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A major science goal of gravitational-wave (GW) observations is to probe the nature of gravity and
constrain modifications to general relativity. An established class of modified gravity theories are scalar-
tensor models, which introduce an extra scalar degree of freedom. This affects the internal structure of
neutron stars (NSs), as well as their dynamics and GWs in binary systems, where distinct novel features can
arise from the appearance of scalar condensates in parts of the parameter space. To improve the robustness
of the analyses of such GW events requires advances in modeling internal-structure-dependent phenomena
in scalar-tensor theories. We develop an effective description of potentially scalarized NSs on large scales,
where information about the interior is encoded in characteristic Love numbers or, equivalently, tidal
deformabilities. We demonstrate that three independent tidal deformabilities are needed to characterize the
configurations—a scalar, a tensor, and a novel “mixed” parameter—and develop the general methodology
to compute these quantities. We also present case studies for different NS equations of state and scalar
properties and provide the mapping between the deformabilities in different frames often used for
calculations. Our results have direct applications for future GW tests of gravity and studies of potential
degeneracies with other uncertain physics such as the equation of state or presence of dark matter in NS

binary systems.
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I. INTRODUCTION

Binary systems of compact objects such as neutron stars
(NSs) or black holes are key sources of gravitational waves
(GWs). The GW signals depend in a very specific way on
the parameters of the system, for example, the masses,
spins, and eccentricity [1,2]. Furthermore, GWs also
contain unique information on the fundamental physics
of strong-field gravity and the interior composition of
compact objects [3—5]. Among the GW signatures that are
especially sensitive to the nature and internal structure of
the objects are tidal effects. The dominant adiabatic effects
are parametrized by a tidal deformability, or Love number,
which characterizes the body’s response to a tidal field [6].
This is familiar from Newtonian gravity, where, for the
same applied tidal field, a body will deform differently
depending on its composition or equation of state (EOS),
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which in turn impacts its exterior gravitational potential. A
relativistic generalization of these concepts [7—11] under-
pins gravitational-wave tests of the nature of compact
objects [12-17] and ways to search for dark matter
signatures [15,18-28]. The most prominent role of tidal
effects is for GW probes of the EOS of nuclear matter at
high densities in NSs [4,29-31], which at present and
despite recent progress from multimessenger observations
[32—-40] remains among the major future science goals of
nuclear astrophysics [41-43].

The tidal deformability associated with a matter con-
figuration further depends on the theory of gravity [44—46].
This has, for instance, been used jointly with multimes-
senger data to set unprecedentedly stringent constraints on
higher-curvature extensions of general relativity [47].
Recent work has also demonstrated the use of tidal
deformability to constrain scalar-tensor theories [48,49],
which introduce an extra scalar degree of freedom. The
presence of the scalar field gives rise to a rich phenom-
enology, for instance, depending on the parameters of the
theory and properties of the NS, scalar condensates may
form in and around NSs either in isolation [50-55] or
dynamically during an inspiral [56-58]. At large separa-
tion, the most striking effect in such inspiraling binaries is
that they radiate dipolar scalar waves, in addition to GWs,
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which accelerates the inspiral. However, the dipole emis-
sion may be degenerate with tidal effects [59,60]. Hence it
is necessary to work out accurate predictions for the strain
that would be observed in GW detectors for specific
gravity theories, including effects such as tides, although
they might be expected to be small effects compared to
scalar dipole radiation. However, tidal phenomena in
scalarized systems include not only gravitational tides
but also scalar tidal phenomena, where the scalar con-
densates respond to the gradients of the companion’s scalar
field across the matter distribution, which leads to further
distinctive GW imprints [61,62]. In this paper, we advance
the description of tidal effects during the inspiral of
compact binaries when the gravitational theory is modified
by an additional scalar field. This complements calcula-
tions for the binary dynamics and radiation to higher
orders in post-Newtonian theory [63—-69]. However, while
the post-Newtonian approximation is a weak-field expan-
sion, tidal effects crucially depend on the strong-gravity
regimes inside and around the compact object, among
other properties such as the uncertain EOS. In particular,
we demonstrate the importance of accounting for the
details of the coupling between scalar and tensor modes
in the strong-field regime.

Specifically, we reexamine the identification and numeri-
cal calculation of the various tidal deformability parameters
from the perspective of an effective or skeletonized action
description whereby the object is reduced to a worldline
augmented with multipole moments. Such an effective
description underpins computations of the dynamics and
GWs in the post-Newtonian approximation. The coeffi-
cients appearing in the effective action must be carefully
matched to the tidal response of a relativistic compact
object, which we consider to linear order. That is, the tidal
coefficients are extracted from linear perturbations of fully
nonlinear solutions for the isolated stationary compact
object, depending on both the EOS and strong-field
modification of gravity. Here, we establish the methodology
for facilitating this connection for scalarized configurations,
showing that it involves three different deformabilities. We
demonstrate how these are extracted from the perturbative
information for the case of NSs in scalar-tensor theories. We
also provide the mapping of these quantities between two
frames commonly used in the calculations: the Jordan
frame, where matter couplings to the metric are as in the
standard model, but the equations of motion for perturbed
compact objects are highly complex, and the Einstein frame,
obtained after a conformal transformation and more con-
venient for calculations.

This paper is organized as follows. We introduce scalar-
tensor theories in Sec. II, where we distinguish between
Jordan and FEinstein frames and provide the equations of
motion. In Sec. III we provide the effective action for
compact objects in scalar-tensor theories at orbital scales.
In particular, we introduce a novel tidal deformability

parameter needed to characterize the object’s multipole
moments. This introduces subtleties for the numerical
extraction of multipolar and tidal moments. In Sec. IV we
address such subtleties and show how to extract the
information needed to compute the tidal deformabilities.
In Sec. V we apply the framework to scalarized neutron stars
and obtain the tidal deformabilities for configurations with
different masses, radii, and scalar charges. Section VI
summarizes our methodology and main findings and
Sec. VII contains the conclusion. Additional technical details
are delegated to several Appendixes, with Appendix A
providing all the derivations relevant for the effective action
and Appendixes B and C giving rederivations and reviews of
relevant calculations in our notation and conventions.
Finally, Appendix E includes plots of the dimensionless
Love number coefficients and the adimensional tidal deform-
ability parameter commonly used in data analysis for
different multipolar orders £ = 1,2, 3.

The notation and conventions we use are the following.
We denote spacetime quantities by greek letters a, /3, ... and
spatial components by latin indices i, j,.... We use V,, to
denote the covariant derivative and d, for the partial
derivative. Capital letter super- and subscripts, with the
exception of the labels 7, S, and ST, denote a string of
indices on a symmetric and trace-free (STF) tensor (see,
e.g., [70] for more details). For instance, for a unit three-
vector n', the STF tensor n“=2 = n'n/ — 189, where 6V is
the Kronecker delta. We adopt the Einstein summation
convention on all types of indices, i.e., any repeated indices
are summed over. Throughout the paper, we use units
where G = ¢ = 1 unless stated otherwise.

II. SCALAR-TENSOR THEORIES

In this section, we briefly review the basics of scalar-
tensor theories of gravity. The action is given by

%= [ ang [KRF«/))R - K,,,%aﬂrﬁaﬂqb -V(9)

+ Smatter [l//m’ g;w] ’ (2 l)
where ¢ is a scalar field, w(¢) is its self-coupling, and
V(¢) is a potential. The scalar field is coupled to the Ricci
curvature scalar R via a field-dependent function F(¢) and
Ky and K, are normalization constants.' Throughout the
paper, we set V(¢) = 0. The matter action Sp,uer 1S @
functional of the matter fields y,, and metric g,,. The
action (2.1) is formulated in the so-called Jordan frame.
Performing a (local) conformal transformation

G = A<¢)2gfw (22)

'We keep the normalization generic here to encompass differ-
ent choices in the literature.
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transforms the action to the so-called Einstein frame (see
Appendix A for a detailed derivation). Here, we denote the
metric in the Jordan frame by g, and that in the Einstein

frame by fw.z In the Einstein frame, (2.1) becomes

S(SET> = /M d*x\/—g"[KgR. — K ,¢." 0,¢0,¢]
+ Smatter [Wim» A2 (@) G- (2.3)

Here K, is the normalization constant of a new scalar field
@, defined by

dp
b VA, (2.4)
Oup = ——0 (2.5)
at — \/Z agﬂ, .
with
_3Kr (F'\*  K;0()

The action (2.3) is the action of a free scalar field ¢ that is
decoupled from the Ricci scalar. The field-dependent matter
action in the second line of (2.3) indicates that this trans-
formation has led to a coupling between the scalar field ¢
and matter through the conformal factor A(¢), which is
related to coupling function F(¢) in (2.1) by

Al) = exp <_ / o 2Fil/Z>’

where a prime denotes a derivative with respect to the
argument, F' = dF /d¢. Analogously, we define’

(2.7)

ldA  F

S 2.8
Adp 2FVA (28)

a(p) =

where all the quantities are understood as functions of
the Einstein frame field ¢. The equation of motion for the
metric and the scalar field in the Einstein frame are then
given by

1 K, .
Gy = 5T + 22Tl (2.9a)
K

0K,

For convenience, we will place the asterisk wherever the
indices are not placed, for example, g*** = ¢:".

*Note the minus sign in front of 1/A. Depending on the
different conventions in the literature, this parameter may be
defined with a plus sign instead of a minus sign. For our purposes,
the minus sign is more convenient for the transformations
between frames.

1
Oy = — T*, 2.9b
0 =5 (2.90)
where
1
G, =R, — > guR" (2.10)

2

is the Einstein tensor in the Einstein frame, i.e., correspond-
ing to the Einstein frame metric gj,,

k(g 1 * %
Ty = 0490, = 5 910y 09 (2.11)
is the scalar field energy-momentum tensor,
THHy — 2 5Smatter (212)

V=g bq.,

is the matter energy-momentum tensor, and 7* = g, T**
its trace. For practical calculations of compact object
configurations and their perturbations, it is easiest to work
in the Einstein frame and only transform to quantities in the
Jordan frame at the end.

For black holes T*** =0 and the scalar equation of
motion (2.9b) becomes sourceless. This leads to the same
solutions as in general relativity (GR) that obey the no-hair
theorem [71,72]. For NSs, however, the matter configura-
tion that entangles the metric and the scalar field that
circumvents the no-hair theorem introduces interesting
phenomena, e.g., depending on the parameters, a scalar
condensate may appear. To describe NSs, we assume the
matter energy-momentum tensor to have a perfect-fluid
form. In the Einstein frame, we parametrize it as

T, = (p* + p")uyu; + p* g, (2.13)
with the four-velocity #% normalized as u, ut = —1. From
(2.12) with (2.1)—(2.3), we find that the energy-momentum
tensor in the Einstein frame is related to its Jordan frame
counterpart by

=A% ()T

pv

] og
Th =T, (2.14)

" ég,

This relation, together with the additional details reviewed
in the Appendix (AS5) and (A29), yields the following
relation between pressures and densities:

p*=A(p)'p. (2.15)

(2.16)

We assume that the equation of state of the cold NS matter
p = p(p) is given in the original Jordan frame, where only
the gravitational sector is modified, while the description of
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subatomic matter according to the standard model of
particle physics remains unaltered. Thus, to obtain the
energy-momentum tensor in the Einstein frame, we use the
relations above, (2.15) and (2.16), to obtain
Th = Al@)*[(p + Py + pgu). (217
In the Jordan frame, the energy-momentum tensor is
conserved. In the Einstein frame, transforming the covar-
iant derivative using (A7) (see also Appendix D of [73]),
the equation for energy-momentum conservation in the
Einstein frame reads
VLT, = —aT*0,9. (2.18)
The system of equations (2.9a) and (2.9b), together with
choices for the coupling and EOS, will be used in Sec. IV to

compute NS configurations and their response to pertur-
bations in scalar-tensor theories.

III. EFFECTIVE ACTION

We first analyze the above system of equations of motion
to identify the connection between information on a
perturbed NS and quantities impacting the orbital dynamics
in a binary system. We consider nonspinning binaries at
large separation, where there is a hierarchy of scales
between the size of the objects, the orbital separation,
and the wavelength of GWs. Here, in the case of scalarized
NS configurations, the size of the objects includes the
scalar condensate, which extends to much larger distances.
Nevertheless, during the early inspiral at large separation,
this setting is still amenable to an effective field theory
(EFT) description, where the model for the binary at scales
larger than the size of the bodies is obtained by integrating
out the internal degrees of freedom. At the most coarse-
grained order, each body reduces to a worldline, which is
then augmented by information on its interior contained in
effective (or Wilsonian) coefficients. This is often referred
to as the skeletonization of the body [74].

An example of such a connection in the context of
adiabatic tidal effects in general relativity is the following.
When considering linearized perturbations to a compact
object, the time-time component of the metric gy, can be
written in terms of an effective potential Uy, whose
asymptotic behavior at spatial infinity in coordinates whose
origin is at the center of mass of the object reads

. +1 M 21,” 1” n
imuy =—pim 20 LMy SPECCDRIE (o

o0
r—00 r—00
s

Here, each term of the series corresponds to a correction
to a point particle, encoded in the multipole moment
Q,, contracted with STF multilinears of unit vectors n’.

Similarly, in the relativistic skeletonization approach from

the EFT, we can describe a body as a worldline corre-
sponding to a point particle, plus corrections containing
information about size effects, spin-orbit couplings, etc.
Such considerations lead to an effective action of the form

Serr = Sy + Spm + Stidat + -+ (3.2)

with S, the underlying gravitational action and S, the
action of a point mass. Focusing only on size effects,
analogous to (3.1) the EFT reads

SgpT = Spm +Z/d0 —u Mﬂz—f‘ELEL, (3.3)
=

with ¢ a worldline evolution parameter, u* = dx*/do the
four-velocity, E; an external tidal field, and 4, the tidal
deformability, defined as the ratio between the induced
multipole moment and the tidal field,

QL — —ifEL, (34)
related to the Love number k, by
22— A,

with R the radius of the star. In this study we focus on static
size effects and, in particular, on electric-type perturba-
tions (also called even or polar) of the form of (3.3),
although the framework can also be applied to magnetic
(odd or axial) perturbations in the case of dynamic tides
[75]. We give the EFT in both Jordan and Einstein frames,
and the transformation between them. As in the full theory,
we take advantage of the conformal transformation in
order to match the EFT coefficients in the mathematically
simpler Einstein frame. By using the transformations
between frames, we then relate the Jordan and Einstein
frame EFT coefficients and obtain all our coefficients in
terms of Einstein frame quantities. Although we focus here
on scalar-tensor theories, the methodology and framework
can be applied to other contexts such as generalized scalar-
tensor theories [76].

A. Effective action in the Jordan frame

In the class of scalar-tensor theories considered here, the
effective action in the Jordan frame including the skel-
etonized size effects reads

St = S$L + Spm + Sedats (3.6)

with the point-mass action [53]
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Som = — / dozm(), (3.7)

where ¢ is a worldline evolution parameter and z =
/—u,u" is the redshift factor. Note that the point-particle
action (3.7) contains a field-dependent mass term. This is
because the binding energy in the Jordan frame depends on
the scalar field and, since the mass is related to the energy, it
is likewise a function of the field [77].

