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Hamiltonian renormalization. VII. Free fermions and doubler free kernels
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The Hamiltonian renormalization program motivated by constructive quantum field theory and
Osterwalder-Schrader reconstruction that was recently launched for bosonic field theories is extended to
fermions. As fermion quantization is not in terms of measures, the scheme has to be mildly modified
accordingly. We exemplify the scheme for free fermions for both compact and noncompact spatial topologies,
respectively (i.e., with and without IR cutoff) and demonstrate that the convenient Dirichlet or Shannon
coarse-graining kernels recently advertised in a companion paper lead to a manifestly doubler free flow.
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I. INTRODUCTION

The Hamiltonian or canonical approach to quantum
gravity [1] aims at implementing the constraints as operators
on a Hilbert space. In the classical theory, the constraints
generate the Einstein equations via the Hamiltonian equa-
tions of motion [2]. They underlie the numerical imple-
mentation of the initial value formulation of Einstein’s
equations, e.g., in black hole merger and gravitational wave
template codes [3].

The mathematically sound construction of canonical
quantum gravity is a hard problem because the constraints
are nonpolynomial expressions in the elementary fields and
in that sense much more nonlinear than even the most
complicated interacting quantum field theory (QFT) on
Minkowski space such as QCD whose Hamiltonian is still
polynomial in gluon and quark fields. As the theory is
nonrenormalizable and thus believed to exist only non-
perturbatively, the loop quantum gravity (LQG) approach
has systematically developed such a nonperturbative pro-
gram [4]. LQG derives its name from the fact that it uses a
connection rather than metric-based formulation; hence, it
is phrased in the language of Yang-Mills type gauge fields
and thus benefits from the nonperturbative technology
introduced for such theories, specifically gauge invariant
Wilson loop variables [5].

The current status of LQG can be described as follows:
While the quantum constraints can indeed be implemented
in a Hilbert space representation [6] of the canonical
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(anti)commutation and adjointness relations as densely
defined operators [7] and while its commutator algebra
is mathematically consistent in the sense that it closes, it
closes with the wrong structure “functions.” The inverted
commas refer to the fact that the classical constraints do not
form a Lie Poisson algebra because for a Lie algebra it is
required that one has structure constants. By contrast, here
we have nontrivial structure functions in the classical
theory that are dictated by the fundamental hypersurface
deformation algebra [8], and in the quantum theory they
become operators themselves and are not simply constant
multiples of the identity operator. We therefore call them
structure operators.

The most important missing step in LQG is therefore
to correct those structure operators. It is for this reason
that more recently Hamiltonian renormalization techniques
were considered [9]. There one actually works with a one-
parameter family of gauge fixed versions of the theory [10]
so that the constraints no longer appear and are traded for a
Hamiltonian which drives that one-parameter evolution.
The reason for doing this is twofold: On the one hand,
working with the gauge fixed version means solving the
constraints classically and saves the work to determine
the quantum kernel and Hilbert space structure on it.
On the other hand, the techniques of [9] were derived
from the Osterwalder-Schrader reconstruction [11], which
deals with theories whose dynamics is driven by an
actual Hamiltonian rather than constraints (however, see
Ref. [12]). Still, that Hamiltonian uniquely descends from
the constraints, and therefore its quantization implicitly
depends on the quantization of the constraints. Therefore,
the quantum constraints and their structure operators
are implicitly also present in the gauge fixed version. In
addition, in [13] we have shown that the techniques
of [9] can be “abused” also for constrained quantum
theories in the sense that the renormalization steps to
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be carried out can be performed independently for all
constraints “as if they were actual Hamiltonians,” even if
the corresponding operators are not bounded from below.
In that sense the methods of [9] complement those
of [14] where the correction of the structure operators is
approached by exploiting the spatial diffeomorphism
invariance of the classical theory in an even more nonlinear
fashion than it was already done in [7].

The program of [9] rests on the following observation: In
quantizing an interacting classical field theory one cannot
proceed directly but rather has to introduce at least an
UV cutoff M where we may think of M~! as a spatial
resolution. Introducing M produces quantization ambigu-
ities that are encoded in a set of parameters depending on
M. Almost all points in that set do not define consistent
theories where a consistent theory is defined to be one in
which the theory at resolution M is the same as the theory at
higher resolution M’ > M after “integrating out” the extra
degrees of freedom. Renormalization introduces a flow on
these parameters whose fixed or critical points define
consistent theories. In this way, the correct structure
operators or algebra of constraints referred to above are
also believed to be found, either explicitly or implicitly.
In [13] we have shown that this is what actually happens for
the much simpler case of two-dimensional (2D) para-
metrized field theory [15] whose quantum hypersurface
deformation algebra coincides with the Virasoro algebra.
One of the lessons learned from this is that the quantum
constraint algebra must not close at any finite resolution
even if the continuum algebra closes with the correct
structure operators. In other words, it is physically correct
that the finite resolution constraints are “anomalous” while
the actual continuum theory is anomaly free. The “anoma-
lous” terms just reflect a discretization artifact that decays
to zero as we increase the resolution. The other lesson
learned is that while there is a substantial amount of
freedom in the choice of the renormalization flow, for a
general theory the coarse-graining kernel should have
sufficient smoothness properties. A systematic classifica-
tion of these choices of flow is made possible using multi-
resolution analysis [16] known from wavelet theory [17].

