coefficients, Uðx; x0Þ and Vðx; x0Þ, are
smooth functions which are determined in a local and
(gauge) covariant way as follows. Writing Vðx; x0Þ ¼Pþ∞

n¼0 Vnðx; x0Þσnðx; x0Þ and requiring that the application
of O† yields a smooth function, one derives the transport
equations�

σaDaþ
1

2
□σ−2

�
Uϕψ ¼ 0;

2

�
σaDaþ

1

2
□σ−1

�
Vϕψ
0 ¼−½DaDa−4s2Ψ2�Uϕψ ;

2ðnþ1Þ
�
σaDaþ

1

2
□σþn

�
Vϕψ
nþ1 ¼−½DaDa−4s2Ψ2�Vϕψ

n ;

ð88Þ

where we introduced σa ¼ ∇aσ and the covariant derivative
Da ≔ ð∇a − sΓaÞ and used σaσa ¼ 2σ. Requiring that
Uϕψðx; xÞ ¼ 1, we obtain

Uϕψðx; x0Þ ¼ Δ1
2ðx; x0ÞPϕψðx; x0Þ ð89Þ

where Δðx; x0Þ is the van Vleck-Morette determinant and
Pϕψðx; x0Þ is the parallel transport with respect to the
covariant derivative Da along the geodesic from x0 to x.
For the applications of the point-splitting method, we only
need the coinciding point expansion of the Hadamard
coefficients. In order to evaluate these, we perform a
covariant Taylor expansion of the coefficients in the form

Kðx; x0Þ ¼ K0ðxÞ þ K1aðxÞσaðx; x0Þ
þ K2abðxÞσaðx; x0Þσbðx; x0Þ þ � � � ; ð90Þ

and, adapting the results in [17] for the complex Klein-
Gordon field in an external potential, we obtain (s > 0)

Uϕψ
0 ¼ 1;

Uϕψ
1a ¼ sΓa;

Uϕψ
2ab ¼ −

s
2
DðaΓbÞ;

Uϕψ
3abc ¼

s
6
DðaDbΓcÞ;

Uϕψ
4abcd ¼

1

360
Re
ðajfjbR

f
cjejdÞ −

s
24

DðaDbDcΓdÞ; ð91Þ

and, for the logarithmic part

Vϕψ
00 ¼ 2s2Ψ2;

Vϕψ
01a ¼ −s2Ψ2;a þ 2s3Ψ2Γa −

1

12
∇bF̃ba;

Vϕψ
02ab ¼

s2

3
Ψ2;ab −

1

360
Rcde

aRcdeb − s3Ψ2DðaΓbÞ − s3ΓðaΨ2;bÞ þ
1

24
F̃c

aF̃bc þ
s
12

Γða∇cF̃bÞc −
1

24
∇ða∇cF̃bÞc;

Vϕψ
10 ¼ 2s4Ψ2

2 −
s2

6
□Ψ2 þ

1

720
RabcdRabcd þ

1

48
F̃abF̃ab; ð92Þ

where we defined F̃ab ¼ sð∇aΓb −∇bΓaÞ. Similarly, the parametrix Hψϕðx; x0Þ for sO, i.e., the divergent part of

wψϕðx; x0Þ ≔ hBjψðxÞϕðx0ÞjBi ¼
X
I

XZ
λ

uIλðxÞvI−λðx0Þ; ð93Þ

can be obtained by simply exchanging Γa → −Γa.
In the context of the CCH approach, expectation values of the form hsψ̄ðxÞsψðx0Þi were considered for s ¼

f�1;�2g [12,13]. Using the Teukolsky-Starobinsky identity (66), the singular behavior for s ¼ fþ1;þ2g can easily
be obtained as
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Hsψ̄ sψðx; x0Þ ¼ ð−iÞ2s
2s

Þ2sHϕψðx; x0Þ; ð94Þ

and for the opposite spin, one can use the GHP prime
transformation defined in Sec. II B as −sψ ¼ ðiÞ2ssψ 0 [18],
leading to