An effective action describing tidal effects in scalar-
tensor theories has been considered previously for the case
of dipolar tides [53,61]. This demonstrated that, in general,
two kinds of tidal fields arise in the system, namely the
scalar (S) and tensor (T) fields defined by

E} = PIE] = —~FPP[V¢, (3.84)

E] =PEl = FPPHVH 2EL,, (3.8b)

where
T 1 a,,p
B = 2 Cuarptt®ut”,

with C,,4,p as the Weyl tensor. Here, FP denotes the finite
part of the field evaluated at the worldline r = 0, i.e., the
external, regular field obeying (g™ = 0. The projection
operator

L 1
H (5f+u "Mﬂ/
£=1rn=1

P =w - 117
(3.9)

with PEu'l = 0 projects to the physical degrees of freedom
encapsulated in the STF spatial pieces of the covariant
tensors in the rest frame of the worldline; see, e.g., [78] for
more details. Here, capital greek letters denote strings of
four-dimensional covariant indices, while capital latin
letters from the middle of the alphabet denote their
three-dimensional STF counterparts in the rest frame.
Recall that, here, the letters S, 7, and ST are labels rather
than STF indices. Thus, we expect the effective action to
involve corresponding scalar and tensor tidal deformabil-
ities, 23 and AL characterizing a scalar- or tensor-induced
multipole moment, respectively. However, since the equa-
tions of motion (2.9) are coupled, a scalar tidal field may
also induce a tensor response and vice versa. Thus, we
expect the action to require additional parameters to
distinguish between a scalar response to ES or to ET
and similarly for the tensor case. Specifically, we find that

these considerations lead to the following form of the tidal
action up to quadratic order in the tidal fields:

LP/?'Z’;TT/IL”SSJSTTS
Stidd:;/dazg <ﬁELEP+2ﬂE Ep+—Z ELE )
(3.10)

where

(3.11)

4
P _ Hglnpn.
n=1

The last term in the tidal action (3.10) has not been
considered before. It contains a new type of tidal deform-
ability, the scalar-tensor tidal deformability 457, and char-
acterizes a scalar/tensor multipole moment induced by a
tensor/scalar tidal field. To better understand the properties
of the scalar-tensor deformability and connect with the
microphysics of tidally perturbed scalarized NS configu-
rations, we work in the Einstein frame, where the scalar
field and the metric are only coupled through matter and the
equations of motion are simpler to solve.

B. Effective action in the Einstein frame
The effective action in the Finstein frame is formally
analogous to that in the Jordan frame (3.6), except that it is
a functional of the Einstein frame scalar field ¢ and
conformal metric g, instead of their Jordan frame counter-
parts ¢ and g,,. Specifically, the effective action is given by

E E E E
Sl<~:1~*)r = S(ST) + Slgm) + St(idzﬂ’ (3~12)

with the tidal action

/1*
P 14 * * * *
ndal_E /dazgf”<2ﬂETET+2ﬂESES

A*ST
+ ;! E;TE;:S>, (3.13)

and all quantities such as the tidal fields defined similar to as
in (3.8) with the above-mentioned replacements (¢, g,,,) —
(¢.9%,,) and the connection and curvature quantities
associated with the conformal metric. Although the action
(3.13) is expressed in terms of spatial STF tensors, one can
obtain the covariant version having a similar structure using
the inverse projection operator (3.9).

1. Role of the scalar-tensor deformability

To study the effect of A}ST we compute the equations of
motion derived from the EFT action (3.12) in vacuum and
far away from the body, where spacetime is nearly
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Minkowski. To derive the equations of motion for the scalar
field, we use the definitions (3.8) and compute the variation

0

5
50 — (E}SELg) = FP5—(0L¢0L¢5( x))

2(=1)" FPoy (0 p3())
= 2(=1)" FR[Opd(x) + 00, 8(x)]

= 2(=1)"*1EL0, 8(x), (3.14)

where in the second equality we integrated by parts and
in the last equality used that FPD(p FPI:|(peXt 0 by

definition. Performing similar calculatlons for the other
pieces leads to equations of motion in the asymptotic limit
given by

D(p _ m*((poo) (x)

2K,
+§:(_1)f ASELO, + ASTEL0,)5(x),  (3.15a)
£~ K, O
. M@
Ouy = 4(K )5(x)

o 1)¢+1
Z I/ﬂ‘4KR A*TEiJTaL +’1;STE£S6L]5(X)’
‘=

(3.15b)

where ¢, is the value of the scalar field at infinity. For the
metric functions, we focus on the 00 component as it
conveniently contains the tidal information. This is because
Joo 1s asymptotically related to the potential U}, similar to
(3.1) in the Einstein frame. In the flat-space limit relevant

Scalar

Scalar-tensor

~

Tensor

~

FIG. 1.

here, EZT = —0, Uy [79,80]. The dominant terms in the
solutions to the equations of motion (3.15) at infinity read

m* (oo) Z (2¢ = 1)1 (-25ELg — A}STEfT)nL
8K, r 787K, £+l
+ Piidals (3.16a)
U _m. (o) Z (22 = )1 (=2TEL, — STEL )N,
N V6zKgr 167K, rétl
+ Unidal (3.16b)
with
1 L,
Pidal = — ZME*SnLr , (3.17)
/=1 ¢
Uhidal = —iLEL nprt (3.18)
Ntidal o f'1677,'KR «T''L

as the homogeneous solutions, corresponding to the exter-
nal tidal fields ELg and EL;, respectively. Comparing the
solutions with the definition of the multipole moments from
the asymptotic limit (3.1), we identify the induced Zth-
order multipole moment from the coefficient associated
with the r—~! falloff, which leads to

S — _SES - STET, (3.19a)
—WTET - 2STES, (3.19b)

These relations formalize the effect of the scalar-tensor tidal
deformability. Specifically, as seen in (3.19a) and (3.19b),
and illustrated in Fig. 1, ﬂ}iST characterizes the scalar/tensor-
induced multipole moment in the presence of an external

_ASES

+ Ak

+ @B

_ATET

The scalar and tensor multipole moments consist of two contributions. The first contribution comes from the response to an

external tidal field produced by the same kind of field, scalar or tensor. The second contribution accounts for a multipole moment
induced by the other field, resulting from the coupling between matter and scalar field.
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tensor/scalar field. Using (3.19), we can compute the tidal
deformabilities as

*T
«T _ _ =L
A=

*T
EL

(3.20a)

b
*S _
E;S=0

N

L
/I*S — _

4 *S
EL

, (3.20b)
ET=0

*T

*S
ST — L L
s = =

(3.20c)

P E;T=0 E}" EZS:O.
This will be useful for identifying the information con-
tained in these parameters from perturbation theory
in Sec. IV.

2. Parity symmetry and 25"

For generic couplings A(¢) the EFT presented in (3.13)
is the most generic one. However, depending on the choice
of A(¢g), additional symmetries may emerge in the action.
An example is parity symmetry, which refers here to the
transformation

Q- —@ (3.21)
and arises for couplings that yield scalarized configura-
tions. However, the term

*ST
lf E*SEL

7 (3.22)

in the action is not parity symmetric, since from (3.8)

El — Ef, Elg > —El. (3.23)
To preserve the overall parity symmetry of the action
assumed here requires the scalar-tensor tidal deformability
25T to develop a dependence on the scalar field. This is
because the only term that respects the parity symmetry at

quadratic order in the tidal fields in the EFT is

Z;ST
A

W(@eo, O)E}SELL, (3.24)

where 15T is the “bare,” i.e., @o- and Q-independent
deformability parameter, and w(¢p.,Q) captures its
dependence on the asymptotic scalar characteristics
(¢, Q) in a polynomial containing only odd powers of
the scalar charge Q = m’. (¢, ) and the background scalar
field at infinity ¢. It has the form

WP Q) = Z cppd T+ Z ¢, 01, (3.25)
pP=

where ¢, are constants. This implies that, for parity

symmetric theories, 2:°T will scale with the polynomial

W(Peo. Q),

25T = w(ge, Q)T (3.26)

Note that in GR ¢, =0 = Q and hence 2T =0. In

Sec. V we will explicitly compute w(¢, Q) and A*ST for a
class of scalar-tensor theories.

C. Relating tidal deformabilities between frames

Making use of the conformal transformation (2.2), we can
relate the EFT coefficients between frames at the level of the
action. This enables connecting between the tidal deform-
ability computed from perturbation theory and the EFT in
the Einstein frame and then relating the Einstein frame tidal
deformability to its Jordan frame counterpart. The details of
the calculations can be found in Appendix A 3 and yield

AL =T, (3.27a)
A2 F/ 2
o < o °°> 28, (3.27b)
A2 F.
R (3.27¢)
aOO

where the subscript “co” denotes evaluation at infinity. This
result is in agreement with the special case with A, =1
considered in [81], where the vanishing of the scalar field at
infinity implied that the tensor tidal deformabilities in both
frames are the same.

The transformation of the dimensionless Love numbers
k, defined in (3.5) is obtained by combining (3.27) with the
transformation of the radius. The latter follows from using
that, for a spherically symmetric spacetime,
which implies that the radius in the two frames is related
by [81]

R = A(pg)R., (3.29)

with ¢z = @(R). We can also obtain the transformation for
the dimensionless tidal deformability,

Ay 2
MY+ (27 = 1)

Ay = k,CH+1 (3.30)

where

C=M/R (3.31)
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is the compactness of the star, with M its Arnowitt-Deser-
Misner (ADM) mass [82]. In order to transform A, we can
use (3.29) for the radius and (C8) for the ADM mass,
together with (3.27).

IV. COMPUTING LOVE NUMBERS

Having established the relevant deformability coeffi-
cients in the EFT, the next step is to connect them with the
information from detailed calculations of the perturbed
configuration. The baseline for computing the Love
numbers is to first compute the background equilibrium
configuration. This is given by the modified Tolman-
Oppenheimer-Volkoff (TOV) equations for both the space-
time gpg and the equation of motion for the background
scalar field ¢g(r). This configuration also yields the
corresponding mass-radius relations for a chosen equation
of state. Subsequently, we consider linearized perturba-
tions to the spacetime and scalar fields,

G = GO+ _BIm(r)YR(©O.4).  (4.1)
£.m
@ =po(r)+eY _sp™(r)YH(0.¢),  (4.2)

£.m

where ¢ is a counting parameter for the perturbations and
Y70, ¢) are the spherical harmonics. Similarly, the fluid
pressure, density, and four-velocity for the perturbed
configuration are

p=rpotey opm(r)Yr(0.¢). (4.3)
[

d
p=poted TRopYIO.)  (44)
£m Po

uli = uly, + edul. (4.5)
Substituting these Ansdtze into the equations of motion (2.9)
and keeping only terms up to linear order in € leads to the
system of differential equations that ultimately determine
the Love numbers. Solving these in the interior of the star as
well as in the exterior, where no NS matter is present,
and using the definitions of the multipole moments (3.1)
and (3.20) determines the Love numbers. To make this
methodology concrete, we start by reviewing the compu-
tation of the background configuration in Sec. IVA.
We then calculate the perturbed equations of motion in
Sec. IV B and describe a framework to extract the multipole
and tidal moments. In Sec. V we compute the mass-radius
curves for specific choices of the couplings that trigger
scalarized stars and use our framework to compute the Love
numbers. Finally, we also provide the results transformed to
the Jordan frame. For the numerical calculations, we choose
the normalization constants to be K;' = Kz' = 162G and

K(;‘l = 872G with G = ¢ = 1.* The derivations presented
here can also be found in [48,49], though with different
conventions for the normalizations.

A. Background configuration

1. Modified TOV equations

We start by writing the background, unperturbed metric
describing a static, spherically symmetric configuration as

ds} = g;,Vdxrdx? = —evdi® + e?dr? + r*dQ?, (4.6)

with dQ? = d6§” + sin*(0)d¢g?*. For better readability we
drop the asterisks in this section, but note that the only
quantities in the Jordan frame, i.e., with no asterisks, are the
pressure and density. Substituting (4.6) into (2.9) leads to

. , . L 7ol 1
G = 8me’poA(9o)* + 9 — T ata=0 (47)
G(r)r_g Yoo Alo) + ol2 V. ¢ 1—0 4.8
ﬁ_ e’ po ((po) +(p0 _7—'—?_?— ) ( . )
4—ry -V
@o + (2—r)(ﬂ6 — 4zA(po) e’ a(po)(3po — po) = 0.
(4.9)

Assuming a spherically symmetric configuration implies

2

y = —log (1 - m(r)>, (4.10)
r
which upon using (4.7) yields
/ 2 s r 2m\ -,

m' = 4xr*pyA(po) —1—5 1 i L (4.11)

Substituting into (4.8) we obtain
- r(8zpoA(p)* + ¢)y?) +2m(1 — r’gp)?) @)

r(r—2m)

Next, using the conservation of the energy-momentum
tensor (2.18) and the normalization of the four-velocity

u,ut = —1 leads to

4Here, we have kept G for reference, since as explained in
Appendix C some of the scalar effects can be interpreted as an
effective scalar field-dependent gravitational coupling G(@g,).

SNote that Ref. [49] reported differences in results with
Ref. [48] and considers scalar and tensor tidal deformabilities
computed in a different way (see Sec. VI for a comparison).
However, the modified TOV equations coincide.
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uy = (€7¥/2,0,0,0), (4.13)
Potp
py=""5 " Ralw)wy V). (414)

The modified TOV equations (4.11), (4.12), and (4.14),
together with an equation of state relating p, and p,, fully
describe the background configuration, given a chosen
conformal factor. As a check, one can set ¢, =0,
A(po) =1, and a(@g) =0 and see that, indeed, one
recovers the general-relativistic TOV equations.

2. Boundary conditions near the origin

The solutions to (4.11), (4.12), and (4.14) in the interior
of the star can, in general, only be obtained numerically.
They must satisfy the following boundary conditions near
the center of the star at r;, — O:

4
= e (4159)

pO(rmin) = Pe> m(rmin)

(ﬂO(rmin) = Poc- (415b)
In most applications, it is desirable to control the asymp-
totic value of the scalar field at infinity ¢, rather than ¢,
This can be implemented by using a shooting method for
obtaining the appropriate ¢, corresponding to a given ¢,

3. Scalar field outside the star

This task can be simplified by using an exact solution for
the field in the exterior that exists in Just coordinates® (see
Appendix B for details), which determines the field at the
surface to be

1%
?0(R) = Poeo + 4=, (4.16)

2

with

v 1“’2), (4.17)

2
vg = ———=4arctanh | ———
1 —+ q2 1 + R

N

and ¢ as a parameter related to the scalar charge given by

20 (R
g =20 ®) (4.18)
Vg
Vo 2SRy (RY (4.19)
57 R(R —2my) 0

®Note that this only applies for a vanishing scalar-field
potential V(¢) in (2.1). For nonvanishing potentials, the shooting
method should be extended to infinity.

and mg as the mass at the surface of the star. Specifically,
the quantity

q=-0/M (4.20)
characterizes the scalar charge Q per unit mass M of the
configuration. The scalar charge is defined as the coef-
ficient of the 1/r falloff of the solution in an asymptotic

expansion near spatial infinity, similarly to the ADM mass
M in the gravitational potential, with

fiman() =g+ 2+ 0(5). @21
Hence, ¢ is a measure of the strength of the scalar field
compared to the gravitational field. Using the exact exterior
solution for the scalar field from (4.16) has the advantage
that the numerical integration only has to be performed up
to the star’s surface, rather than infinity.

B. Scalar and tensor perturbations

We now focus on the tensor and scalar perturbations,
introduced in (4.1) and (4.2), and drop the labels £, m in the
radial functions (4.1)—(4.4). In the class of scalar-tensor
theories we consider, we can write the static, even parity
(also known as polar or electric) metric perturbations in the
Regge-Wheeler gauge [83],

h,s = Diag[—e"Hy(r), e’ Hy(r), r*K(r), r’sin*(0)K(r)].
(4.22)

where H,, H,, and K are functions characterizing the
metric perturbation. Using this gauge and perturbing the
Einstein field equations (2.9a) and the scalar field equation
of motion (2.9b), together with the fluid quantities at first
order in €, we obtain’

K' + Hjy+VH,+ 49,69 =0, (4.23)
Hy = —H,, (4.24)

Hy + fi1Hy + foHo = f 00, (4.25)

89" + 9169 + 9o = g,H. (4.26)

The terms in the metric perturbation equation of motion are

Fi = 4nr’A(gpo)* (po = po) +2(r —m)
! r(r—2m) ’

(4.27)

"Note that there is an apparent minus sign difference in the
source term with [48], however, this is consistent with the
different conventions, where in [48] H, is defined such that
H, = H,, whereas we have Hy = —H,.
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1
Jo= w{4ﬂr3PoA (00)*[r(9po/9po +9)

—2m(dpo/dpo+13)] +4xr’ poA(eo)*

X (0po/0po+5)(r—2m) —4r*(r—2m)e}

x (47 poA(o)* +m) — 64> r pjA(eo )°

=+ Dr(r=2m)—r*(r—2m)*py —4m*}, (4.28)
(AP rA ) (alg0)

r(r—2m)

% ((9po/0dpo = 9)Po + (9po/Opo — 1)po) + 4rpop)
+ (r=2m)py] + 8may)}, (4.29)

fs=

and the terms in the scalar perturbation equation of
motion are

91 =r1s (4.30)
o = 5 {4mrA (o) [l (990/9p0 + )y
+(9po/0po = T)po) + (pPo — 3po)a (wo)]}
_ r’? (rf_+2_;)) 42, (4.31)
gs = % (4.32)

In GR the source terms vanish, f, = g, = 0, and therefore
the perturbations decouple. In scalar-tensor theories, how-
ever, the perturbations are coupled as a result of the
coupling between matter and the scalar field. This means
that a tensor perturbation H, will induce a scalar perturba-
tion ¢ and vice versa. This is also in agreement with the
scalar-tensor term in the effective action Agy, which
quantifies the induced Love number on top of the pure
tensor and scalar perturbations.