In [18] we have further tested [9] for free bosons (scalars
and vector fields). Theories with fermions were not
considered so far. In this paper we close this gap; see
also [19] for a closely related formulation.

The architecture of this paper is as follows:

In Sec. II we briefly recall the bosonic theory from [9].

In Sec. IIT we adapt the bosonic theory to the fermionic
setting.

In Sec. IV we test the fermionic Hamiltonian renorm-
alization theory for free Dirac, Majorana, or Weyl fermions
both with and without IR cutoff using the Dirichlet-
Shannon kernel as a coarse-graining scheme and confirm
a manifestly doubler free spectrum at each resolution M
at the fixed point. The Nielsen-Ninomiya theorem [20]

is evaded because the finite resolution Hamiltonians
are spatially nonlocal as it is usually the case when one
“blocks from the continuum,” i.e., computes the “perfect
Hamiltonian.” A similar observation was made in the
context of QCD in the Euclidean action approach [21].
Indeed, if one uses the local but discontinuous Haar
kernel to define the renormalization flow, the usual doubler
troubled pole structure of the Feynman propagator is found
while for the smooth but only quasilocal Dirichlet-Shannon
kernel a doubler free pole structure results.
In Sec. V we summarize and conclude.

II. REVIEW OF HAMILTONIAN
RENORMALIZATION FOR BOSONS

To be specific we will consider the theory either with IR
cutoff so that space is a d-torus T¢ or without IR cutoff so
that space is d-dimensional Euclidean space R, and it will
be sufficient to consider one coordinate direction as both
spaces are Cartesian products. Thus X = [0, 1) or X = R in
what follows.

Thus, for simplicity we consider a bosonic, scalar
quantum field @ (operator valued distribution) with con-
jugate momentum IT on X with canonical commutation and
adjointness relations (in natural units 2 = 1)

[M(x), @(y)]=i6(x,y), @(x)"=@(x), IT"(x)=I(x),
(2.1)
where
3(x.y) =D en®)en().  eylx) = (22)
nez
is the periodic 6 distribution on the torus or
sey) = [ Sraaby. e =et @3

on the real line, respectively. It is customary to work with
the bounded Weyl operators

wif.gl =exp(i[@(f) +TI(g)]).  ®(f)= / dxf (x)®(x).

(g) = / g (x)T1(x) (2.4)

with f,g€L = L,(X,dx) test functions or smearing
functions usually with some additional properties such
as differentiability or even smoothness. For tensor fields
of higher degree a similar procedure can be followed
(see Ref. [9)]).

Since the space L enters the stage naturally, we use
multiresolution analysis (MRA) language [16] familiar
from wavelet theory [17] to define a renormalization group

125007-2



HAMILTONIAN RENORMALIZATION. VII. FREE FERMIONS AND ...

PHYS. REV. D 108, 125007 (2023)

flow. MRAs serve as a powerful organizing principle to
define renormalization flows in terms of coarse-graining
kernels, and while the choice of the kernel should intui-
tively not have much influence on the fixed point or
continuum theory (at least in the presence of universality)
the examples of [13,22] show that generic features such as
smoothness can have an impact.

In the most general sense an MRA is a nested sequence
of Hilbert subspaces V), C L indexed by M € M where M
is partially ordered and directed by <. That is, one has
Vi C Vyp for M < M and Uy, ¢ o V) is dense in L. Pick
an orthonormal basis (ONB) d(M)'/2y¥ for V,, where m is
from a countably finite (infinite) index set Z,, for X =
[0,1) (X = R), respectively, and d(M) is a finite number.
In the case that X = [0, 1) typically Z,, is the lattice
xM . m/d(M) and d(M) = dim(V,,) the number of points
in it. Let Ly, = [,(Z);) be the Hilbert space of square
summable sequences indexed by Z,, with inner product

(fygu) = dM)™! Z T (m) gy (m).

meZy

(2.5)

This scalar product offers the interpretation of f,(m) :=
FOMY, XM = i and similar for gy as the discretized
values of some functions f, g € L in which case (2.5) is the
Riemann sum approximant of (f, g);. It is for this reason
that we did not normalize the y.

What follows works for any such choice of ONB indexed
by M. However, to reduce the amount of arbitrariness and
to give additional structure to MRAs one requires, in both
wavelet theory and renormalization, in addition that the
ONBs descend from a few mother scaling functions ¢ by
dilatations depending on M and translations depending on
m. In wavelet theory on the real line one is rather specific
about the concrete descendance. In particular, there is only
one mother scaling function, the y¥ and ¢ are linearly
related, M just consists of the powers M = 2V, N € Z, and
M = ¢p(Mx — m). As advertised in [16] we allow a more
general descendance and thus accept a finite, fixed number
of mother scaling functions and that the y¥ are dilatations
and translations of a rational function of those mother
scaling functions. This keeps the central idea of providing
minimal structure to an MRA while increasing flexibility.