H−sψ̄−sψ ðx; x0Þ ¼ �
Hsψ̄ sψðx; x0Þ�0: ð95Þ

In contrast to Hϕψ and Hψϕ, these are not of Hadamard
form: From the derivative in (94), one obtains a leading
divergence in the coinciding point limit of the form
ðlaσaÞ2sσ−2s−1, and from (95) one obtains a leading diver-
gence for H−sψ̄−sψ of the form ðnaσaÞ2sσ−2s−1. Never-
theless, (94) and (95) capture the universal short-distance
singularity (in Hadamard states) and may thus be used to
obtain renormalized expectation values for expressions
such as ð�sψ̄�sψÞðxÞ. On the other hand, we note that in
our approach, it is unclear whether a universal short-
distance behavior of hϕðxÞϕ̄ðx0Þi exists. This is a limitation
of our framework as it implies that it is presently unclear
how to obtain renormalized expectation values for some

electromagnetic or gravitational observables. In the electro-
magnetic case, the only quadratic observable for which this
limitation is relevant is ð0ψ0ψ̄ÞðxÞ, with the electromag-
netic NP scalar 0ψ ¼ 1

2
ðFln þ Fm̄mÞ. In the gravitational

case, quadratic expressions of the Killing invariants Iξ and
Iζ (see [38]) are affected by this limitation. In any case, for
the evaluation of quantum corrections of the gravitational
canonical energy, discussed below, only Hϕψ and Hϕψ are
required for renormalization.
An explicit form for the Hadamard coefficients can be

achieved by using standard computer algebra packages.
In situations where a locally covariant renormalization
scheme is required [39], we will need the coinciding point
limit of combinations of Hϕψ , Hψϕ, and their derivatives
(e.g., in the renormalization of h�sψ�sψ̄i). In particular, we
are only interested in the nonzero contribution coming from
the limit x0 → x.
As an example of divergent contributions, when taking

the point split only in time Δxα ¼ ðτ; 0Þ, we can expand
Synge’s world function in powers of τ using the formulas
in [40]. In the coinciding point limit, the Hadamard
parametrix for s ¼ 2 is

1

α
Hϕψ ¼ 2ða2x2 þ r2Þ

τ2ϵða2x2 − 2Mrþ r2Þ þ
4ða2x2 − iaMx − 3Mrþ r2Þ
τϵðr − iaxÞða2x2 − 2Mrþ r2Þ

þM2f−a6x4 þ a4rx2½2Mx2 þ rð3x2 − 2Þ� þ a2r3½rð2x2 − 1Þ − 4Mx2� þ r5ð2M − rÞg
6ða2x2 þ r2Þ3ða2x2 þ rðr − 2MÞÞ2

þ 4ða2x2 − iaMx − 3Mrþ r2Þ2
ðr − iaxÞ3ðrþ iaxÞða2x2 − 2Mrþ r2Þ −

8M
ζ3

log

�
−
τ2ϵða2x2 − 2Mrþ r2Þ

2Σ

�
þOðτ1Þ; ð96Þ

where x ¼ cos θ and τϵ ¼ τ − iϵ. In the Schwarzschild
limit a → 0 this reduces to

1

α
Hϕψ ¼ 2r2

τ2εΔ
þ 4ðr − 3MÞ

τεΔ
þ 215M2 − 144Mrþ 24r2

6r2Δ

−
8M
r3

log

�
−
τ2εΔ
2r2

�
ð97Þ

with Δ ¼ rðr − 2MÞ. For the spinless case and a ¼ 0, we
can directly set s ¼ 0 in the expansions (91) and (92) to get

1

α
Hjs¼0 ¼

2r
τ2εðr − 2MÞ þ

M2ð16Mr5 − 8r6Þ
48r8ðr − 2MÞ2 ; ð98Þ

which is the standard result [41].