1. Dipolar perturbations

When specializing to tensor dipolar perturbations 7 = 1,
there are two equivalent ways to proceed. The first way is
to fix £ =1 in Einstein’s equations, as in [84]. This
changes the combinations of components needed in order
to decouple the different functions H,, H,, and K and
results in a first-order differential equation for H,. The
second way is by fixing £ =1 at the level of the
perturbation equation of motion (4.25), which yields a
second-order differential equation. However, for the par-
ticular case £ =1, we can integrate the second-order
differential equation and obtain the same first-order differ-
ential equation as with the first way,

H6 + dOHO = S15(ﬂ1 + S05(p, (433)

with
2(r —m) + 87A(po)* por’
dn = 2
0 r(r—2m) o
87A (o) (3po + po)
- 4 3 2 20 (4'34)
2m + 87A(po)* por’ + r*(r — 2m)g;
4r(r —2m)gj
= — , 4.35
. 2m + 8wA(po)* por® + r*(r — 2m) o} (4:35)
1
Sg=—
O 2m+87A(go) por + 2 (r—2m)gf
x {8(r—m)epy + 4r*(r— 2m)(p63
+ 167A (o) r*[a(@o) (Po — 3Po) +2pore)]}.  (4.36)

In the exterior of the star, where p, = 0 = p,, the tensor
and scalar perturbations decouple when defining a new
function {(r) by

{=d"Hy — s§X6. (4.37)
With this, (4.33) becomes
d6exl
¢+ C<d8’“ - dext) =0. (4.38)
0

The asymptotic solution to (4.38) for large r has the form

1

r
with ¢(=3) a constant of integration. This yields for the
metric function,

H, (4.40)

(=3) 1
¢ + 2qé¢p + (’)< 3> .

252 r

Substituting (4.40) into (4.26) gives, asymptotically,

52 1
5 = 5pr + (prz + O<ﬁ>, (4.41)

with 6¢'%) the coefficients associated with the * depend-

ence. Hence,

H? 1
Hy = 32 + 260 r + O(F)’ (4.42)

where we have redefined H(()_z) =32 4 2g5p2).
This manifestly shows how a scalar tidal field E}% «

8¢ can induce a tensor tidal field E;” = 2¢gE;5. In GR,
the scalar charge vanishes ¢ = 0, and we recover the result
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in [84]. The constant in front of the =2 falloff, proportional
to the mass dipole moment Q77, can be set to zero by a
gauge transformation. Specifically, the change in a per-
turbed scalar field ¥ = ¥, + e6¥, due to an infinitesimal
translation ¥ = x* + e, is given by the Lie derivative £;
along the vector field &,

SY = 5W + £:¥) = 6% + &0, %, (4.43)

where, for the static case [84],

r e’ 1 gr

$ =06 = a7me5”, (4.44)

with a as an arbitrary constant,

© | — e’
f=rexp [—/ dr], (4.45)
, r

and y as the background metric function (4.6). Therefore,
the metric and scalar perturbations H, and d¢ will trans-
form as

!
Hy=Hy+a=f, (4.46)
r
/
Sp =+ a0, (4.47)
r
which asymptotically reads
(=2)
. H 2M 1
rILIgHo =2q6¢r+ - + (r)z + a7+ (’)<r3>,
(4.48)
Sp=2) qM

- 1
}£%5¢:5¢<1>r+---+ +a7+(9<ﬁ). (4.49)

72

In order to match to the EFT, which is formulated around
the center-of-mass worldline, we choose a gauge where
the mass dipole vanishes. This corresponds to setting
a= —Hé_2> /2M. In this gauge, the tensor and scalar
dipole moments now read

(4.50)
692 = 892 ~ L. (4.51)

Hence, the mass dipole moment in scalar-tensor theories
can still be made to vanish, which however shifts the scalar
dipole moment.

2. Extracting the multipole and tidal moments

To numerically extract the multipole and tidal moments,
we construct series solutions around spatial infinity that
enable imposing the appropriate boundary conditions, see
also [48]. For the background quantities, we obtain the
series expansions

gM  gM? 1
) == BT 0(). s
r r r
M2 342 1
=M- -——+0 =), 4.52b
mi(r) 2r 2r? * <r3) ( )

with M as the ADM mass and ¢ defined in (4.20) being
minus the scalar charge per unit mass® (see Appendix B for
details). For the perturbed quantities op and H,, the
expansions near spatial infinity are of the form

‘M Sp=r=1 1
— 5&)
Sp(r) = ¢\ r <1—T>+~~~+ s +0 73 )

(4.53a)

‘M HY 1
Hy(r) = H((f’)rf<1 _T> +t fm +(’)<—),

re+2

(4.53b)

where the omissions ... denote g-dependent terms, some of

which also contain a combination of 5(p(f ), 590("/” -D, H(()f>,

and H(()_f_l). As explained above in Sec. IV B 1, for the

dipolar case ¢ =1, the tensor perturbation equation of
motion is of first order and we have H (()le) = 2¢8¢p"), thus
one less degree of freedom than for higher multipoles. Note
that in GR, ¢ = 0 and we recover the same asymptotic
expansion as (4.53b), which results from an exact solution
in terms of a combination of Legendre polynomials.
Comparing with the EFT result (3.16), with Hy = 2U},
we can identify the multipole and tidal moments as

8 . L
For generic normalizations and G # 1 we have

() 2G*K rqM
r)= A\ >
Po Poco K,/, .

Kw
2G*Ky

field is defined as @*im = ,/2%(/), such that

where g = — Q/M. Recall that an adimensional scalar

. . . GM
adim __ _adim adim
4 =P — 94 r

and g™ = —Q/M.
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TABLE I. Boundary conditions for the interior and exterior solutions.
Interior r = ryy, Exterior r = ry, and (4.53)
Solution 1 2 A B C D
3 Fioin 0 S~ = S\ = 1 HS Y =1 HY =1
Rest =0 Rest =0 Rest =0 Rest =0
H, 0 . St = Sp¥) =1 H(()—f—l) -1 H(()f) -1
Rest =0 Rest =0 Rest =0 Rest =0

C18nK
Q;5n" < 5pl=Y 27— 1;"” , (4.54)
«T L ( /= 1) f'Sﬂ'KR
0;Tnl < H, - (4.55)
ESnt < —5¢\9¢187K ,, (4.56)
EiTnt < —Hy\)¢187Kp, 4.57
L

such that, with our chosen normalizations and using (3.20),
the tidal deformabilities read

(=¢-1)

1 H
pl = 0 (4.58)
— 14 ’
@2=D" B 0,
1 5g0<_’f_1)
15 = : 4.59
Ge=11 g7 oy
-1
l*ST 1 H(O )
(2 = 1)1 25¢) HO—0
1 26p-71
= (4.60)
— 14
27-11 g 85120

To obtain explicit results, it is convenient to integrate the
coupled system of differential equations (4.25) and (4.26),
from the singular points, i.e., the origin and infinity, and
subsequently match them at the surface of the star.
Extracting from this the multipole and tidal moments
requires carefully disentangling the different moments
corresponding to the different fields. This can be accom-
plished by constructing a generic solution as a linear
combination of independent particular solutions. Particular
solutions are computed by imposing certain boundary
conditions, labeled 1 and 2 for the interior and A-D for
the exterior of the star, and are listed in Table 1. Solutions A
and C correspond to a nonzero scalar and tensor multipole

moments, respectively, i.e., 5(p(‘f - =1 and Hé_f_l) =1,
and the rest of the coefficients are set to zero, whereas
solutions B and D correspond to nonzero tidal moments,

640“ ) =1 and Héﬂ — 1, and the rest of the coefficients are

set to zero. This leads to six particular solutions with six
associated constants of integration. Demanding continuity at
the surface of the star fixes four of the constants. One of the
remaining two constants can be fixed by choosing a
normalization. Hence, one free constant remains that
can be used to demand a zero scalar or tensor tidal field,

oY) =0 or Héf) = 0. This disentangles the different
contributions to the induced multipole moments and enables
extracting the tidal deformabilities using (4.58)—(4.60).

3. Marginally stable solution

The scalar equation of motion for linearized perturbation
(4.31) contains a term proportional to o' (¢). In cases where
o () is constant and the background scalar field vanishes
@o = 0, the static scalar perturbations are solutions to

2[r —m + 2z (po — po)]
r(r—2m)
£(Z+1)  4xrd(0)(po —3po)

r(r—2m) r—2m

6(p// + 5¢/

Sp=0. (4.61)

For this case, most of the properties of the configuration are
identical to those in GR, for instance, the equilibrium
solutions and the fact that scalar and tensor perturbations
decouple. However, an important difference is the presence
of the coupling term involving o'(0) and the matter
variables in (4.61), which is absent in GR. Consequently,
for o/(0) # 0 the scalar tidal deformability may have a
significantly different value than in GR. This is the case of a
marginally stable solution. When perturbed, the system does
not return to the GR state, but it is not unstable either, since
the scalar charge does not grow unboundedly. Instead, due
to nonlinearities, the system settles into a stable scalarized
state. Specifically, the tidal deformabilities in this margin-
ally stable case are given by the GR expressions

—DT(£43)r(2-1)

e—ifn: (3 + eZifﬂ)l—‘(

A§|GR: 22/+3(2Lﬂ 1)!!F(£+l)
ZIPA(1/C-1)+(£-1)CP2,,(1/C-1)
270;(1/C=1)+(£-1)CQz,,(1/C~1)’

(4.62)
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Aoy = al (¢ +1)?

FIOR T 2204 (2 — 1)ID(€ + DD(4 +3)
ZPY1/C—1)+ (£ -1)CPY, (1/C-1)
ZOY(1/C=1)+ (£ -1)C0%,,(1/C~1)’

(4.63)

with

H{(R)
Hy(R)

5¢'(R)
5¢(R)

R, Yor = R, (4.64)

yT|GR =

the (adimensional) logarithmic derivative, z;/ § = (Z+1)x
(C=1)+ (2C—=1)y"/S, and PZ(x) and Q%(x) as the
associated Legendre polynomials.

The condition ' (0) # 0 implies that only special cases
of the coupling, such as exponential couplings, lead to the
additional term in (4.61). The physical interpretation of this
term is that, even though the equilibrium configuration is
GR-like with a vanishing background scalar field, the scalar
perturbation inherits the coupling between matter and the
scalar field and differs from GR. This can be seen by
considering the equation of motion for linearized pertur-
bations of the scalar field (2.9b),

06 = (o) T*6
7 2K(ﬂa((”°) 7

= 4md (o) A(po)* (Bpo — po)Sp.  (4.65)

which for ¢y = 0 and A(0) = 1 yields the &’ (0)-dependent
term in (4.61). Therefore, this case represents a situation in
which test particles follow geodesics independent of the
scalar field, hence satisfying the weak equivalence principle
as in GR. This class of solutions are the marginally stable
ones with zero charge, ¢ =0, in the regime where
spontaneous scalarization can occur (i.e., scalarized sol-
utions are the stable ones). These solutions, albeit margin-
ally stable, will have a scalar Love number that could be
induced by a scalarized companion during the inspiral.
Thus, they are relevant in the context of dynamical
scalarization, in particular for the transition between non-
scalarized and scalarized objects (see, e.g., Ref. [57] for a
discussion in the context of the worldline EFT). Since in
this paper we focus on isolated objects, we will leave this
study for further work.

V. NUMERICAL RESULTS FOR EXEMPLARY
CASE STUDIES

A. Setup

To compute NS configurations, we consider piecewise
polytropic approximations to tabulated equations of state
[85]. In particular, we choose WFF1, SLy,and H4 since

they cover a significant range of NS masses and radii and
they have also been considered in the literature [9,48,81],
which allows us to check and compare results.

For the scalar coupling function, we choose here the
concrete case of

A((p) = e%ﬂfﬂo(’)z’ (51)

known as the Damour—Esposito-Farése (DEF) model [51].
This choice yields scalarized configurations, depending on
the cosmological value ¢, which is related to 3, w(¢),
and F(¢) through (2.8) or explicitly

1 K, Fly
Pooo = — 7, .
B\ KR 3F2 200 F /e

For the numerical studies, we choose the values
®os = (107°,1073). The latter is a common choice in
the literature as it lies within the experimental bounds from
binary-pulsar observations [53] and yields scalarized NSs
throughout the entire mass range. The smaller value of ¢,
leads to a more sharp transition into scalarized states, which
is useful for comparing against the GR configurations.
Scalarized configurations exist only for f < —3.5 [51,56].
Furthermore, pulsar timing observations have discarded the
parameter regimes f < —4.5 [86-89]. However, we will
study the cases f = —4.5 and # = —6 as in the literature to
gain qualitative insights into parameter dependencies. We
impose the boundary conditions near the center of the star
(4.15) for rp, = 10719 in the geometric units we are using.
For the asymptotic expansions of the solutions near spatial
infinity, we consider 22 orders in the series (4.52).

To extract quantities at infinity, we choose r,, = 7R for
£ =1,2and ro, = 4R for £ = 3, with R as the surface of
the star. They correspond to values within the range in
which there is an overlap of the series expansions at
infinity, (4.53a) and (4.53b), and the numerical solutions;
see Fig. 2 for an example configuration with a percent
difference of at most 1.6 x 1072% for the tidal moments
and 1.5 x 107% for the multipole moments. To further
check the robustness of these choices, we also computed
results when dropping five orders in the series solution,
which yielded no noticeable changes in the Love numbers.
Varying r,, between 2 and 10R led to subpercent level
changes in the tidal deformabilities (e.g., at most 0.6% for
the SLy EOS for both choices of f and different kinds of
Love numbers), see Fig. 3. We also note that higher
multipolar orders require extracting quantities at an r,
that is closer to the star’s surface in order to capture the
increasingly smaller contributions.

We note that all quantities shown in the plots below
correspond to their respective frame. However, we omitted
asterisks and subindices for clarity.

(5.2)
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FIG. 2. Agreement between series expansions near infinity
and numerical solutions for the quadrupolar tidal field and
induced quadrupole moment. The top panel shows the overlap
between the numerical (solid lines) and series solutions (dashed
lines) for the tidal (blue and red) and multipole moment (orange
and purple). The middle and bottom panels show the percent
absolute relative difference for the quadrupolar tidal field
(blue) and the induced quadrupole moment (orange) respec-
tively. This example corresponds to a configuration with the
WFF1 EOS, M =1.16M,, R =10.16km, f=-4.5, and
@ = 1073; results for other configurations are similar.

151 F T T T e

& 150 ]
7)) 3
N °
IS
o o
o 149 e )
8 °
o .
LN 1481 1
~< °
oon....‘.
1.47,0-000000-- L4 i
5 10 15 20
ro/R

FIG. 3. Quadrupolar tensor tidal deformability A7 in the
Einstein frame as a function of ry . The orange point is the
chosen one for the integration. For illustrative purposes, we
choose a configuration with WFF1 EOS, M = 1.16M,
R =10.16 km, # = —4.5, and ¢, = 1073; other choices yield
similar results.

B. Mass-radius and charge-mass curves

Figure 4 shows the mass-radius curves computed with
the above methodology and setup in the FEinstein and
Jordan frames. The Einstein frame mass M is the ADM
mass (B21) and R is the radius of the star, defined as the
distance from the origin at the center of the star at which
po = 0. For the Jordan frame mass and radius we make use
of (C9) and (3.29). Each point in the mass-radius curve
corresponds to a configuration with different central den-
sity, increasing from the right to the left of the plot. We
denote with a cross and a circle the maximum mass
configuration for = 0, —4.5, and f = —6, respectively.

