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The hyperbolic formulations of numerical relativity due to Baumgarte, Shapiro, Shibata, and Nakamura
(BSSN) and Nagy Ortiz and Reula (NOR), among others, achieve stability through the effective embedding
of general relativity within the larger Z4 system. In doing so, various elliptic constraints are promoted
to dynamical degrees of freedom, permitting the advection of constraint violating modes. Here we
demonstrate that it is possible to achieve equivalent performance through a modification of fully covariant
and conformal Z4 (FCCZ4) wherein constraint violations are coupled to a reference metric completely
independently of the physical metric. We show that this approach works in the presence of black holes and
holds up robustly in a variety of spherically symmetric simulations including the critical collapse of a scalar
field. We then demonstrate that our formulation is strongly hyperbolic through the use of a pseudodiffer-
ential first order reduction and compare its hyperbolicity properties to those of FCCZ4 and generalized
BSSN (GBSSN). Our present approach makes use of a static Lorentzian reference metric and does not
appear to provide significant advantages over FCCZ4. However, we speculate that dynamical specification
of the reference metric may provide a means of exerting greater control over constraint violations than what

is provided by current BSSN-type formulations.

DOI: 10.1103/PhysRevD.108.124070

I. INTRODUCTION

The formulations of numerical relativity based on the
Baumgarte, Shapiro, Shibata, and Nakamura (BSSN)
decomposition effectively achieve strong hyperbolicity
and stability by performing a partial embedding of general
relativity (GR) within the larger Z4 system [1-3]. In this
paper we demonstrate that the Z4 system is not uniquely
suitable for this purpose and present an alternative formu-
lation of GR that is also well suited for numerical relativity.
This formulation is based on an alternative embedding
of GR and holds up well in a variety of simulations in
spherical symmetry including those of black holes with
puncture initial data as well as in the critical collapse of the
massless scalar field. Additionally, we show that our new
formulation is strongly hyperbolic and, in fact, has the
same principal symbol as fully covariant and conformal
74 (FCCZA4).

The Z4 formulation takes its name from the introduction
of a four vector, Z,, to the Einstein equations,

1
R/u/ + 2v(,uZu) - 8r <le — Eg/“,T) =0. (1)

In the context of general relativity, the evolution of this
system acts to advect and/or damp violations of the
Hamiltonian and momentum constraints. In the limit
Z, — 0 we recover GR [4].
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If we examine formulations such as NOR [5] and
generalized BSSN (GBSSN) [6] in detail, we find that
they are essentially minor variations of Z4-derivable for-
mulations in which the temporal component of Z, is not
evolved and substitutions or additions of the Hamiltonian
and momentum constraints have been made [1-3,7-9]. The
case could also be made that the equations of motion of Z4
formalisms arise naturally while those of NOR and GBSSN
come from experimentation to achieve stability and strong
hyperbolicity.

In that same spirit of experimentation, we note that if we
assume the Einstein equations are very nearly satisfied,
such that their violation is contained in a tensor, E,,:

¢E,, = 8x <TW — %gMDT> - R, (2)
where ¢ < 1, then the Z4 equations (1) may be written as
V,2,+V,Z,=¢E,, (3)

with trace given by
V,zZ" = %eEl/‘. (4)
Taking the divergence of (3) and using the commutator of

covariant derivatives, we find

© 2023 American Physical Society
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0z = -V, V*Z¢ + V,eE™,
= —V"V, 2" + R* 7" + eV, B,

1
—c (- SVES + v,,mw) ~RMZ'. ()

Heuristically, Z, evolves according to some complicated
wave equation on g,,, which is sourced by the deviation from
the Einstein equations. This is desirable since it means that Z,
has characteristics with magnitude ~1 on g,, when € is small
and g,, is not too curved. In the presence of significant
curvature, however, the picture is less clear and we note that
we have completely ignored the backreaction of Z, on E,,.