The spaces Vj, and L,, are in bijection via

Iy: Ly — L,

fu Y fulmdt.  (2.6)

Note that (2.6) has a range in V,; C L only. Its adjoint
Il,: L - L, is defined by
(Lt - Fa)e,, = - Duf ) (2.7)

so that

(Luf)(m) = d(M){a. f)1. (2.8)

Clearly

(Dl fan) (m) = d(M) Gt T fan), = Fu(m). (2.9)

i.e., Ijly = 1;, while

(I} f) () = d(M)Y ot ()G fun), = (Puaf) (%)

m

(2.10)

is the projection Py, : L — V.
Given M < M’ we define the coarse-graining map

IMMI = I;/I’IM: LMl—)LM/ (211)

It obeys

because I, has range in V,; C V,, for M < M’. This is the
place where the MRA property of the nested set of
subspaces V,, was important. Next for M| < M, < M,
we have

IM2M3 IM]M2 = 1L3PM2 IM] = IL} IM] = IM]M3 (213)

for the same reason. This is called the condition of
cylindrical consistency which is crucial for the renormal-
ization group flow.

To see the importance of (2.13) we consider a probability
measure v on the space F of field configurations @ which
defines a Hilbert space H = L,(F,dv) and a representa-
tions space for the Weyl algebra 2 generated from the Weyl
elements (2.4). We set w[f] :== w[f, g = 0] and define the
generating functional of moments of v by

(2.14)

If we restrict f to V, we obtain an effective measure on the
space of discretized quantum fields ®,, = IL@ via

wllyful =wylfu) =@ @y (fy) = (fu- @)y,

(2.15)
and
Un (fn) = vWllyful) = v (Wi lf ul)- (2.16)

The measures vy, on the spaces F,, of fields ®,, are
consistently defined by construction

U (L f ) = v (f ) (2.17)
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for any M < M’ since the v,; descend from a continuum
measure. Conversely, given a family of measures vy,
satisfying (2.17) a continuum measure v can be constructed
known as the projective limit of the v, under mild technical
assumptions [23]. To see the importance of (2.13) for this
to be the case, suppose we write f € L in two equivalent
ways f = Iy, fu = Im,9u,, and then we should have
vm,(fm,) = vum,(gy,). Now while M and M, may not
be in relation, as M is directed we find M|, M, < Mj;.
Applying IL1 we conclude Iy a,fy, = Imym,9um,s thus
due to (2.17) indeed

Upm, (fl) = VU, (IM1M3fM1) = VUnm, (IM2M39M2) =VUm, (QMQ)-

(2.18)

In constructive quantum field theory the task is to construct
a representation of the Weyl algebra 2 with additional
properties such as allowing for the implementation of a
Hamiltonian operator H = H[®, I1] which imposes severe
restrictions on the Hilbert space representation. One may
start with discretized Hamiltonians

HY (@, Ty == H[py®, pyTl] (2.19)

on 7—(1(3) =Ly (F M,u,(g) ) where 1/,(8) is any probability
measure to begin with, for instance, a Gaussian measure

or a measure constructed from the ground state QES) of the

Hamiltonian HES). The point of using the IR cutoff is that
there are only finitely many, namely d(M) degrees of
freedom ®,,, I1;, which are conjugate

My (m), ®(m")] = id(M)S(m,m"), Dy (m)* = Py (m),

113, (m) = Ty (m) (2.20)
so that construction of 1/;2) does not pose any problems. In the
case that there is no IR cutoff it is significantly harder to show
that the theories even at finite UV cutoff exist. Assuming
this to be the case, one fixes for each M € M an element
M < M'(M) € M and defines isometric injections

n+1 n+1 n n n
T ™ = s MY = Lo(Fyy duyy)
(2.21)

via

it ) = Vo Do fu). (2.22)
and with these the flow of Hamiltonians

oY=yt HY) T (2.23)

M =y oy () MM (M) - :

The isometry of the injections relies on the assumption that the

span of the wy,;[f,] is dense in H,(S) which is typically the case.
This defines a sequence or flow (indexed by n)

of families (indexed by M) of theories H\" and H'!. At
a critical or fixed point of this flow the consistency
condition (2.17) is satisfied [at first in the linearly ordered
sets of M(M) = {(M")N(M),N €Ny} and then usually
for all of M by universality], and one obtains a consistent
family (H,,, Hy;)- This family defines a continuum theory
(H, H) as one obtains inductive limit isometric injections
Jy: Hy = H such that JypJyp = Ty, M < M, thanks
to the fixed point identity Jya,dpm, = I aa s
M, £ M, < M5, and such that

Hy =J,HIy (2.24)

is a consistent family of quadratic forms
T Dy s M <M.

We conclude this section by noting that wavelet theory
actually also seeks to decompose the spaces as Vyp =
Vi @ W, where W, is the orthogonal complement of V
in Vyp,M <M, to provide an ONB for the W,,; and to
require that this basis descends from a mother wavelet y
concretely related to the scaling function in the same
specific way as outlined above for the scaling function.
For the purpose of renormalization this additional structure
is not essential, and thus we will not go into further details.
We remark, however, that in [16] we also generalized the
notion of wavelets in the same way as for the scaling
function which again keeps the central idea of structurizing
the MRA and showed that the Dirichlet and Shannon
kernels are nontrivial realizations of that more general
definition.

HM:

III. HAMILTONIAN RENORMALIZATION
FOR FERMIONS

To distinguish the bosonic field ® from the previous
section from the present fermionic field we use the notation
&g for a chiral (or Weyl) fermion where B = 1, 2 transforms
in one of the two fundamental representations of SL(2, C).
Its Majorana conjugate e£* with € = io, (Pauli matrix) of
opposite chirality then transforms in the dual fundamental
representation. We have the fundamental simultaneous
canonical anticommutation relations (CAR)

[53(35)7§C(Y)*]+ = 53(x>5c()’)* +§C()’)*5B(x) =0pco(x.y)
(3.1)

with all other anticommutators vanishing. Dirac fermions
and Majorana fermions can be considered as usual by using
direct sum SL(2, C) representations of independent Weyl
fermions of opposite chirality or of the direct sum of a
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fermion with its Majorana conjugate. It will be sufficient to
consider a single Weyl fermion species &g for what follows.

