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As basic quantum mechanical models, anharmonic oscillators are recently revisited by bootstrap
methods. An effective approach is to make use of the positivity constraints in Hermitian theories. There
exists an alternative avenue based on the null state condition, which applies to both Hermitian and non-
Hermitian theories. In this work, we carry out an analytic bootstrap study of the quartic oscillator based on
the weak coupling expansion. In the Hamiltonian formalism, we obtain the anharmonic generalization of
Dirac’s ladder operators. Furthermore, the Schrodinger equation can be interpreted as a null state condition
generated by an anharmonic ladder operator. This provides an explicit example in which dynamics is
incorporated into the principle of nullness. In the Lagrangian formalism, we show that the existence of null
states can effectively eliminate the indeterminacy of the Dyson-Schwinger equations and systematically

determine n-point Green’s functions.
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I. INTRODUCTION

Two main goals of the bootstrap methods are to achieve a
deeper understanding of the strong coupling physics and to
provide concrete computational schemes for extracting
precise predictions of strongly coupled theories. Before
delving into the intricate quantum field theories in physical
dimensions, a useful strategy is to first study their low-
dimensional counterparts, such as zero-dimensional and
one-dimensional models, hoping that certain insights may
be independent of the spacetime dimension. Analogously,
the perturbative expansion in a small coupling constant
may also elucidate some strong coupling physics if certain
general structure is independent of the coupling constant.
With these motivations in mind, we study the quantum
mechanical bootstrap of the quartic oscillator analytically
based on the weak coupling expansion in this work.!

Recently, matrix theories and quantum mechanical models
have been investigated by bootstrap methods [1-26].
They are usually implemented with positivity constraints

*liwliang3 @mail.sysu.edu.cn

'"The meaning of the quantum mechanical bootstrap is that the
observables, such as energy spectra and matrix elements, are
studied using consistency relations, without referring to explicit
wave functions. This approach can be traced back to Heisenberg’s
original perspective that led to the establishment of quantum
mechanics.
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associated with the physical assumption of unitarity.”
However, the violation of reflection positivity frequently
occurs in statistical physics models. The relevant theory can
be related to nonunitary quantum systems, where the
positivity principle does not apply. The bootstrap study of
such models necessitates alternative principles. One of the
potential candidates is the principle of nullness, i.e. the
existence of many null states [27].3 In the context of 2D
conformal field theory [29,30], the existence of null states is
closely related to the quantization conditions on the scaling
dimensions and the central charges of the minimal models,
which imply that these physical parameters can only take
certain discrete values. Only a small subset of the minimal
models further obey the unitarity assumption. A prominent
example of the nonunitary case is the M(5,2) minimal
model [31,32], which describes the critical behavior of the
Yang-Lee edge singularity [33-36].*

The principle of nullness postulates that many states are
orthogonal to all states. From the algebraic perspective, the
null states are related to the left ideals in the operator
algebra, since the action of any operator on a null state also
gives a null state. For the standard quantum mechanics with

“See however [17] for the use of positivity constraints in non-
Hermitian models.

*Here we considered the Hermitian quartic oscillator. How-
ever, the null bootstrap can also be applied to non-Hermitian
theories [27]. The perturbative null bootstrap method presented in
the present work had been applied to the study of P7 symmetric
non-Hermitian theories in [28].

“The general d conformal bootstrap program [37,38] was
revived by the seminal work [39]. We refer to [40] for a
comprehensive review.

Published by the American Physical Society


https://orcid.org/0000-0002-0217-5037
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.125002&domain=pdf&date_stamp=2023-12-01
https://doi.org/10.1103/PhysRevD.108.125002
https://doi.org/10.1103/PhysRevD.108.125002
https://doi.org/10.1103/PhysRevD.108.125002
https://doi.org/10.1103/PhysRevD.108.125002
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

YONGWEI GUO and WENLIANG LI

PHYS. REV. D 108, 125002 (2023)

a single position operator, the operator algebra is generated
by the position operator x and the momentum operator p.
They satisfy the canonical commutation relation

[x, p] =xp — px = ih. (1)

Below, we will set 7 to 1. A representation of the abstract
operator algebra can be induced by a state

p: A= C, (2)

which is a linear functional mapping the elements of the
operator algebra to complex numbers. Then one may
construct the space of states as a representation of .4 on ‘H

n: A — End(H), (3)

and show the existence of a vector y, € H with

p(A) = (W,lAlw,) = (y,. m(A)y,), (4)
for all A € A. Typically, H is a quotient vector space
H = A/N, (5)

where N is a left ideal in A, corresponding to the subspace of
null states. The null subspace plays a crucial role in the null
bootstrap program, which aims to classify physical solutions
and extract concrete predictions from the null state condition
[27]. From the algebraic viewpoint, this can be viewed as a
classification program based on the ideals in operator
algebra. Under some conditions, the rigorous construction
of a Hilbert space H with a cyclic vector y, is known as the
Gelfand-Naimark-Segal construction [41,42].

For physicists, the dynamics of a concrete quantum
mechanical model is specified by a Hamiltonian, whose
eigenstates are labeled by the energy E.’ The measurable
information includes the energy spectrum and the matrix
elements. The choice of a Hamiltonian® and then an energy
eigenstate leads to a concrete representation of the operator
algebra. The mapping (2) is realized by the expectation
values of different operators in the chosen state. One can also
reconstruct the space of states. Matrix elements can be
obtained from ladder operators that connect different eigen-
states. For example, the off-diagonal matrix elements in the
energy representation are givenby (E|A|E') = (E|ALpg|E).

For concrete applications of the null bootstrap, let us
consider some basic quantum mechanical models. In the
textbook example of the harmonic oscillator

*We will restrict to the bound states in a discrete and
nondegenerate spectrum.

°A " Hermitian theory implies (E|O(H — E)|E) =
(E|(H - E)O|E) = 0, corresponding to a family of operator-
algebra representations parametrized by the energy E.

1 1
H=2p*+-x7, 6
5P 5 (6)
the eigenstates satisfying H|n) = E,|n) are connected by
Dirac’s ladder operators

n+ ki — k) o< (a)>(a®)" ), (7)
where the lowering and raising operators are

azi(x+ip), a*:L (8)

\/E \/E(x_lp)

The energy levels are labeled by 7. It is well known that the
Hamiltonian H = a’a + % is linear in the number operator

N =d'a. )

Together with Dirac’s ladder operators, they form a closed
algebra
[a,a"] =1, WV, a] = —a, NV, a'] =ad. (10)
A direct consequence of the commutators is that the energy
spectrum has a constant spacing, ie., E, | —E, = 1.
Therefore, Dirac’s ladder operators furnish a natural set
of building blocks for the operator algebra of the harmonic
oscillator. For a spectrum that is bounded from below, the
ground state with the lowest energy should be annihilated
by the lowering operator

al0) = 0. (11)

This annihilation equation provides an example of the null
state condition generated by the lowering operator. We can
also construct the null states from excited states, such as
a*|n) =0 with k =n+ 1. The stationary Schrodinger
equation also gives rise to null states

(H = E,)|n) =0, (12)

which is called trivial in [27] because it is satisfied by
definition and does not lead to any constraint on E.

As the harmonic oscillator is well understood, it is more
interesting to study the anharmonic oscillators, which are
usually not exactly solvable at finite coupling.7 Since
quantum mechanics can be viewed as a (0 + 1)-dimen-
sional quantum field theory, the anharmonic oscillators
provide a testing ground for novel field theory methods. For

’Some special potentials can also lead to exact solutions, such
as the Morse potential and the Poschl-Teller potential. We refer to
[43] for a review of the factorization method and the ladder
operators associated with the underlying Lie algebra. We would
like to emphasize that the existence of ladder operators does not
rely on dynamical symmetries.
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example, a potential with a quartic term x* can be viewed as
a ¢* theory in (0 + 1) dimension [44]. A curious question is
whether there exists a natural set of building blocks for the
anharmonic operator algebra. In this work, we will focus on
the quartic case:

1 1
HAH:§P2+5X2+QX47 (13)

which is related to the Ising universality class in higher
dimensions. It is known that the corresponding energy
spectrum does not have a constant spacing, which in fact
depends on the occupation number nonlinearly. Energy
eigenstates are still expected to be connected by certain
ladder operators. We would like to know if these ladder
operators have a simple algebraic structure. If not, we may
need completely different operators to connect different
pairs of eigenstates.

Recently, the nonperturbative null bootstrap results of
the quartic and cubic anharmonic oscillators suggest the
existence of some underlying algebraic structure in the
anharmonic ladder operators [27]. However, these proper-
ties are only studied numerically and approximately due to
the nonperturbative truncation scheme. In order to obtain
analytical and exact results, we assume g is small and make
use of perturbation theory in this work. The null state in the
anharmonic oscillators receives perturbative corrections

(a+0(9)|0)au =0, (14)

The trivial null state again takes the form
(Ha — Eo.an)|0) o = 0. We will use the null state con-
dition to formulate the bootstrap constraints for the observ-
ables, to determine the energy spectrum and to derive the
analytic expressions of the ladder operators.

More ambitiously, the bootstrap program aims to classify
and solve the dynamical information by basic principles
and consistency constraints. We have a curious question:

(i) How is the dynamics encoded in the null bootstrap?
To address this question to some extent, we will show that
dynamical constraints from the Schrodinger equation are
related to certain null states generated by ladder operators.

After investigating the quantum mechanical bootstrap in
the Hamiltonian formalism, it is natural to consider the
Lagrangian formalism. Therefore, we also apply the null
state condition to solving Dyson-Schwinger (DS) equations
[45-47], the self-consistency equations for the n—point8
Green’s functions. Since the DS equations can serve as
an alternative to operator theory, we expect to obtain the
same results as those in the Hamiltonian formalism. When
solving the DS equations, one obstacle is that they form an

$Here the n should not be confused with the label for energy
levels.

underdetermined system,9 as higher DS equations involve
higher-point Green’s functions.

In a simple scheme, one can close the system by setting
high-point connected Green’s functions to zero, but this
produces results that do not converge to the exact values, as
emphasized recently in [49,50]. A more sophisticated
approach is to replace high-point connected Green’s
functions by their large-n asymptotic behaviors [49,50],
which gives numerically accurate results. This approach
has been carried out at d = 0 and seems more challenging
at higher dimensions. A different avenue proposed recently
in [51] is to resolve the DS indeterminacy by the null state
condition.'® It was shown that the approximate, numerical
results converge rapidly to the exact values for both d = 0
and d = 1.

To obtain analytic and exact results, we will investigate
the null state approach in perturbation theory. To be more
explicit, we want to solve the following set of DS equations
in the weak-coupling expansion:

(02 +1)G,(t, 1), s, ...) +49G, »(t, 1, 1, 1, s, ...)

- —IZ(S(I - tj)Gn—Z(tl’ZZa ceey tj—]’ tj+1’ ), (15)
j=1

where the coupling constant g is small. The Green’s
functions are the correlation functions of the Heisenberg
picture operators x(;)

Gy(t1. 1, ...) = (O|T{x(t))x(2)... }|0).  (16)
where T is the time-ordering operator and |0) denotes the
ground state.

Assuming the existence of the weak-coupling expansion,
the DS equations can reproduce the standard perturbation
theory results. The solutions for the Green’s functions will
generally have many free parameters. To obtain the
physical solutions, one can fix the free parameters by
imposing certain boundary conditions on two-point
Green’s function G,(#;,1,) at large |t — )" For
higher-point Green’s functions, the free parameters can
be fixed by the cluster decomposition principle.12 In the
null state approach, the derivation of the physical solutions
does not rely on the boundary conditions at infinity.
Instead, it is crucial that the action of certain linear

’An early reference on the DS equations in ¢* theory is [48]. It
was shown that the existence of a weak-coupling expansion can
uniquely determine the Green’s functions, while additional
conditions are needed for the strong-coupling expansion.

""The two approaches can be unified by the principle of
minimal singularity [52].

This is similar to the Feynman’s ie prescription in quantum
field theory.

“The implications of the cluster decomposition are more clear
after Wick rotation ¢ — —ir.
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TABLE 1. Perturbative results for the quartic anharmonic
oscillator (13), where the coupling constant g is small. We derive
the eigenenergies E,, anharmonic ladder operators L. ; and some
n-point Green’s functions G, from the null state condition.

E, L G, Gy Gs
¢ (43) (44) (180) (184) (185)
g' (1) (52) (192) (194)
7 (58) (59) (201)
g (60) (61)

combinations of x(#) and $x(z) on the ground state
amounts to higher-order terms in the perturbative expan-
sion. In the harmonic limit g = 0, we have

(x(t) + i%x(t)) 10) = 0, (17)

which is precisely the annihilation equation (11).
According to the Heisenberg equation of motion, we have
4 x(¢) = —i[x(r), H] = p(¢) and this relation remains exact
after turning on the quartic perturbation in x(#). Since the
DS equations are formulated in the Lagrangian formalism,
we will use the time derivative $x(¢) instead of the
momentum p(f). As in (14), the annihilation equation

receives perturbative corrections in g

(x(t) FiSa()+ 0@)) O =0.  (18)

An important consequence is that its inner products with
certain states give rise to a set of relations for the Green’s
functions. We can solve for the Green’s functions order by
order using the perturbed ladder operators.

In Table I, we summarize the main results in the
Hamiltonian and Lagrangian formalisms. Motivated by
the nonperturbative approach in [27], we also obtain higher
order results for the perturbative low energy levels in (99),
(101), (103), and (105)—(121).

The rest of the paper is organized as follows. In Sec. 1I,
we use the null bootstrap to investigate the quartic
anharmonic oscillator in perturbation theory. We present
two different procedures in Secs. Il A and II D, and discuss
the algebraic properties of the anharmonic operator algebra
in Sec. Il E. We then consider the DS equations in Sec. III,
where we make use of the null state condition and solve for
the n-point Green’s functions. In Sec. IV, we summarize the
results and discuss future directions. For comparison, the
results from the traditional perturbation method are sum-
marized in the Appendix.

II. THE NULL BOOTSTRAP

In the null bootstrap, physical solutions are derived from
the null state condition. By definition, an exact null state

Yo 18 orthogonal to arbitrary test states, so we have

<l//test |l//null> =0, ( 19)

where . can be any state. By considering more general
types of test states, one can deduce stronger constraints,
then the properties of the physical states annihilated by the
ladder operators are determined more precisely. At finite
coupling, this can be performed numerically, then approxi-
mate results of high precision are obtained by truncating the
search spaces of the null and test states [27]. In perturbation
theory, we can carry out the null bootstrap analytically and
derive the exact perturbative series using truncated search
spaces of finite dimensions.

We will focus on the quartic anharmonic oscillator with
H = % p*+ %xz + gx*. To simplify the notation, we will
not write “AH” explicitly. In the small g expansion, the null
state condition (a* + O(g))|y) = 0 determines the k low-
lying states, where a is Dirac’s lowering operator. We will
focus on the expectation values associated with an energy
eigenstate labeled by E

(E|OIE) = (O). (20)

We carry out the analysis of the quartic anharmonic
oscillator based on three assumptions:
(1) The Hamiltonian is Hermitian and the eigenvalue E
is real.”> We have the Schrodinger-like equations

<HO>E = E<O>E = <OH>Ev (21)

which can be derived from the stationary Schro-
dinger equation H|E) = E|E) and the Hermitian
inner product (-|-). It turns out that the expectation
value (x™ p™2). can be expressed in terms of the
coupling constant g, the energy E, the expectation
values (x?) and (1) ;. We choose the normalization
convention (1), = 1.

(2) The independent parameters E and (x?) have the
perturbative expansions

E= > gEO. ()=

i=0,1,2,... i=0,1,2,...

gy,
(22)

which are formal power series in the coupling
constant g.