In agreement with [48,51], we see that certain configu-
rations (dot-dashed lines in Fig. 4) deviate away from the
GR values (solid lines) due to scalarization, as corroborated
by the behavior of the scalar charge shown in Fig. 5. This
indicates that configurations exhibit a sudden growth in the
scalar field beyond a certain compactness, leading to a
larger radius and higher mass than their GR counterparts.
This is because the non-negligible amount of scalar field
increases both the mass and pressure of the fluid, yielding
more massive and bigger stars.

C. Love numbers

The tidal deformabilities computed with the method
described above are shown in Fig. 6 for dipolar £ =1
perturbations, Fig. 7 for quadrupolar # = 2 perturbations,
and Fig. 8 for octupolar # = 3 perturbations. We plot the
tidal deformabilities for different values of £, a fixed ¢q,, =
1073 and the three considered EOS: WFF1, SLy, and H4 in
both the Einstein and Jordan frames.

As explained in Sec. IV, the tensor dipolar perturbations
can be made to vanish by a gauge transformation and,
consequently, there are no dipolar tensor nor mixed scalar-
tensor tidal deformabilities as these are pure gauge quan-
tities. The dipolar scalar tidal deformability is shown in
Fig. 6. The shape of these curves as functions of mass
changes significantly depending on the value of 5, however,
the order of magnitude remains similar. We also observe
structures in the curves which, based on further analysis,
we attribute to consequences of the charge-dependent shift
in the scalar dipole moment when choosing the center-of-
mass gauge, cf. (4.51). Additionally, for small masses in the
Einstein frame (left panel of Fig. 6), we observe an overlap
between curves corresponding to a “stiffer” equation of
state (with generally larger A for a given mass) and a large
value of the scalar coupling || and the results for a “softer”
equation of state and smaller value of |3|. This exemplifies
how degeneracies can appear between the equation of state
and spacetime and therefore highlights the importance of
accurately modeling both.

Figure 7(a) shows the quadrupolar tensor tidal deform-
ability curves. Similar to the mass-radius curves, deviations
from the GR case appear for scalarized configurations.
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Einstein frame

M/M,,

16

M/M,,

Jordan frame

FIG. 4. Mass-radius curves in the Einstein (left) and Jordan frames (right) for three equations of state (WFF1, SLy, and H4). The solid
lines represent the GR configurations # = 0 and the dashed and dot-dashed lines are the scalarized configurations with f = —4.5 and
B = —6, respectively. The cross represents the maximum mass configuration for f = 0, —4.5 and the circle for f = —6. Both plots

correspond to a scalar field at infinity @y, = 1073,

These deviations are similar to those computed in [48,49]
and are smaller for smaller |f3]. It is interesting to note that
the regions of masses in which the tidal deformabilities are
above or below their GR counterparts do not coincide with
those of the mass-radius curves. The behavior of the scalar
tidal deformability shown in Fig. 7(b) shows a much greater
sensitivity to changes in f (dashed versus dot-dashed
curves). These differences for the choices of f considered
here are 1 order of magnitude, demonstrating the sensitive
dependence of the scalar tidal deformability on the theory
parameters. As there are no (scalar) charged compact
objects in GR and thus no mechanism to produce a scalar
tidal field, we lack any GR benchmarks in this case, though
we note that within the scalar-tensor theories there exist the
GR-like, marginally stable equilibrium configurations dis-
cussed in Sec. IV C. In taking the limit ¢y, — O these

Einstein frame (p‘,c,=10'3

would correspond to connecting curves underneath the
bumps exhibited by the curves shown in Fig. 7(b), similar
to the GR curves in the tensor tidal deformability in
Fig. 7(a).

Finally, we show the novel scalar-tensor tidal deform-
ability in Fig. 7(c). As we can see, they are negative
throughout most of the parameter space. Similar to the
scalar tidal deformability, they are also more sensitive to 3
than the pure tensor tidal deformability. Furthermore, it
follows a similar behavior as the scalar charge, i.e., it is
nonzero for the scalarized states and zero for the unsca-
larized states. As shown in Appendix D, both scalar and
scalar-tensor tidal deformabilities have different orders of
magnitude in the Jordan frame and scale differently with
@Pos- This is a consequence of the relation between the
Einstein and Jordan frame scalar fields.

Einstein frame (p‘,‘,=10'6

0.7 T T T T T 0.7 T T T T T
----- B=-4.5 s -e--- B=-45 m———
06r _ _. - B=-6 . 0.6 _ _. - B=—6 '.’.;'»,- I.,‘,. . ]
050 R 0.5F ]
WFF1, ‘siy WEF1 sy
0.4L : p 04L ; !Sw ]
—q D -q fr _
0.3f D 0.3} A 5 ]
B L Ly H4 %
0.2} . 0.2} P WRF 'E:Yv o 3
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RS TIIs N AN
0.0 st T S R B 0.0 . S L R s v X L ]
0.0 0.5 1.0 0.0 0.5 1.0 1.5 2.0 2.5
M/IM,,
FIG. 5. Charge-mass curves in the Einstein frame for three equations of state (WFF1, SLy, and H4) and a scalar field at infinity

@os = (1073,107%). The dashed and dot-dashed lines are the scalarized configurations with f = —4.5 and # = —6, respectively. The
cross represents the maximum mass configuration for f = 0, —4.5 and the circle for f = —6.
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FIG. 6. Dipolar scalar tidal deformabilities A7 in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4). The
dashed and dot-dashed lines are the scalarized configurations with f = —4.5 and f = —6, respectively. For f = —6 we have omitted
the data beyond the maximum mass configuration for better readability. The cross represents the maximum mass configuration for
p =0,—-4.5 and the circle for # = —6. All plots correspond to a scalar field at infinity g, = 107>
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(c) Scalar-tensor

FIG.7. Quadrupolar tidal deformabilities 4, in the Einstein frame for three equations of state (WFF1, SLy, and H4). Panel (a) illustrates the
tensor deformability, (b) the scalar one, and (c) the mixed scalar-tensor one. The solid lines represent the GR configurations = 0 and the
dashed and dot-dashed lines are the scalarized configurations with f = —4.5 and # = —6, respectively. The plot corresponds to a scalar field
atinfinity ¢y, = 1073, The cross represents the maximum mass configuration for # = 0, —4.5 and the circle for = —6. The corresponding
results in the Jordan frame shown in Appendix D are qualitatively similar, the tensor Love numbers are the same in both frames [see (3.27)],
while the scalar and scalar-tensor ones are about 2 orders of magnitude smaller in the Jordan frame.
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FIG. 8.

Octupolar tidal deformabilities in the Einstein frame for three equations of state (WFF1, SLy, and H4). Panel (a) illustrates the

tensor deformability, (b) the scalar one, and (c) the mixed scalar-tensor one. The solid lines represent the GR configurations f = 0 and

the dashed and dot-dashed lines are the scalarized configurations

with f = —4.5 and f# = —6, respectively. The cross represents the

maximum mass configuration for # = 0, —4.5 and the circle for # = —6. The plot corresponds to a scalar field at infinity gy, = 1072
The corresponding results in the Jordan frame shown in Appendix D are qualitatively similar, the tensor Love numbers are the same in
both frames [see (3.27)], while the scalar and scalar-tensor ones are about 2 orders of magnitude smaller in the Jordan frame.

The octupolar tidal deformabilities, shown in Fig. 8,
exhibit qualitatively very similar trends over the parameter
space considered as the quadrupolar ones. A difference is
that the adimensional Love numbers k3 shown in
Appendix E are 1 order of magnitude smaller than the
quadrupolar counterparts. As seen in Fig. 25, the scalar-
tensor adimensional tidal deformability A3” is also negative
for most of the configurations but can become noticeably
positive for higher-mass systems with large negative f and
soft equations of state.

. . . . . ST
1. Investigating the parity invariance of iy

We next return to the parity considerations of the scalar-
tensor deformabilities discussed in Sec. III B 2 and compute
the function w(g,, Q) for this case study. We compute the
ratio between scalar-tensor tidal deformabilities for three

values of the asymptotic scalar field, ¢, = 1073, 2 x 1073,
and 1076 and fit the data with an informed guess. In particular,

Z cp(pig’“ + i quZn-H
n=0
iQDng + cqianJrl

p=0 n=0

Poo q
(/’1 2+‘11_q2

R CyPoo + 49,

W(Pw.q) =

%C{I,

~
~

(5.3)

where we use the charge per unit mass ¢ instead of the charge
QO to make the expression nondimensional. In the second
equality, we have assumed that the coefficients are the same
for all terms in the sum, then summed the series and used that
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FIG. 9. Ratio of scalar-tensor tidal deformabilities computed
for g, = 107 and ¢, = 1073. The solid line is the numerical
result and the dashed line is the ratio using the linear fit to the
polynomial w(¢g,, q).

@3 <1 and ¢*> < 1. In the regime of vanishing scalar
charge, we find that the deformabilities are directly propor-
tional to the field. Thus, we set

=1 (5.4)
The best fit for the remaining coefficient ¢, in (5.3) is

¢, = —0.0957, (5.5)
with a fractional difference of at most 1.6% and 2.6% for
Poo = (2 x 1073,107), respectively. In Fig. 9 we show the
ratio of scalar-tensor tidal deformabilities computed for
e =107 and ¢, = 1073, respectively, and the correspond-
ing ratio between the fitted polynomials w(¢,, ¢). With this
result we can compute the scalar-field-independent scalar-
tensor tidal deformability 23", In Fig. 10 we present the results

o
5 . e
@ -30F. H4 e el Tl 5
Q S T, ~. e
= -40F . R
|_N \\‘ LertiTITs .
%< -50F pecas Tl
—60F.--.- -6
0.5 1.0 1.5 2.0 25
M/M,,

FIG. 10. Quadrupolar, scalar-field-independent scalar-tensor
tidal deformabilities 43 in the Einstein frame for three equations
of state (WFF1, SLy, and H4). The dashed and dot-dashed lines
are the scalarized configurations with f = —4.5 and f = —6,
respectively. The cross represents the maximum mass configu-
ration for f = 0, —4.5 and the circle for f = —6.

for the quadrupolar case. Even though this tidal deformability
is not relevant for gravitational-wave observables, it is
interesting to see how the field dependence suppresses the
order of magnitude compared to Fig. 7(c).

VI. SUMMARY AND DISCUSSION

A. Effective action

The tidal deformability parameters 1., or Love numbers,
are useful GW observables that contain information about the
fundamental physics of matter and spacetime. These quan-
tities are computed from detailed calculations of the response
of a relativistic compact object configuration to a perturbing
tidal field and must be related to coefficients characterizing
the resulting signatures in GWs at the orbital and radiation
scales much larger than the size of the bodies. We establish
this connection using an effective field theory description,
where the bodies are described as worldline skeletons, i.e., a
central worldline augmented with multipole moments. We
demonstrated that, in modified theories of gravity containing
an additional scalar degree of freedom such as scalar-tensor
theories, the number of tidal deformabilities needed to fully
characterize the multipolar structure of the bodies is
enhanced and in fact requires three kinds of Love numbers:
a tensor (T), scalar (S), and mixed scalar-tensor (ST)
parameter. The effective action describing adiabatic tidal
effects in the binary dynamics is thus given by

P /IZ; T T ﬂ’i S S l;r TS
Stidalzg/dUZQL (ﬁELEP‘FﬁELEP-FFELEP),

(6.1)

with ¢ and z defined in (3.7). The latter is a novel term that
characterizes the scalar/tensor multipole moment Q;
induced by a tensor/scalar tidal field E; as a consequence
of the coupling between tensor and scalar perturbations of
the body,

Q3 = —-A5E; — ASTET, (6.2)

OF = ~1LE] — 1TES. (63)

B. Frame transformations

We focus on scalar-tensor theories, which are originally
formulated in the Jordan frame, see (2.1). However,
calculations are simpler in a conformally related Einstein
frame. To transform results back to the Jordan frame, we
derived the mapping of tidal deformabilities between these
frames based on the action and obtained

T __ xT
Af_’if’

A%oF/oo 2 i
l‘;:( a >ﬂfs,

(6.4)

(6.5)
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AFs .
25T — AKST’

o (6.6)

where the asterisks denote quantities in the Einstein frame
and with F, A, and a defined in (2.1), (2.2), and (2.8),
respectively.

C. Numerical extraction of tidal deformabilities

To numerically extract each tidal deformability param-
eter from the coupled system of equations, we developed a
generic framework to disentangle multipolar and tidal
fields. In particular, we demonstrated the use of different
boundary conditions in the interior and exterior of the NS to
construct the most generic solution as a linear combination
of particular solutions. The different solutions are summa-
rized in Table 1. Then, we proceeded by

(1) matching the interior and exterior solutions and their

derivatives at the star’s surface and

(2) fixing an arbitrary normalization.

This determines the solution up to a free constant that can
be chosen to set either the tensor Ej! or scalar E;5 tidal
fields to zero. With this, the tidal deformabilities can be
computed from

T
L
/I*T —
14 T
EL

(6.7a)

b
*S _
ES=0

L (6.7b)
Ej? ET=0

*T *S
ﬂ*ST _ _=L _ _XL
[ - T
EL

(6.7¢)

*S
Ey E;T=0 E;$=0

D. Numerical results: Scalarized neutron stars

For case studies, we calculated dipolar, quadrupolar, and
octupolar perturbations of NSs for a family of coupling
functions that can yield scalarized configurations. In par-
ticular, depending on the theory parameters and EOS,
noticeable deviations from GR may emerge in the tensor
tidal deformability, as seen in Figs. 7(a) and 8(a). The scalar
tidal deformability, shown in Figs. 6, 7(b), and 8(b) for the
dipolar, quadrupolar, and octupolar case, respectively, can
have similar orders of magnitude as the tensor tidal
deformability in the Einstein frame, although in the
Jordan frame it scales with the square of the inverse of
the cosmological value of the scalar field, as shown in
Appendix D. Regarding the scalar-tensor tidal deformabil-
ity, shown in Figs. 7(c) and 8(c), it has negative values and
similar order of magnitude as the scalar tidal deformability,
also scaling with the inverse of the cosmological value of
the scalar field in the Jordan frame.

E. Comparison with previous literature

Tidal deformabilities in scalar-tensor gravity have pre-
viously been computed in Refs. [48,49]. Qualitatively, our
conclusions for the features of the scalar and tensor Love
numbers are similar, but a few details differ. These
differences arise for the following reasons.

In both [48,49], the mapping between quantities in the
two frames is obtained by computing the transformation
properties of the multipole moments and tidal fields as
dictated by the transformation of the metric functions in
relativistic perturbation theory. The differences to the
mappings used here are that (i) as explained in Sec. III,
we include here the mixed scalar-tensor tidal deformability,
which adds an additional contribution to the multipole
moments, and (ii) we compute the transformations at the
level of the effective action, where the tidal parameters
appear as coupling coefficients, which are in turn directly
related to GW observables.

Another source of discrepancies between the results
of [48,49] and those presented in Sec. V are calculational
details. Specifically, Pani and Berti [48] define the quad-
rupolar scalar tidal deformability as

o *S
ﬂgPam—Bem - _ f , (6'8)
EOS

with Q35 the scalar quadrupole moment and EjS the
coefficient associated with the power ¥ in the asymptotic
solution of the scalar field perturbation (see Sec. IV C).
This is because they specialize to a tensor tidal field, setting
the quadrupolar scalar tidal field E3% to zero [which
corresponds to 6¢“=2) = 0 in (4.53a)].

The differences with the results of Brown [49] are a
consequence of the fact that [49] sets to zero the source term
responsible for the mixed scalar-tensor tidal deformability.
In particular, the functions f and g, in (4.25) and (4.26) are
omitted therein. Comparing our results, which include these
functions, against the results of [49] shows that omitting
these terms leads to smaller values for the scalar and tensor
tidal deformabilities, with differences of up to 18% for
p =—4.5 and up to 35% for f = —6 for the scalar Love
numbers and smaller differences for the tensor ones; see
Appendix F for a more detailed comparison.