The measure theoretic language given for bosons of the
previous section cannot apply because of several reasons:
i. the “Weyl elements” w[f] = exp(i(f,&)}) are not
mutually commuting; ii. the w[f]Q are not dense in the
Fock space H defined by (f,&)Q = 0 because, in fact,
wlf] = 1y + i(f, )T due to nilpotency; and iii. w[f] is not
unitary. To avoid this one can formally work with Berezin
“integrals” [24] and anticommuting smearing fields f but
then we cannot immediately transfer the functional ana-
lytic properties of the commuting test functions from the
bosonic theory, and apart from serving as a compact
organising tool, anticommuting smearing functions do not
have any advantage over what we say below.

One of the motivations to work with Weyl elements
rather than say ®(f),II(f) in the bosonic case is that the
Weyl elements are bounded operators. However, the
operators &(f) = (f,&),,E(f)" are already bounded by
l|f1|. as follows from the CAR:
|

J(n+1)Q(n+l) — Q(n)

MM =M

J("*l):

—_ n+1
MM = (FM,l) o '5114(FM,N)Q§|/1+ )=

starting from an initial vector Q(MO) defined below. Note that
&y = d(M)I,¢ preserve the CAR in the sense that

[S3e(m), [En (M) = d(M)S (3:4)
and E(F) = Y p[(f5.&s)r + (f5,Ep)7] where we have
collected four independent smearing functions fg, f5,
B = 1,2 into one symbol F. The same notation was used

in (3.4) for the M dependent quantities. With these we
define the flow of Hamiltonian quadratic forms as

(n+1) _ 4(n+1) (n) y(n+1)
Hy = e T Hy Ty

(3.5)

These formulas are even simpler than in the bosonic case
because there is no fermionic Gaussian measure and
corresponding covariance to consider. However, as in the
bosonic case, one has to give initial data for this flow. This
can be done, e.g., by defining

HY (e & = Hipu. (pud)]: (3.6)

where (py&)p = Iyl Lé 5, H is the classical Hamiltonian,
and :.: denotes normal ordering with respect to a Fock space

H(Ag) with cyclic Fock vacuum Q(MO) annihilated by Ag)}W
assembled from &y, p and &), p as suggested by the form of
Hpyé, (pyé)*]. As in the bosonic case, the fields &y, 5 do
not depend on the sequence label n while the annihilators

E‘M’(IMM’FM,I)* o

(60 ST = Il e
= [lEAw 3 1ECwF < IFIZ Il

The derivation of the renormalization scheme given
in [9], in fact, covers both the bosonic and the fermionic
cases, but the practical implementation for bosons used
measures [18]. We thus adapt the bosonic renormalization
scheme by reformulating it in an equivalent way which then
extends to the fermionic case:

Given cyclic vectors Q,(J',) for the algebra generated by
the annihilation operator

(3.2)

Evi(fn) = Infu & = (fu T8,
1

— LS s (m)

a0, 2, (33)

and their adjoints (perhaps the vacua of the Hamiltonians

HZ(‘Z)), we define the flow of isometric injections [e.g.,
for M' = M'(M)]

M

By (L Farn ) QL)

A;Z?B do as one obtains them from the &, p using extra
discretized structure that depends on M, typically lattice
derivatives and more complicated aggregates made from
those (Dirac-Weyl operators, Laplacians, etc.).

IV. HAMILTONIAN RENORMALIZATION OF
FREE FERMIONS AND FERMION DOUBLING

In this section we will concretely choose the renormal-
ization structure as follows (see Ref. [16] for more details):
Z; will be the lattice of points x¥ with m € Z if X = R and
meZy={0,1,2,....M —1} if X =[0, 1) respectively,
and d(M) = M. The set M consists of the odd naturals
with partial order M < M’ iff M'/M €N. The renormali-
zation sequence will be constructed using M’ (M) = 3M for
simplicity. The MRAs are based on the Shannon [24] and
Dirichlet [25] kernels, respectively, that is,

sin(Mr(x—xM))

X=R
Mr(x—x))
X%(x) - sin(Ma(x—x})) ’ (41)
M sin(z(x—xM)) X= [O’ 1)

Their span is dense in V},, and they are mutually ortho-
gonal with norm M~!. The Dirichlet kernel is 1-periodic as it
should be. Both have maximal value 1 at x = x, are
symmetric about this point, and (slowly) decay away
from it, thus displaying some position space locality. They

are real valued and smooth and have compact momentum
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support k € [-zM,zM] and k =2zn,n€Zy = {-¥-,
=M=l 1, . M) respectively.