V. APPLICATION: CANONICAL ENERGIES

A. Classical setting

An important nonlinear observable in classical linear-
ized gravity on stationary spacetimes is the gravitational

canonical energy [42]. In this section we show how to use
the Teukolsky formalism in order to obtain the divergent
part of its expectation value on any Hadamard state. Since
we are interested in the gravitational case, wewill set s ¼ 2;
we will drop the index s from the previous quantities.
Following [36,42], we construct the gravitational canoni-

cal energy as follows. We first implicitly define the vector
wa such that

hab1 ðE½h2�Þab − ðE†½h1�Þabhab2 ¼ ∇awaðh1; h2Þ; ð99Þ

with E the equation of motion operator for metric pertur-
bations hab (recall the discussion in Sec. II C). Then, the
symplectic form on the space of solutions (modulo gauge)
of the linearized Einstein equation is given by

Ωðh1; h2Þ ≔
Z
Σ
dΣawaðh1; h2Þ; ð100Þ

where Σ is a spacelike Cauchy surface. Finally, we define the
gravitational canonical energy of the metric perturbation of
Kerr spacetime by setting
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E ðhÞ ≔ Ωðh;LξhÞ ð101Þ

with Lξ the Lie derivative with respect to ξ ¼ −ð∂tÞa −
ωþð∂φÞa.
For the canonical energy to be physically meaningful—

and for it to be gauge invariant—certain gauge conditions
must be chosen at the horizon bifurcation cross section,
and certain asymptotic conditions must hold near spatial
infinity [42]. Under these conditions, the canonical energy
is related to second-order corrections to the black hole
parameters [42] by the master formula

E ðhÞ ¼ δ2M − ωþδ2J −
κ

8π
δ2A: ð102Þ

The detailed properties of the canonical energy were not
investigated in [42] in the case of extremal black holes.
For the sake of our informal discussion below, we shall
assume that the conditions hold in the extremal limit by
some sort of continuity; in particular, using κ ¼ 0;ωþ ¼
1=ð2MÞ;M4 ¼ J2 in the extremal case, the master formula
would become

E ðhÞ ¼ δ2ðM4 − J2Þ
4M3

ð103Þ

for any perturbation satisfying δM ¼ δJ ¼ 0. From (103)
it is evident that a negative sign of the canonical energy
implies instability of the black hole; i.e., the black hole is
overspinning.
In [42], an expression for the canonical energy was given

directly in terms of the perturbation hab, which, however, is
rather complicated.
On the other hand, we can also use the symplectic

form (38) to define the canonical energy of Teukolsky
fields as

E TðΨÞ ¼ ℜσ̃ðΨ;ŁξΨÞ: ð104Þ

Here Łξ is the GHP generalization of Lξ, and it reduces to
the standard Lie derivative when applied on a GHP quantity
of type f0; 0g and for η ≗ fp; qg. Its explicit definition is
given in Appendix B.
Assume that h ¼ ℜS†ϕ and thus Ψ ¼ ðϕ; T ℜðS†ϕÞÞ.

We want to understand the relation between

E ðℜS†ϕÞ and E TðΨÞ: ð105Þ

For this, it is advantageous to express the symplectic
form σ̃ as

σ̃ðΨ1;Ψ2Þ ¼ Πðϕ1;ψ2Þ − Πðϕ2;ψ1Þ; ð106Þ

with

Πðϕ;ψÞ ≔
Z
Σ
uaπaðϕ;ψÞ; ð107Þ

πaðϕ;ψÞ ≔ ϕðΘa þ 4BaÞψ − ψðΘa − 4BaÞϕ: ð108Þ

If ϕ is a smooth solution to O†ϕ ¼ 0 with initial data of
compact support on some Cauchy surface and if h is a
smooth, real perturbation solving the linearized Einstein
equation Eh ¼ 0, then [36]

Ω
�
ℜðS†ϕÞ; h� ¼ ℜ

�
Πðϕ; T hÞ�: ð109Þ

This intimate relation between the symplectic forms for
Teukolsky fields and metric perturbations explains the fact
that mode normalization in the CCH approach coincides
with the normalization in Sec. III.
Using that in the Kinnersley tetrad Łξ annihilates all the

legs and spin coefficients and commutes with all GHP
operators [43] and (109), we finally obtain

E TðΨÞ ¼ ℜσ̃ðΨ;ŁξΨÞ
¼ ℜ

�
Πðϕ;ŁξψÞ − ΠðŁξϕ;ψÞ

�
¼ Ω

�
ℜS†ϕ;LξℜS†ϕ

�
−Ω

�
ℜLξS†ϕ;ℜS†ϕ

�
¼ 2E

�
ℜðS†ϕÞ� ¼ 2E ðhÞ ð110Þ

when ψ ¼ T ℜðS†ϕÞ, i.e., when the Teukolsky fields Ψ ¼
ðψ ;ϕÞ fulfill the constraint (36) and h ¼ ℜðS†ϕÞ. In the
above derivation, we assumed that ϕ is of compact support
on the given Cauchy surface.