(3) The expectation value (x™ p™2) is regular in the
g — 0 limit, where m, m, are non-negative integers.

BIn general, the eigenvalues of a bounded self-adjoint operator
are known to be real.

125002-4



SOLVING ANHARMONIC OSCILLATOR WITH NULL STATES: ...

PHYS. REV. D 108, 125002 (2023)

This implies that (x?) can be expressed in terms of

g and E

9 3
(%)= E~g(1+4E%) + 3¢ (19E+26E")

—ﬁg3(1825 + 170482 + 11792E*) + ...,

(23)

so (x™ p™) . is a function of the coupling constant g
and the energy E.

The third assumption is particularly interesting. It is not
immediately clear why we have (23). Some numerical
signatures about the subtlety of the g — 0 limit were
noticed in [8]. In fact, this is similar to the additional
constraints from the existence of the weak-coupling expan-
sion when solving the DS equations. The crucial point is
that the consistency relations, whether they are the
Schrodinger-like equations (21) or the DS equations (15),
allow singular behavior of the expectation values or the
Green’s functions in the limit g — 0. The assumption that
the g — O limit is regular or the weak-coupling expansion
exists implies the absence of singularities and leads to
additional constraints on the free parameters.14 The basic
idea behind this type of constraints is that the physical data
of a weakly interacting theory should allow continuous
deformation into the free theory limit.

To be more explicit, let us examine some concrete
expectation values. Under the first assumption, (x™ p™)
is expressed as

1

1
(xMpm)p = EP1(E, (**)g) +FP2(E7 () p) + s

(24)

where P;(E, (x*)) are polynomials in E and (x?),. The
number j is the highest order of 1/g, which depends on
my, myp:

{max ("™ —1,0) if my,myare both even

max ("2 —2,0) if m,,m,are both odd '

We assume that the parity symmetry is unbroken, so the
expectation value vanishes if m; + m, is odd.

The important point is that the expression (24) contains
terms with negative powers of g, which are singular in the
g — 0 limit. To eliminate these singularities, we impose
additional constraints on the small g expansion of E and

“This is also similar to the multiplet recombination approach
to the d =4 — e Wilson-Fisher conformal field theory, where
one assumes that the ¢ — 0 limit is smooth; see [53] for more
details.

(x?) ;. This will lead to a set of relations among (x2)%/) and

EU). For example, the case of m; = m, = 2 reads

1 1
(2P = 15 ((P)p = E) + 15 (-3 +BEG) ). (26)
whose g — 0 limit is singular if E and (x?) . are completely
independent. To avoid the singular behavior, the perturba-
tive series of E and (x?); should satisfy the constraint
() = EO_ At higher powers, the expectation value

(x*p?) reads

2 1
4.0y _ E— (2

X (=9 + 80E? — 116E(x?)) + regular.  (27)

Note that this is consistent with (26) because the 1/¢?

singularity is removed by <x2>f§> = E©). In addition, the
1/g singularity is eliminated by

)Y =2 (=9 = 36(E©)? + 8EM). (28)

O | —

By considering higher powers in x and p, we obtain
stronger constraints and determine higher-order terms in
the perturbative series, such as

() =~ (57E0 +78(E®)3 = 1BEO EW) 4+ 2E()),

N[ =

(29)

) = %6 (—16425 — 153432(E©)? — 106128(E©)*

+ 7296EM +29952(E))2EM — 1152(EM)?
—2304EWE®) 4 256E0)), (30)

The regularity of (x®p?), determines (x2), while that of
(x3p?); fixes both (x2)? and (x2). If a high power
expectation value has a regular limit, then the expectation
values with low powers are automatically regular. The
regularity constraints of different expectation values are
consistent with each other. In fact, it suffices to impose that
(x™) is regular in the g — O limit. Furthermore, we can
repackage these relations by expressing (x?); in terms of E,
which is shown in (23).

In principle, the variable (x?); is completely determined
by E to all orders in perturbation theory. In practice, we
only need to know (x?) in terms of E to a certain order in
g. This is because we will deal with a finite set of
expectation values. Suppose that the strongest singularity
among them is 1/¢/0 and we are interested in perturbative
corrections up to order g'. We should examine an expectation
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value with a singularity 1/¢/o*"+! which is not in this set of
expectation values. The regularity assumption then deter-
mines (x?) in terms of E to order ¢/o*. As a result, all the
expectation values under consideration are regular and
expressed only in terms of E to order ¢'.

We are now in the position to carry out the complete

procedure of the null bootstrap, which consists of two steps:

(1) Determine the full spectrum and exact ladder oper-
ators by Schrodinger-like equations (31).

(2) Impose the null state condition (38) on the un-
boundedly low energy states and solve the remaining
parameters.

In general, it is challenging to derive the complete, non-
perturbative spectrum in the first step.15 In Sec. II D, this
obstacle is circumvented by the reduced procedure, in which
we directly solve for the low-lying data using the null state
condition. In perturbation theory, we can show that the low-
lying energy spectrum and matrix elements obtained in the
reduced procedure match with those from the complete
procedure. Therefore, the reduced procedure is at least as
strong as the complete procedure concerning the low-lying
information. In fact, we can derive higher order results more
easily, which will be explained in Sec. II D. These perturba-
tive results help us to better understand the convergence
pattern of the nonperturbative results in [27].

A. Complete procedure

In the complete procedure, we first determine the energy
spectrum by the Schrodinger-like null state condition

<Otest(H - E,)LE’E>E =0, (31)

which corresponds to the stationary Schrodinger equation
(H—E')|E") = 0. The two eigenstates |y ) and |y ) is
connected by the ladder operator Lz . We require that (31)
is valid for arbitrary O, in the form of polynomials in x
and ip. We first focus on the level-1 ladder operators and
solve the null state condition to order g°. Then we derive the
level-k ladder operators using the level-1 ladder operators.
In the end, we use these ladder operators to compute matrix
elements.

Before presenting the details, it is useful to note some
general features of the solutions to (31). In the g — 0 limit,
the reference energy E is labeled by an integer n. The
solutions to the Schrodinger-like equation with energy E’

"*We notice that the solutions for the full energy spectrum and
exact (level-1) ladder operators are always derived at the same
time. We are led to the question whether they contain equivalent
information. It is clear that we can deduce the full spectrum from
the exact (level-1) ladder operators. On the other hand, the
equation [H,O] = O(...) is sufficient for deducing an exact
ladder operator O if the full energy spectrum is known, where the
ellipsis becomes the energy spacing. Therefore, the full energy
spectrum and exact (level-1) ladder operators do contain equiv-
alent information.

are labeled by k, which denotes the number of energy levels
shifted by the ladder operator Lz . We adopt the following
notations for convenience:

E—E,, E' = E, i, Lpg = Ly, (32)
where L, are the level-k ladder operators. The discrete
energy spectrum and ladder operators can be continuously
deformed to the anharmonic case and we assume the
existence of the following perturbative series

E, = EY + gE + PEY + PEY + ..., (33)
0 1 2 3
By = Eiik + gEEzi)k + ngEzjik + 93E;(1i)k +.... (34
0 1 2 3
Liy=L0+gL G+ PLE + gL + ... (39)

In general, there exists a family of trivial solutions for L
due to the Schrodinger equation

L |yivia = (arbitrary operator) x (H — E,), (36)

where L_|yivial En) = 0 automatically. A nontrivial sol-
ution for L, should connect two energy eigenstates

Lik‘n.t.|En> & |Enik>’ (37)

where we have used “n.t.” to indicate the nontrivial part.
From explicit calculations, we find that the Schrodinger-
like equation (31) leads to recursion relations for E,,, so one
can deduce the complete energy spectrum from one energy
level. For a stable system, the energy spectrum should be
bounded from below. The states lower than the ground state
should satisfy the null state condition, such as

<OtestL—1>E0 =0. (38)

In this way, the ground-state energy E is determined order
by order in g. Using this boundary condition, we can further
deduce the energy spectrum from the energy recursion
relations. The null state condition (38) can be generalized to
the expectation values of the excited states, which reads
(OwstL_i)p, = 0 with n = k- 1.

1. The order g°

First, we consider (31) at order ¢°. The explicit expres-
sions of L., are formulated in terms of polynomials in x
and ip. We truncate the search space of null states by using
the ansatz

>

—m

K

0 0 my (- \Mm

LO=3"5"40, . xmip)m. (39)
my=0 m;=0

125002-6
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where K denotes the degree of the polynomial and the

coefficients ASS,Z R assumed to be real. To remind the

reader, the integer k is the number of energy levels shifted

by the ladder operator. For notational simplicity, we
(0)

+k,mymy

At the lowest truncation order K = 1, we find two sets of
solutions labeled by 1. They correspond to the raising and
lowering operators

suppress the K index in A

0 0 .
LY = AL o F ip). (40)
where Ai)l) 1o are free real parameters related to the

normalization. The trivial terms are absent because they

are at least quadratic in x and ip. For higher K.,'® the
(0)

+1,m,m,

some free real parameters, which will be E,<1) dependent

and denoted as Bfl), Cg iyt

suppressed for simplicity. The general solutions'’
level-1 ladder operators take the form

0
L= Blw i)+ (3 A,

J1:J2
1, 1, (0)
- —-p-—E) ), 41
< (32450 (a1)
(0)

where B, are related to the normalization and Ci)l) ., are

related to the trivial terms. Since the sum of a nontrivial
solution and a trivial solution is also nontrivial, there are
some ambiguities in the explicit expressions of the non-
trivial part. Below, we will remove these ambiguities by
fixing the normalization and requiring the nontrivial part is
E, independent.18

Since the expectation values are expressed as functions of
E,, it is useful to find the explicit expression of E,, first. At
order ¢°, the Schrodinger-like equation (31) gives the energy
recursion relation'”

Schrodinger-like equation (31) determines A up to

Again the K index is
for the

E, =E" -1 (42)
The null state condition (38) yields E 0 — , SO we have
_ 1

"“The k > 1 solutions appear when K > 1, but we focus on the
k =1 solutions at the moment.
We assume that 7 is sufficiently large such that |n) cannot be
annihilated by ladder operators in any truncation K.
The E,(lO ) dependence of Bg is completely fixed by the
normalization condition. To completely fix the Eﬁ, )
of C(il) Jj1.j,» We further impose the gauge-fixing condition.

“There is also an equivalent relation EEl +)1 =EY +1.

dependence

We will choose a specific normalization for L ; |n) based on
this result.

To determine the free parameters, we impose the following
conditions:

(1) Normalization condition:

L[> = n2
(i1) Gauge-fixing condition: the nontrivial part is inde-
pendent of E,,.
The trivial terms are not constrained by the first condition
since they do not contribute to the norm. To completely fix
the expressions of the ladder operators, we impose the second
condition to quotient out the trivial part. From the operator
algebra perspective, it is natural that the expressions of
the ladder operators do not depend on the choice of the
eigenstates, i.e., E,,.

Since the parameters are assumed to be real, there is an
ambiguity in the sign of the ladder operators. Our choice is
that the zeroth-order nontrivial parts are the same as Dirac’s
ladder operators

L. n))>=n+1 and

1
0 .
LYl = 50 F ip) (44)

where “n.t.”” means the nontrivial part. The general solution
(41) can be recovered by adding trivial solutions and
overall normalization factors. Furthermore, we fix the
relative phases of the energy eigenstates by

=vn+1n+1), =/nln—1).

(45)

L+l|n.t.|n> L—l‘n.t.|n>

We will also use the same normalization and gauge-fixing
conditions to determine the explicit expressions of the
ladder operators at higher orders.

2. The order g!

We extend the analysis to order g'. Since the zeroth-order
ladder operators have been solved, we set the zeroth-order
part to (44)

0 1
Lo =LY +gL) + ... (46)

and use K to denote the truncation order of the g' ansatz

K—m; K
= Z Z il my, mz xm lp) (47)
my=0 m;=0

As the free parameters start at first order, the trivial part at
order g' takes a simple form

(arbitrary operator) X (Hyamonic — E,(lo)), (48)

The difference in the norms is consistent with the commu-
tation relation of L, and L_;.
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and the anharmonic corrections to H and E, are of
higher order.

To solve the Schrodinger-like equation (31) for arbitrary
test operators, the truncation order in (47) should satisfy
K >3, which corresponds to the minimal shift in the
energy level, i.e., k = 1. We gradually increase the value
of K and extract the general solution

1 1 ) 1 3 . 3 i
Lg:l) = BEEI)(X F lp) +7§x3 irﬁxz(lp) —ﬁx(lp)z
1 1
} : 2 2 (0)
( Cilij ) )(EX +EP - E, )
J1j2=
()

The remaining freedom resides in the choice of the

normalization and the trivial terms. Here the sign of Lill)

is determined because we require that the parameters are
real and the normalization does not depend on g.

As above, we first solve for E, before choosing a
normalization. At order ¢', the energy recursion relation
reads

ED =-3-6EY +2EV). (50)

n—1 7

N[ =

The null state condition (38) leads to the boundary

condition E(() ) = =3

are given by

so the first-order energy corrections

EY =2 (14 2n+2n2). (51)

-lklw

Then we impose the normalization and gauge-fixing
conditions to fix the expression of the first-order nontrivial
part

1
Lill) nt = Wi(ile —9ip + 5x* £ 15x%(ip) — 9x(ip)?
F 3(ip)*), (52)

which is different from simply setting CQS Jr.j, to zero due

to our choice of the normalization condition. One can check
that the lowering and raising operators are Hermitian
conjugate to each other

Dy

Wl = @h" (53)
In the Appendix, we summarize the results from the
traditional perturbation method and they agree exactly
with the above results.

3. Higher orders

At order ¢?, we use the known expressions of the
nontrivial parts at order ¢° and g'

0 1 2
L= LEtll'n.t. + gL£|:12|n.t. + gzLiz +o (54)

and the ¢* order terms are

K—m,

Z ZAilml ma ml lp)mz (55)

my=0 m;=

When solving the null state condition (31), the lowest

truncation order for Lf,z is Kin = 5, corresponding to the

k = 1 case. By increasing K, we obtain the general solution

() 2) . 5
LY =B (xFip)+—=xF——=x 349v2x2(i
+1 il( p) 8\/_ 42 (ip)

3 : 2__ 5 —x“i

7 1
+2L X (ip)*+ 5

39
—=x*(ip)* ——=x(ip)*
42 G P = osx(ip)
3 @ i1 (i) L, 1, o
" (jl‘jzz_ocilvjlvjzxj (lp)J > <2X +§p ) )

(56)

The recursion relation from the null state condition (31) is

1
E@, = (153 —204EY) +276(EY)* —48ES" + 16E().
(57)
Together with the boundary condition E(()z) = —27:1 from

(38), we obtain

2) _

1
E\ —g(21+59n + 510>+ 340%).  (58)

Imposing the normalization and the gauge-fixing condi-
tions, we have a unique expression for the nontrivial part

1

+2226x(ip)? —986(ip)* —77x> F 835x*(ip)
+922x3(ip)? +£742x%(ip)* — 493x(ip)*
F 131(ip)°). (59)

It is straightforward to repeat the procedure at order ¢° and
the results are

EY = 136 (111 + 347n + 472n% + 2501 + 1251%), (60)
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and

L(3)| —
+1In.t. 1024\/§

(F 223275x + 234621ip — 190455x> F 541425x2(ip) + 573159x(ip)>

+ 184017(ip)? + 74829x5 — 188655x*(ip) F 3181503 (ip)?
4 338538x2(ip)® + 145545x(ip)* — 57771(ip)S + 9497 + 2494315 (ip)
—37731x°(ip)? F 53025x*(ip)? + 56423x3(ip)* £ 29109x%(ip)°

—19257x(ip)® F 4227(ip)7).