Recall the following facts about the topologies of
position space and momentum space via the Fourier
transform where we denote by M the spatial resolution

|

of the lattice x) with either meZ or meZ, =

{0,1,2,...,M — 1} where for M odd we set ZM =
—M=L M1 [e: compact, ne: noncompact, d: discrete,

nd: nondiscrete (continuous)]:

space — topology momentum — topology Fourier — function

nc,nd: R nc,nd: R er(x) = e'kx,

nc.d: ;-Z c,nd: [-Mn, Mn) e (m) = etk (42)
c,nd: [0,1) nc,d: Z e,(x) = e*rinx,

c,d: L.z, c.d: Zy eM(m) = e2rinun,

Accordingly, in the noncompact and compact cases, respec-
tively, the space of Schwartz test functions is a suitable
subspace of L = L,(R, dx) and L = L,([0, 1), dx), respec-
tively, which have momentum support in 2zR and 27z - Z,
respectively. Upon discretizing space into cells of width 1/M
the momentum support R and Z, respectively, gets confined to
the Brillouin zones [—zM, zM) and Z,,, respectively.

The corresponding completeness relations or resolutions
of the identity read

%ww—/?@@x)

R &7

M dk
Mé ,m') =
z(m,m'") /—ﬂMZﬂ

) = Zen x_x/)’

nez

Z eM(m—m').

nezZy

et (m—m),

Méz, (m,m') = (4.3)

While the first and third relations in (4.3) define the &
distribution on R and [0, 1), respectively, the second and
fourth relations in (4.3) are the restrictions to the lattice of
the regular functions

%M@=[W%qu—ﬂﬂ%ﬂ

M 2T X
o) = 3 ) =0, (4.4)

neZy

which we recognize as the Shannon (sinc) and Dirichlet
kernels, respectively. After dividing and dilating them
by M and translating them by m, we obtain precisely
the functions (4.1). These kernels can be considered as
regularizations of the aforementioned & distributions in the
sense that the momentum integral £ € R or momentum sum
n€Z has been confined to |k| <zM and |n| <L
respectively. Both are real valued, smooth, strongly peaked

|
at x =0 and have compact momentum support. The
Shannon kernel like the Dirichlet kernel is an L, function
but it is not of rapid decay with respect to position.

The simplest possible action for fermions is the massless,
chiral theory in 2D Minkowski space

—l/dt/dxc_fdf

Here X = R or X = [0, 1). The 2D Chfford algebra with
signature (—1,+1) is generated by y' =€ =ioy.y' =0,
where o,0,,03 = €| are the Pauli matrices. Then ¢ =
70, x° = t,x! = x, and & = (&)7y°. Due to ([y°7*]*)T =
y’y* the action is real valued. Generalizations to higher
dimensions, massive theories, with more species or higher

spin are immediate and just require the corresponding
Clifford algebras.

(4.5)

Then i[é4]*,A = 1,2 is canonically conjugate to &
which results in the nonvanishing CAR
[64(x). (%) (¥)] 4 = 6"P5(x.y), (4.6)
and the Hamiltonian is
H=-i | dx{le o} (4.7)

with & = 0&/dx which is linear in spatial derivatives.
Indeed, the Dirac-Weyl equation g =0 is reproduced
by the Heisenberg equation of (4.7)

ié:[H’ﬂ ¢7§=0

As (4.7) is indefinite as it stands, we introduce the self-
adjoint projections on L = L,(X, dx) with s = £1,

= i03¢ © €E —e0yE = (4.8)

1 d
Qs:§|:1L+i55:|Q’ QZIL_1<1"'>
=\ -0, i0Q, = swQ;, (4.9)
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where 1 is just the constant function equal to unity, 1; is the
identity operator on the Hilbert space L, and @ is the positive
square root of minus the Laplacian. Note Q = 1; for X = R.
Using the identity [Q, — Q_] = id and the definition of the
Pauli matrix, we then rewrite the Hamiltonian as

—H = ($,[0 — O_0&), — (&, [0} — O_|wé,),
= <Q+51,0)Q+51>L - <Q—§1,CUQ—§1>L

— (016,00, &) +(0-5,00_&);. (4.10)
Thus we declare
A1,+ = (Q-s—gl)*’ Al,— = Q_&,
Ay =(06), Ay =015 (4.11)

as annihilators and obtain the normal ordered, positive
semidefinite Hamiltonian

CH= Y / dxA} ,wAg . (4.12)
B=1.2;0=+ X
where the Ap , obey the CAR
[AB,s<x>7 [AB’,S’ (xl)]*]+ = 533/5SS/QS(X9 x/)’ (413)
where Q,(x,x") is the integral kernel (Q,f)(x)=

Jy dx'Qy(x,x')f(x'). Note that the zero modes of &5 do
not contribute to H so we have to quantize them without
|

guidance from the form of the Hamiltonian. With
0+ =1, — Q we define App = Q1é&p as the annihilation
operator which is nonvanishing only for X = [0, 1).

From this perspective, the problem of the fermion
doublers on the lattice 3;Z or 3;Zy for X =R and
X =10, 1), respectively, is encoded in the way one dis-
cretizes the partial derivative 0 that appears in the pro-
jections @, (in Hamiltonian renormalization the time
variable and time derivatives are kept continuous). For
scalar theories, 0 appears only quadratically in the
Laplacian A = —g*> while for fermions it appears linearly.
This problem is therefore not only present for fermions but
for all theories in which besides the Laplacian also the
partial derivatives themselves are involved in the quantiza-
tion process. One such example is the parametrized field
theory which shares many features with string theory [11].