B. Canonical energy operator

In the context of quantum field theory on Kerr spacetime,
it is tempting to replace the classical expressions (102)
and (103) by an expectation value hΦjE ðhÞjΦi in order to
understand how vacuum fluctuations would affect the
balance between mass, angular momentum, and area.
It is already known that classical gravitational fluctua-

tions with δM ¼ δJ ¼ 0 cannot achieve a negative sign on
the right side of (102) or (103) [9,20]. However, this leaves
open the possibility of a negative sign of hΦjE ðhÞjΦi due
to quantum effects. Thus, a first principle calculation seems
necessary.
Unfortunately, the computation of the canonical energy

hΦjE ðhÞjΦi, even for the Boulware state, is a daunting
task: Not only does it have a complicated algebraic
structure [42], but even worse, when the metric perturbation
h is reconstructed from the Hertz potential ϕ, one obtains a
bilinear in ϕ involving up to six derivatives (one from the
symplectic form, one from the time derivative, and two
times two from the reconstruction). To renormalize such
an energy density, one would have to go to very high
orders in the Hadamard expansion. Hence, the canonical
energy (102) in the form given in [42] does not seem to be a
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useful starting point for the evaluation in the quantum field
theory.
Instead, one may attempt to start with the expression for

the canonical energy in terms of the Teukolsky fields given
in above in Sec. VA. For a Teukolsky field satisfying the
constraint (66) and expanded in symplectically normalized
modes as in (62), one obtains

σ̃ðΨ;ŁξΨÞ ¼
X
l;m

�Z
∞

0

dωk


ain†ω;lma

in
ω;lm þ ainω;lma

in†
ω;lm

þ bin†ω;lmb
in
ω;lm þ binω;lmb

in†
ω;lm

�
þ
Z

∞

0

dkk


aup†k;lma

up
k;lm þ aupk;lma

up†
k;lm

þ bup†k;lmb
up
k;lm þ bupk;lmb

up†
ω;lm

��
: ð111Þ

This can be shown by evaluating the symplectic form on I−

and H− so that, in particular, the in- and the up-modes
are manifestly orthogonal. One also uses (67) and the fact
that in the Kinnersley frame Łξ ¼ −∂t − ωþ∂φ on GHP
scalars [19], so that

Łξ2u
in=up
ω;lm ¼ ik2u

in=up
ω;lm: ð112Þ

Straightforward computations will then lead to (111).
According to the principles of QFTCS [14,15], the

renormalization of nonlinear observables must be per-
formed locally; i.e., we need to renormalize the associated
density. From the definition of E T , we can read off the
canonical energy density directly from the integral

E TðΨÞ ¼ ℜ
�
Πðϕ;ŁξψÞ − ΠðŁξϕ;ψÞ

�
¼

Z
Σ
ℜ
�
uaπaðϕ;ŁξψÞ − uaπaðŁξϕ;ψÞ

�
dΣ ð113Þ

where ua is given by (49). In terms of modes, we compute
the density

hBjuaπaðϕ;ŁξψÞjBi ¼
X
I

XZ
λ

�
k
�
utω − uφm − 2iuaΓa

�

× −2v
I
λ2u

I
−λ þ k

�
utω − uφm

þ 2iuaΓa
�
2u

I
λ−2v

I
−λ
� ð114Þ

where (64) has been used. Finally, it easy to also check that

huaπaðϕ;ŁξψÞi ¼ −huaπaðŁξϕ;ψÞi; ð115Þ

and thus the divergent expectation value of the canonical
energy density is given by