If we modify the Z4 formulation such that Z, is no
longer directly coupled to the physical metric, and is
instead coupled to some other metric §,, with associated
connection V,:

o o 1
V,2,+V,Z,=8xr (Tﬂ,, - —gﬂDT> -R,, (6)

2
we find,
V.Z, +V,Z, = €E,, (7)
with trace:
o o 1
vV, Z" = ESE’/' (8)

Here, variables accented with “o” have had a covariant
tensorial index raised with ¢#*. Taking the divergence
of (7), we find:

7 — 0,92 + e,
= -V'V, 2" + R}, 7+ eV, B

:e<—§VE/+VﬂE")—RMZ”. 9)

As such, if we choose Gy SO that IOQW vanishes, we might
expect Z* to propagate with speed ~1 on g, when € is
small, regardless of the curvature of g,,. Although Sec. V
demonstrates that this intuition does not hold in practice, it
served to motivate the original investigation and the core
concept bears some resemblance to the modified harmonic
gauges of Kovacs and Reall in which an auxiliary metric
is used to control the speed of propagation of constraint
violating modes [10,11]. In what follows, we expand upon
this idea and present a formulation of the Einstein equations
based on a flat, time-invariant reference metric which yields
a system which performs very similarly to the standard
GBSSN [1,6] and FCCZ4 [2] formulations. Further work
with dynamical specification of the reference metric may
allow for more fine-grained control over constraint damp-
ing and stability properties.

In Sec. II we give a brief derivation of our formulation; a
more detailed derivation may be found in Appendices A
and B. Section III introduces the equations of motion for
the GBSSN and FCCZ4 formulations of numerical rela-
tivity which we make use of in our various comparative
analyses. In Sec. IV we compare the performance of
our formulation with FCCZ4 and GBSSN in a variety of
numerical tests including strong field convergence testing,
simulation of black holes and the critical collapse of the
scalar field in spherical symmetry. After demonstrating that
the method works in spherical symmetry, we shift gears and
analyse the hyperbolicity of our approach: Sec. V sees us
derive the conditions under which our method is strongly
hyperbolic and examine how it compares to both GBSSN
and FCCZA4. Finally, in Sec. VI we present our conclusions
and suggestions for future research into related formula-
tions of numerical relativity.

II. DERIVATION OF RCCZ4

We begin with the Z4 equations coupled to a reference
metric as in (6), which we refer to as reference metric
74 (RZA4), with the aim of developing an ADM decom-
position equivalent of the system. Once we have this initial
value formulation, we perform a decomposition similar to
GBSSN or FCCZ4 in terms of a conformal metric and
conformal trace-free extrinsic curvature, arriving at refer-
ence metric covariant and conformal Z4 (RCCZ4). Again,
more details are provided in Appendices A and B.

Using standard notation in which #* is the unit normal to
the foliation in a 3+1 decomposition, « is the lapse, A is
the shift and y;; is the induced 3-metric on the foliation, the
RZ4 equations (with damping parameters «; and x,) may
be written in canonical form as:

1 o o
Ry — ig/wR +2V.Z,) = 9uVZp9?
— Ky [2%2”) n Kzg,wngzﬂ — 82T, =0. (10)

Equivalently, the trace reversed form is

. 1
Rﬂ,/ + ZV(”ZU) —8x (le - EgﬂyT>

—K [Zn(ﬂZV) —(1+ Kz)g,wngZ"} =0. (11)
Taking the trace (with respect to ¢**) of (11) yields:
R+ 26(142,,)5]’”‘ + &1 (2 + 4Ky)n, 2" + 8xT = 0. (12)

From here we roughly follow the ADM derivations
of [12,13] and take projections of (10)—(12) onto and
orthogonal to the spatial hypersurfaces which foliate four
dimensional spacetime in a standard 341 decomposition
(see Appendix A). As the focus of this paper is the
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exploration of the feasibility of alternative embeddings
of general relativity, we have made the choice to simplify
our investigation and forgo all forms of scale dependent
damping. In what follows, we set k; = k, = 0 in (10)—(12)
yielding the simpler set of equations:

1
R, Eg’”R + 2V gWV(azﬂ)gaﬂ —-8xT,, =0, (13)

. 1
R, +2V,Z, — 8z <TW -3 g,wT> =0, (14)

R+2V(,Z,g* + 82T =0. (15)

We have considered only the simplest case where g, is a
time-invariant, curvature-free Lorentzian metric with g,, =
—1, g,; = 0. With these restrictions, projection of (13)—(15)
yields the ADM equivalent of the RZ4 equations:

‘Cmyij = _ZaKij’ (16)
L,K;;=-D;Dja+ a(R;; + KK;; —2K;K*,)
+4na([S - plyi; — 25;;) + Zab(izj), (17)
£,0=2(R+K>—K;Ki—16 ip,Z
m —5( + K? = KK = 167p) + ay''D;Z;
——ﬁ m +— ( mﬁl ﬁjbjﬁl)9 (18)
L,Z; = a(D;K/; = D,K — 8xj;) —=2Z;D,p
+ ©D,a + aD,®, (19)
where L, =0, — L; and the quantities ® and Z; are
defined as,
0 = -n,Z", (20)
Zl - yﬂizw (21)

Once again, we direct readers to Appendix A for a more
detailed derivation.