Alternatively, this problem shows up in the discretization
of the two-point functions of the theory (as the theory is
free, the two-point function determines all higher N-point
functions). To compute them from the current Hamiltonian
setting we use the CAR to compute the Heisenberg time
evolution of the annihilators (from now on normal ordering
is being understood)

AB,G(t’ X) = e_itHAB,a(x)eitH = [emuAB,a} ()C), (414)
where Q,Ap, = Ap, was used. Then the nonvanishing
two-point functions before discretization are for the
case = R using the definitions in (4.9)

(Q.&5(s, x)Ec(1,y)*Q) = (Q, ([04 + O + 01]&p) (5, %) ([Q4 + O— + Q& (1, y)* Q)
= (Q{0p1[A] L + A1 +A10] +0p2[Ary + A5+ A2,0]}(s. x)
X {0ci[A1y +AT_+ AT ] +0calAs + A+ A5} y)Q)
= (Q.{8p.1[A1- + A1 o] + OpalAs + + Aso]}(s, X){0c1[AT - + AT ] + 0calA5 | + A5}t y)Q)

N =

iswx—itwvv{61.351’C[Q_ (.X', y) 4 QJ‘](X, y) + 52,352,CQ+ (X, Y) + QJ_KX, )’)}

o d
o syl + Q) = loslpe 2 bt )

X
c—
wx

Opc Ak o) (s—1)—k(x-)]
— ilw(k)(s X 1, — k
2||1||2+/27r2a)(k)e [w( ) 2 0-3]BC

Opc dk —iK-(X=Y)[ g0 n '
2[|1|p? +/27t2a)(k)e [K°(1+ 011, = K'o3]5c

Spc . dk )
=2 _il1,5(1 1o p) _ ik (X-Y)

2|12 i[1(1 4+ Q4)dx0 + 03 Xl]BC/ZﬂZm(k)e

dpc

2P

é )
= 2”ﬁ2 + i[dxelpc AL (X = Y)

+i([e(1+ QF)ox + 010x1]€) g AL (x = y)

(4.15)
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with K0 := w(k) = =kand X0=5,X'=x,Y'=1,
Y'=yandK - X = —K°X? + K'X". Here A, is the Wight-
man two-point function of a free massless Klein-Gordon
field in 2D Minkowski space:

dk A
A (X-Y)= / —— e KXY (4.16)

2m2w(k)

A similar computation yields (X,Y and B,C and Q,,0_
switch and the contribution from Ap  is missing leading to
—0pc in the final result)

(Q,&c(t,y) Ep(s, x)Q)

2”1“2 + ie[edyo — 630y | AL (Y — X)
o
= _ﬁ+i[€¢Y]CBA+(Y_X)' (4.17)
Using the conjugate spinor &= [¢*]Te¢ we may

rewrite (4.16) and (4.17) as
(Q.E(X) Q@ E(Y)Q) =
(QEY) ® E(X)Q) =

2||1||2+l¢XA+(X Y)

+igyAL (Y —X), (4.18)

511112
2 || 1]
which gives the time ordered two-point function or Feynman

propagator

Dp(X = Y) = (Q.T[(X) ® £(Y)]Q)

]
Y)(Q.5(X) ®

where

PK oK (X-Y)
e—0+ (27[)2 —-K-K—ie

(4.20)

is the Feynman propagator of the 2D massless Klein-Gordon
field. We see that gyDp(X —Y) = i6@ (X -Y) due to
# =0, ie,Dp=ig".

Turning to the discretization, in Hamiltonian renor-
malization one discretizes only x,d, and confines only
|K!'| < zM, while in the Euclidean approach one discre-
tizes also ¢, d, and confines |K°| < zM. In any case we see
that it is the projections Q, that directly translate into ¢
which is linear in the derivatives. If the propagator is to
keep the property to invert the Dirac-Weyl operator ¢, then
we are forced to write the momentum expression of (4.19),
say in the Hamiltonian approach, as

€Ky + 014y (K1)
K3 — Ay (K))? —ie’

(4.21)

where [dyex [(X') = idy(K))eg, (X'). X' €Z/M,|K,| <
zM defines the eigenvalues of the discrete derivative and
indices are moved with the Minkowski metric.

The case X = [0, 1) is literally the same, just that we
must sum over k= K! =2zn,ne€Z rather than inte-
grating over K' €R with measure dK'/(2x). Also the

= 0(X" - &r)Q) QO+ contribution is now nontrivial but cancels in the
—0(Y" - XO)(Q. E(Y) ® E(X)Q) Feynman propagator. That is, all expressions before
discretization remain the same except that we must
= gxAp(X - Y), (4.19) replace A, A by
|
1 :
A (X-Y)= e~ iKX=Y) w(n) = K, =2zn,
r;Zw(n)
dK° o—iK-(X=Y)
Ap(X =Y _, K, =2zn. 4.22
r )= /271';2—1(-1(—16 ! g ( )

These can now be discretized as for the case X = R, i.e., by
using (4.21) with [0yex ](X') = iy (K )ek, (X') where
X'€eZy/M,|K,\|€Zy.