ℜhBjua½πaðϕ;ŁξψÞ − πaðŁξϕ;ψÞ�jBi

¼ 2ℜ
X
I

XZ
λ

k
�ðutω − uφm − 2iuaΓaÞ−2vIλ2uI−λ

þ ðutω − uφmþ 2iuaΓaÞ2uIλ−2vI−λ
�
: ð116Þ

In a completely analogous manner, one can show

hUjua½πaðϕ;ŁξψÞ − πaðŁξϕ;ψÞ�jUi

¼ 2ℜ
XZ
λ

k
�ðutω − uφm − 2iuaΓaÞ−2vinλ 2u

in
−λ

þ ðutω − uφmþ 2iuaΓaÞ2uinλ −2v
in
−λ�

þ 2ℜ
XZ
λ

k coth

�
πk
κ

��ðutω − uφm − 2iuaΓaÞ−2vupλ 2u
up
−λ

þ ðutω − uφmþ 2iuaΓaÞ2uupλ −2v
up
−λ
�
: ð117Þ

The renormalization of these quantities proceeds with
standard techniques of QFTCS. The canonical energy
density eTðxÞ for the Teukolsky fields can be read from
the integrand of (113) and the definition of πa (108),
namely,

eTðxÞ ¼ −uaℜ
�
ϕðxÞD†

aξb∂bψðxÞ − ξb∂bψðxÞDaϕðxÞ
− ξb∂bϕðxÞD†

aψðxÞ þ ψðxÞDaξ
b
∂bϕðxÞ

�
; ð118Þ

with D†
a ¼ ∇a þ 2Γa. After quantization, i.e., understand-

ing ϕ and ψ as quantum fields, the previous expression is
no longer well defined since it contains pointwise products
between fields and their derivatives. In the point-split
method, we start from3

heTðx;x0Þi ¼−uaξbℜ
��
D†

a∂bψðxÞϕðx0ÞþDa∂bϕðxÞψðx0Þ
−∂bψðxÞgαα0Da0ϕðx0Þ− ∂bϕðxÞgαα0D†

a0ψðx0Þ
��
;

ð119Þ

with gαα
0 ¼ gαα

0 ðx; x0Þ the parallel transport of vectors from
x0 to x [37]. The universal short-distance singularity of the
above can be obtained by evaluating

− uaξb
�
D†

a∂bHψϕðx; x0Þ þDa∂bHϕψðx; x0Þ
−gαα

0
Da0∂bHψϕðx; x0Þ − gαα

0
D†

a0∂bH
ϕψðx; x0Þ�: ð120Þ

3In principle, this expression is ill behaved under gauge
transformations. In order to ensure gauge invariance, one can
introduce the parallel transports Pϕψ ðx; x0Þ and Pψϕðx; x0Þ in the
expressions (119) and (120). However, in view of the limit (121),
the introduction of parallel transports will not affect the coinci-
dence point limit (see discussion in [44]).
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We give an explicit expansion of the divergent part D in
Appendix C (for a point-split in time direction). Finally, the
regularized expectation value can be obtained via

heTðxÞiren ≔ lim
x0→x

�heTðx; x0Þi −ℜDðx; x0Þ�: ð121Þ

The short-distance singularity to be renormalized here has
exactly the same form as the uaξbTab component of the
stress tensor of the Klein-Gordon field. Hence, a numerical
implementation should be possible in situations for which
the latter can be handled. This applies to Schwarzschild
spacetime [41,45] but, to the best of knowledge, not yet to
Kerr spacetime (but note that a stress tensor renormaliza-
tion has been performed in the interior region [7]). We do
not attempt an evaluation here but conclude this section
with a few remarks:

(i) In order to ensure the conservation of the canonical
energy at the quantum level, one has to make sure
that the renormalized current, i.e., (118) without the
contraction with ua, is also conserved. In particular,
by using the facts that the coefficients (92) are t and
φ independent and that Vϕψ

10 ¼ Vψϕ
10 , from formulas

in [46] it follows that

∇aheairen ¼ 0: ð122Þ

(ii) As is obvious from (111), the Boulware state is not
a stable state. Because of superradiance, there exist
in modes with k < 0 even for positive ω, making
the Teukolsky canonical energy unbounded from
below. In order to consider a stable state, one has to
construct it with k > 0 also in I−. States with similar
properties have been constructed in [47] in the
Reissner-Nordstrom black hole. One can adapt that
construction to our case in order to obtain a mean-
ingful state to analyze the quantum stability of a Kerr
black hole.