VII. CONCLUSIONS AND OUTLOOK

In this paper, we studied the tidal deformability in scalar-
tensor theories using an effective field theory approach
connected with calculations based on relativistic perturba-
tion theory. In addition to the tensor and scalar tidal
deformabilities considered in the literature, our analysis
revealed the need for a third kind of tidal deformability
characterizing the tensor/scalar multipole moment induced
by a scalar/tensor tidal field. This additional parameter
introduces subtleties in the calculations due to couplings
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between tensor and scalar sectors. We developed a frame-
work to decouple the different contributions and extract the
three tidal deformabilities from detailed calculations of
the perturbed neutron star and scalar field configurations.
The mixed scalar-tensor Love numbers have definite parity
properties, which can be used to scale out the dependencies
on asymptotic scalar characteristics. We performed most of
the calculations in the Einstein frame, where the scalar field
is minimally coupled to gravity, and derived the trans-
formation properties of the tidal deformabilities to obtain
results in the Jordan frame, where the theory is originally
formulated.

As an application of the method, we considered case
studies in scalar-tensor theories with a choice of coupling
function that can give rise to scalarized neutron stars. We
demonstrated the feasibility of numerically extracting the
various tidal deformability parameters for examples with
different equations of state, scalar coupling strengths,
and asymptotic values of the scalar field. For the
examples considered, the tensor deformabilities become
larger than the GR values for high-mass neutron stars and
the scalar Love numbers are of the same order of
magnitude as the tensor ones in the FEinstein frame.
Interestingly, the mixed scalar-tensor deformabilities are
negative and also of the same order of magnitude as the
others in the Finstein frame.

Calculating the consequences of these tidal properties for
GW signals is the subject of ongoing work [90]. The general
methodology developed here can also be applied for
scalarized compact objects in other theories of gravity
and can be extended to include the full dynamical tidal
response [91,92]. This would allow studies from an EFT
perspective of dynamical scalar tidal effects, like the
monopolar dynamical scalarization [56] that happens close
to the critical point of scalarization. In this context, con-
sidering an expansion of the EFT around the marginally
stable solutions (Sec. IV C 1) would be interesting, since it
is expected to be of comparable accuracy as an expansion
around the stable branch close to the critical point, but does
not introduce discontinuities into the model. Our work
provides important inputs for future tests of GR with GWs
and multimessenger observations and for understanding and
assessing possible degeneracies with changes to the NS
EOS or the presence of dark matter.
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APPENDIX A: FRAME TRANSFORMATIONS:
JORDAN TO EINSTEIN

1. Action

In this section, following [93,94], we will rederive the
steps necessary to go from the Jordan to the Einstein frame
via a conformal transformation. We start with the scalar-
tensor action in the Jordan frame,

T _g, 29
Ser = /M dx\/_g{KRF(gi))R K, ; >po, |, (A1)

where ¢ is a scalar field with self-coupling w(¢), coupled
to the Ricci scalar R via a scalar-field-dependent function
F(¢), and K and K, are the normalization constants of R
and ¢, respectively. We start by defining our (local)
conformal transformation,

Gio = QG (A2)
From here on we will write Q(x) = Q for simplicity. Using
the Ansatz ¢ = Cg* and the invariance of the Kronecker
delta 5 = &, yields C = Q72

1
g = @g’w- (A3)

Using that det(c M) = ¢" det(M) for an n x n matrix M,
it follows that

g =Q%, (A4)
V=g = Q=g (AS)
in n = 4 dimensions. The Christoffel symbol
I, = %9"” (0.9p1 + 019p = 0,91) (A6)
changes as
4 =T = (8ify + 8ufa = gifh), (A7)
where
f=logQ.  fo=0.f.  fi=0f =g"o,f. (A8)

The Ricci scalar will therefore change according to

R = 92(R* =+ 6D*f - 6.§ﬁyf;4fv)’ (A9)
where R, is the Ricci scalar of the metric g, and
1
V=g "V
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is the Laplace-Beltrami operator associated with the metric
G- We will now split the Lagrangian in (Al) into two
pieces,

Ly = V/=9gKrF($)R, (A1)

L, = /9K, wld )6”450 ¢. (A12)

We will start with the first piece. Inverting (A3) and using
(AS) and (A9) yields

Lg = /=g F(p)QKg[R, +601.f — 64 f,f,]. (A13)
If we want to obtain a minimally coupled Lagrangian, we
must choose

F(9)Q2 =1, (A14)
such that we recover the Einstein-Hilbert term.’ The second
term, (A10), is a boundary term and therefore will not
contribute to the Lagrangian. Now, given that we made the
choice (A14), we have

6 19,F 1F
= 0,f = Sl T ) Al
fa af 2 2 F a¢7 ( 5)
where F' = dF/d¢, and therefore the third term in (A13)
reads

1 /F\?
6.g:yfﬂfl/ = 65/:” Z <7) aﬂ¢ay¢

3/F\2 ,
=3 (5) #ama. @
We now focus on the second term,
L¢ = \/__gKlﬁwgb)g”yayQ’)augb
— (V=gak, 2! J “O) Qgya,poh (A1
=\/—g'F~ 1k,? g“dqbdqb (A18)

"y ¢

Adding the two pieces together we obtain

Notice that, although cumbersome, if we wish to have a
different coefficient for the Ricci-scalar term in the Einstein
frame, the right-hand side should read Ky /K, with Kp as the
new normalization of the Ricci scalar in the minimally coupled
action.

3Kg (F'\?
Lsr = v/ _9*{KRR* - [TR <F>

+ &, % 0,000 . (A19)
Introducing a new field by
Z—Z = VA, (A20)
0 = \/» Outp, (A21)
with
yields the Finstein frame Lagrangian
Lsr = V=9 {KxR, ~ K, 9" 9,00,0}.  (A23)

We can now define a new coupling A(¢) by A = Q~!. The
reason for this particular choice is that, if one adds a matter
action, the matter Lagrangian in the Einstein frame will
contain a metric A((p)zg/’j,,, and therefore can be seen as a
coupling of the scalar field to matter. Hence, with this new
parameter we have

= Azgﬂb (A24)
We can relate A to the new field using (A14),
1
A=Q 1 =F12 =exp (—zlogF)
e / dF — ! (A25)
= X _—
P 2F
and (A20)
99 g _ 3, (A26)
dF
to obtain
F/
Alp) =exp|— | dp——=). A27
w=eo(- [ l0). )
Analogously, we define
1dA F'
alp) =———= , A28
wr==3 dp 2FVA (A28)

124073-21



CRECI, HINDERER, and STEINHOFF

PHYS. REV. D 108, 124073 (2023)

where all the quantities are understood as a function of the
new field ¢.

In order to transform the skeletonized/EFT action, it is
useful to transform the following quantities:

1 1
d62 = —dS2 = ——zds% = —2d0%, (A29a)

Q Q

dx* dxt
H=——=Q—— = Qu, A29b
. do do* " ( )
v 1 * v *

uﬂ = gﬂuu = &gﬂpgu* = ﬁ Mﬂ, (A29C)
u ' = upu. (A29d)

2. Covariant derivatives

The covariant derivatives acting on the scalar and tensor
fields will yield higher-order contributions in the EFT. In this
section, we will show that this is the case by analyzing the
transformation of the covariant derivatives. Then, as an
explicit example, we will fix the multipolar order for the
scalar and tensor cases and show the explicit terms yielding
higher-order contributions. Additionally, we show a recur-
rence formula to transform any number of covariant deriv-
atives between Jordan and Einstein frames. An important
point to notice is that the quantities appearing in the EFT are
symmetric and trace-free. In this section, we do not project
the covariant derivatives onto their STF part, but that does
not change the rationale of the calculations.

We start with the transformation of the covariant deriva-
tive. Using

1F 1F 1

Tu=qF % = 3 F 5o = 0% = oby (A30)

we can express (A7) in terms of the scalar dipolar tidal
field as

I, =T, —aQ25E) — g,Es"),  (A31)

where indices between parentheses are symmetrized.
Therefore, when transforming a covariant derivative we
will have, schematically,

V - V* + a(SES — gEy). (A32)

As the tidal action involves terms quadratic in covariant
derivatives, we use

(VE)? > (V*E)* + a*cppE*Es® + acgp (V¥E)EE;,
(A33)

with cgg and cgg, coefficients containing Dirac deltas and
metrics, and where E is a generic, i.e., scalar or tensor, tidal
field. Given that each tidal field E; scales as powers of 1/r,
the terms proportional to a will always be of higher order
than the first term at large separations and are therefore
suppressed in the EFT. In the following subsections, we
will see how this is the case explicitly for both the scalar
and tensor tidal fields.

a. Scalar field

We start with the scalar field. Since for # =1 the
covariant derivative reduces to a partial derivative, we will
start with the case £ = 2,

V=V, 0,¢=0,0,¢— Ff,ydyqﬁ. (A34)
Using (A7) and (A21), the second term reads
1
Frwa%ﬁ = ﬁ [F*Iw - (251(/”]01/) - g;yf}:f)]ay{p‘ (A35)
Additionally, using (A30) we obtain
1 x
Fly“/ay(lS = ﬁ [F*IZV - a(25}(/ﬂav)(p - g;;y.gzlF alcq))]ay(ﬂ (A36)

On the other hand, the partial derivative will transform as
follows:

1 1
0pth = —— 0@ + 0,00, [ —
N <¢x)

1 A
= ﬁ 6lw(p - maﬂ(paDQO s (A37)

where we have used that

()i ) e o

Putting all together, the £ = 2 covariant derivative acting
on the scalar field will transform as

1
VA
/

A
_ m aﬂ(pdy(p} .

vﬂl/¢ |:v;z/(p + a(25}(/ﬂav)§0 - gZugiKaxfﬂ)ayfﬂ

(A39)

However, given that the second and third terms are propor-
tional to Eg*> = (d¢)?, they will yield higher-order terms in
the action. This is because the tidal action will read,
schematically,
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1
(V) =

+ CESESE;EEEEI;‘EIS']

(V) + cpe, (V)" ELES

= (V) + O(ES), (A40)

with cgg, and cg g, as coefficients containing factors of a
and A. Therefore, given that we only have to consider the
first term, for generic multipolar order we will have

1
VA

where “...” denotes high-order terms in the EFT that are
therefore omitted in the Einstein frame.

Vip=—Vip+ ..., (A41)

b. Tensor field

For the tensor (gravitational) tidal field, we will start with
the case £ = 2,

1

E/“_/ = ? Cﬂm,ﬂu“uﬂ,

(A42)

with z = /—u,u* and C,, as the Weyl tensor. Using
that the (3,1) Weyl tensor is invariant under conformal
transformations,

1 % 1 *
C/mlzﬂ = gﬁyc/wu/y = @gﬂycﬂab}/ = & C;uxt/[i’ <A43)
we obtain
1
By = g Gt = B (A0)

Therefore, the £ = 2 tidal tensor is invariant under con-
formal transformations. We now consider the case £ = 3,
E,, = VyE,w. (A45)

Similar to the scalar case, the covariant derivative reads

V,E,, = 0,E,, — FEWE& -1, E,,. (A46)
Using (A7) and (A44) we obtain
__ \7* I * * « &0
V,E, =V;E;, + 3a[E(aﬁEf) = upEp)ed: E3]
+ alELyES + g3y Ere g ES). (A47)

In analogy with the scalar case above, all terms except the
first one will yield higher-order contributions in the action
that are suppressed in the EFT,

E,=E; + ..., (A48)

where, as above, the ellipsis denotes high-order terms
suppressed in the EFT.

c. Recurrence relation for generic 7

In general, for any multipolar order L, we can find a
recurrence relation for computing the Lth covariant
derivative,

vLEa[)’ = v;EL—la/i +7Za

-1 .

X {E(L—laﬂaﬂ)qa - Tg(aﬂEﬂL—l)éjgiKak(p]

+ a(lxﬁ - 2) [EL_laﬂdﬂ(p

-1

L

gzkaﬂEL—l)yfgikaK¢:| ) (A49)

where V,E_,,; = E,5 and E_,,3 = 0. This expression is
valid for any symmetric tensor E,; and can be used for the
scalar tidal field as well, given that E¥ | , = E}. Note that
the first term does not contain an asterisk. This would be
the case for £ = 0, 1 since E,, = E,, . For the other cases,
one has to substitute the expression for the (¢ — 1)th tidal
field. This will yield derivatives of the second term, which
will eventually be expressed as a combination of the Zth
tidal field in the Einstein frame and its derivatives. With
this generic expression we can also reason, similar to all
the cases above, that

E, =E] +... (A50)
where the ellipsis denote terms that give higher-order
contributions to the EFT. This recurrence relation can be
used in order to speed up the computation of any number
of covariant derivatives using, e.g., Mathematica.

3. Tidal deformabilities

We start with the tidal action in the Jordan frame given
in (3.10). In the full theory describing an isolated body, we
use coordinates such that the background spacetime is
asymptotically flat. Therefore, we will adapt these coor-
dinates in the EFT for consistency. As explained in
Appendix C, demanding an asymptotically flat spacetime
in the Jordan frame requires a rescaling of the coordinates
such that

d¥' = Ao, )dx", (A51)

which implies
V. = Alge) V1. (A52)

For the rest of this appendix, we will adopt these coor-
dinates and drop the tilde. Transforming the line element,
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four-velocities, and tidal fields using (A29), (A4l),
and (A48), we obtain

Stidal = Z/dG*Z*giP(A/Aoo)I_Zf
Z

/132 T T ’1; S xS lgT T =S
X(EEL EP +2f'AEL EP ‘I’WZEL EP)’
(A53)
where
Ap =A@, (A54)

and we use a similar notation for any other function of ¢
evaluated at infinity. From (3.11) with (2.2) we have

P ¢
_ / -
g — | |gl,,n,, — A | Ig*"”" = A" gP (A55)
n=1 n=1

Comparing with the tidal action in the Einstein frame
in (3.13) we read off that the coefficients of the bilinears in
the tidal fields are related by

AT = A1) (A56)
A5 = ATALS, (A57)
AT = Azf—l\/EA;ST’ (A58)
with A = A/A, and
Aséﬁ <£j>2+ﬁM (A59)
2K,\F) 'K, ¢F

We can also rewrite these expressions in terms of a. Using
(2.8) and assuming a # 0,

F/ 2 AZF/ 2
A= = A
<2Fa> ( 2a ) ’ (A60)
and therefore
AL = AT, (A61)
A20-1 A4 12 .
/150 = T’IKS , (A62)
A2-1 A2 )
/prT = TlfST, (A63)

where F’ can be expressed in terms of A(¢) for a specific
F(¢). Note that coefficients in front of A; have to be
evaluated at infinity. This is because the tidal and multipole

moments or, equivalently, the tidal deformability are
extracted at infinity (3.16). This leads to the relations

AT =T, (A64a)
A2 F/ 2
2= <$> 5, (A64b)
AZF!
AST — Dol o0 ST, (A64c)

a. Explicit example

To give an explicit example of the application of the
transformations (A64), we consider the coupling function
F(¢) = ¢". In this case we have

F = ng"' = nF'" = nA™ 27, (A65)
and substituting into (A64) leads to the result for
general choices of n. For the case n = 1, corresponding to
Jordan-Brans-Dicke gravity, and additionally choosing

Al@ps) = €% and hence A(Ps) = —P@o, relevant for
spontaneous scalarization, we obtain

AT =2, (A66)
p 2Pv% s
8= 4 (A67)
ST P> #ST
BT = =g (A68)

APPENDIX B: JUST COORDINATE SYSTEM

In this appendix, we review the Just coordinate system
and provide some explicit derivations missing in the
literature. This coordinate system was introduced by
Kurt Just [95] and later used by Damour and Esposito-
Farese [50,52,53]. The Just coordinate system is useful
because it provides a closed-form solution for the back-
ground scalar field. This solution is given in terms of two
constants, which correspond to physical quantities such as
the mass or the charge. We will derive the vacuum TOV
equations and explicitly perform the matching to the
surface of the star, which will allow us to compute the
value of the scalar field at infinity and its scalar charge.