Turning to the details of the discretization, in the so-
called “naive” discretization one writes

(Opf ) (m) = (4.23)

S Uulm+ 1) = fylm = 1)

|
for fy; €L, the Hilbert space of square symmable
sequences on the lattice. Using the Fourier functions
fu(m) =e¥(m) = e (x}f) with [k|] <zM for X =R
and [y (m) = el (m) = ey, (x}) with |n| <¥Z1 and

M = 3 with m € Z or m € Z, respectively, we find the

eigenvalues Ay (k) given by iMsin(s;) and iM sin(3),

respectively. These vanish in the allowed domain of k
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and n, respectively, at k =0,k = +zM and n = 0,n =%
if M is even, otherwise only at n = 0 with a correspon-
ding doubler pole in the propagator when K° = 0. We
see that there are no doublers in the compact case for
lattices with odd numbers of points even with respect to
the naive discretization of the discrete derivative. Still,
even in the compact case and for odd M the eigenvalue
iM sin(z2=1) = —iM sin(z/M) for n =1 approaches
—in for large M while most other elgenvalues are large
of order M, and thus n = (M — 1)/2 can be considered as
n “almost” doubler mode.

We now show that the spectrum of d,, is doubler free if
we do not pick the naive discretization but rather the
natural discretization provided by the maps [, and I;,, in
terms of which the renormalization flow is defined. This
discretization is defined by

0y = 1},01 (4.24)
for both X = R and X = [0, 1) and is well defined when-
ever the MRA functions y* are at least C'. Note that with
this definition 9,, is automatically antisymmetric since 0 is.
In fact, for the Haar flow [16] based on characteristic
|

(deM

=M fuln)

mez

functions 7Y of intervals [m/M, (m + 1)/M) partitioning
X and which is not C! we formally find

MZ@ R L aa ()
:_MZ M’ AM LfM( )

Onfm(

=3 L fum+ 1) = fym—1)).  (425)
i.e., precisely the naive derivative where we have formally
integrated by parts in between and used that 7 is of
compact support for X = R and periodic for X = [0, 1),
respectively. Thus, the Haar flow results in the naive
discretization that yields the doubler troubled spectrum.
Note that the map I,,: Ly, — L has a range in V,
and, in fact, IT

I}WIM = 1, 1.e., Ly, and V,, are in bijection. Thus, if,
in fact, 0 preserves V,;, then the spectrum of 9, will
simply coincide with that of 0 except that k£ will be
restricted from R to [-zM,zM] and n from Z to Z,,.
This is precisely what happens for both the Shannon and
the Dirichlet kernels as we will now confirm.

For the Shannon kernel in the case X = R we compute

L — L), restricts to the inverse as

%va)(%>L(aMfM)(m)

k
= MZfM (i) / Z—ﬂ(ik)()(%eﬁuek,ﬂ(%ﬁ

) [ ke = 5

- ZfM ﬁl ax)(m( )]x =xM

mez

= fulmn

(Mm)~!

mez

[y cos(Mry) —

: (4.26)

M _ M
Y=Xm _Xyn

2

: sin(ﬂMy)}

which displays the nonlocal nature of the discrete derivative as all points /1 € Z contribute. However, Eq. (4.26) vanishes at
m = m and takes the maximal value == M at m — /in = 1, which shows that it approximates the naive derivative in the
vicinity of m. On the other hand, for f,; = ¢} we find the exact eigenfunctions

(Ouel)(m) = M / M9 (ig)e

™ 2

with manifestly doubler free spectrum.
For the Dirichlet kernel in the case X =

(O fm)(m)

meZy

(W) Y exg(xMim) =

ike) (m) (4.27)

mez

[0,1) the computations are completely analogous:

=M Z Iu(im) Gt o) L (O far) (m)

=M z fM(fh) Z (2771.”)0(%7e2ﬂn>L<62ﬂn’)(1r£n/l>L

MEZy In|

M—1
=5
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= M~Z fM(ﬁ'l) Z (ZH in)eZﬂn(xAm/l - me)

meZy |n| <ML
- Z fM(ﬁ/l) [ax)(;h (x)}x X
MmeZy
sin(zy) cos(Mry) — M~" sin(zMy) cos(ry
ey sin® (zy) y=xp—xyl

which displays the nonlocal nature of the discrete derivative as all points 1 € Z,, contribute. However, Eq. (4.28) vanishes
at m = m and takes the maximal value = M at m — im = +1 that approximates the naive derivative in the vicinity of m. On

the other hand, for f,, = eM we find the exact eigenfunctions

(OyeM)(m) =M Z eMM (i) Z (2rin)eM (m — ) = 2z in e (m) (4.29)

= il P

with manifestly doubler free spectrum. We can encode the flow (3.4) and (3.5) into a single
We now study the Shannon or Dirichlet flow of the  quantity aM") in terms of which we define analogously

t th We start with initial di tiza- ()
(non)compac eory. We start with some initia a(o)lscre iza o — /_[a(M,,)]2 and Q(Mn,)s 1 |:1LM s } a5 well as
tion 0 =/- QMS =11, + is - —4], which “m

M

determines the annihilators in analo to (4.11): n
gy to (11: AM1+ (QM+§M1) . Aﬁ/l_ —QM St

0 0 n
AM = () Ay =0 &, A= (04 &) A =0 s (432)

(0) (0)
Al , A = , 4.30 . o .

M, 2 - (QM ~6m2)’ ma = Qi bna ( ) and the initial Hamiltonian family
the vacuum Qj(g), the Fock space Hgg), and the initial e
Hamiltonian family M = Z Z MB ol AM.Bo (4.33)
meZ B.o
A©
= , 4.31
M ,,;Z BZG M B d Ahso ( ) and again for the compact case we just restrict to m € Z,,.