The lowering and raising operators at higher orders are also
related by Hermitian conjugation
2 2 T 3 i
L8 = (L8)  L8 = ) (62)
All these results agree with those from the traditional
method in the Appendix. In principle, one can perform the
complete procedure of the null bootstrap and determine the

ladder operators and the energy spectrum to arbitrarily high
order in g.

B. Ladder operators with higher level k£ > 1

So far we have not considered the k£ > 1 solutions. In
fact, we can construct the nontrivial part of the level £ > 1
ladder operators from multiple level-1 ladder operators

Lik|n4t. = (Lil |n4t.)k' (63)

They can be obtained from the normalization and gauge-
fixing conditions:
(i) The norms are set by |L .|n)]*>=(n+1), and
L) = (n+ 1=k, where (x), =T(x+y)/
I'(x) is the Pochhammer symbol.
(i1) The nontrivial part is independent of E,,.
The second condition is the same as that for the level-1
ladder operators, while the first one can be understood as
the consequences of the repeated action of L.
Although the general solutions are much more involved,
we verify that they can be written in terms of L. |,

L = (normalization)((L |, )* + (arbitrary operator)
x (H - E)). (64)

Therefore, there is no new independent solution at k > 1.
All the nontrivial algebraic information is encoded in the
level-1 ladder operators L. |, .

Below are some general comments from the algebraic
perspective. In contrast to the ideals in commutative
algebra, the noncommutative nature of operator algebra
leads to nontrivial constraints on the eigenenergies E; and
the fundamental ladder operators L. that are compatible
with the Hamiltonian H. The null bootstrap is a program
about the systematic classification of the set of consistent

(61)

[

data {{H"D,EO} {LUW}}*' We can generalize the
Hamiltonian and energy eigenvalues to a set of mutually
commuting operators { H (@) }, i.e., conserved quantities, and
the corresponding “good” quantum numbers {E®)}. For
example, we could include the Z, parity operator that
commutes with the Hamiltonian of the quartic anharmonic
oscillator. The meaning of “consistent data” is that the
dynamical constraints associated with the Hamiltonian are
encoded in the null state conditions associated with the
ladder operators. This will be discussed in more detail in
the Sec. II E.

C. Matrix elements

Besides the energy spectrum, there are other physical
observables, such as the matrix elements of an operator O.
The diagonal elements are the expectation values discussed
above, which can be expressed in terms of the energy E,
and the coupling constant g. The off-diagonal elements can
be computed using the ladder operators

—L___(OL,_,), ifn>n
(n+ 1), 8
(n|OJn’) = | o, . (65)
\/(-T—l—)iT<OLn/_n>n ifn <n

where we have written (...), =(...)g . Let us consider

O =x as a simple example. To order g', we use the
expressions of the nontrivial parts of L in (44) and (52).
We obtain

1
n—+

- <1 —%(n—l— 1)g + 0(92)), (66)

(nlxln + 1) =

<'XL+1>H

:

[\

g+0(g).  (67)

*'Note that the explicit form of the Hamiltonian is not
necessarily known in a general investigation.
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The nonvanishing matrix elements, to order g', are
(n|x|n £+ 1) and (n|x|n £ 3) because the position operator
x can be written as

1
x=—(Ly+Ly)+

g
NG NG (L3 — 6L Ly —6L L,
+ L3 —6L_; —6L. )+ O(g%), (68)

and the eigenstates with different energies are orthogonal®

(mln) =0, (m#n). (69)
The other two cases can be obtained by a change of
variable and taking the complex conjugate (n|x|n — j) =
((nlx[n + j)l,mpe;)” with j =1, 3.

D. Reduced procedure

The reduced procedure is motivated by the difficulties in
obtaining the complete energy spectrum and the exact
ladder operators in a nonperturbative scheme. Alternatively,
we can study the low-lying states directly and obtain their
energies and matrix elements, which is the main idea of the
reduced procedure. It requires fewer steps to carry out the
null bootstrap in this reduced approach. We can also obtain
the higher order perturbative series of energies using the
same spaces of test states. Although we only obtain the
low-lying data in the reduced procedure, it is well known
that the weak-coupling-expansion results cease to be good
approximations at high energies.23

We have three versions of the reduced procedure. In the
first version, the null state condition holds for arbitrary test
states. However, as mentioned above, the discussion here is
motivated by the nonperturbative applications, where the
test operators are not arbitrary. We will modify the first
version in accordance with the nonperturbative method,
which leads to the second version of the reduced procedure.
In the third version, we further reduce the number of null
state constraints and obtain higher order results in g. Below,
we will study the low energy levels in all the three versions,
but we will only examine the matrix elements in the first
version of the perturbative null bootstrap.

Let us begin with the first version of the perturbative null
bootstrap, where the test operators are arbitrary. The null
state condition for a low-lying state reads

<Otestl~'>E =0. (70)

We have put a tilde on the null operator to emphasize that L
is not exactly a ladder operator, which will be explained

*This follows from the assumption that the Hamiltonian is
Hermitian.

At high energies, it is more reasonable to use the Wentzel—
Kramers—Brillouin (WKB) method. It would be interesting to
figure out the algebraic counterpart of the WKB method from the
null bootstrap perspective.

later. In this naive version, the test operators O are
arbitrary polynomials in x and ip. There will be two
types of nontrivial perturbative solutions, corresponding
to two types of quantization conditions. In the first case,
the low energy state is annihilated by the variation of a
lowering operator and the energy spectrum is bounded
from below. In the second case, the situation is opposite
and the energy spectrum is bounded from above.**
Usually, a physical solution should have a bounded-
from-below energy spectrum, so we will focus on the first
case. We assume that L is of the form

K—m,

= Z ™ (ip)" (71)

mry=0 m;=

The truncation order is denoted by K, i.e., the null
operators L are degree-K polynomials in x and ip. The
coefficients have the small g expansion

Amymy = Z g aml - (72)

i=0,12,.
where af,?]_mz are real numbers.

For finite K, the null state condition can hold to a certain
order in g. We will consider the null state condition order by
order in g, and search for the correct values of the energies.
They are extracted based on the following phenomenon:
when the variable E takes certain correct values, the
expectation value (OyL) 5 can be exactly zero to higher
orders in ¢ than when E is arbitrary. Suppose that the
expectation value (O L) is exactly zero to order ¢/. As
we consider higher energy levels, j becomes smaller, and
eventually we cannot distinguish the correct values of the
energies from the arbitrary ones. In this way, we obtain a
finite number of low energy levels for a fixed K. The results
for K =1, 2, 3, 4 are™

- 1
K =1: (OeuL-1)g, = 0(9) = Eg =5+ 0(9).  (73)
. T 2 1 3
K=2: <OtestL—2>Eo = 0(9 ) = EO _§+4g+ 0( )
(74)

3 15
<OtestL—2>E| - 0(92) =E =5+—+

5 4g+0(92), (75)

*There may be other issues in this perturbative solution, as
one finds a complex conjugate pair of solutions at finite couphng

To avoid the solutions where L vanish at order ¢°, we set

a(l?()) = 1 when K is odd, and we set ‘1(1,1) = 1 when K is even. At

K = 4, this also avoids the trivial solution I, = H — E. We do not
consider the case of K > 4.
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- 1 3 21
K=3: <OtestL—1>E0:0(gs):>E0 2+4g—§g2
33 530885
67 "8 9 TO0) (76)
- 3 15 165
(Oesl)p, =0(F) = Ey =5+ —9——9 +0(g),
2 4 8
(77)
- 5 39 615
(Oeql_3)p, = O() = E; = 54’?9—?92 +0(g),
(78)
) ) 7
(OwstL-s)g, = O(g°) = E3 = 5t 0(9), (79)
) , 9
<OtestL—5>E4 = O(g ) = E; = E"’ 0(.9)7 (80)
. 1 3 21
K=4: <OtestL—2>Eo = 0(96) = EO 2 +4g _§92
333 , 30885 , 916731 |
167 " T128 ¥ T 256 7
+0(g°), (81)
- 3 15 165 3915
(Ol 2)p, =0(°) => E| = 2+Z — g9 +?93
520485 , 21304485 .
- 2
oy 9 T 0sg 9 TOW).  (82)
5 39 615 20079
— (A 57 6L <OU75 5
(Owsloa)p, = 0(¢*") = B2 =349 AT
+0(g"), (83)
- 7 75 1575 66825
(OtestL-4)g, = 0(g") = E; :E"FI!J—TQZ 16 ?
+0(gY), (84)
- 9 123
(OtestL-6)E, = 0(g) = E4 = 54’794‘ O(4). (85)
- 11 183
(OweaL ), = O(g°) = Es = St 9t 0(g%). (86)

The solutions for the energies are labeled by the
n=20,1,2,..., where a larger n corresponds to a higher
level and the zeroth order terms of E, are the same as the
harmonic cases. The solutions for L are labeled by —&,
indicating the relation with the level-k lowering operators.
The value of k is fixed by the explicit expression of the
solution [see the discussion below (89)]. In most cases with
n < K, we can solve the null state conditions and obtain E,
to the same orders in g. The special cases are (79), (80),
(85), and (86), where we need to solve the null state

conditions to one order higher in g. All results to order ¢°
agree with those from the complete procedure. Here and
below, we verify the higher-order coefficients by comparing
them to the results from the Bender-Wu method [54,55].

It is surprising that the null state condition holds to
higher orders in g, and the low energy levels can be
determined to high orders in g. If the state |n) is annihilated
by a lowering operator L_;, the null state L_;|n) =
O(¢/*") is constructed using L_; to order ¢/. The lowering
operator L_; to order ¢/ has a minimal degree in x and ip.
Naively, the truncation order K should be higher than or
equal to the minimal degree, but this is not true. For
example, to order g', the minimal degree of L_, in x and
ipis 4,26 but the null state condition with K = 2 holds to
order g' in (75). Therefore, L_, cannot be the same as L_,.
For instance, the solution for L_, at K =2 and n =1 is

(87)

where the first order terms are different from those of L_,.
Why does the degree-two polynomial in L_, annihilate |1)?
We find that L_, can be written as

Loy =(1+g(6+3al3—aly+2x))L 5l

3 1 1 13 R 3 .
+ g(i + a(()’% - a((),()) — Ixz - Ex(zp) -2 (zp)2>

x (H-E)+0(g), (88)

where we have used (63) and the nontrivial part of the
lowering operator (44) and (52). The operator L_, anni-
hilates |1) because the level-2 lowering operator annihilates
the first excited state L_, |, |1) =0 and (H — E;)|1) is a
trivial null state. The factor in front of L_,|,, in (88) is not
a normalization factor, as opposed to the case of L_, (see
footnote 26). Although the two parts in (88) contain terms
of degree higher than 2 in x and i p, the higher-degree terms
cancel out, so the final expression of L_, is given by a
degree-2 polynomial.

More generally, we only impose that L_, annihilates a
specific state, which is weaker than the requirement that
L_; is a ladder operator for all energy eigenstates. So the
solution space of L_, is larger than that of L_,. Suppose

*The level-k lowering operator with minimal degree in x and
ip is constructed using L_; = (normalization)L_|, +
(...)(H—E,) + O(¢g'™), which is the minus case of (64) to
order ¢/. The trivial terms can cancel out the higher-degree terms
in x and ip from (normalization)L_|, -
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that the null state condition holds to order ¢/, i.e.,
(Ot —K)E, = = O(¢/*"). The generalization of (88) reads”’

Logoc()Loglog + (. )(H=E,) + O(¢),  (89)
where the proportionality factor is a g-independent constant
and the right-hand side annihilates |n) to order ¢/. The
ellipses represent certain power series in g. In (89), there are
terms of degree higher than K in x and ip in the two parts,
but they cancel out to order ¢/. Then (89) becomes a
polynomial of degree K, which is lower than the minimal
degree of L_;,. So we can construct the null state
L_i|n) = O(¢/), despite that K does not reach the minimal
degree. In most cases with n < K, the first (...) in (89) is
given by 1+ O(g), which indicates that the solutions for
the null operators are level-k lowering operators at order ¢°.
In the special cases (79), (80), (85), and (86), the first (...)
in (89) starts at order ¢'.**

As K increases, we obtain the energies to higher orders
in g, and the orders increase sometimes rapidly and
sometimes slowly. In other words, there are pairs of results
with similar orders in g as K increases. This pattern is due
to the parity constraints. For example, the ground-state
energy is calculated to order ¢°, ¢!, ¢*, and ¢° at K = 1, 2,
3, and 4. The results show greater improvement from K =
2 to K =3. At K =1, the ground state is annihilated by
Ly =x+ip+0(g). At K =2, if we still use L_; to
annihilate the ground state, the null state condition will hold
to the same order as that in the case of K = 1, and the result
for E, will not improve. This is due to the fact that L_,|,, , is
parity odd. More specifically, L_;|,, has degree 1 and 3
terms in x, p at order ¢ and ¢'. If the degree-3 terms in L _,
cancel out to order g', we should have

(1+ g(constant+ (degree-2terms inx and ip)))L_;|, .
+g(degree-1termsinx and ip)(H—E;)+O0(¢).
(90)

We do not consider degree-1 terms in front of L_;|,,
because they will not help to cancel the third-degree terms
from L_,|,, atorder g'. Since the parity is odd, the result of
(90) can only be a degree-1 polynomial in x and ip, then it
should have been found already at K = 1 if this solution
does exist. Therefore, the ground-state results cannot
improve at K =2 if we stick to L_;. It turns out that
the null state condition can hold to order ¢' if we use L_, to
annihilate the ground state, and the result for £, can be

“'There are different ways to write a solution for the null
operator as the right-hand side of (89). We consider the case
where k is the highest p0551ble

$The null state £ «|n) is then a trivial null state at order ¢, but
it is nontrivial at higher orders in g, so it constrains the value of E
as well.

shghtly improved. At K = 3, the cancellation mechanism
for L _, is not restricted by parity, so the result from the L _,
annihilation improves more rapidly. At K = 4, we again
need to use L_, to improve the result, which is less
significant. There are similar patterns for other low energy
levels. In the optimal solutions, the state |n) is annihilated
by L_,1) when K + n is odd, but by L_, 5 when K + n
is even. As K increases, the results for the energies show
greater improvements when K + n is odd.

For a fixed K, there are pairs of results with the same order
in g. For example, both E,, and E, are determined to order g'
at K = 2. This is because they are associated with the null
operator L_,. In general, (E,,,, E,,,+1) are calculated to the
same order in g when K is even, and (E,,, |, E5,») are
solved to the same order in g when K is odd. Here m is a non-
negative integer. The results in the same pair are given by the
null operators with the same level k, which is also due to the
parity constraints discussed above.

We have described a naive way to carry out the reduced
procedure perturbatively. If we compare the perturbative
results with those from the nonperturbative approach in
[27], we find that the nonperturbative results are more
precise and do not match those from the above naive
procedure. Below we will summarize the nonperturbative
approach and the corresponding results at small g.

Let us give a brief review of the nonperturbative null
bootstrap proposed in [27]. The idea is the same as that of
(19), but it is usually difficult to obtain the exact nontrivial
null states nonperturbatively. In practice, we consider
approximate null states ﬁ|n>, where I are finite-degree
polynomials in x and ip. The hat indicates that L is different
from L in the naive approach. The null state condition here is
an approximate equation and does not need to hold for
arbitrary test operators. As shown in [27], accurate results can
be obtained from low-degree test operators in x and ip. We
should modify the naive perturbative approach accordingly.