In order to cast (16)—(19) in a form better suited to
evolving generic spacetimes, we perform the same covariant
and conformal decomposition that we would for GBSSN and
FCCZA. We rewrite the 3-metric, y;;, and extrinsic curvature,
K;j, in terms of the conformal factor, y, the conformal
metric, 7;;, the trace of the extrinsic curvature, K, and the
trace-free extrinsic curvature A

vij = 84171']7 (23)

1
Kij = 64)( <A” _§yl]K> (24)

We also define the quantities A’ jk and A" in terms of the
difference between the Christoffel symbols of 7;; and those
of a flat background 3-metric y;;: the latter is chosen to
coincide with the spatial portion of 7,,:

P =T, (25)
Aijk = fijk - fjk, (26)
R R (27)

Additionally, we define the quantity A’ which plays the same
role as the conformal connection functions in BSSN [1] and
FCCZ4 [2]:

(28)

— A= (29)

Finally, adopting the Lagrangian choice for the evolution of
the determinant of the conformal metric:

07 =0, (30)
and defining the quantity ® in terms of ©, a, Z; and "
0 =a0-p7Z, (31)
we find the RCCZ4 equations of motion:

1 1.
‘Cm)( = —gaK + gDmﬂm, (32)

L, K =-D*a+ a(R + K>+ 27’710)(,2/)

+4n(S - 3p)) : (33)
2
£,0 =% (R—A,A0 + 2K — 167p + 241 D,2
m® = | R=A AT+ 3 K7 = lozp + 2y DiZ;
_pi (/;lb Zi+D j(:))
2. _
—ap/ (D,Alj - ngK - 8;;],->, (34)
~ A 2~ T m
'Cmyij = —20‘Aij - §7iijﬂ ) (35)

‘CmAij = 6_4)( |:—D1D/a + aR,-j - SﬂaS,-- + Zab(iZj)]TF

n a(KA

= 24, Ak j) _ —A D, (36)
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LA =7"D,D.p —24"D,a

SN N 2.
+20A" R, + 3 D'D,p" + SND,p"

. e~ 1~ ~
+ da (szlf +3A"Dy — gD’K - 4nd>

+2D'® + 274 ('D;Z, - ,D,8"), (37)

_ -~ 2 . _ o
L.Z:=a {D,A’i - gDl-K - 8ﬂjl} —Z,D;p!

+p'D,Z, + D,®. (38)

Here, either Z; or A’ may be viewed as the dynamical
quantity associated with the momentum constraint violations
and all quantities denoted by a tilde are raised and lowered
with the conformal metric. “TF” denotes trace free with
respect to the 3-metric y;; and the Ricci tensor may be split
into scale-factor and conformal parts as

with

~ 1 ~mn o~ ~ N Am A A

Rij = = 57" DDy 7ij + ¥ DA™ + A" A
+ 2Amn<i ~j)mn + AmniAmnj’ (40)
- 47ijbkﬂ(bk)(- (41)

Note that the equations of motion for 0, (34),and Z i» (38),
are essentially sourced by violations of the Hamiltonian
and momentum constraints respectively. In terms of the
conformal decomposition these constraints then take the
form

1 2
H=3 <R +3K - AM‘”) — 87p, (42)
Mi= e (DAT—250D K + 640D ;- 877 43
e jAY =377D;K +6ATD y ~87j ). (43)

III. FCCZ4 AND GBSSN EQUATIONS
OF MOTION

In testing the viability of RCCZ4 as a formulation for
numerical relativity, we make use of the formulation of
FCCZ4 due to Sanchis-Gual et al. [2] along with the
formulation of GBSSN by Brown [14] as presented by
Alcubierre and Mendaz [1]. In our notation, the equations
of motion for FCCZ4 are

1 1.
Lot = =¢aK + D", (44)

L, K =-D*a+ aR + a(K* — 20K)

+2aD,;Z! + 4ra(S - 3p), (45)
a < i 2, .
L,0 = > R—A;AY + 5[( - 20K +2D;Z'
—27'D;Ina — 1675/)) , (46)
_ s 2
L,7ij = —2aA;; — §7iijﬁ ) (47)
A 2. = m A
L,A;; = _§Aiijﬁ + aA;;(K —20)

te¥ [—D,»D o+ a(R,-j +2DZ,,
TF -~
—878;) | 2ad,A, (48)
B )
'CmAl = 7manDmBl + gAanﬁ” + ngDmBn
e - o~ 4 .
— DAk (Dka - 6aDk)() + 2k Al - S aD'K
il = - 2 _
+27/l aDk('D—@Dka—gaKZk
— 167maj" j I (49)
_ ~. 2
[’mZi = (l<DjAjl - ngK + Dl® - ®Dl lna