1. Metric functions and scalar field

The metric in the Just coordinate system reads

ds* = —edt* + eV dp® + et dQ?. (B1)
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In vacuum, the Einstein field equations read

2 3 12
Gy =" =/ = e = + 2 — 0 (B2)
22
Gpp =e + s 9y =0, (B2b)
Goop = 20" + > + V2 +4¢)> = 0. (B2c)

We can now take combinations of the different components
in order to solve for the metric functions. In particular,

GHH
r Glt - G/)/J = l// +/’/l/ = 09

5 (B3a)

Gog

- 26, =2e 4+ u2 " = 0. (B3D)

From (B3b) we obtain

u=log [—64—‘+ (cz +p)2} — log {p2<1 —gﬂ, (B4)

where in the last step we choose the integration constant
¢, = 4c¢,? and redefine ¢, = —a/2. Plugging this solution
into (B3) and solving for v yields

k b
v =k +~2log (1 —f> = Zlog <1 —9>, (BS)
a p a p

where we have redefined k, = b and set k; =0 by
demanding asymptotic flatness.

Now that we have solved for the metric functions, we can
solve the background scalar field. Its vacuum equation of
motion in the Just coordinate system reads

@5 + W oy = e (ppet) = 0. (B6)

Substituting (B4) and integrating yields

b a d a
(p0=b1+—210g <1——> = @ +—log <1 ——>» (B7)
a p a p

where we have redefined b, = d, and b; = ¢, is the value
of the scalar field background at infinity. Finally, we can
substitute all the solutions into (B2c) and find that the
constants obey

a* = b + 4d>. (BS)

2. Relating the constants to physical quantities

In order to relate the constants to some known physical
quantities, we can start by relating the Just coordinate
system to the standard Schwarzschild coordinates,

ds* = —evdt* + e’ dr* + r*dQ?. (B9)

By comparing the metric functions, we obtain the following
relations:

a\ 1-b/a
rzze"_”:pz(l—) ,
p

_ (dp\? a a-+b\2
el=et|— | =(1-—)|1- .
dr p 2p

Given that, at infinity,

(B10a)

(B10b)

I%

b\ 2 b 1
()05 k()
p 2p p
r=p+0<p1/2,1),
P

it follows that b = 2M, with M the point-particle or ADM
mass. Similarly, comparing the scalar field at infinity

M 1
@o(r) :fﬂ()oo—q—"‘O(p)’

2M 1
er=1+—+o<—2>,
r

r

d 1
?0(P) = Poco _;+O<p_2)’

implies d = gM = gb/2, where ¢ = —Q/M is (minus) the
scalar charge Q per unit mass. Using (B8) we obtain

a=>b\/1+ qz. To summarize, the relations between the
constants and the physical quantities are

b=2M, (B11a)
d_gq

2= Bllb
%: 1+ ¢ (Bllc)

3. Obtaining the constants by matching at the surface

We can use the relation between the constants and the
physical quantities, together with the relations between the
coordinate systems, in order to extract the scalar charge
per unit mass, the value of the scalar field at infinity, and
the ADM mass from the metric components evaluated at
the surface of the star.
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We start with the charge. Using (B5) we can write (B7) as

d
9(p) = Poos + 7 1(p).
Taking a derivative and using (B11b) yields

g = 2200) _2¢0(r)
Vip) V()

(B12)

where we have changed coordinates in the last step. In order
to compute the ADM mass in terms of surface quantities, we
first have to relate the metric function v and the surface
radius in the two coordinate systems. In order to obtain the
relation between the radial coordinate at the surface, we can
take a derivative of v with respect to the radial coordinate r.
For that, it may be useful to rewrite v using (B10a),

- 2a(l)

Taking an r derivative and evaluating at the surface r = R
yields

o 2b
S R(2ps—a-b)’

with v/ = dv/dr and the subscript S denotes the quantity
evaluated at the surface. Hence, the relation between radial
coordinates at the surface reads

_a+b+ b
2 Ry

Ps (B13)

We can now use this equation in order to compute the
relation between v evaluated at the surface in the two
coordinate systems,

b a b 1+x
vs =v(ps) = Zlog (1 _P_s) = —;log<1 —x)

2b 2b b
= ——arctanh(x) = —— arctanh( a/ 5 > ., (B14)
a a R

where in the second equality we have rewritten the argument

aRv,
b(2+RSy'S)
trigonometric identity in the third equality. Next, we use
Eq. (B10b) with [see (4.10)]

o) — (1 B 2mr(r))-1

evaluated at the surface in order to derive

in the logarithm in terms of x = and used a

b
Qsz’/fc2

a’> =

(00O, (RI/g - 2)2 — 46”S/2R2I/&],

where, following [53], we define O, = /1 — 2mg/R, with
mg as the mass at the surface of the star. Substituting the
expression for a above into (B10) evaluated at the surface

1/2
R = e"’S/sz (1 —£> )
Ps

together with (B13), yields

b =2M = ¢*s/>Q,R%V, (B15)
and hence,
b 1 vg/2 2,/
d:qzzies QzR (pO(R>, (B16)
4 ! R 2
a="b\/1+q*=e"2Q,RWg |1+ (p;j,(z ) . (B17)

N

To the best of our knowledge the relations between d and
a and the star’s quantities at the surface have not yet
appeared in the literature. We can use these results to relate
the value of the scalar field at infinity with its value at the
surface,

/
#,(R)
Poo = %(R) - 70(, Ug.
Vg

(B18)
To sum up, the charge per unit mass, the scalar field at
infinity, and the ADM mass are related to the surface
quantities in the Schwarzschild coordinates by

2¢,(R
g =208, (B19)
Vg
¥,(R)
00 = go(R) = 2R (B20)
Vg
M =~ e*s/?Q, R, (B21)

with

Vg = —

2 VA 2
————arctanh 7—’_;] . (B22)
V1t g 1

!
Rv

APPENDIX C: RELATING PHYSICAL
QUANTITIES BETWEEN FRAMES

In this appendix, we rederive the transformations of the
ADM mass and charge between Jordan and Einstein frames
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presented in [48,50]. From [96-100], and assuming the
common normalization K, = Kp, the ¢-dependent gravi-
tational constant measured in experiments G(¢, ), such as
those by Cavendish, is related to the gravitational constant
G appearing in the normalization coefficients by

1 4F’(¢m>2+2%wm(} 1)
Flheo) \3F (hoo)? + 25 oo, )

Glpe) =

where the subscript co means evaluation at infinity.
Using (A25) and (2.8) we can rewrite it as

B(p) = Alge)? (1 1 e 2 )G, ()

K,

hence generalizing the different normalizations in the
literature. With the normalizations and coupling chosen
in Sec. IV we have

G(po) = (1 + f29%)G (C3)

1. ADM mass

In order to relate the ADM mass between frames we can
compare the r — r component of the metrics at infinity.
However, from (A24), we see that, at infinity,

ds? = A% (o)), dxtdx”, (C4)

given that we demand asymptotic flatness in the Einstein
frame (see Sec. IV). Therefore, in order to obtain a
Minkowski spacetime at infinity in the Jordan frame we
must rescale our Jordan frame coordinates by a constant
di* = A(@y)dx*, (C3)

such that 7 = A(p)r. With these rescaled coordinates we

can write the Jordan metric at infinity in terms of the
Einstein metric at infinity as

Alp)? 1
A((poo)z 1— 2A((pngm(7)

— +2A<(p°°)G<f4_Q“°°)+O<;—2), (C6)

with M as the ADM mass (B21) and Q as the scalar charge
in the Einstein frame. Comparing with the Jordan frame
metric at infinity

9rr = A((p)zgjr =

(€7)

2GM
grr:1 J+O< >

with M; as the ADM mass in the Jordan frame, yields

M- ano
Alp) (1 + 222

B M1+ qay,)
A (1 + 2202’

M; = (C8)

with ¢ = —Q/M (minus) the charge per unit mass. Again,
using the normalizations and coupling function of the main
text we obtain

— PP

M, = Mot L =0
R e

(C9)

in agreement with [50]. Ignoring the terms quadratic in ¢,
we recover the result of [48],

M, = e (M + fp Q). (C10)
2. Scalar charge

In order to transform the scalar charge, we can use (A21)
and (A28) in order to write

o =

Using that, at infinity,

G 1
b= oo + Q’+O<r> (Clla)
G 1
Po = rpow+rQ+O<r2>, (C11b)
we have, at zeroth order in 1/r,
GO F., GQ,dr
— = —, Cl12
rr  2Fya, 7 dr (C12)
and therefore
20, G 2a
Q;=~=0= = 0. (C13)
Alpe) G Alpo) (1 + Xea)
With our normalizations we have
2B 38,2
O=rpa e 9

Note that here we define the coefficient in front of 1/r
in (C11) with the explicit factors of G and G. However, in
the literature this might vary, but then one has to take into
account the proper dimensionality of a,, which with our
normalizations is dimensionless. If we ignore the factors of
G, then we recover the same expression as in [48],

GO, = 2B eP=GQ. (C15)
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APPENDIX D: ADDITIONAL PLOTS OF A,
1. Quadrupolar 7 =2

Figure 11 shows the results for the scalar quadrupolar tidal deformabilities for different equations of state (different
colors), coupling coefficients (different dashings), and in both the Einstein (left panels) and Jordan frame (right panels). The
panels in the bottom row are zoomed in on the features for small-1 regime relevant for the smaller coupling. Figure 12 shows
analogous results but for the mixed scalar-tensor deformability.

Einstein frame ¢.,=1 03

3.0 , , Jordan frame ¢.,=10"3
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FIG. 11. Quadrupolar scalar tidal deformabilities /1§ in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and
H4). The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with
p = —4.5 and f = —6, respectively, and the plots in the bottom row are enlarged with respect to their counterparts in the top row. The
cross represents the maximum mass configuration for f = 0, —4.5 and the circle for # = —6. All plots correspond to a scalar field at
infinity @pe, = 1073,
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FIG. 12. Quadrupolar scalar-tensor tidal deformabilities /1§T in the Einstein and Jordan frames for three equations of state (WFF1, SLy,
and H4). The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with
p = —4.5 and p = —6, respectively, and the plots in the bottom row are enlarged with respect to their counterparts in the top row. The
cross represents the maximum mass configuration for f = 0, —4.5 and the circle for # = —6. All plots correspond to a scalar field at

infinity @pe = 1073,
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2. Octupolar Z=3

Figure 13 shows the results for the scalar octupolar tidal deformabilities for different equations of state (different colors),
coupling coefficients (different dashings), and in both the Einstein (left panels) and Jordan frame (right panels). The panels
in the bottom row are zoomed in on the features for small-1 regime relevant for the smaller coupling. Figure 14 shows
analogous results but for the mixed scalar-tensor deformability.

Einstein frame (pt,(,=10'3
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FIG. 13.  Octupolar scalar tidal deformabilities /I§ in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4).
The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with § = —4.5 and
p = —6, respectively, and the plots in the bottom row are enlarged with respect to their counterparts in the top row. The cross represents
the maximum mass configuration for # = 0, —4.5 and the circle for # = —6. All plots correspond to a scalar field at infinity gy, = 107>
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Einstein frame ¢,,=1 03
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FIG. 14. Octupolar scalar-tensor tidal deformabilities 45"
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in the Einstein and Jordan frames for three equations of state (WFF1, SLy,

and H4). The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with
p = —4.5 and f = —6, respectively, and the plots in the bottom row are enlarged with respect to their counterparts in the top row. The
cross represents the maximum mass configuration for f = 0, —4.5 and the circle for f# = —6. All plots correspond to a scalar field at

infinity @pe, = 1073,
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APPENDIX E: PLOTS OF THE DIMENSIONLESS QUANTITIES A, and k,
1. Dipolar =1

Figure 15 shows the results for the dimensionless scalar dipolar tidal deformability quantities A7 defined in Eq. (3.30) for
different equations of state (different colors), coupling coefficients (upper and lower panels), and in both the Einstein (left
panels) and Jordan frame (right panels). Figure 16 shows analogous results for the dimensionless Love number defined
in Eq. (3.5).
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FIG. 15. Dipolar scalar adimensional tidal deformabilities AJ in the Einstein and Jordan frames for three equations of state (WFFI,
SLy, and H4). The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with
p = —4.5 and f = —6, respectively. The cross represents the maximum mass configuration for f = 0, —4.5 and the circle for f = —6.
For f = —6 we have omitted the data beyond the maximum mass configuration for better readability. All plots correspond to a scalar
field at infinity ¢, = 1073.
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FIG. 16. Dipolar scalar Love number k7 in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4). The
Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with = —4.5 and

p = —6, respectively. The cross represents the maximum mass configuration for f = 0,—4.5 and the circle for = —6. For
= —6 we have omitted the data beyond the maximum mass configuration for better readability. All plots correspond to a scalar field at
infinity ¢, = 1073.
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2. Quadrupolar =2

Figure 17 shows the results for the dimensionless tensor quadrupolar tidal deformability quantities A? defined in
Eq. (3.30) for different equations of state (different colors), coupling coefficients (different dashings), and in both the
Einstein (left panel) and Jordan frame (right panel). Figure 18 shows analogous results for the scalar deformability, while
Fig. 19 illustrates those for the mixed scalar-tensory quantity. The corresponding results for the dimensionless Love

numbers k, defined in Eq. (3.5) are shown in Fig. 20 for the tensor, Fig. 21 for the scalar, and Fig. 22 for the mixed
quantities.
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FIG. 17. Quadrupolar tensor adimensional tidal deformabilities A% in the Einstein and Jordan frames for three equations of state
(WFF1, SLy, and H4). The Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations # = 0 and the
dashed and dot-dashed lines are the scalarized configurations with f = —4.5 and f = —6, respectively. The cross represents the
maximum mass configuration for # = 0, —4.5 and the circle for # = —6. Both plots correspond to a scalar field at infinity gy, = 107>
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FIG. 18. Quadrupolar scalar adimensional tidal deformabilities Ag in the Einstein and Jordan frames for three equations of state
(WFF1, SLy, and H4). The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized
configurations with f = —4.5 and f = —6, respectively. The cross represents the maximum mass configuration for # = 0, —4.5 and the
circle for # = —6. Both plots correspond to a scalar field at infinity ¢y, = 1073,
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FIG. 19. Quadrupolar scalar-tensor adimensional tidal deformabilities AS” in the Einstein and Jordan frames for three equations of

state (WFF1, SLy, and H4). The Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations f = 0
and the dashed and dot-dashed lines are the scalarized configurations with f = —4.5 and = —6, respectively, and the plots in the
bottom row are enlarged with respect to their counterparts in the top row. The cross represents the maximum mass configuration for

p =0,-4.5 and the circle for # = —6. All plots correspond to a scalar field at infinity ¢y, = 107>
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FIG.20. Quadrupolar tensor Love numbers &} in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4). The
Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations # = 0 and the dashed and dot-dashed
lines are the scalarized configurations with f = —4.5 and f# = —6, respectively. The cross represents the maximum mass configuration
for = 0,—4.5 and the circle for # = —6. Both plots correspond to a scalar field at infinity @y, = 1073,
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FIG. 21. Quadrupolar scalar Love numbers k§ in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4). The
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FIG. 22. Quadrupolar scalar-tensor Love numbers k37 in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and
H4). The Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations # = 0 and the dashed and dot-
dashed lines are the scalarized configurations with f = —4.5 and p = —6, respectively. The cross represents the maximum mass
configuration for § = 0, —4.5 and the circle for # = —6. Both plots correspond to a scalar field at infinity ¢g,, = 1073.

3. Octupolar =3

Figure 23 shows the results for the dimensionless tensor octupolar tidal deformability quantities A% defined in Eq. (3.30)
for different equations of state (different colors), coupling coefficients (different dashings), and in both the Einstein (left
panel) and Jordan frame (right panel). Figure 24 shows analogous results for the scalar deformability, while Fig. 25
illustrates those for the mixed scalar-tensory quantity. The corresponding results for the dimensionless Love numbers k3
defined in Eq. (3.5) are shown in Fig. 26 for the tensor, Fig. 27 for the scalar, and Fig. 28 for the mixed quantities.
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FIG. 23. Octupolar tensor adimensional tidal deformabilities Al in the Einstein and Jordan frames for three equations of state (WFFI,
SLy, and H4). The Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations = 0 and the dashed
and dot-dashed lines are the scalarized configurations with f = —4.5 and § = —6, respectively. The cross represents the maximum mass
configuration for # = 0, —4.5 and the circle for # = —6. Both plots correspond to a scalar field at infinity @y, = 1073,
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FIG. 24. Octupolar scalar adimensional tidal deformabilities A§ in the Einstein and Jordan frames for three equations of state (WFF1,
SLy, and H4). The Jordan frame plots use the Jordan frame mass. The dashed and dot-dashed lines are the scalarized configurations with
p = —4.5 and f = —6, respectively. The cross represents the maximum mass configuration for f = 0, —4.5 and the circle for f = —6.