The approximate null state condition is

<Otesti‘>E ~ 0. (91)

The operator L and test operators Oy are degree-K and
degree-M polynomials

K—m K
= Z Z Ay X" (i)™, (92)
my=0 m;=0

M-mj;

Otest - Z Z bm3 m4 m; lp m4 (93)

my=0 m3=0

where a,, ,,, and b,,, ,,, are real numbers. Followmg [271,
we consider the test operators with M = K + 2.2 Let us

*The system is underconstrained if M < K + 1.
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explain the meaning of “~” in (91). The left-hand side
((’)mﬁ) £ cannot be exactly zero for a finite K unless Lisa
trivial solution.”® The meaning of “trivial solution” is the
same as that in (36); i.e., the trivial solution satisfies the null
state condition automatically and does not yield any
constraint on E. For a nontrivial solution £ with a finite
K, the null state is approximated by L |E). The approximate
null state condition (91) means that (OgyL); almost
vanishes in the following sense. Each summand in (93)
is associated with an expectation value (x"3(ip)" L), and
all of them should be close to zero. Therefore, we use the #
function to measure the violation of the exact null state
condition

3

M-my M
(DD
my=0 m3=0

which is a weighted sum of the squared expectation values.
The higher-degree terms in Oy lead to larger errors, so
they are suppressed by (m3!m,!)~2. We will obtain the low
energy levels E, and expectation values (x?) g, by finding
the local minima of # at K =1, 2. For small coupling
constant g < 1072, we should be more careful as K
increases. Although there is no obstruction in principle,
we do not present the results with K >3 for practical
reasons, as it takes more effort to deal with high-precision
numerical computations.

To minimize the n function, we need to know the explicit
expressions of the expectation values in (94). Since the
consistency relation (21) holds nonperturbatively, we can
express the expectation values (x™ p™), in terms of the
coupling constant g, the energy E and the expectation value
(x2)..>" As opposed to (23), E and (x2), are independent
variables in the nonperturbative approach. Therefore, 7 is a
function of E, (x?)z, and a,, . The solutions for E,,
(x?) . and a,, ,, are determined by minimizing the n
function locally. We will discuss the asymptotic behaviors
of the errors as the coupling constant approaches zero,
ie., g— 0.

As K increases, we obtain more precise results and more
energy levels E,, together with the expectation values (x*) .
We will focus on En.32 We denote the null bootstrap results
for the energies by E, x, where K indicates the truncation

1 a<0testi‘>E :
ms 'm4' 0bm3‘m4

, (94)

degree of L in (92). The errors in the null bootstrap results are
E, x — Ey, where the reference energies E;, are computed
from diagonalizing the Hamiltonian of size 30 x 30 in the
basis of harmonic oscillator eigenfunctions. We evaluate the

30 . K—m, K
We impose -, " > 5 o ap,
a —

m, = 1 to avoid the solution
my,my

*'The normalization is given by (1), = 1.

*The errors in E, and (x?) g, have similar orders of magni-

tudes.

errorsat g=1072,1073,...,1077. As g — 0,the K = 1 results
exhibit the following asymptotic behavior

Eox—1 — Ef ~—0.94 x 107%¢, (95)

and the K = 2 results give
Egx—n — Ef #=25x 107, (96)
E|x— — E} #0.70¢°. (97)

These results are more precise than those in the naive
reduced procedure with the same K. At K = 1, the error in
(73) from the naive approach is —% g, where the absolute
value of the coefficient3 is much larger than 0.94 x 1072, At
K = 2, the errors in (74) and (75) from the naive approach

21 2 and 165

are 5 g~ an ?gz, but the errors in the nonperturbative

K = 2 results are of order ¢°.

To be consistent with the nonperturbative method, we
introduce the second version of the perturbative reduced
procedure. As explained above, the null state condition
does not have to hold for arbitrary test operators. We can
restrict the test operators to polynomials of low degree in x
and ip. In accordance with the nonperturbative approach,
we consider the test operators that are degree-(K + 2)
polynomials in x and ip. The results then match those
from the nonperturbative method. Below we will derive the
asymptotic behaviors (95)—(97) analytically.33

We need to make sense of (91) in perturbation theory.
What is (O L)z on the left-hand side of (91)? As in (24),
the expectation values (x"" p™), are expressed in terms of
the coupling constant g, the energy E and the expectation
value (x?),. Besides (22), we also have the small g
expansion of the coefficients in L

aml,mz = Z giaﬁtiz iy - (98)
i=0,1,2,...

As opposed to the third assumption at the beginning of
Sec. II [see the discussion near (23)], we do not assume the
regularity of all expectation values in the limit g — 0. So
(Oesl)p is a Laurent series in g, which has terms
proportional to negative powers of g. We require that
(O L)y is exactly zero for any {bm,m,} to the highest
order possible in g. We extract the energies according to a
phenomenon similar to that in the first version. The
expectation value (O L) can be exactly zero to higher
order in ¢ for certain correct values of energies than for

3 This approach seems more efficient than the traditional
perturbation method. It is easier to compute the perturbative
low energies to high order in g.
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arbitrary E.** As before, the solutions for the null operators
are labeled by k, and the solutions for the energies are labeled
by n. We write (O L)z, = O(¢/*") and emphasize that
Ohest 18 a degree-(K + 2) polynomial in x and ip. In general,
the terms proportional to negative powers of g are exactly
zero, implying the regularity of (Ol _;) g, inthe g — 0
limit. However, since other expectation values are still
allowed to be singular in the g — 0 limit, (x?); is not
completely determined by E, and we do not have the full
relation (23). Suppose that we have found a correctenergy £,
to a certain order, and (O L_;) £, Vanishes to order ¢/. Then
the  function (94) vanishes to order g *'. In the perturbative
procedure, we require that the # function is minimized at
order ¢%*2 and discard the higher order terms.”’

Let us consider K = 1 for example. The test operators
are of the form (93) with M = 3. For n = 0, the left-hand
side of (91) starts at order g~'. The null state condition is
exact at this order, i.e., (Ol _;) £, = O(1). We obtain the

relation (x2>gl> = Eéo), which agrees with the result from
the regularity assumption. At order ¢°, the null state

condition can be solved exactly, and we find E

At order g', the null state condition cannot be exact. We

minimize the 7 function (94), and obtain E(' ~ 163805

We use the subscript K to indicate the degree of L._, in the
approximate null state condition (91). We have

0) 136
0o — 72

b1 165805
0K=1%75 T 5538847

0(g). (99)

where the zeroth-order coefficient is exact and the first-
order coefficient is approximate. For the coefficients, by
“exact” we mean that they are the same as those from the
Bender-Wu method [54,55]. In the g — 0 limit, the error is

165805 3

- —_— ~N — -2
2238849 "9~ 094X 107,

(100)

which agrees with the nonperturbative result (95). For other
values of E, the null state condition can be exact to order
g, but not to order ¢°. Therefore, we do not find other
energy levels.

3As in the first version, not all the correct values of the
eneggies satisfy this condition.

PALK = 1, 2, 3, we also consider the # minimization when E
is not determined. In that case, we assume <Otestﬁ> £ vanishes to
order ¢/ for arbitrary E, ie., (Opyl)z = O(g"). So the g
function is zero to order ¢®' 1. We search for the local minima
of the 5 function at order g%'*2. They correspond to the correct
values of the energies that are extracted above, and no other local
minimum is found. In fact, these local minima are the zeros of the
n function, since (O L) can be exactly zero at order ¢/ *!, if E
takes the correct values from the analysis above.

We restrict to the solution where the energy spectrum is
bounded from below.

At K = 2, we consider <Otestlz—2>Eo = 0(g%) as well as
the # minimization and obtain

13 21 , 24044253411

Eyvrm—+-qg—— T1/0NAG1OD
0k=2R 5+ 39- 29+ ieo0ae102 9

3 4

(101)

where the coefficients are exact at order ¢°, g, and ¢7, but
the third-order coefficient is an approximate result from the
n minimization. The leading error is

24044253411 , 333

_22 3805 % 107,
1169246192 7 ~ 16 7 * g

(102)

which corresponds to (96) in the nonperturbative approach.
We also obtain the first-excited-state energy from

(Oresth—) E = O(g?) and the 1 minimization

3 15 165 , 16650808149015 ,

Efpomot g
K= NS T e T s 4333024

+0(g"),
(103)

where we have the approximate result for the third-order
coefficient and the rest of the coefficients are exact. As
g — 0, the error is

1665080819015 , 3915
67854323024 ¢ " 16

which agrees with the asymptotic behavior of the non-
perturbative results (97). At K = 2, we have obtained two
energy levels. For other values of E, the null state condition
can hold to order ¢!, but not to order ¢°, so no more energy
level can be detected.

At K =3, we find five energy levels. Considering
(OwesiL_1)g, = O(g®) and the 5 minimization, we have
the ground-state energy

13 21 333 , 30885 ,
Borss ™yt g9 =g+ 60 g 9
65518401 2723294673

1024 2048
6648684051586933741623

211416904204288

g ~0.70g°,

(104)

916731

256 4

6

+0(¢).
(105)

where the eighth-order coefficient is the approximate result
from the # minimization and the rest are exact. We do not
have the nonperturbative null bootstrap results at K = 3 for
sufficiently small g, so we do not compare the asymptotic
behaviors here. Using the exact coefficients in the small g
expansion, we estimate that the error of (105) at order ¢® is
about 10~ ¢8, and the order ¢° correction is about 108¢°.%
The coupling constant should be smaller than 10~ in order
for the error at order ¢® to be dominant. We examine the
cases of g = 1072,1073, ..., 1077, and verify that the error

The exact coefficient at order g° is obtained in (113).
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of (105) is indeed about 108¢° using the same reference
values E as those in the paragraph containing (95). We
also obtain the first- and second-excited-state energies
from (Omi_gENZM = O(¢g’) and the » minimization.
The results are

9 123

579546280175463 5
E p—3 = 3 + 9 +

3
8798256371708 7 T O
(109)

where the coefficients at order ¢g> are approximate results
from the # minimization and the rest are exact. However,

3 15 165 , 3915 , 520485 , the # minimization does not give reasonable approxima-
Evk3®R5+—9——9 + g - g
T2 4 8 16 128 tions for the order ¢* coefficients of E; x_; and Ej4 g_3.
1548031419879073965 6 The errors are larger if we consider the second-order
18608822642944 g + 0, (106)  corrections in (108) and (109). For other values of E, the
s 39 615 0079 3576255 null state condition can be solved exactly to order ¢°, but
Evo amog g 202 3 4 not to order g'. So we have not detected other energy
A A T TR T TR levels.
690676244524833539787 6 At K = 4, we obtain six energy levels from
, 107
920874095938304 +0(s) (107)
i _ 10
where the # minimization gives approximate coefficients <Ot°StL—2>En:O.1 =0(g"). (110)
at order ¢°, and the other coefficients are exact. The third-
and fourth-excited-state energies are obtained from
(OsL_s) £, = O(g’) and the # minimization. Their <Otesti’—4>En:2v3 0(g"), (111)
results are
7 75  22212548478304275 A
Eigps~r—+—qg— ? 3 OrestL— =0(q), 112
k=359 5061340698792 +0(9), (OwestL-6)E,_, (7) (112)
(108)  and the n minimization. The explicit results are
|
E ~l+§ 21, +ﬁ ; 30885 , 916731 65518401 . 2723294673
0K4™3 T 49789 67 T8 U T 256 1024 2048
1030495099053 ¢ . 54626982511455 , 2311268895269303699774094514905 |, Loy, (113)
32768 ¢ 65536 7 94418664607097552896 g g
E N§+§ 165 , 3915 , 520485 , 21304485 5 2026946145 . 108603230895
KA T 97 T e T s Y 256 1024 2048
51448922163885  3325989183831585 , 175501317536123439084638122629745305 |, +0(g")
32768 65536 g 98834461924794527645696 g g
(114)
E N§+§ _ 615 , 20079 , 3576255 , 191998593 . 23513776995 ¢
2R T IT R T T G 256 1024
35135739024227564792793164073
o(g%), 115
45159147304513673216 +0(g) (113)
E 7 —I—E 1575 , n 66825 , 15184575 , 1024977375 ; 155898295875 ¢
KA TG IT 9 T e 128 256 7 1024
36203582427161186496240292235625
T+ 0(d%), (116)

5713467480989300844544
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9 123 3249 , 171153
E4,K:4z§ Tg— 3 g 16
3637623070300184675417824875

3

4

9790734694343084724608 g
+0(¢), (117)
11 183 5841 369063
Esgsor—+—9— ’ }

2 4 s 97 16
_ 124940937770350373790920800845
130510054543768316521088

+0(9),

(118)

where the highest-order coefficients are approximate results
from the n minimization, and all other coefficients are
exact. For other values of E, the null state condition can be
satisfied exactly to order g7, but not to order g*. So no other
energy levels are found.

Why are the results of the second version better than
those from the first perturbative procedure? As we restrict
the test operators to be of low degree in x and ip, there are
fewer constraints on L_, than those on L_,. The space of
solutions becomes larger. Suppose that the null state
condition holds to order ¢/ in the naive approach. We
can add to the solution L_; a term h(x,ip)

L_y=L_;+h(x,ip), (119)

where h(x, ip) is a polynomial in x and ip, satisfying

(Oesth(x.ip))g, = O(¢"™). (120)
The test operator O, takes the form (93) with M = K + 2.
Then, the null state condition still holds to order gf for test
operators with M = K + 2. For certain h(x, ip), the high
degree terms on the right-hand side of (119) cancel out and
we obtain a polynomial of considerably lower degree in x
and ip than L_,. In this way, a low degree L _; is equivalent
to a high degree L_, in the null state condition with
M = K + 2. As aresult, we can obtain significantly higher-
order results for the energy levels in the second version of
the perturbative null bootstrap.

The pair patterns in the first version also exist in the
second version. As K increases, the results show greater
improvements when K +n is odd than when K + n is
even, so we obtain pairs of results with similar orders in g.
We also have the following pairs of results determined to
the same order in ¢: (Ey,, k., E2ny1.x) When K is even, and
(Eymi1.x> Eamin.x) when K is odd. Here m denotes a non-
negative integer. These patterns can also be traced back to
the parity constraints.

In [27], the results are obtained at finite coupling. We
find that the convergence of the nonperturbative approach
at finite coupling is similar to that at small g. The latter has

been studied analytically using the above small g expan-
sion. In the finite coupling case, the precision increases
significantly from K =2 to K =3 for the ground-state
energy, but more slowly from K =1 to K =2 and from
K =3 to K=4 (see Table I in [27]). This pattern is
consistent with that of the perturbative results, where the
ground-state energy is calculated to order ¢', ¢°, ¢%, and ¢'°
at K =1, 2, 3, and 4. Moreover, the finite coupling results
for the first-excited-state energy improve slowly from
K =2 to K =3, but rapidly from K =3 to K=4. In
the small ¢ expansion, the first-excited-state energy is
calculated to order ¢°, ¢°, and ¢'° at K =2, 3, and 4
[see (103), (106), and (114)], showing a similar pattern to
the finite coupling results. For a fixed K, the finite coupling
results behave similarly to those in the g expansion. There
are pairs of finite coupling results with similar precision
(see Table I in [27]). The pattern is the same as that
discussed above in the g expansion. In addition, we can
compare the results for different energy levels and at
different K. The finite coupling and small g expansion
results match qualitatively. The higher-precision results in
the finite coupling case correspond to higher-order results
in the small g expansion. For example, the K = 3 result for
E, is more precise than the K = 2 result for £, in the finite
coupling case (see Table I in [27]), and in the small ¢
expansion we obtain E, x_j to order ¢, while we determine
E| x—, to order ¢’. In conclusion, for the low energy levels,
the convergence of the finite coupling results roughly
resembles the behavior at small g, which can be explained
by the small g expansion results discussed above.