(iii) The identification (110) of the canonical energies
of Teukolsky fields and metric perturbations was
only proven for fields with compactly supported
Cauchy data. Quantum fluctuations are not restricted
in this way, so in order to compute the gravitational
canonical energy by expressing it via the “Teukolsky
canonical energy,” boundary terms also need to be
taken into account, which can be obtained from the
boundary terms in the relation between the sym-
plectic forms for metric perturbations and Teukolsky
fields [48].

VI. CONCLUDING REMARKS

We discussed the canonical quantization of gravitational
and electromagnetic perturbations on Kerr spacetime. We
showed how to construct field operators in a fixed gauge
and that quantum states can be obtained as for a Klein-
Gordon theory in an external potential. Our construction is

based on Teukolsky fields, i.e., pairs Ψ ¼ ðϕ;ψÞ of a Hertz
potential ϕ and an NP scalar ψ. We showed that the
(Teukolsky-Starobinsky) constraint relating ϕ and ψ can be
implemented for spin s ≤ 2, i.e., for the Hertz potentials
corresponding to metric perturbations and Maxwell fields.
However, for higher spin the constraint cannot be imple-
mented (for s ¼ 3, this follows from results of [26], but it is
expected that these extend to all s ≥ 3).
Our quantization of the Hertz potential is equivalent to

that obtained in the CCH approach [10], but we think that
our approach has conceptual as well as practical advan-
tages: On the conceptual side, we do not have to split the
metric perturbation (or the vector potential) into two parts
which are reconstructed from the Hertz potential in differ-
ent gauges. Instead, we can reconstruct the metric pertur-
bation in a well-defined gauge. On the practical side, we
have not only directly quantized a relevant observable, an
NP scalar, but also obtained a Hadamard parametrix, which
can be used to perform a Hadamard point-split renormal-
ization of physically relevant quantities. As a further
potential application of our approach, we worked out the
relation between the canonical energy of gravitational
perturbations and that of Teukolsky fields (up to boundary
terms), which may allow for the computation of semi-
classical corrections to black hole masses (and thus address
the issue of quantum stability of extremal black holes).
In a future work, we aim to apply the results developed

here to an explicit computation of propagators and expect-
ation values of local and gauge invariant observables in the
electromagnetic and gravitational perturbations in order to
have an explicit gauge invariant characterization of such
fluctuations around Kerr spacetime. Furthermore, we aim
to make progress on the computation of the canonical
energy of gravitational perturbations.
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APPENDIX A: KINNERSLEY FRAME

In Boyer-Lindquist coordinates, the Kinnersley frame
reads [11,23]

la ¼ 1

Δ
ðr2 þ a2;Δ; 0; aÞ;

na ¼ 1

2Σ
ðr2 þ a2;−Δ; 0; aÞ;

ma ¼ 1

21=2ðrþ ia cos θÞ ðia sin θ; 0; 1; i= sin θÞ; ðA1Þ

and the nonvanishing spin coefficients are
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ρ ¼ −
1

ζ
; ρ0 ¼ Δ

2ζ2ζ̄
; ðA2Þ

τ ¼ −
ia sin θffiffiffi

2
p

ζζ̄
; τ0 ¼ −

ia sin θffiffiffi
2

p
ζ2

; ðA3Þ

β ¼ cot θ

2
ffiffiffi
2

p
ζ̄
; β0 ¼ cot θ

2
ffiffiffi
2

p
ζ
−
ia sin θffiffiffi

2
p

ζ2
; ðA4Þ

ε ¼ 0; ε0 ¼ Δ
2ζ2ζ̄

−
r −M
2ζζ̄

ðA5Þ

with ζ ¼ r − ia cos θ.