Both plots correspond to a scalar field at infinity @g., = 107.
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FIG. 25. Octupolar scalar-tensor adimensional tidal deformabilities A§T in the Einstein and Jordan frames for three equations of state
(WFF1, SLy, and H4). The Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations # = 0 and the

dashed and dot-dashed lines are the scalarized configurations with # = —4.5 and f = —6, respectively, and the plots in the bottom row
are enlarged with respect to their counterparts in the top row. The cross represents the maximum mass configuration for f = 0, —4.5 and

the circle for § = —6. All plots correspond to a scalar field at infinity ¢, = 1073.
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FIG. 26. Octupolar tensor Love numbers k% in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4). The
solid lines represent the GR configurations # = 0 and the dashed and dot-dashed lines are the scalarized configurations with f = —4.5
and f = —6, respectively. The cross represents the maximum mass configuration for f = 0, —4.5 and the circle for f = —6. Both plots
correspond to a scalar field at infinity ¢y, = 107>,
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FIG. 27. Octupolar scalar Love numbers kg in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and H4). The
Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations = 0 and the dashed and dot-dashed
lines are the scalarized configurations with # = —4.5 and # = —6, respectively, and the plots in the bottom row are enlarged with respect
to their counterparts in the top row. The cross represents the maximum mass configuration for # = 0, —4.5 and the circle for f = —6. All
plots correspond to a scalar field at infinity ¢q,, = 107>
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FIG. 28. Octupolar scalar-tensor Love numbers k§T in the Einstein and Jordan frames for three equations of state (WFF1, SLy, and
H4). The Jordan frame plots use the Jordan frame mass. The solid lines represent the GR configurations # = 0 and the dashed and dot-
dashed lines are the scalarized configurations with f = —4.5 and f = —6, respectively. The cross represents the maximum mass
configuration for # = 0, —4.5 and the circle for § = —6. Both plots correspond to a scalar field at infinity @g,, = 107,

APPENDIX F: COMPARISON WITH with ABown(S/T)  the quadrupolar tidal deformability
BROWN 2022 from [49] computed setting the source terms in (4.25)
In Fig. 29 we show the absolute relative difference and (4.26) to zero, fo= O = Ys- In particular, the ARD for
(ARD), the tensor tidal deformability is at most 4% for f = —4.5
and 26% for f = —6. For the scalar tidal deformability, the
J#(S/T) _ jBrown(S/T) ARD is at most 18% for f = —4.5 and 35% for f = —6.
ARDS/T) = | =2 52 ; (F1)  This implies that neglecting the source terms can introduce

2x(8/T) . . .. .
2 noticeable inaccuracies into the scalar and tensor tidal

deformabilities in some regions of the parameter space.
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FIG. 29. Absolute relative difference between the tensor (left) and scalar (right) quadrupolar tidal deformabilities computed with and
without setting the source term in the perturbation equations of motion to zero. The mass is the ADM mass in the Einstein frame. We
consider three equations of state (WFF1, SLy, and H4) and the dashed and dot-dashed lines are the scalarized configurations with
B = —4.5 and = —6, respectively. We set a scalar field at infinity @y, = 1073,

124073-40



TIDAL PROPERTIES OF NEUTRON STARS IN SCALAR- ...

PHYS. REV. D 108, 124073 (2023)

[1] C. Cutler and E.E. Flanagan, Gravitational waves from
merging compact binaries: How accurately can one extract
the binary’s parameters from the inspiral wave form?,
Phys. Rev. D 49, 2658 (1994).

[2] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), The basic physics of the binary black hole merger
GW150914, Annalen Phys. 529, 1600209 (2017).

[3] R. Abbott et al. (LIGO Scientific, VIRGO, and KAGRA
Collaborations), Tests of general relativity with GWTC-3,
arXiv:2112.06861.

[4] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GW170817: Measurements of neutron star radii and
equation of state, Phys. Rev. Lett. 121, 161101 (2018).

[5] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GW170817: Observation of gravitational waves
from a binary neutron star inspiral, Phys. Rev. Lett. 119,
161101 (2017).

[6] A.E.H. Love, The yielding of the Earth to disturbing
forces, Proc. R. Soc. A 82, 73 (1909).

[7] T. Hinderer, Tidal Love numbers of neutron stars, As-
trophys. J. 677, 1216 (2008).

[8] E. E. Flanagan and T. Hinderer, Constraining neutron star
tidal Love numbers with gravitational wave detectors,
Phys. Rev. D 77, 021502 (2008).

[9] T. Damour and A. Nagar, Relativistic tidal properties of
neutron stars, Phys. Rev. D 80, 084035 (2009).

[10] T. Binnington and E. Poisson, Relativistic theory of tidal
Love numbers, Phys. Rev. D 80, 084018 (2009).

[11] J. Steinhoff, T. Hinderer, A. Buonanno, and A. Taracchini,
Dynamical tides in general relativity: Effective action and
effective-one-body Hamiltonian, Phys. Rev. D 94, 104028
(2016).

[12] V. Cardoso, E. Franzin, A. Maselli, P. Pani, and G. Raposo,
Testing strong-field gravity with tidal Love numbers, Phys.
Rev. D 95, 084014 (2017); 95, 089901(E) (2017).

[13] N. Sennett, T. Hinderer, J. Steinhoff, A. Buonanno, and
S. Ossokine, Distinguishing boson stars from black holes
and neutron stars from tidal interactions in inspiraling
binary systems, Phys. Rev. D 96, 024002 (2017).

[14] V. Cardoso and P. Pani, Testing the nature of dark compact
objects: A status report, Living Rev. Relativity 22, 4 (2019).

[15] R. Ciancarella, F. Pannarale, A. Addazi, and A. Marciano,
Constraining mirror dark matter inside neutron stars, Phys.
Dark Universe 32, 100796 (2021).

[16] C. A.R. Herdeiro, G. Panotopoulos, and E. Radu, Tidal
Love numbers of Proca stars, J. Cosmol. Astropart. Phys.
08 (2020) 029.

[17] V. De Luca and P. Pani, Tidal deformability of dressed
black holes and tests of ultralight bosons in extended mass
ranges, J. Cosmol. Astropart. Phys. 08 (2021) 032.

[18] A. Nelson, S. Reddy, and D. Zhou, Dark halos around
neutron stars and gravitational waves, J. Cosmol. Astro-
part. Phys. 07 (2019) 012.

[19] J. Ellis, G. Hiitsi, K. Kannike, L. Marzola, M. Raidal, and
V. Vaskonen, Dark matter effects on neutron star proper-
ties, Phys. Rev. D 97, 123007 (2018).

[20] A. Quddus, G. Panotopoulos, B. Kumar, S. Ahmad, and
S. K. Patra, GW170817 constraints on the properties of a
neutron star in the presence of WIMP dark matter, J. Phys.
G 47, 095202 (2020).

[21] A. Das, T. Malik, and A. C. Nayak, Dark matter admixed
neutron star properties in light of gravitational wave
observations: A two fluid approach, Phys. Rev. D 105,
123034 (2022).

[22] M. Collier, D. Croon, and R.K. Leane, Tidal Love
numbers of novel and admixed celestial objects, Phys.
Rev. D 106, 123027 (2022).

[23] K.-L. Leung, M.-c. Chu, and L.-M. Lin, Tidal deform-
ability of dark matter admixed neutron stars, Phys. Rev. D
105, 123010 (2022).

[24] O. Lourenco, C.H. Lenzi, T. Frederico, and M. Dutra,
Dark matter effects on tidal deformabilities and moment of
inertia in a hadronic model with short-range correlations,
Phys. Rev. D 106, 043010 (2022).

[25] D.R. Karkevandi, S. Shakeri, V. Sagun, and O. Ivanytskyi,
Bosonic dark matter in neutron stars and its effect on
gravitational wave signal, Phys. Rev. D 105, 023001
(2022).

[26] M. Hippert, E. Dillingham, H. Tan, D. Curtin, J. Noronha-
Hostler, and N. Yunes, Dark matter or regular matter in
neutron stars? How to tell the difference from the coa-
lescence of compact objects, Phys. Rev. D 107, 115028
(2023).

[27] R. F. Diedrichs, N. Becker, C. Jockel, J.-E. Christian, L.
Sagunski, and J. Schaffner-Bielich, Tidal deformability of
Fermion-boson stars: Neutron stars admixed with ultra-
light dark matter, Phys. Rev. D 108, 064009 (2023).

[28] P. Thakur, T. Malik, A. Das, T. K. Jha, and C. Providéncia,
Exploring robust correlations between fermionic dark
matter model parameters and neutron star properties: A
two-fluid perspective, arXiv:2308.00650.

[29] T. Hinderer, B. D. Lackey, R.N. Lang, and J.S. Read,
Tidal deformability of neutron stars with realistic equations
of state and their gravitational wave signatures in binary
inspiral, Phys. Rev. D 81, 123016 (2010).

[30] S. Han and A. W. Steiner, Tidal deformability with sharp
phase transitions in (binary) neutron stars, Phys. Rev. D 99,
083014 (2019).

[31] J. P. Pereira, M. Bejger, N. Andersson, and F. Gittins, Tidal
deformations of hybrid stars with sharp phase transitions
and elastic crusts, Astrophys. J. 895, 28 (2020).

[32] B.P. Abbott ef al. (LIGO Scientific, Virgo, Fermi GBM,
INTEGRAL, IceCube, AstroSat Cadmium Zinc Telluride
Imager Team, IPN, Insight-Hxmt, ANTARES, Swift,
AGILE Team, 1M2H Team, Dark Energy Camera GW-
EM, DES, DLT40, GRAWITA, Fermi-LAT, ATCA, AS-
KAP, Las Cumbres Observatory Group, OzGrav, DWF
(Deeper Wider Faster Program), AST3, CAASTRO,
VINROUGE, MASTER, J-GEM, GROWTH, JAGWAR,
CaltechNRAO, TTU-NRAO, NuSTAR, Pan-STARRS,
MAXI Team, TZAC Consortium, KU, Nordic Optical
Telescope, ePESSTO, GROND, Texas Tech University,
SALT Group, TOROS, BOOTES, MWA, CALET, IKI-
GW Follow-up, H.E.S.S., LOFAR, LWA, HAWC, Pierre
Auger, ALMA, Euro VLBI Team, Pi of Sky, Chandra
Team at McGill University, DFN, ATLAS Telescopes,
High Time Resolution Universe Survey, RIMAS, RATIR,
and SKA South Africa/MeerKAT Collaborations),, Multi-
messenger observations of a binary neutron star merger,
Astrophys. J. Lett. 848, L12 (2017).

124073-41


https://doi.org/10.1103/PhysRevD.49.2658
https://doi.org/10.1002/andp.201600209
https://arXiv.org/abs/2112.06861
https://doi.org/10.1103/PhysRevLett.121.161101
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1098/rspa.1909.0008
https://doi.org/10.1086/533487
https://doi.org/10.1086/533487
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.80.084035
https://doi.org/10.1103/PhysRevD.80.084018
https://doi.org/10.1103/PhysRevD.94.104028
https://doi.org/10.1103/PhysRevD.94.104028
https://doi.org/10.1103/PhysRevD.95.084014
https://doi.org/10.1103/PhysRevD.95.084014
https://doi.org/10.1103/PhysRevD.95.089901
https://doi.org/10.1103/PhysRevD.96.024002
https://doi.org/10.1007/s41114-019-0020-4
https://doi.org/10.1016/j.dark.2021.100796
https://doi.org/10.1016/j.dark.2021.100796
https://doi.org/10.1088/1475-7516/2020/08/029
https://doi.org/10.1088/1475-7516/2020/08/029
https://doi.org/10.1088/1475-7516/2021/08/032
https://doi.org/10.1088/1475-7516/2019/07/012
https://doi.org/10.1088/1475-7516/2019/07/012
https://doi.org/10.1103/PhysRevD.97.123007
https://doi.org/10.1088/1361-6471/ab9d36
https://doi.org/10.1088/1361-6471/ab9d36
https://doi.org/10.1103/PhysRevD.105.123034
https://doi.org/10.1103/PhysRevD.105.123034
https://doi.org/10.1103/PhysRevD.106.123027
https://doi.org/10.1103/PhysRevD.106.123027
https://doi.org/10.1103/PhysRevD.105.123010
https://doi.org/10.1103/PhysRevD.105.123010
https://doi.org/10.1103/PhysRevD.106.043010
https://doi.org/10.1103/PhysRevD.105.023001
https://doi.org/10.1103/PhysRevD.105.023001
https://doi.org/10.1103/PhysRevD.107.115028
https://doi.org/10.1103/PhysRevD.107.115028
https://doi.org/10.1103/PhysRevD.108.064009
https://arXiv.org/abs/2308.00650
https://doi.org/10.1103/PhysRevD.81.123016
https://doi.org/10.1103/PhysRevD.99.083014
https://doi.org/10.1103/PhysRevD.99.083014
https://doi.org/10.3847/1538-4357/ab8aca
https://doi.org/10.3847/2041-8213/aa91c9

CRECI, HINDERER, and STEINHOFF

PHYS. REV. D 108, 124073 (2023)

[33] B.P. Abbott et al. (LIGO Scientific, Virgo, Fermi-GBM,
and INTEGRAL Collaborations), Gravitational waves
and gamma-rays from a binary neutron star merger:
GW170817 and GRB 170817A, Astrophys. J. Lett. 848,
L13 (2017).

[34] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Estimating the contribution of dynamical ejecta in
the kilonova associated with GW170817, Astrophys. J.
Lett. 850, L39 (2017).

[35] G. Raaijmakers et al., A NICER view of PSR
JO030 + 0451: Implications for the dense matter equation
of state, Astrophys. J. Lett. 887, L22 (2019).

[36] T.E. Riley et al., A NICER view of PSR J0030 + 0451:
Millisecond pulsar parameter estimation, Astrophys. J.
Lett. 887, L21 (2019).

[37] M. C. Miller et al., PSR JO030 + 0451 mass and radius
from NICER data and implications for the properties of
neutron star matter, Astrophys. J. Lett. 887, 1.24 (2019).

[38] J.-L. Jiang, S.-P. Tang, Y.-Z. Wang, Y.-Z. Fan, and D.-M.
Wei, PSR J0030 + 0451, GW170817 and the nuclear data:
Joint constraints on equation of state and bulk properties of
neutron stars, Astrophys. J. 892, 1 (2020).

[39] T. Dietrich, M. W. Coughlin, P. T. H. Pang, M. Bulla, J.
Heinzel, L. Issa, I. Tews, and S. Antier, Multimessenger
constraints on the neutron-star equation of state and the
Hubble constant, Science 370, 1450 (2020).

[40] J. Zimmerman, Z. Carson, K. Schumacher, A. W. Steiner,
and K. Yagi, Measuring nuclear matter parameters with
NICER and LIGO/Virgo, arXiv:2002.03210.

[41] R. Alves Batista et al., EuCAPT white paper: Opportu-
nities and challenges for theoretical astroparticle physics in
the next decade, arXiv:2110.10074.

[42] U.N.S. A. Committee, Reaching for the Horizon: The 2015
Long Range Plan for Nuclear Science, https://science.osti
.gov/-/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815
.pdf .

[43] N.P.E.C. Committee, The NuPECC long range plan
2017: Perspectives in nuclear physics (2017), https:/
www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017
.pdf.

[44] A. Saffer and K. Yagi, Tidal deformabilities of neutron
stars in scalar-Gauss-Bonnet gravity and their applications
to multimessenger tests of gravity, Phys. Rev. D 104,
124052 (2021).

[45] L. Shao and K. Yagi, Neutron stars as extreme laboratories
for gravity tests, Sci. Bull. 67, 1946 (2022).