A difference is that we obtain more energy levels in the
small g expansion at K = 3. We find five energy levels E,
E,, E,, E5, and E, in the small g expansion, while the finite
coupling results only have three energy levels Ey, £, and E,.
As mentioned above, the # minimization results of the
additional solutions do not give good approximations for
the highest order coefficients. This may be the reason for their
absence in the minimization results at finite coupling.38

We have introduced the second version of reduced
procedure in perturbation theory, which is consistent with
the nonperturbative method when the coupling constant g is
small. Interestingly, we can further improve the perturba-
tive results by reducing the number of null state constraints.
For test operators with M = K + 2, the null state condition
cannot hold to arbitrarily high order in g and the system is
overdetermined at higher orders in g. If we remove some of
these constraints, then more exact coefficients in the
perturbative energies can be determined by the null state

¥At K =4, we obtain six energy levels in the small g
expansion. In the finite coupling case, one can also find six
local minima of the # function, in accordance with the perturba-
tive results. In [27], the n =4, 5 results at K =4 were not
presented for the single well potential. However, the six local
minima in the double well potential case were discussed in the
footnote 19 of [27].
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condition. Consider the expectation value (Oyeq L _;) £, The
test operators are still the lower-degree polynomials in x and
ip, ie., M=K +2, and we require that (Oql_) E, 18
exactly zero to the highest order possible in g. We write
(OesiL—i)e, = O(¢g"*"). However, we do not minimize the
function in the third version. Instead, we set M = K + 1 and
require that (Oyeq L) £, is exactly zero at order ¢/*! again.”
When n < K, this gives the exact coefficients, instead of the
approximated ones from the # minimization. Moreover, we
can impose that (Oyeq L) £, is exactly zero for M = K + 1
ateven one order higherin g, i.e., at order g-’“. Curiously, we
obtain the exact coefficients at order ¢/*2 in the ground-state
energy at K = 3, 4 and in the first-excited-state energies at
K = 4. In other cases, the energies at order ¢/*2 are not
fixed by the null state condition.*! In more detail,atK = 1,2,
3 we obtain the exact coefficients (ES;(:1 ), (Eé?,)(zz, E $3}<:2)

and (E(()?,>(13,E$,>(:3,E(f}(:3), whose explicit values are
contained in (113)-(116). Let us present the additional
results at K = 4

p0 _ _ 6417007431590595
0.K=4 262144 ’
pln) _ 413837985580636167
0.k=4 — 524288 ’
p0) _ _465491656557283395
1.k=4 262144 '
g1 _ 35043703273186461945
LA=4 524288 :
g7 1393440096499
2.K=4 2048 ’
1297722557812
Efy_y = & 2022 8125 (121)

At order ¢/*3, we do not obtain more exact coefficients by
setting M =K +1 and requiring that (OpqL_;) E,

P At order ¢/t!, we also consider M = K and obtain the exact
coefficients. In most cases, the coefficients cannot be determined
if M < K. The ground-state energy at K = 3, 4 and the first-
excited-state energy at K = 4 are special. To obtain the exact
energies at order ¢/*!, the minimal value of M is K —2 in the
special cases. Furthermore, we obtain two exact coefficients in
these special cases below.

“OIn these cases, we can obtain the exact coefficients at order
¢/2 as long as M satisfies K —2 < M < K + 3 at this order.
There is no solution for higher M and the energies at order ¢/+2
are not fixed for lower M.

*Since the energies at order ¢/*2 are not fixed, we increase the
number of constraints by setting M = K + 2 at order ¢/+2. Then,
there will be no solution if we impose that (OyeqL_y) £, vanishes
at this order, but we can use the # minimization to obtain good
approximations of the energies at order ¢/*2. For simplicity, the #
minimization here is carried out under the constraint that
(OwesiL_i), is zero for M = K + 1 at order ¢/*2.

vanishes.*? This concludes our discussion of the low energy
levels.

Now we discuss the matrix elements. We will only
consider arbitrary test operators here. Suppose that we have
obtained the eigenenergies of two states |n) and |n’). We
can also compute the matrix element using a slightly
modified version of (65)

—l /
(n+1)n,_n <0Ln ,n>n

—— <0Ln’,n>n

(l‘l/+1)n_n/

if ' >n

, 122
if n <n (122)

(n|Oln’) =

where L,/ , is the operator that connects the two states |n)
and |n') and (...), = (...), . Note that we have specified
the two energy eigenstates connected by the ladder oper-
ator. The reason will be explained shortly. The ladder
operator in (122) is obtained by considering

<Otest(H - En’)Ln’,n>n =0, (123)

which holds for arbitrary test operators. We use the ansatz

L, , = degree-|n’ — n|polynomial
+ g(degree-(|n" — n| +2)polynomial)
+ ¢*(degree-(|n’ — n| +4)polynomial)
+ ¢ (degree-(|n’ — n| + 6)polynomial) + O(g*).
(124)

These degrees are the minimal degrees for constructing the
nontrivial part of the level-|n’ — n| ladder operator. For
some low-lying states, there are differences between ladder
operators obtained in this way and those from the complete
procedure. For example, the zeroth-order ladder operator
LYy is

L(lo()) = (normalization) x L<+01> + (g-independent operator)

x L9 (125)
where the last term is associated with a null state at zeroth
order when acting on |0) at order °. Despite the differences
in the ladder operators, we obtain the same results for the
matrix elements, since the null states are orthogonal to all
states and do not contribute to the matrix elements.

“In the special cases where two exact coefficients are
obtained, one can consider M = K +2 or M = K + 3 at order
¢ and M =K—2or M =K —1 at ¢*3. The coefficients at
order ¢/*2 and ¢/*3 can be fixed by imposing that (OeqL_t)x
vanishes at these orders. The exact coefficients at order ¢/*2 are
obtained, but the solutions at order ¢/*3 are different from those
in the Bender-Wu method. Nonetheless, they are good approx-
imations of the exact values.
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For example, after choosing the normalization and fixing
the sign of L,y ,,, although L, ( is not exactly L, , the results
for the matrix elements are identical

(0l0[1) = (O[OL; 0|0) = (0|OL,]0).  (126)
To be consistent with (122), we impose the normalization
condition:

(i) Forn'#n, wehave |L, ,[n)[>=(min(n',n)+1) .
As in (44), the sign of L, , is fixed using Dirac’s ladder
operators. As the explicit expression of L, , is compli-
cated, we will consider the expectation value to simplify the

discussion. As in (63), LS?L should be equivalent to the

|n’ — n|-th power of Dirac’s ladder operators when they act
on |n)

Lyl = (% (x = sgn(n’ - n)im) ") + 0g).

(127)

The main point is that the relative phase factor between the
left- and right-hand sides should be +1. Since the relative
phase factor is encoded in their inner product, the condition
(127) implies the constraint
((x + sgn(n’ = n)ip)" =1L, NP > 0. (128)
In this way, the sign of L,/ , is consistent with that in the
complete procedure.
In general, the matrix elements obtained in the reduced
procedure are the same as those in the complete procedure.
Therefore, the reduced-procedure results for the low-lying

matrix elements are at least as complete as those from the
complete procedure.

E. Anharmonic operator algebra

In the complete procedure, we have derived the explicit
expressions of the anharmonic ladder operators. We can
further study their algebraic properties. It is natural to
construct the anharmonic number operator from the ladder
operators, which form a closed algebra as that in the
harmonic case. However, the Hamiltonian H is a nonlinear
function of the number operator and the commutators
involving H are more complicated.

As shown in (53) and (62), the level-1 raising operator
L, is precisely the Hermitian conjugate of the level-1
lowering operator L_;

Ly = (L))" (129)
Here and below, we drop “n.t.”” for simplicity. The ladder
operators in this subsection are always the nontrivial part.
Using the explicit expression of L in (44), (52), (59), and
(61), we verify that their commutator takes a simple form as

in the harmonic case

(Lo, L] =1+0(g"), (130)
so they provide a natural set of building blocks of the
anharmonic operator algebra. We can further introduce the
anharmonic number operator

N:L+]L_l, (131)

whose commutators with the level-1 ladder operators are

W.L,]=-L_, WLy =Ly (132)
The anharmonic number operator can be viewed as a
conserved quantity, as the action of a raising and then a
lowering operator should leave a nondegenerate eigenstate
invariant up to some factor. In fact, the eigenvalue of N is
precisely n in our convention

Nn) = nln) + O(g"). (133)
We verify that the number operator commutes with the
Hamiltonian as expected

[H.N] = 0(g*). (134)

However, the commutators of the Hamiltonian and the
anharmonic ladder operators cannot be linear in the ladder
operators L., since the energy levels have nonconstant
spacing. In the small g expansion, they are given by

[H,L_|] = L_,G_(H) + O(g"),

[H,L,]=L,G (H)+0(g"), (135)
where G_ and G, are functions of H. As a result, the
commutators of G, and H vanish and the higher-order
commutators are associated with higher powers of G..
For example, the second order case is [H,[H,L.]|=
[H,L,,G.|=[H,L]G,=L,(G,)?* The explicit expres-
sions of G, and G_ are™

3 153 51 69
0. =1 (g an) (-2 )
L1305 3615, 639, 633,
916 " 16 4 4
+ 0(gY), (136)

“Notice that G, = ~G_|yepiyoy+ O(g"). For the har-
monic oscillator, the transformations x — ix,p — ip, ie.,
H — —H, lead to a different quantization condition, where the
wave function vanishes at infinity on the imaginary axis, instead
of the usual real infinity. In the anharmonic case, we pick up an
additional transformation g — —g in the perturbative treatment.
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3 153 51 69
G_(H)——1+g<§—3H> +92< —H+—H2>

16 4 4
1305 3615 639 633
37~ T g2 g3
( 16 6 It -7 H)
+ 0(g"). (137)

It is precisely the nontrivial dependence on H that leads to
the nonlinear energy spacing in the occupation number 7.
Furthermore, G, and G_ are not independent as they are
closely related to the energy differences. If the operator H
in G is replaced by a number E, we have

G.(E) +G_(E+ G.(E)) = O(¢").

G_(E) + G.(E+ G.(E)) = O(¢"). (138)
as the action of a ladder operator and then the opposite one
should leave the energy invariant. In terms of commutation
relations, i.e., [H,L_jL,] = 0(¢g") and [H,L, L_|] =
0(g"), we have

G_Ly+L,G,o=0(g"), G L+L_G_=0(g"),

(139)
which can be equivalently written as
Gy L)) =~L_y(G, +G_)+0(g"),
[G_. L] =-L41(Gy +G) + 0(g"). (140)

However, the diagonal commutators are given by

51 9
G_.L_]=L_, <3g—|——(1 ~H)g? + (395~ 500H

2
+284H2)g3+0(g4)>, (141)

51 9
+284H?)g* + 0(g4)>, (142)

3 3 1
S=1+ <(1 +2m)+2J\/>g+ <—8(59+ 102m +102m?) —

2

so it seems that the Hamiltonian and the ladder operators do
not form a simple algebraic structure. Note that the leading
orders of the diagonal commutators [G_,L_;] and
[G,,L,,] are both g', so we have [G_,[G_,L_]] ~ ¢*
and [G.,[G.,L.]] ~¢* By considering higher nested
commutators, we can see that the algebra is perturbatively
closed to some order in g.

Nevertheless, we can express the anharmonic Hamiltonian
in terms of the anharmonic number operator V. Let us recall
that the perturbative series for E, reads

| 3 1
E, =5 +n+35(142n+2n7)g == (21 +59n + 510’

3
+34n%)g? + 6 (111 + 347n + 472n* + 25013

+125n*)g* 4+ O(¢*), (143)
where n =0, 1,2, ... labels the energy levels. This pertur-
bative series gives a precise approximation of the energy
levels for sufficiently small g at low n. Accordingly, the
Hamiltonian can be expressed in terms of the anharmonic
number operator

H:E0+/\/'+§(2N+2N2)g
—é(59/\/+ S5IN? +34N3)F

3
+ g (4TN + 47202 + 25007

+ 125N %) ¢* + 0(¢"), (144)
which is consistent with replacing the occupation number n
in (143) with N'= L, L_,. From the operator algebraic
perspective, the left ideal generated by (H — E) is a subset
of that generated by L_;. Here {H,E,, L_;} provides a
concrete example of a set of consistent data. For higher states,
we can use the generalization of (144):

(Lo )"(H = Ey) = SLyy(L)"™ 4+ 0(g").  (145)
where m denotes the number of lowering operators and S is
given by

51 17 ..\ ,
§(1+2m)./\/—Z./\/ )g

3 3 375 375
+ (—(347+944m+750m2+500m3)+§(236+375m+375m2)/\f+?(1 +2m)N2+EN3>g3+0(g4). (146)

16

For m =mn, the stationary Schrédinger equation
(H—-E,)|n) =0 is encoded in the level-n null state
condition (L_;)"*!|n) = 0, together with the assumption

(L_y)"|n) # 0. Although the statements in this subsection
are examined to order ¢°, we believe that some are valid to
arbitrarily high orders and even nonperturbatively.
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III. DYSON-SCHWINGER EQUATIONS

In Sec. II, we have solved the anharmonic oscillator in
the Hamiltonian formalism. Before presenting a parallel
discussion in the Lagrangian formalism, let us first give a
brief overview of the DS equations.

In the discussion of the DS equations, we consider the
Heisenberg picture. To be consistent with the results in the
Hamiltonian approach, the Lagrangian in the generating
functional Z[J] = [Dxexpl[i [© dt(L+ J(t)x(1))] is
given by

=5 (g0 = 5302 - gty

where J is the classical source. An infinitesimal change of
the integration variable x(¢) gives**

(147)

3

(07 +1) Z[J] Z[J] = J(t)Z[J].

+4gm [ (149)

i5J (1)

We can derive the DS equations by taking its functional
derivatives with respect to J and then setting J = 0

(Z+1)G,(t, 11,2, .. tyy) +49G, o (1,1, 1,81, 1, .. tyy)
- _izé(t_tj)Gn—Z(tlvt% "’vtj—lvthrl’ ...,tn_l),
j=1
(150)

where we have introduced the full Green’s function

. 5'Z[J)

Gt t2. o hn) = 50500360 (1)..

(1) =
(151)

To show the equivalence of the Lagrangian and
Hamiltonian approaches, let us derive the DS equations
in the Hamiltonian formalism. To remind the reader, the
explicit deﬁnition of the anharmonic oscillator Hamiltonian
is H=1 p + 1)c + gx*. At any time, the definition of H
and the canomcal commutation relation [x, p] = i imply an
operator identity

2HxH —xH*> — H*x + x +4gx> = 0.  (152)
In the Heisenberg picture, we should write the # dependence

of the operators explicitly. Then the matrix element

“This corresponds to the classical equation of motion
d2

7 x(t) + x(1) +4gx(1)® = J(1).

(148)

associated with two energy eigenstates |m,) and |m,) reads

(=(Ep, = Emy)* + 1) (my |[x(1)[my) 4+4g(my |x (1) my) =0,
(153)
which can be written in a differential form™
(97 4 1) (my |x(2) [my) + 4g(my ¥ (1) [my) = 0. (154)

To derive the DS equations, we first assume the time order
H>h> .. >t y> > 1>1> 1> 0> 1, ) >
t,—1.- Then we multiply (154) by the matrix elements
(0lx(ty)...x(tj—1)|m,) and (m;|x(t;)...x(t,-1)|0) and sum
over mjp, n,

(07 +1) Z (Ohx(er)...x (2,

Dlmy) (my x(2)[ma)

X (ma|x (1) x(1,1)[0) +4g Y (Ope(ty)...x(t;y)my)
X (my |5 (1) lma) (ma|x(2))....x(1,-1)10) = O (155)

Then the completeness relation » , |m)(m| = 1 implies

(07 + 1){O0lx(ty)...x(1;-1 )x(2)x(t;)...x(t,—1)|0)
+ 4g(O0lx(ty)...x(1;-1 )% (1)x(1;)...x(1,-1)|0) = 0.
(156)

Similarly, for the slightly different time order #; > ... >
tj>1t>1tj...> 1, ;, we have

(0 + D{Ofe(ty oot x((t 51 )-(111)]0)

+ 4g(0lx(ty)...x(1;)x>(£)x(tj11) ... x(t,—1)|0) = 0.
(157)
Note that
0,(0lx(ty)...x()x(t;)...x(t,-1)|0}]; ., — A, (Olx(ty)...x(1))
X x(1)...x(tp-1)|0)], -
= (0lx(21)... p(£)x(2)...x(£,-1)[0) = (Olx(ty)...x(1)
X p(t)...x(t,-1)0),
= —i(0[x(ty)...x(t;-1)x(tj31)...x(1,-1)]0). (158)

where the dependence on ¢ is removed by the canonical

commutation relation [x(), p(#)] =i. In terms of the

Green’s function
(x(t1)x(12)...