APPENDIX B: GHP LIE DERIVATIVE Łξ

The Lie derivative Łξ in (104) can be defined on GHP tensors as

Łξ ≔ Łt þ ωþŁφ ðB1Þ

with [19]

Łt ¼ LΘ
t þ p

2
ζΨ2 þ

q
2
ζ̄Ψ̄2;

Łφ ¼ 1

a
ŁΞ − aŁt;

ŁΞ ¼ ζ

4

�ðζ − ζ̄Þ2ðρ0Þ − ρÞ0Þ − ðζ þ ζ̄Þ2ðτ0ð0 − τðÞ� − pΞh1 − qΞh̄1;

Ξh1 ¼
1

8
ζðζ2 þ ζ̄2ÞΨ2 −

1

4
ζζ̄2Ψ̄2 þ

1

2
ρρ0ζ2ðζ̄ − ζÞ þ 1

2
ττ0ζ2ðζ̄ þ ζÞ: ðB2Þ

The action of LΘ
t on a tensor field ηa1…ak

b1…bl
≗ fp; qg is

LΘ
t η

a1…ak
b1…bl

¼ tcΘcη
a1…ak
b1…bl

−
Xk
j¼1

Θctajη
a1…ak
b1…bl

þ
Xl

j¼1

Θbj t
cηa1…ak

b1…c…bl
ðB3Þ

where we may express the generator of time translations as

ta ¼ ζð−ρ0la þ ρna þ τ0ma − τm̄aÞ: ðB4Þ

Observe that the operator ŁΞ can also be associated with a generator of symmetries in Kerr [49] (see also [19]).

APPENDIX C: DIVERGENCES OF THE CANONICAL ENERGY DENSITY

Here we give an explicit expression of the divergent part of

D ≔ −ua∇a∂tHSðx; x0Þ þ ∂tua
0∇a0HSðx; x0Þ þ 4utΓt

∂tHAðx; x0Þ ðC1Þ

whereHS ¼ Hϕψ þHψϕ,HA ¼ Hϕψ −Hψϕ. By similar and more tedious computations, one can achieve the divergent part
related to the angular derivative ξφ∂φ. In particular, separating points in the t direction, we can write the nonvanishing part in
the limit τ → 0 as

Ddiv ¼
1

8π2

��
1

τ4ϵ

�
Aðr; θÞ þ

�
1

τ2ϵ

�
Bðr; θÞ þ lnð−fðr; θÞτ2ϵÞCðr; θÞ þDðr; θÞ

�
ðC2Þ
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where A, B, C, D are smooth functions determined by the expansions (88), (91), and (92) and their derivatives and
fðr;θÞ¼ ða2x2−2Mrþ r2Þ=½2ða2x2þ r2Þ�, with x¼ cosθ. In particular, using the Black Hole Perturbation Toolkit for
Mathematica [50], we obtain

A∶
48Σ2

ðΣ − 2MrÞ2
ffiffiffiffiffiffiffi
ΔΣ
Γ

r
;

B∶
16

3ζΣðΣ − 2MrÞ3
ffiffiffiffiffiffiffi
ΔΣ
Γ

r �
6ia7x7 þ 6a6rx6 − 6ia5x5ðM2 þ 6Mr − 3r2Þ þ 18a4rx4ð−M2 − 2Mrþ r2Þ

þ ia3rx
�
M3ð11x2 þ 1Þ þ 84M2rx2 − 72Mr2x2 þ 18r3x2

�þ a2r2
�
M3ð37x2 − 1Þ þ 60M2rx2 − 72Mr2x2 þ 18r3x2

�
þ6iar3xð−14M3 þ 15M2r − 6Mr2 þ r3Þ þ 6r4ð−10M3 þ 13M2r − 6Mr2 þ r3Þ�;