[46] S. Ajith, K. Yagi, and N. Yunes, I[-Love-Q relations in
Horava-Lifshitz gravity, Phys. Rev. D 106, 124002 (2022).

[47] H. O. Silva, A. M. Holgado, A. Cardenas-Avendafio, and
N. Yunes, Astrophysical and theoretical physics implica-
tions from multimessenger neutron star observations, Phys.
Rev. Lett. 126, 181101 (2021).

[48] P.Pani and E. Berti, Slowly rotating neutron stars in scalar-
tensor theories, Phys. Rev. D 90, 024025 (2014).

[49] S. M. Brown, Tidal deformability of neutron stars in scalar-
tensor theories of gravity for gravitational wave analysis,
Astrophys. J. 958, 125 (2023).

[50] T. Damour and G. Esposito-Farese, Tensor-multi-scalar
theories of gravitation, Classical Quantum Gravity 9, 2093
(1992).

[51] T. Damour and G. Esposito-Farése, Nonperturbative
strong-field effects in tensor-scalar theories of gravitation,
Phys. Rev. Lett. 70, 2220 (1993).

[52] T. Damour and G. Esposito-Farese, Tensor-scalar gravity
and binary pulsar experiments, Phys. Rev. D 54, 1474
(1996).

[53] T. Damour and G. Esposito-Farese, Gravitational wave
versus binary-pulsar tests of strong field gravity, Phys. Rev.
D 58, 042001 (1998).

[54] N. Andreou, N. Franchini, G. Ventagli, and T. P. Sotiriou,
Spontaneous scalarization in generalized scalar-tensor
theory, Phys. Rev. D 99, 124022 (2019); 101, 109903
(E) (2020).

[55] G. Ventagli, New perspectives on spontaneous scalariza-
tion in black holes and neutron stars, Ph.D. thesis,
Nottingham University, 2022, arXiv:2209.15330.

[56] C. Palenzuela, E. Barausse, M. Ponce, and L. Lehner,
Dynamical scalarization of neutron stars in scalar-tensor
gravity theories, Phys. Rev. D 89, 044024 (2014).

[57] M. Khalil, R.E.P. Mendes, N. Ortiz, and J. Steinhoff,
Effective-action model for dynamical scalarization beyond
the adiabatic approximation, Phys. Rev. D 106, 104016
(2022).

[58] D.D. Doneva, F.M. Ramazanoglu, H.O. Silva, T.P.
Sotiriou, and S.S. Yazadjiev, Scalarization, arXiv:2211
.01766.

[59] S. Ma, V. Varma, L. C. Stein, F. Foucart, M. D. Duez, L. E.
Kidder, H. P. Pfeiffer, and M. A. Scheel, Numerical sim-
ulations of black hole-neutron star mergers in scalar-tensor
gravity, Phys. Rev. D 107, 124051 (2023).

[60] A.K. Mehta, A. Buonanno, R. Cotesta, A. Ghosh, N.
Sennett, and J. Steinhoff, Tests of general relativity with
gravitational-wave observations using a flexible theory-
independent method, Phys. Rev. D 107, 044020 (2023).

[61] L. Bernard, Dipolar tidal effects in scalar-tensor theories,
Phys. Rev. D 101, 021501 (2020).

[62] I. van Gemeren, B. Shiralilou, and T. Hinderer, Dipolar
tidal effects in gravitational waves from scalarized black
hole binary inspirals in quadratic gravity, Phys. Rev. D
108, 024026 (2023).

[63] L.Bernard, L. Blanchet, and D. Trestini, Gravitational waves
in scalar-tensor theory to one-and-a-half post-Newtonian
order, J. Cosmol. Astropart. Phys. 08 (2022) 008.

[64] L. Bernard, Dynamics of compact binary systems in scalar-
tensor theories: Equations of motion to the third post-
Newtonian order, Phys. Rev. D 98, 044004 (2018).

[65] L. Bernard, Dynamics of compact binary systems in scalar-
tensor theories: II. Center-of-mass and conserved quan-
tities to 3PN order, Phys. Rev. D 99, 044047 (2019).

[66] E.-L. Julié and E. Berti, Post-Newtonian dynamics and
black hole thermodynamics in Einstein-scalar-Gauss-
Bonnet gravity, Phys. Rev. D 100, 104061 (2019).

[67] B. Shiralilou, T. Hinderer, S. Nissanke, N. Ortiz, and H.
Witek, Nonlinear curvature effects in gravitational waves
from inspiralling black hole binaries, Phys. Rev. D 103,
L121503 (2021).

[68] B. Shiralilou, T. Hinderer, S. M. Nissanke, N. Ortiz, and H.
Witek, Post-Newtonian gravitational and scalar waves in
scalar-Gauss—Bonnet gravity, Classical Quantum Gravity
39, 035002 (2022).

124073-42


https://doi.org/10.3847/2041-8213/aa920c
https://doi.org/10.3847/2041-8213/aa920c
https://doi.org/10.3847/2041-8213/aa9478
https://doi.org/10.3847/2041-8213/aa9478
https://doi.org/10.3847/2041-8213/ab451a
https://doi.org/10.3847/2041-8213/ab481c
https://doi.org/10.3847/2041-8213/ab481c
https://doi.org/10.3847/2041-8213/ab50c5
https://doi.org/10.3847/1538-4357/ab7914
https://doi.org/10.1126/science.abb4317
https://arXiv.org/abs/2002.03210
https://arXiv.org/abs/2110.10074
https://science.osti.gov/-/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf 
https://science.osti.gov/-/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf 
https://science.osti.gov/-/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf 
https://science.osti.gov/-/media/np/nsac/pdf/2015LRP/2015_LRPNS_091815.pdf 
https://www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017.pdf
https://www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017.pdf
https://www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017.pdf
https://www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017.pdf
https://www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017.pdf
https://doi.org/10.1103/PhysRevD.104.124052
https://doi.org/10.1103/PhysRevD.104.124052
https://doi.org/10.1016/j.scib.2022.09.018
https://doi.org/10.1103/PhysRevD.106.124002
https://doi.org/10.1103/PhysRevLett.126.181101
https://doi.org/10.1103/PhysRevLett.126.181101
https://doi.org/10.1103/PhysRevD.90.024025
https://doi.org/10.3847/1538-4357/acfbe5
https://doi.org/10.1088/0264-9381/9/9/015
https://doi.org/10.1088/0264-9381/9/9/015
https://doi.org/10.1103/PhysRevLett.70.2220
https://doi.org/10.1103/PhysRevD.54.1474
https://doi.org/10.1103/PhysRevD.54.1474
https://doi.org/10.1103/PhysRevD.58.042001
https://doi.org/10.1103/PhysRevD.58.042001
https://doi.org/10.1103/PhysRevD.99.124022
https://doi.org/10.1103/PhysRevD.101.109903
https://doi.org/10.1103/PhysRevD.101.109903
https://arXiv.org/abs/2209.15330
https://doi.org/10.1103/PhysRevD.89.044024
https://doi.org/10.1103/PhysRevD.106.104016
https://doi.org/10.1103/PhysRevD.106.104016
https://arXiv.org/abs/2211.01766
https://arXiv.org/abs/2211.01766
https://doi.org/10.1103/PhysRevD.107.124051
https://doi.org/10.1103/PhysRevD.107.044020
https://doi.org/10.1103/PhysRevD.101.021501
https://doi.org/10.1103/PhysRevD.108.024026
https://doi.org/10.1103/PhysRevD.108.024026
https://doi.org/10.1088/1475-7516/2022/08/008
https://doi.org/10.1103/PhysRevD.98.044004
https://doi.org/10.1103/PhysRevD.99.044047
https://doi.org/10.1103/PhysRevD.100.104061
https://doi.org/10.1103/PhysRevD.103.L121503
https://doi.org/10.1103/PhysRevD.103.L121503
https://doi.org/10.1088/1361-6382/ac4196
https://doi.org/10.1088/1361-6382/ac4196

TIDAL PROPERTIES OF NEUTRON STARS IN SCALAR- ...

PHYS. REV. D 108, 124073 (2023)

[69] E.-L. Julié, V. Baibhav, E. Berti, and A. Buonanno, Third
post-Newtonian effective-one-body Hamiltonian in scalar-
tensor and FEinstein-scalar-Gauss-Bonnet gravity, Phys.
Rev. D 107, 104044 (2023).

[70] K. S. Thorne, Multipole expansions of gravitational radi-
ation, Rev. Mod. Phys. 52, 299 (1980).

[71] J. D. Bekenstein, Novel “no-scalar-hair” theorem for black
holes, Phys. Rev. D 51, R6608 (1995).

[72] T.P. Sotiriou, Black holes and scalar fields, Classical
Quantum Gravity 32, 214002 (2015).

[73] R. M. Wald, General Relativity (Chicago University Press,
Chicago, 1984).

[74] W.G. Dixon, Dynamics of extended bodies in general
relativity III. Equations of motion, Phil. Trans. R. Soc. A
2717, 59 (1974).

[75] P.K. Gupta, J. Steinhoff, and T. Hinderer, Relativistic
effective action of dynamical gravitomagnetic tides for
slowly rotating neutron stars, Phys. Rev. Res. 3, 013147
(2021).

[76] D. Scully, G. Creci, and T. Hinderer, Tidal effects in
generalised scalar-tensor theories (to be published).

[77] D. M. Eardley, Observable effects of a scalar gravitational
field in a binary pulsar, Astrophys. J. Lett. 196, L59
(1975).

[78] J. Vines and J. Steinhoff, Spin-multipole effects in binary
black holes and the test-body limit, Phys. Rev. D 97,
064010 (2018).

[79] M. Levi, Effective field theories of post-Newtonian grav-
ity: A comprehensive review, Rep. Prog. Phys. 83, 075901
(2020).

[80] P. Charalambous, S. Dubovsky, and M. M. Ivanov, On the
vanishing of Love numbers for Kerr black holes, J. High
Energy Phys. 05 (2021) 038.

[81] S.S. Yazadjiev, D. D. Doneva, and K. D. Kokkotas, Tidal
Love numbers of neutron stars in f(R) gravity, Eur. Phys.
J. C 78, 818 (2018).

[82] R. Arnowitt, S. Deser, and C. W. Misner, The Dynamics of
general relativity, Gen. Relativ. Gravit. 40, 1997 (2008).

[83] H. Sotani and K. D. Kokkotas, Stellar oscillations in scalar-
tensor theory of gravity, Phys. Rev. D 71, 124038 (2005).

[84] A. Campolattaro and K. S. Thorne, Nonradial pulsation of
general-relativistic stellar models. V. Analytic analysis for
L =1, Astrophys. J. 159, 847 (1970).

[85] J.S. Read, B. D. Lackey, B.J. Owen, and J. L. Friedman,
Constraints on a phenomenologically parametrized neu-
tron-star equation of state, Phys. Rev. D 79, 124032
(2009).

[86] P.C.C. Freire, N. Wex, G. Esposito-Farese, J.P. W.
Verbiest, M. Bailes, B. A. Jacoby, M. Kramer, I.H.
Stairs, J. Antoniadis, and G. H. Janssen, The relativistic
pulsar-white dwarf binary PSR J1738 + 0333 II. The most
stringent test of scalar-tensor gravity, Mon. Not. R. Astron.
Soc. 423, 3328 (2012).

[87] L. Shao, N. Sennett, A. Buonanno, M. Kramer, and N.
Wex, Constraining nonperturbative strong-field effects in
scalar-tensor gravity by combining pulsar timing and
laser-interferometer gravitational-wave detectors, Phys.
Rev. X 7, 041025 (2017).

[88] M. Kramer et al., Strong-field gravity tests with the double
pulsar, Phys. Rev. X 11, 041050 (2021).

[89] J. Zhao, P. C. C. Freire, M. Kramer, L. Shao, and N. Wex,
Closing a spontaneous-scalarization window with binary
pulsars, Classical Quantum Gravity 39, 11LTO01 (2022).

[90] G. Creci, I. Van Gemeren, T. Hinderer, and J. Steinhoff,
Tidal effects in gravitational waves from neutron stars in
scalar-tensor theories (to be published).

[91] G. Creci, T. Hinderer, and J. Steinhoff, Tidal response from
scattering and the role of analytic continuation, Phys. Rev.
D 104, 124061 (2021); 105, 109902(E) (2022).

[92] M. M. Ivanov and Z. Zhou, Vanishing of black hole tidal
Love numbers from scattering amplitudes, Phys. Rev. Lett.
130, 091403 (2023).

[93] Y. Fujii and K. ichi Maeda, The scalar-tensor theory
of gravitation, Classical Quantum Gravity 20, 4503
(2003).

[94] V. Faraoni, Cosmology in Scalar Tensor Gravity (Springer,
Dordrecht, 2004), https://doi.org/10.1007/978-1-4020-
1989-0.

[95] K. Just, The motion of mercury according to the theory of
Thiry and Lichnerowicz, Z. Naturforsch. Teil A 14, 751
(1959).

[96] M. Fierz, On the physical interpretation of P. Jordan’s
extended theory of gravitation, Helv. Phys. Acta 29, 128
(1956).

[97] P. Jordan, Zum gegenwiértigen stand der diracschen kos-
mologischen hypothesen, Z. Phys. 157, 112 (1959).

[98] C.BransandR. H. Dicke, Mach’s principle and a relativistic
theory of gravitation, Phys. Rev. 124, 925 (1961).

[99] J. Nordtvedt, Kenneth, Post-Newtonian metric for a gen-
eral class of scalar-tensor gravitational theories and ob-
servational consequences, Astrophys. J. 161, 1059 (1970).

[100] X. Zhang, Post-Newtonian parameters of general scalar-
tensor theories with and without an arbitrary scalar
potential, arXiv:2305.06752.

124073-43


https://doi.org/10.1103/PhysRevD.107.104044
https://doi.org/10.1103/PhysRevD.107.104044
https://doi.org/10.1103/RevModPhys.52.299
https://doi.org/10.1103/PhysRevD.51.R6608
https://doi.org/10.1088/0264-9381/32/21/214002
https://doi.org/10.1088/0264-9381/32/21/214002
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1103/PhysRevResearch.3.013147
https://doi.org/10.1103/PhysRevResearch.3.013147
https://doi.org/10.1086/181744
https://doi.org/10.1086/181744
https://doi.org/10.1103/PhysRevD.97.064010
https://doi.org/10.1103/PhysRevD.97.064010
https://doi.org/10.1088/1361-6633/ab12bc
https://doi.org/10.1088/1361-6633/ab12bc
https://doi.org/10.1007/JHEP05(2021)038
https://doi.org/10.1007/JHEP05(2021)038
https://doi.org/10.1140/epjc/s10052-018-6285-z
https://doi.org/10.1140/epjc/s10052-018-6285-z
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1103/PhysRevD.71.124038
https://doi.org/10.1086/150362
https://doi.org/10.1103/PhysRevD.79.124032
https://doi.org/10.1103/PhysRevD.79.124032
https://doi.org/10.1111/j.1365-2966.2012.21253.x
https://doi.org/10.1111/j.1365-2966.2012.21253.x
https://doi.org/10.1103/PhysRevX.7.041025
https://doi.org/10.1103/PhysRevX.7.041025
https://doi.org/10.1103/PhysRevX.11.041050
https://doi.org/10.1088/1361-6382/ac69a3
https://doi.org/10.1103/PhysRevD.104.124061
https://doi.org/10.1103/PhysRevD.104.124061
https://doi.org/10.1103/PhysRevD.105.109902
https://doi.org/10.1103/PhysRevLett.130.091403
https://doi.org/10.1103/PhysRevLett.130.091403
https://doi.org/10.1088/0264-9381/20/20/601
https://doi.org/10.1088/0264-9381/20/20/601
https://doi.org/10.1007/978-1-4020-1989-0
https://doi.org/10.1007/978-1-4020-1989-0
https://doi.org/10.1007/978-1-4020-1989-0
https://doi.org/10.1007/978-1-4020-1989-0
https://doi.org/10.1515/zna-1959-0810
https://doi.org/10.1515/zna-1959-0810
https://doi.org/10.1007/BF01375155
https://doi.org/10.1103/PhysRev.124.925
https://doi.org/10.1086/150607
https://arXiv.org/abs/2305.06752