Yo = (0[T{x(t,)x(2)...}|0),  (159)

PrI— . . »
This can be derived from x(t)=-e™ x e~

x(t=0).

with xg=
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Equation (158) implies that the first-order z-derivative of
(x(£)x(t1)x(t)...), is discontinuous at the coincident limit
tj — t. This is realized by introducing the contact term with
8(t—1t;) to the second-order differential equation. The
complete differential equation reads

(07 + 1)(x(1)x(r1)x(22) .. x(1,-1))o + 4g(x (1)x(1y)
X x(t)...x(t,-1))o

= —iz5(1 = 1) (x(t)x(t2) ... x(tj)x(tj1) .. x(E0m1))os
(160)

which is precisely the DS equation (150).

One can also verify explicitly that the DS equations are
satisfied by the energy spectrum and the matrix elements in
Sec. II. As an example, we consider

(x(11)x(12))o
=0( - fz)z<0|eim‘xe_im‘ 1)

n
x (n|eftxe=12(0) + () < 1),

1 3 2074% )
= @([1 - tz) |:<§ — 79 —+ 1—6g> e_l(1+3g_1892)(t1_t2)

37 ..
#3081 4 (10 ) + 0, (161)
where ©(x) is the Heaviside step function
I ifx>0
Ox) ={ 1 ifx=0. (162)
0 ifx<O

We have used the half-maximum convention ©(0) =1
that the formula produces the correct result when #; = 1,.
Furthermore, the function (x*(t,)x(t,)) is

SO
46

(o (1)x(12)) = O(1) = fz)z<0|€im'x3e_im‘ n1)

n

X (ny|eMxe™M2|0) 4 (1) < 1),
3 459\
— — I I ) pmi(143g)(t —1y)
(1 f2)[<4 ] )e

3 .
+§ge—3l(t1—lz):| + (1 < 1) + 0(92)-

(163)

*The value at x = 0 is fixed by time reversal symmetry.

As expected, they satisfy the DS equation (150) with n = 2

(07, + 1) {(x(11)x(12))o + 4g(x*(11)x(12))o + O(g*)

Below, we will investigate the anharmonic oscillator in
the DS approach, without reference to the Hamiltonian. We
make a comparison to the Hamiltonian approach by
considering one-point functions of composite operators.
The Dyson-Schwinger equations in the one-point limit give
the constraint

< (c(ll_;x(t> +x(1) + 4gx3(t)> >O =0,

where the ellipses represent arbitrary operators at time z.
The time-translation invariance implies

0,<x(t)m1 (%x(t))mz>o —0,

which is similar to the equation ([H,O]); =0 in the
Hamiltonian approach [3]. For example, the constraint
from (x(r) $ x(1)), reads

0= 0,<x(t):lltx(t)>0 _ <(5‘lx(l))2 + x(t)(‘ii;x(t)>0,
= ((§0) =20 -40r))

which is equivalent to the one from ([H,xp]), =0.
However, the constraint (166) is less stringent than (21).
To extract more information, we consider higher-point
functions G,(t1,1,,...). To solve the DS equations for
these functions, we will impose the null state condition.
The solutions for the Green’s functions are consistent with
the results in Sec. II. In parallel to Sec. II, we can use the
exact expressions of the ladder operators to construct the
null state condition, which corresponds to the complete
procedure in the Lagrangian formalism. Alternatively, we
can also solve the DS equations by only assuming the
existence of some null states, without knowing the exact
expressions of the ladder operators. This can be seen as the
reduced procedure for solving the DS equations.

(165)

(166)

(167)

A. Complete procedure

In the complete procedure of Sec. Il A, we obtain the
exact expressions of the ladder operators. We now use the
corresponding null state condition to solve the DS equa-
tions. As discussed in Sec. I, we will derive the constraints
for G, by considering the null state condition and its inner
product with some test states. We will show that G, can be
determined order by order in g.
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The null state condition in the Heisenberg picture reads

L_i(2)|0) =0, (168)
where L_,(t) = ¢'L_ e~ is the lowering operator in
the Heisenberg picture. According to p(t) = $ x(r) and the
small g expansion (34), the null state condition (168) can be
rearranged into the form

(x0)+15,x0)) 00 = VAL ) + #2500

+0(¢))|0). (169)
where the right-hand side corresponds to the perturbative
corrections to the lowering operator. Below, we will always
assume t; > t, > ... > t,, and sometimes write simply G,
for G,(ty,1,,...,1,). Note that G, is symmetric in its
arguments, so it suffices to solve for G, in this specific
time order. To relate the states in (169) to G,,, we consider
the inner product with the test state (0]x(z;)x(z)...x(,_1)-
The null state condition (169) implies the null differential
equation

G, +i9,G, = gU + FUY + 0(6), (170)
where the terms on the right-hand side are associated with
the perturbative corrections to the lowering operator47

U = =v2001x(1))x(12)...x(1,- )L (1,)[0). (171)

The explicit expressions of Uﬁ,] )
functions and their derivatives.

For the Green’s function G, the functional form in z,, is
determined by the null differential equation (170). But what
about other time variables? It seems that (170) is not useful
as it only involves the ¢, derivative. However, we notice
that in certain limits, the 7, derivative is related to the ¢,
derivatives with k < n. This will lead to constraints on the
t, dependence of G,.

To see the constraints more explicitly, we consider
the coincident limit of several time variables, i.e.,
(Gu +1i0, Gy, 1pssn.ty—r,-  Then the derivative with
respect to 7; can be associated with d;, and we can use
(170) to constrain the 7, dependence as well. For example,
the coincident limit of two time variables is

are composed of Green’s

(G, + 0, G,

n—1 )tn_’tn—l

= Grz—2 + (Gn + ial,,Gn)

Ly =1y

2
=G, + (U + PUTY + O()), -, . (172)

“Note that quj) admits a small g expansion.

where we have used (170) and the DS equation in the
t, = t,_; limit
(al,,_l Gn - aln Gn)

= —iG,_,. (173)

1,—1,
In the coincident time limit z, — #,_;, the term id, G, in
(172) is expressed in terms of id, G, and G,,_,, so we can
use (170) to constrain the #,_; dependence of G,,. From the
perspective of operator theory, we move the momentum
operator p(t,_;) to the right using the commutation
relation, so we can take advantage of the null state
condition. More generally, we obtain a set of null differ-
ential equations

(G, +i0,G,)

D 1oTiq 250 sl =T
= [(n=K)G,» + gUY + U
+ 0(8%),

LSRR IS PPN aa

(174)

where k = 1,2, ..., n. Note that there is a term proportional
to G,_, on the right-hand side. The factor (n — k) is related
to the use of (n — k) different DS equations at coincident
times, which is equivalent to the number of commutation
relations in the operator theory perspective.

The null differential equations (174) are the main
ingredients to obtain the Green’s functions in the complete
procedure. Now, the question is whether we can determine
G, completely using these constraints, since the null
differential equations (174) only constrain G,, in certain
limits. But the short answer is yes. Below, we address this
question in more detail.

Let us assume that G, admits a small g expansion

Z giG,(1i).

i=0,1,2,...

G, = (175)

It is simpler to consider the zeroth order. We will show by

induction that we can in principle determine all GELO) using

(174). Suppose that Gf,o_)z is known. For GSLO), the null
differential equation (174) with k =n at zeroth order
determines its functional form in 7,. Next, we consider
the null differential equation (174) with k = n — 1 at zeroth
order, where the limit 7, — #,_; is taken. However, the
crucial point is that the limit ¢, — #,_; does not lose any
information about the functional form in ¢,_;, since the
functional dependence on 7, is known. We proceed
similarly for k=n—-2,n—1,...,1, and the functional
dependence on each time variable can be determined. In

the end, GEIO) is determined up to a free parameter, which
can be fixed by time-translation invariance.*”® Therefore,

(0)

if Gflo_)z is known, we can determine G,  completely.

“This is because the general solutions to (174) violate time-
translation invariance.
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(0)

Since we have G;” = 1 by definition, we can determine

G’(10) one by one.”’ For the perturbative corrections in g, we
need to take into account the contribution of U,,, but they
can be computed using lower order results for G,. So the
argument extends to the perturbative corrections as well. In
conclusion, we can in principle determine all G, com-
pletely order by order using the null differential equa-
tion (174) and time-translation invariance.

1. Examples: G,, G4, and Gg

We consider some low-point Green’s functions G,, Gy,
and Gy as explicit examples. At zeroth order, the (n, k) =
(2,2) null differential equation (174) reads

0

GV (1), 1,) +i9,,GY (11, 15) = 0, (176)
and the solution is
G (11,12) = Qolty)e™. (177)

Here and below, we use Q; to represent the functional
dependence that remains to be determined. They will be
obtained by considering more null differential equations.
Using (177), we see that the (n, k) = (2, 1) null differential
equation (174) becomes

e Qo(ty) +ie"d, Qo(t;) = G(()()), (178)

where by definition G(()O) = 1. The solution to this differ-
ential equation is

1 . .
Qo(t) =5 €™ + coe'™, (179)
where c¢; denotes the free parameter. On the right-hand

side, the second term violates time-translation invariance.

Therefore, the time-translation invariant solution for Ggo)

reads

1o
Gy (11.1y) = 5 e, (180)

This is precisely (161) at zeroth order with #; > £,. In the
calculation of G‘(‘o), there are more intermediate functions

Q;, and the null differential equations involve the previous

result for G(ZO). First we have the (n,k) = (4,4) null
differential equation

0 . 0
Gz(t )(fh . t3,14) + l%Gg )(tlv fy.t3.14) =0,  (181)

“We assume that the parity symmetry is unbroken, so the n-
point Green’s function G,, vanishes if » is odd.

and the solution is Gf‘0>(t1,t2,t3,t4) = e Q (1), 1, 13).

Next, the (n,k)=(4,3) null differential equation
reads

; .y 0
e Qi (t, 1, 13) + €0, 0, (11, 1, 13) = Gg)(fl,fz)’

(182)
and the solution is
| .
0i(t.th, 13) = Ze_’t‘+'t2_lt3 +ehQs(t. ). (183)
Then we solve the (n,k) = (4,2) and (n,k) = (4,1) null

differential equations and obtain

0) | B
G( b, 13, ty) =—e ity +ity—itz+ity _e ity 112+n3+1t4’
4 ( 1>425 43 4) 4 2

(184)

where again we have used time-translation invariance to
fix the free parameter. Repeating the procedure above for

Géo), we have the time-translation invariant result

0
GO 1), 12, 15 4. 15, 16)

_ le—itl+it2—it3+it4—it5+it5 + l il =it +ityity—its+it

e-iti+it=ity=itytitstitg | 1 p—it—ittity=itytits-+itg

+

W A=

4 2 miti=i=ity+itytitstits

(185)

At first order in g, we need to take into account the

contribution of U 5,1). According to the definition (171), it is
related to G,,, G, and their derivatives in a certain limit.

For example, the contribution of the term xp?(z,) in

L(_ll) (t,) can be computed by

(Olx(t1)x(£2)....x(ty-1)xp*(2,)10)

= <arn+l at;H»Z Gn+2)l

n+1~tn+2_)[n‘ (186)
Using the zeroth-order solutions (180) and (184) and the
exact expression of the nontrivial lowering operator (52),
we find

0 =

3
|g - e—lll+lt2’

vl (187)

where U ﬁlj )|qi represents UE,j ) at order gi. At first order, the

(n.k) = (2,2) null differential equation reads

G (1, 1) + 0,63 (11,1) = U |p,  (188)
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which leads to the solution

3. . 4
Gy (1. 1) = Eieltz_”‘ H+e"0s(r).  (189)
Then the (n,k) = (2, 1) null differential equation reads

3it, + €1 Q5(1y) + ie9, 0s(1)) = (G + US| )

=t
(190)
where by definition G(()l) = 0. The solution is
3 i 3. i it
Q3(t1):—§€ 1—516 1t1+C1€ L, (191)

Together with time-translation invariance, we find that

3.
Gél)(tl, h) = Ee_”1+”2(‘1 — ity +ity),  (192)
which is the first-order term in (161) with #; > #,. For the

calculation of Gftl), we need to first compute the zeroth-

order expression of Ugl)

U‘(11)|q0 _ _Ee—it1+it2—iz3+it4 _ée—itl—it2+iz3+it4

—ity—ity—ity+3ity

(193)

_Ze

The above procedure then gives the time-translation invari-
ant result

Ggl)(fl’fz,ta&)

— *€_3it‘ +ity+ity+ity 4 ;e—ih —ity—it3+3ity
3 —ityFity—itz+it, . . : .
—i—Ze 1T (D — i ity — ity + ily)

—|——e_lt'_”2+ll3+lt4(—3 — ltl —2lt2 +21t3 + 1[4).

5 (194)

‘We will not consider Gél)

edge of Géo) .

At second order, the contributions from the corrections to
the lowering operator are U512>| » and U,(11>| - Using the
first-order solutions (192) and (194), we obtain

because that requires the knowl-

1
vy,

3 s 9 . ..
| = _§6—3zt1+31t2 + ge—zt1+zt2 (3 + 4il‘1 _ 4”2).
(195)
The zeroth-order solutions (180), (184), and (185) give

2 81
Ug)|g0 :§€

—it,+it,

(196)

At order ¢?, the (n, k) = (2,2) null differential equation is

Géz)(flv )+ ia,zGéz)(tl, h) = U<21>|gl + U(22)|g0, (197)

which has the solution

9 . . 27 . . . 9 . .
GEZ) (tl ’ l‘2) _ _Ze—ttl +its t% _ 7!6_”1 +ity 1)+ Ee_”l +ity 1

+ie_3itl+3itz +e"2Q,(t).

e (198)

In the end, the (n,k) = (2,1) null differential equation

reads
917 45it, 3 . o
71— 5 1-irz-i-e”‘Q4(f1) +ie"10, Ou(t)

= UV, +UPp) (199)

-t

and the solution is

9 ., 27 07 _, i
Q4(t1):—‘—1€_”'t%+718 tltl‘l’ﬁe II+C2€II.

(200)

As before, the free parameter is fixed by time-translation
invariance, and we find

3 Ca 9 ..
ng)(tl’ 12) _ Re—3zt1+3nz _ Ee—ztl+zz2 (4([1 _ t2)2

—24i(t; — 1,) - 23). (201)

The result agrees with (161) at second order. We will not
consider G‘(tz) because that requires the knowledge of
Uf‘l)| s and ng) ,» Which means that the calculation

involves Gé]) and Géo).