C∶
16M
ζ3Σ3

ffiffiffiffiffiffiffi
ΔΣ
Γ

r �
2a4x4 − ia3

�
Mð9x2 þ 2Þxþ 4rx3

�þ a2Mrð2 − 35x2Þ þ iar2xð37M − 4rÞ þ r3ð15M − 2rÞ�; ðC3Þ

and finally,

D∶ −
1

45Σ6ðΣ− 2MrÞ4 ð480a
16x16þ 120a15ið71Mx2 − 16rx2þMÞx13 − 240ia13ðð16x2þ 3ÞM3

þ rð1105x2þ 46ÞM2þ 3r2ð28x2 − 1ÞMþ 40r3x2Þx11þ 12a14Mð10rð309x2þ 1Þx2 þMð2370x4þ 413x2 − 3ÞÞx10
þ 120a11irð4ð37x2 þ 12ÞM4þ 2rð7735x2þ 333ÞM3 þ 4r2ð623x2 − 115ÞM2þ r3ð15− 1739x2ÞM− 144r4x2Þx9
þ a12ð5ð96x4 − 1ÞM4 − 48rð5340x4 þ 841x2 − 6ÞM3 − 12r2ð62166x4 − 1552x2þ 15ÞM2þ 240r3x2ð559x2þ 3ÞM
− 9600r4x4Þx8 − 240ia9r2ð4ð28x2þ 13ÞM5þ 34rð669x2 þ 28ÞM4 þ r2ð10873x2 − 1362ÞM3þ r3ð460− 13933x2ÞM2

þ 5r4ð369x2 − 2ÞMþ 40r5x2Þx7 − 2a10rð10ð72x4þ 25x2 − 2ÞM5þ rð−419352x4 − 63663x2þ 370ÞM4

− 24r2ð97747x4 − 2453x2 þ 24ÞM3 þ 30r3ð35301x4 − 313x2þ 6ÞM2 − 60r4x2ð979x2þ 15ÞMþ 15360r5x4Þx6
þ 120a7ir3ð16ð7x2 þ 4ÞM6þ 8rð7647x2 þ 319ÞM5þ 24r2ð3841x2 − 250ÞM4þ 12r3ð343− 11143x2ÞM3

þ 8r4ð5293x2 − 115ÞM2 − 5r5ð643x2 − 3ÞMþ 80r6x2Þx5 − a8r2ð−20x2ð51x2þ 44ÞM6þ 12rð99083x4þ 15140x2

− 58ÞM5þ r2ð13505661x4 − 256304x2þ 2190ÞM4 − 48r3ð184093x4 − 1402x2þ 36ÞM3þ 12r4ð44541x4 þ 1000x2

þ 30ÞM2þ 2400r5x2ð53x2 − 1ÞMþ 43200r6x4Þx4 − 240ia5r5ð8ð1943x2þ 84ÞM6þ 4rð21321x2 − 677ÞM5

− 4r2ð32153x2 − 762ÞM4þ r3ð57746x2 − 1377ÞM3þ r4ð230− 8953x2ÞM2þ r5ð442x2 − 3ÞM− 72r6x2Þx3
þ 4a6r4ð4x2ð38736x2þ 6029ÞM6þ 2rð2307539x4 − 24621x2 þ 159ÞM5þ r2ð−2923083x4 þ 1239x2 − 545ÞM4

þ 24r3ð−38173x4 þ 1051x2þ 12ÞM3 þ 3r4ð260616x4 − 3065x2 − 15ÞM2 − 150r5x2ð497x2 − 3ÞM− 7680r6x4Þx2
þ 240air9ðr− 2MÞ2ð−4698M4þ 5179rM3 − 1673r2M2þ 115r3Mþ 8r4Þxþ 120a3ið2M− rÞr7ð8ð7045x2 − 88ÞM5

þ 4rð257− 12074x2ÞM4þ 2r2ð1723x2 − 255ÞM3þ 6r3ð757x2þ 15ÞM2 − r4ð467x2þ 1ÞM− 80r5x2Þx
þ r10ðr− 2MÞ2ð−203573M4þ 226368rM3 − 73692r2M2þ 4800r3Mþ 480r4Þ
þ 2a2Mð2M− rÞr8ð4ð664618x2 − 5141ÞM4þ rð30941− 3782242x2ÞM3þ 36r2ð51813x2 − 443ÞM2

− 6r3ð59395x2 − 493ÞMþ 60r4ð307x2 − 1ÞÞþ a4r6ðð13328x2 − 9716936x4ÞM6 − 8rð314726x4 − 18638x2 − 77ÞM5

þ r2ð19080922x4 − 249696x2 − 725ÞM4 − 48r3ð276026x4 − 2803x2 − 6ÞM3þ 12r4ð266304x4 − 2152x2 − 3ÞM2

− 240r5x2ð793x2 − 3ÞM− 9600r6x4ÞÞ
ffiffiffiffiffiffiffi
ΔΣ
Γ

r
: ðC4Þ
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