To see that this is, indeed, possible we note that in the
and similar for the compact case with the restriction  corresponding Fock spaces it is sufficient to check isometry
MEZy. on vectors of the form

‘y}(lj;’)(IMM’FM,lv-- IMM’FMN) AE;Z)(IMM/FMI) "'Agrl[')(IMM’FM,N)*Q/(;/),
Z FMBG’ MBo‘>L (434)
B,o

These give the inner products

<\{11(‘Z,) I Fagas - I Fun), ‘P(Mn/) (I Gatas -+ I Gag ) 30
M/

=0yn det(KQg;/)IMM’FM,kv Q(Mn/)IMM’GM.l>LL,]Zl=1)’ (4.35)
where
<QM/ Ty Frs QM/ Ly Gu)ps = Z vy Fy .o QM/ IymGupolr,,
Bo
= Z<FM,B.m s QM/7{,IMM’]GM,B,0>LM- (4.36)
B.,o
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We used that, whatever 0<M") is, the corresponding operators
(n) ()
QM .8 QM .5

the B = 1,2 species anticommute. Comparing with

= Oy Q;’;L are orthogonal projections and that

<‘P1(S+l)<FM,1, ---,FM,N),\P(HU(GM 1> ""GM’N)>H§ZH)’

(4.37)
we obtain isometry iff
0 Mn+1)

MM,QM, A (4.38)

Similarly, since

_[A;:l[/) (a)](‘f[,) Q/(;/)IMM’FM)]*’
(4.39)

[HAY) (g Fag)]) =

we get a match between the matrix elements of Hamil-
tonians iff

o™ =1 o L, (4.40)
where we used that by construction [o\”, Q;(Jl/,)s] =0.

We now ask under what conditions on the coarse-
graining kernel 7,, both (4.38) and (4.40) are implied by

oy =100 Ly (4.41)

(P f)(x

fxd)’[

Theorem 1. Suppose that 61(‘2) = IL@I » 1s the natural
discrete derivative with respect to a coarse-graining kernel
Iyy: Ly — L and such that [0,1),]},] =0. Then (4.41)
implies both (4.38) and (4.40).

Proof. By (4.41) we have

+4(0 0
O = Ly Oy = Ihgolyy = 0 (4.42)

since by construction Iy, = LIy

d(M") =00 = dy 1s already fixed pointed, no matter what
the coarse-graining maps /,, are as long as they descend
from an MRA.

It follows that

Thus by iteration

o = 11,0yl )N "ol (4.43)

While ILIM =1, by isometry, py = IMIL is a projec-
tion in L (onto the subspace V;, of the MRA). Thus, if
[0, py] = 0, we find @Y, = I},,0V I ;. The claim then follows
from the spectral theorem (functional calculus). [

To see that both the Shannon and Dirichlet kernels
satisfy the assumption of the theorem, it suffices to remark
that they only depend on the difference x — y; i.e., they are
translation invariant. Explicitly, since the y¥ with me Z
and m € Z,,, respectively, are an ONB of V, just as are the
e, [k| < 7M and ey, [n| < M5, respectively,

fa(=y)|f0)  X=R
: (4.44)
Jedy [ St exmlx = 0| f) X =10.1)

and integration by parts does not lead to boundary terms due to the support properties of f or by periodicity, respectively.
It follows that by using the natural discretization the free Weyl fermion theory is already at its fixed point and the fixed
point family member at resolution M coincides with the continuum theory blocked from the continuum to resolution M; that

is, by simply dropping the superscript ) we have

Iy = €, InAm(Fa1)* - Ay (Fy ) Qu =

This would not hold using the Haar discretization, and
more complicated theories require further analysis also in
the presence of the Dirichlet-Shannon kernel.

Remark. Thus, the translation invariance of the Shannon
and Dirichlet kernels, respectively, is, besides smoothness,
another important difference with the Haar kernel [26]

Z)(m ){m ZX%'"M

which is not translation invariant. Therefore in this case the

)([m m+l>( ) (446)

flows of ), or wj,! are not simply related by wy, = I Ma)l M

ATy Fpp)* -

ALy Fyn)*Q, Hy =Jy,Hly.  (4.45)

and wy; = I},w'I,;, and thus one must define w,, as the
inverse of the covariance wj;. As M — oo this difference
disappears, but at finite M it is present and makes the study
of the flow with respect to a nontranslation invariant kernel
much more and unnecessarily involved.

V. CONCLUSION AND OUTLOOK

In this paper we have extended the definition of
Hamiltonian renormalization in the sense of [9], which
is motivated by quantum gravity from the bosonic to the
fermionic case. The definition given in [9], in fact, covers
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both cases but the practical implementation for bosons was
in terms of measures [18] that cannot be used for fermions.
We have tested the scheme for massless 2D chiral fermion
theories, the extension to the massive and higher dimen-
sional case being immediate, just requiring the higher
dimensional Clifford algebra. In particular, we showed
that using the smooth local Shannon-Dirichlet kernel for
renormalization and discretization results in simple flow, an

easy computable fixed point theory that coincides with the
known continuum theory and has manifestly doubler free
spectrum even at finite resolution due to the inherent
nonlocality with respect to the chosen finite resolution
microscopes based on those kernels.

An immediate extension of the current paper that
suggests itself is to apply the current framework to the
known solvable 2D interacting fermion theories [27].
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