2. A simplified approach

In the discussion above, we wrote U,(f> in terms of
higher-point functions and their derivatives, involving
more time variables and thus more complicated func-
tions that seem irrelevant. In a nonperturbative setting,
the complexity of the Green’s functions can grow much
faster with the number of time variables than the
perturbative case. To avoid introducing additional time
variables in the intermediate steps, we would like to
express U,({ ) directly in terms of Green’s functions with
n time variables and their derivatives. In this approach,
we can obtain G, without considering additional time
variables.
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To illustrate this approach, let us recall the example
(186). In fact, it can also be computed from

(Ofx(t))x(t)....x(t,-1)xp?(2,)[0)

1
= 6 (at2n + 3)Gn+2~tn+2~tn+l_’tn

+29G 144 -1, T 10, Gy, (202)

l:+4ﬂtn+3~tn+2vtn+
where we have used the DS equations at coincident times
(or equivalently the canonical commutation relation). The
main difference is that we exchange the order of coinci-
dent time limits and time derivatives in the computation of

Ug,j). As we can see in (202), we need to consider the
Green’s functions at coincident times. They can be
obtained by

i

G’Tvtk+lvtk+2-,---~tn—>tk + m atk G"-fk+1~fk+z,----,fu—’tk
n—k
N < 5 G2 +gU) +92U£'2)>
D tolpg2se e sln =

which is similar to (174), but we take the coincident time
limit first and then take the time derivative.
As an example, let us solve for G, to order g using only

two time variables. At zeroth order, the calculation of Gg))

is the same as that in the example above. Let us consider the

perturbative corrections. To obtain G(Zl), we need to

compute U(21)| 4> Which is related to Géo)(tl,tz) and

Ggo)(tl, ty, by, I;). The null differential equation (203) with
(n,k) = (4,2) reads

i

Gé(l-O)(tlv I, I, t2) + atzGé(l-O>(tl’ b, 1, t2) = Gg))(tl’ t2)7

3
(204)
and the solution is
(0) 3 —it it 3it
Gy (11,12, 1, ) = Z &7+ &¥205(1y). (205)

Then we consider the (n,k) = (4,1) null differential
equation (203)

3 1 5. ) 3
Z+Z€3”1Q5(t1)+Zl€3”lat1Q5(Il):EGSJ)(tlatl)‘ (206)

The solution is Qs(t;) = c4e’™, and we obtain the time-
translation invariant solution

3 ..
Gfl())(tlv Lot bh) = Ze_n'ﬂtzv (207)

which is (184) in the limit #5, ¢, — f,. Using the zeroth-
order solutions (180) and (184), we have

3 ..
Uél)|g0 _ _Ee_ltl+1t2’

(208)

which is precisely (187). Then time-translation invariance

and (208) allow us to determine Ggl)

3
G (1.1, = Ee‘l“*"z(—l —it; +ity),  (209)

which is exactly (192).

To obtain G22 , we need to consider U§2>| o and
Ugl) gi» Wwhich are related to the following Green’s
functions:

0 0

Gg )(tl’ 1), Gé(l )(tl, .t 1),
0

Gé >(t1’ t2’ t2’ t27 t27 t2)’

Gy (11.1:).G{ (1. tr. 1. 15). (210)

where Géo)(ll,tz,IQ,lz,tz,tz) and Ggl)(tl,lé,tz,tz) are

unknown. At zeroth order, the null differential equa-
tion (203) with (n, k) = (6,2) yields

15 . .. 4
Géo)(thfz’ tyty by, 1) = @e_”‘“’z + e Q¢(1y). (211)
Then the (n, k) = (6, 1) null differential equation gives

Qq(t;) = cse™. (212)

So we obtain the time-translation invariant solution

15 . .
Géo)(tl,fzy tyty, b, 1)) = ge_”'“’z, (213)

which is (185) in the limit t3, t4, 5, s — 1. Using (180),
(207), and (213), we obtain

81

—ity+it,
—e 1 2’

2
Ulp =3

(214)

which is precisely (196). Next we compute Ggl) (1, 12,1, 15).

The (n, k) = (4,2) null differential equation (203) reads

1 i 1
Gfl )(11’ bt b)) + gatsz(x )(th it 1))

=Gt 1) + (U] ) (215)

3 ty—ty”

The second term on the right-hand side can be computed
using the zeroth-order solutions (180), (184), and (185)

1 —it,+it,
(U 1p),, 1y = =377, (216)
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In the end, using the (n,k) =
tion (203), we obtain

(4,1) null differential equa-

1 3 . 9
Gg)(tl,tz,tz,tz) — 2 e 3in3ity 4 Z pmititity

X (=5 = 2it; + 2it,), (217)
and this is (194) in the limit 75, , — t,. Together with (192),
we obtain

3 . ) 9 . .
U§1)|g' _ _§6—31t|+3112 _|_§e—zt,+zt2 (3 + 4it, — 4”2).

(218)

which is the same as (195). Assuming time-translation
invariance, we can determine G, to order g* usingonly two

time variables. We have also verified that Ggl)(tl, ty, 13, 1y)
can be determined using only four time variables.

B. Reduced procedure

We have shown that the DS equations can be solved in the
complete procedure, i.e., by using the null state condition
from the exact ladder operators. In the reduced procedure, the
exact expressions of the ladder operators L are unknown,
so the explicit form of the null state condition seems unclear.
However, we want to emphasize that the null state condition
should be consistent with the DS equations (150), which
leads to strong constraints on the possible form of the null
differential equations. This is parallel to the consistency of
the Hamiltonian H and the ladder operator L_; discussed in
Sec. I1E.*" In fact, the perturbative DS equations allow only
two types of null state conditions, both of which can
determine G, completely order by order in g.

Although we do not know the exact expressions of the
ladder operators, we have some general idea about the form
of the null state condition. We assume that

L. (1)]0) =0, (219)
where L. () has the small g expansion
L (1) = LY +gL8 (1) + PLEW) + O(g).  (220)

The ng(t) are degree-(2j + 1) polynomials in x(¢) and
%(1) = p(r).”" These are the minimal degrees for

OThe stationary Schrodinger equation cannot be encoded in an
1ncons1stent null state condition as in (145).
*"In[51], the null operator is built from hlgher derivatives of x(7):

dm
null Zam dlm )

which should be equivalent to the ansatz here using both x(r)
and x(1).

(221)

constructing the nontrivial part of the level-1 ladder
operators.”
+1 corresponding to the two types of null state conditions

We will see later that there are two choices

that the DS equations allow.
As indicated in (169), the null state condition can be
rearranged into a more convenient form

(x0) + c2i 0 )10 = L0+ PLE )

+0(4%))[0), (222)
where ¢ is the relative coefficient in the degree-1 poly-
nomial. Equation (222) leads to the null differential
equation for G,

G, +ics9,G, = gU\", + FUY, + 0(¢),  (223)
where we have defined
UYL = —0x(r)x(1,)..LY (1,)|0).  (224)

Here ¢, and Ug) are unknown, so the null differential
equation (223) seems unclear, as opposed to (170) in the
complete procedure. Nevertheless, let us write down the

null differential equations with 7, derivatives

(Gn + iciatk Gn)

B 1tk 2se s ln =
=[ex(n = k)G + gUL, + FUL]
+0(g).

T 1ol s sly =

(225)

Below, we will explain how to determine ¢ and U g). Then
we can solve for G, using the null differential equa-
tions (225) as in the complete procedure.

For consistency, the solutions to the DS equations should
also satisfy the null differential equations. We will sub-
stitute the DS solutions into the null differential equa-
tion (223), which yields strong constraints on ¢, and U g.

In Sec. 11D, the null operators are associated with lower-
degree polynomials in x and ip, which helps to deduce consid-
erably higher order results. However, this is not be very useful for
the reduced procedure here. We can assume that L. (z) is of
degree-(1,3,3,...) in x(¢) and x(¢) at order ¢°, g', ¢, ... based on
the K = 3 results in (76). Then in the examples below, we do not

) to deduce (245), which is the main ingredient

directly need G
in the derivation of G§2>. However, this simplification is insig-
(1)

nificant, since (245) requires the knowledge of G,’, and the

D is based on the solution of Géo

the approach would be more useful if Gil) is already known and

we do not need to consider the more complicated six-point
function.

derivation of Gg ). Nonetheless,
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There are two types of choices satisfying these constraints,
corresponding to the null state condition for the raising and
lowering operators. More explicitly, at zeroth order, we
consider the DS equation

(0 + 1)GY (11,15, ... 1,) = O, (226)
which has the solution
(0) _ it
Gu' (t1 1y, s ty) = € Qq(t, 1y o 1)
+e_il”Qg([],tz,...,tn_]). (227)

We remind the reader that Q; represents the functional
dependence that remains to be determined. The k = n null
differential equation (223) implies

(1—cy)e™Qq(ty,tay s tyey) + (1 + )

X e_it”Qg(tl,tz,...,tn_l) =0. (228)
The nontrivial solutions are
c,.=+1, 03=0, or c_=-1, 0,=0
(229)

The ¢, case corresponds to the null state condition with the
lowering operator L_;, while the c_ case is associated with
the raising operator L_;. In this way, we determine the

zeroth-order null state condition. We can solve for GE,O)

using time-translation invariance.

We repeat the procedure at first order in ¢, and Uﬁlli is
completely fixed by the consistency with the DS equa-
tions (150), which will be explained more explicitly below.
Therefore, the null differential equations are determined to
first order. As in the complete procedure, together with
time-translation invariance, we can solve the null differ-
ential equations to obtain Gﬁll). The procedure extends to
higher orders, so we can solve for G, order by order in g in
the reduced procedure as well.”

1. Examples: G,, G4, and Gg

As concrete examples, we consider G,, G4, and Gg. Let
us consider the more physical case ¢, = +1.* Below, we
use the consistency with (150) to determine U ff l order by
order, and we obtain G, to second order in g.

At first order, the (n, k) = (2,2) null differential equa-

tion (225) reads

53Again we assume that the parity symmetry is unbroken, so
G,, vanishes for odd n.
Perturbatively, we can consider the case c_ = —1 in a similar
fashion.

6" + 10,64~ g

- (230)

On the other hand, we have the DS equation

(@2 + )G (1, 1) + 4G (11, 1, 15, 1) = 0, (231)
and the solution is
3 3 . .
Gél)(tla t2) —_ Ze_ltl+lt2 + éé_”ﬁ_ltzl‘z + eit2 QQ(tl)
+ e Q44(1y), (232)

where the terms with unknown functions Qq(#;) and
010(t;) correspond to the general solution of the associated
homogeneous equation. The solution (232) gives

3 .
Gy +i0,GY) = =S e 2 0y(1). - (233)

Let us show that the consistency with (230) implies
Q1(ty) = 0. The right-hand side US|, in (230) is a
linear combination of G(ZO), Gfto) and their derivatives in the
limit #5, 4 — t,. Using the zeroth-order solutions (180) and

(184), we deduce that U (211 | 0 cannot have the term with the
factor e~"2. We have

Ugl) _ 3 emititin,

’+|go——§ (234)

which is the same as (187). Since the (n,k) = (2,1) null

differential equation (225) has the same U§1)+|

fixed at first order. We can determine Ggl)

translation invariance. To calculate Ggl), we consider the

(n, k) = (4,4) null differential equation (225)

5 it is also

using time-

GV +io, G\ =u |,

4y (235)

The corresponding DS equation is

(07 + 1)G4(;1)(f1, .13, 1g) +4Géo)(11, .ty ty, 1y, 14) = 0,
(236)

which has the solution
! 33
Gg )<t17 t27 l3, 2‘4) =—"¢ ity ity —it3+ity — et ity +ity+ity
8 4
+ ée—itl—itQ—it3+3it4 + ﬁe—ill+it2—ir3+it4 ty

3i )
—|—§€_”1_”2+1t3+u4 [4 + ell4Ql { (tl , l2, 13)

+ e Q0 (t. 1. 13). (237)
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Using (237), we find

3 3
Ggl) + i0,4Gg1> — _Ze—1t|+1t2—113+zt4 _ E

X g-ih—ib ittty _ ge—ul—nz—nﬁm

+2e74Q (1, 1, 13). (238)
Note that Ugl)+| 40 1s a linear combination of Ggo)’ Géo) and
their derivatives in the limit 75, , — 4. One can check that

Uftmq" cannot contain the term with the factor e~ using

the zeroth-order solutions (184) and (185). Therefore, we
have

Uz(tlj.lg" — _ T prifitin=iztily _%e—itl—it2+it3+it4
: 4

—ity—ity—it3+3ity
9

~1 e (239)
which agrees with (193). So the n =4 null differential
equations for all k are determined, and the time-translation
invariant Ggl) can be derived.

At second order, the (n,k) = (2,2) null differential
equation (225) reads

Gy +i0,GY = Ul | +USL|p,  (240)
and we consider the DS equation
(@2 + )G (1, 1) + 4G (11, 1, 15, 1) = 0. (241)
The solution to (241) is
2 27 it 3 sinasin O it
Gg )(tl’tz)zze tl+z2+Ee 3ir+3 z2+ze neting,

27 .. 9 9 ..
—78 lt‘+1t2l2—|—§e ll|+1t2llt2_Ze ltHrllz[%
+e03(1)) +e7014(11), (242)

which satisfies

3 s 9 . .
ng) + iatngZ) _ _ge—?aztl +3in Ee—zt|+zt2(3 + it; — ity)

+2e7Q(n). (243)
Note that U(21)+| gt U(223r| 0 is a linear combination of the
following Green’s functions and their derivatives in the
limit 13,14,15,1 = 15:

Y, 6, G¥ GV, 6. (244)

Based on the zeroth- and first-order solutions for the
Green’s functions (180), (184), (185), (192), and (194),

one can check that U <21)+ g +U %) | » cannot have the term

2.,+|g°
with factor e72. So we have

R 9 .
Ug)+|g‘ + Ug)+|g° = _§6_3”1 +3ity 4~ gmintin

x (3 + it) — ity), (245)
which is consistent with (195) and (196). Then we can

obtain the time-translation invariant G(zz)

differential equations (240) with n = 2.

using the null

2. Remarks on L _;

One may wonder if we could determine L_; by con-
sidering more Green’s functions and determining more

U 5,’ >+ The answer is that we can determine L_; up to some
free parameters, but they are not exactly the level-1 ladder
operators in the complete procedure. The reason is that we
only impose that L_; annihilates |0), and this constraint
here is weaker than the constraint that L_; is a lowering

operator for all energy eigenstates.

3. A simplified approach

In parallel to the complete procedure, we can also
determine the Green’s functions without introducing more
time variables. We also consider the consistency between
the DS equations and null differential equations to con-
strain Ufl] i The difference is that here we exchange the

order of time derivatives and coincident time limits, as

shown in (202). In other words, we think of U fj >i as a linear

combination of Green’s functions with » time variables and
their derivatives. Once U,(f )i is fixed by the consistency
condition, the corresponding Green’s function will be
determined by the null differential equations as above.
As an example, we carry out the calculation of

ng)(tl,tz). We need to solve for the following Green’s
functions:
Ggo) (t1.12), fo))

1 I
Gg )(fl,tz), Gg )(Ihtz,tz,tz)-

0
(t1.tr. 1y, 1), Gé)(fl,fsz,fz,lsz)v

(246)

Below, we will restrict the discussion to the case ¢, = +1
and determine these functions. Since the ladder operator is
fixed at zeroth order, we can determine the zeroth-order
functions in (246).

For the calculation of Gél)(tl, 1), we have the consis-
tency condition

3 . )
Ug)+|g“ - _Ee_ltl+lt2 +2e72Q(t1),  (247)

which follows from (230) and (233). Note that Ug) |oisa

g
linear combination of Ggo)(tl,tz), Gfto)(tl,tz,tz,tz) and

125002-28



SOLVING ANHARMONIC OSCILLATOR WITH NULL STATES: ...

PHYS. REV. D 108, 125002 (2023)

their derivatives. Using (180) and (207), we deduce that the

term with the factor e~ cannot appear in U, | 0. Then
(247) implies

2+|g

(1) 3 i+
U2,+|g° = _Ee htity (248)
which is the same as (234). Therefore, we can determine

Ggl)(tl, t,) using the null differential equations with n = 2
and time-translation invariance.

The next Green’s function in the list (246)
Ggl)(tl, 1y, 15, 1,). In our discussion, it is more convenient
to consider Gftl)(tl,t,,tl,tz), which is the same as
Gil)(tl,tz,t2,t2) due to time-reversal symmetry. To
derive the consistency condition, we consider the DS
equation

(5122 + 1)Gz(tl)(f17 it 1) +4Géo)(f17 tit, b, 1) =0,

(249)
where we use™
Géo)(tl ittt ) = ge"'"“’z +§e‘3i"+3i’2. (252)
The solution to (249) is
Ggl) (tl 1, [2) — _Zpmintin +§e—3ir1+3it2 +%e‘”l+”2 1
+e™015(t) +e ™ Q6(11). (253)

SWe derive G(ﬁo)(tl 1,1, 12,1, 1) using the null differential
equation (203) at zeroth order. The case n =6 and k=4
reads

(0) i (0)

G6,t2,t3—>t1 s\ lg—1y + 6-4+1 0 G6 by 3= 13ty
6—4

=5 Gl (250)

where we have also taken the limit 7,, #3 — #;. On the right-hand

side, Gio)(tl,tl,tl,u) = Gio)(tl,t4,t4,t4) due to time-reversal
symmetry. Then we consider (203) with n =6 and k =1

(0) i 0)
X e 6—1+1 o, 6.12,13,14, 15,161,
6-1
= 2 Gﬁ(l,t>2.13.t4—>t1 : (251)

The null differential equations (250) and (251) and time-trans-
lation invariance give (252).

and it satisfies

1 . 1
G\ (1), 1y, 11, 13) + 10, GY (1), 1y, 11, 13)

_ _ge—itl+it4 _ Z e~3int3in 4 2e71Q6(1)),

1 (254)

where we use f, instead of f, for convenience. On
the other hand, the corresponding null differential
equation is

1 . 1
Gé(l )(fh Lt ty) + 16,4G£ )(tl’ Lt ty) = (U4+|g ),2 A

(255)

which is (223) with n = 4 at zeroth order in the limit

1s a linear combination of

b, 13 = 1. Slnce(U4+|g )l i,

0
G( )(tlatlvtlat2)_G( >(11,l‘2,12,12) G( )(fl,thlbtz,l‘z,fz)

and their derivatives, one can check that (U s, +| &) A

cannot contain the term with the factor e~ using the
zeroth-order solutions (207) and (252). Combining (254)
and (255), we have

2 e—itiFit _

(1) _ —3it,+3it,
(U4,+|!10)12.I3—>11 - 4 46 '

(256)
This is (193) in the limit #,, 3 — t;. So we can determine

Ggl)(tl,t,,tl,té‘) using n = 4 null differential equations
and time-translation invariance.

Now all the functions in (246) are obtained. We consider
the consistency condition

— _26—3i11+3it2 +ge—it1+irz (3 + itl _ itz)

+2e72Q (1),

1 2
UYL | + U5 L

(257)

which follows from (240) and (243). The left-hand side is a
linear combination of the Green’s functions in (246) and
their derivatives. Using (180), (207), (209), (217), and
(252), one can check that the term with the factor e™2 is

cannot be present in Ugll\ gt U(22)+| 2+ S0 (257) implies

3 L . 9 .
Ul + US| p = =g 30 4 Zemitti (3 ity — i),

(258)

which is the same as (245). This allows us to determine the
)

time-translation invariant G5~ (1, 1,) using the null differ-
ential equations with n = 2. We have also verified that

Ggl)(tl, ty, 13, 1) can be determined using only four time
variables in the reduced procedure. In conclusion, we can
carry out the reduced procedure without introducing addi-
tional intermediate time variables.

125002-29



YONGWEI GUO and WENLIANG LI

PHYS. REV. D 108, 125002 (2023)

IV. DISCUSSION

In this work, we have used the null bootstrap to
investigate the quartic anharmonic oscillator in perturbation
theory. Although the spacing of energy levels is not
constant, there exist anharmonic ladder operators that
can generate the full energy spectrum from a given energy
eigenstate. In the complete procedure, we determined the
energy spectrum (143) and the matrix elements from the
analytic solutions for the ladder operators. To order ¢°,
the explicit expressions of the level-1 ladder operators are
given in (44), (52), (59), and (61). In the reduced procedure,
we derived the low energy eigenvalues and matrix elements
without using the exact ladder operators. We described
three versions of the perturbative reduced procedure and
compared the results to those from the nonperturbative
method in the Hamiltonian formalism. We obtained the
results for the low energy levels to higher orders in the
coupling constant g. The results are presented in (99),
(101), (103), and (105)—(116). Moreover, we discussed
some properties of the anharmonic operator algebra. The
anharmonic number operator and the level-1 ladder oper-
ators form a closed algebra (130) and (132), as in the case
of the harmonic oscillator. In (144), the Hamiltonian is
written as a nonlinear function in the anharmonic number
operator. Furthermore, we showed that the dynamical
Schrodinger equation is encoded in the null state condition
generated by the lowering operator, according to (145).

Besides the Hamiltonian formalism, we have also studied
the Dyson-Schwinger equations in the Lagrangian formal-
ism. We showed that the underdetermined system of a finite
set of the DS equations can be solved by imposing the null
state condition. In the complete procedure, the null state
conditions are deduced from the exact expression of the
lowering operator and the Green’s functions can be deter-
mined order by order from the null differential equa-
tion (174). In the reduced procedure, the exact expression
for the lowering operator is not needed. Using the null
differential equation (203) and the consistency with the DS
equations, the n-point Green’s functions can be computed
order by order as well. In the explicit examples, the numbers
of points in the Green’s functions range fromn = 2ton = 6.
We also presented simplified methods that do not introduce
additional time variables in the intermediate steps, which
significantly reduces the complexity of the functions in the
computation.

We would like to extend these perturbative results to
genuine quantum field theory with at least two spacetime
dimensions. It would be interesting to examine if the
standard issues of divergences and the renormalization
procedure are simplified in the bootstrap approach. Some
insights from our perturbative analysis should also extend
to the nonperturbative bootstrap approach.

Another interesting direction is to revisit the multiplet
recombination method for conformal field theory [53], which
is closely related to the Dyson-Schwinger equations [56].

The null state condition may be crucial to the derivation of
higher order corrections in the € expansion.5 ®In addition, the
conformal field theory classification program at higher
dimensions should share some features with the two-
dimensional minimal models, in which the null state con-
dition plays a central role. This may also shed light on
the more ambitious goal of classifying more generic quantum
field theories by the principle of nullness.
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APPENDIX: TRADITIONAL PERTURBATION
THEORY

For comparison, we review the traditional perturbation
theory for the quartic anharmonic oscillator in this appen-
dix. We will first solve the Schrédinger equation to find
the eigenenergies and then obtain the perturbed ladder
operators.

The stationary Schrodinger equation reads

Hln) = E,|n). (A1)
The Hamiltonian is H = Hyonic + gH', where ¢ is a
small parameter and H' = x*. The quartic term leads to
perturbative corrections to the harmonic oscillator eigen-
states and energy eigenvalues. They take the form of power
series in g

E,=E + gE)) + PED + PE + ..., (A2)
n) = [n©) + gln®) + Pln®) + ) + ... (A)
To order ¢°, Eq. (A1) implies
Hyarmonicln ) + H'[n®) = E|nV) + E[n©®),  (A4)
Hyamonic|n®) + H'[nV) = B [n®) + ED|n(V)
+ Ef12)| n(0>>, (AS)

Hyamonic|n®) + H'[n?) = E |n®) + 1V [n))

+EP Y+ EP 0y, (A6)

*®Constraints on the subleading corrections can be derived
from the null state condition (this is work in progress [57]).
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The zeroth-order equation is the same as the Schrodinger

equation of the harmonic oscillator. The first-order correc-
(1)

tions E,’ and |n()) are obtained by projecting (A4)
onto |m©))
EQ(mOnMy 1+ (mO B [0 = E? (1) n 1)

(1)

+E, (mO)n®). (A7)

When m = n, we obtain the first-order correction to the
energy

3
£ = (mOH %) =3 (14 20 +20%). - (AB)
When m # n, we have
(0)| £771,,(0)
(MmO [y = M (A9)
E) - E))

which are the expansion coefficients of |[n(!)) in |[m(?).
However, the part parallel to |#(?)) remains arbitrary. The
expansion coefficient (n(*)|n(!)) is assumed to be real and
chosen such that the norm (n|n) is independent of g, or in
other words (n|n) = 1 + O(g*). We have

G

1 1 1
Ea“ + Ea%ﬁ - i(aT)3a

We have written the terms involving the occupation number n
in terms of Dirac’s ladder operators, which is more natural for
the operator algebra perspective and more convenient for the
discussion of the anharmonic ladder operators below.

For the second-order corrections, we consider (AS5).
Following the same procedure of projection, we obtain

EV(mO1n@) + (mO|H'|nM)
= EX (mOn®) + EV (mO a0y + EP (m©|n0),
(A11)

The case of m = n gives

1
E? = (nO|H|nV) = —g (21459 + 5107 + 34n?).
(A12)
For m # n, we have
O — EWY) )]
(M@ = (mI( i ity (A13)
EY — E)

As before, we assume the expansion coefficient (n()|n(?))

_l(aT)4> n©) = |0 (A10) is real, and the part parallel to |n®) is fixed by the
16 condition that (n|n) is independent of ¢
|
@y — (a")® N (a")a N (a")’a® 17(a")° (a')d’ N 15(a")’a _ 65(a’)*a*
512 32 8 192 32 16 256
. 117(a")*a®>  9(a')* B (a")3a> B 65(a’)3a’ n 15(a")%a N (a¥)?a®
64 8 32 32 2 8
12 4 22 N2 T %5 T
_ 147(a")*a*  333(a")’a +75(a )* a'a’ 9a'a o4t _69a'a
64 64 16 32 16 16
a®  25a% 3a* 39
- — —6a® == |ny,
5T e T 64)'” )
= @), (Al4)
Finally, for the third-order corrections, Eq. (A6) yields
ED(mO1n®) + (mO|H'|n®) = ED(m©®n®) + EM (m© |n@) + EP (m©nV) + ES (m© [n©). (A15)
When m = n, we obtain
3
EY = (nO|H|n®) — EN (n©]n@), = 1¢ (11143470 + 4720 + 2500 + 125n). (A16)
When m # n, we have
O (g = EMY£@ — P £(1)],00)
(mO|n®)y = {m®|( O)f fOn7) , (A17)
EY - EY
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The third-order corrections to the eigenstates are

(a™)'? B (a)'a B (a")'0a? B 25(a™)° B 61(a")a’ B 61(a")’a

129(a")8a*

Gy — (-
) (24576 1024 128

1005(a™)8a®> 37(a")®

6144
33(a")a® 1213(a")7a® 145(a")’a  4145(a")%a*

3072 768 8192

2048 256 512 1536 64 3072
10123(a")%a*> 587(a")® 33(a")’a’ 267(a')’a® 7(a")a® 6903(a’)’a
1024 256 512 128 2 256

129(a")*a®  2785(a")*ab

6675(a’)*a* 17097(a’)*a®> 16709(a’)*

8192 3072 256 1024
61(a)a® 1987(a")*a’ 141(a")’a® 3531(a")3a® 16703(a’)a

3072 1536 16 32 128
(a")?a'®  93(a")?a® 12277(a")?a® 5967(a")?a* 5877(a")*a?

128 2048 1024 64 32
12099(a™)> a'a'' 59a'a® 83a'a’ 7425a'a® 23445a'a® 3141d'a
- 256 1024~ 768 TTs6 18 m

a'? 4140  17a®  1254°

14571a*

+ 24576 +

= O],

6144 * 128 32

where the expansion coefficient (n(?)|n(®)) is assumed to be
real and then fixed by the condition that (n|n) is indepen-
dent of g.

We can also study the corrections to Dirac’s ladder
operators. We define the raising and the lowering operators
by their action on a generic energy eigenstate

Liy|n) =Cyiln 1), (A19)

where C are real numbers. The ladder operators L. and
C.. have the perturbative expansion

0 2 3
Loy =LY + gL 8 + AL + P LY + . (A20)
C.=CV 4 gcV + P + 2P+ .. (A21)

To be consistent with the discussion in Sec. II, we adopt the
normalization

cCO=yvn, V=var1, V=cP=.=o.

(A22)
The zeroth-order solution to (A19) is the Dirac’s ladder

operators: Lg) e = a,L(fl) |« = a’. Athigherorders, letus
first focus on the lowering operator. Equation (A19) implies

0 1
L)) + L0 [n0) = cO(n - 1)), (A23)

1024 + 256 +32

2
19485a 279) 1))

(A18)

0 1 2
LY n®) + L9 [nD) + L2 [n®) = cO|(n — 1)@,
(A24)

0 1 2 3
LOn®y + LU [n@) + L a0y 4 L9)]n0)

=CO|(n-1)B), (A25)

To solve these equations, we write all the states in terms
of |n(®)

LOrm 4 LY — L0y = o, (A26)

(L@ + L8+ L8 = fOLE)I) =0,

(LOf® LW @ 4 L@ r0) 4 LO) _ G050y =0

(A28)
At first order, the solution reads
1 0 3 1 3 1
L0 =[O LG] ) =54 =50 +5 (@' 2at (ah).
(A29)
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At second order, we obtain

2 0 1
LA = U@, L9 = L9, O,

9 81 81 189 9 9 9
_ 2 % 3,00 4o 1 o o3y s 7 k4
T +9a tpda 8(a)a 8(a)+16a +od'a
27, . 63, . 9 . 1, .
+3—2(a‘)2a3—g(ar)%z—1—6(a1)4a+§(a1)5, (A?)O)

At third order, we have

3 0 1 2
L = O, L9 = L0 @ = L), O,
_ 11(a")" 103(a")a  285(a’)’a®  309(af)’ N 4159(a*)*a® 1425(a")*a

64 32 128 32 64 128
_ 351(a’)a* n 12477(a")3a? B 243(a")? B 2673(a")?a’ B 1053(a")?a?
64 32 128 64 32
33519(a")’a 315a'a® 13365a'a* 729a"a’ N 85654’ N 7a’ 9450’
64 64 64 32 64 32 64
5985a° 8la
5 Tg (A31)

For the raising operator, the solutions are

I 0 3 1 3 . .
Lif‘n.t‘ = [f<1)’L<+3|n.tJ = Ea =+ Za3 + 5(1132 - 5 (aI)B, (A?)Z)
2 0 1
L3 =172 L)) = L
9(a"’ 9(a")*a 27(a")*a?

— 9 \3 _
6 t—a T3 o) 8 32 16
189a"a?> 94t 4 94° 8la
B a9 8la A33
§ 1678 8 s (A33)

3 0 1 2
Lne = [ L] = L s = L
~T(a’)" 315(a")a  2673(a")%a® 945(a’)’ 351(a’)*a®  13365(a’)%a

32 64 64 64 64 64
4159(a")3a* 1053(a’)*a® 5985(a’)? 285(a")?a® 12477(a")*d?
64 32 32 128 32
B 729(a")?a B 103a’a® B 1425a"a* n 33519a'a® N 8la’ _1la’ 309a°
32 32 128 64 8 64 32
24343 8565a
T8 o4 (A34)

Using the explicit expression of Dirac’s ladder operators (8), one can check that the results agree exactly with those from the null
bootstrap in the main text.
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