2. _

where, as with RCCZ4, either Z; or A’ may be viewed
as the fundamental dynamical quantity and the two are
related via

A=A +271Z;. (51)
The equations of motion for GBSSN, meanwhile, are
L Lok + L p" (52)
= ——Q — .
I |
L, K =-D*a+ a(A,-jA” + §K2> + dna(p + ), (53)
L2
—2aA;; —§7iijﬁ ) (54)
LmA" = 6_4)( [—D,D/a + aR’/ - 87[aSij:|TF
2.

- gAlJDmﬂm + a(KA,J — 2AikAkj) s (55)
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‘Cm[\[ = }7mn15mDonﬂi - 2Aimbma
.~ 2 . ~;
+ 2(1 <6AIJDJ)(—§}/UDJK— 877,'] >

+5 D) 128D, | 4 20h Y, (56)

where we note that we have replaced the usual variable A’
with A’ for notational consistency when comparing to
FCCZ4 and RCCZA4. Note that in the evaluation of GBSSN
dynamical quantities A’ is substituted for A’, such that (40)
becomes

i 1o
R;; = —Eym"DmDnVij + VD A" + A" Aijm
+ ZAmn(t ~j)mn + Amni&mnj' (57)

IV. COMPARISON OF GBSSN, FCCZ4 AND RCCZ4

This section presents the results of three strong field tests
that compare RCCZ4 to FCCZ4 and GBSSN in spherical
symmetry using a massless scalar field matter source. In
Sec. IV A we investigate the convergence of each formalism
for subcritical initial data on uniform grids. Section IV B
then studies the relative performance of each method
in simulating black hole spacetimes with puncture initial
data [12,15]. Finally, Sec. IV C investigates the perfor-
mance of each formalism in the context of critical collapse,
where we tune to the threshold of black hole formation
using adaptive mesh refinement (AMR).

For all investigations, we work in spherical symmetry
with conformal spatial metric, 7; s

9alt,7) 0 0
vij = 0 rgp(t.r) 0 . (58)
0 0 r?sin® Og,, (1, r)

unit normal, »n¥, to the foliation,

%[1 “Bu(tr) 0 0], (59)

a(t,r

nt =

trace-free extrinsic curvature, A’ 7

Au(t,r) 0 0
Al = 0  Ayt.r) 0 |, (60)
0 0 Ab(t, r)

stress tensor, S';,

S.(tr) 0 0
S;=| 0  sen o |. (6]
0 0 Sb(t, r)

momentum density, j',
ji= [rja(t, r) 0 O}, (62)
conformal connection functions A’ and A’,
A= [rA,(t,r) 0 0] (63)
N =[rA,(t.r) 0 0], (64)

and spatial projections of Z,,

Zi

[rZ,(t,r) 0 0]. (65)

We take a massless scalar field, y(z, r), with stress-energy
tensor,

1
T;w = vywvvw - Eg;wv/ll//vlll//v (66)

as our matter model.

The equations of motion are found through application
of the results of Secs. II and III. In order to regularize the
equation of motion in the vicinity of black hole punctures,
we evolve the regular quantity X = e~ in place of y. As
defined above, all of a, B, 9., 9, X, Aa, Ab, K, &a, /~\a, 0,
Zar P Jar S, S, and S, are even functions of r as » — 0 and
the following identities hold:

, (67)

A, = =24, (68)

A. Convergence and independent residual tests

We validate our evolution schemes and code through the
use of independent residual convergence and by monitoring
the convergence of various constraints. All tests are
performed for marginally subcritical initial data so that
slightly stronger initial data would result in black hole
formation.

Our code is implemented as a simple second order in
space and time Crank-Nicolson solver using a uniform grid
in 7 and # with fourth order Kreiss-Oliger dissipation [16]
applied at the current and advanced time levels. The code is
built on PAMR [17] and AMRD [18] and supports AMR in
space and time using the Berger-Oliger approach [19]. Grid
function values at refinement boundaries are set via third
order temporal interpolation.

124070-5



GRAY D. REID and MATTHEW W. CHOPTUIK

PHYS. REV. D 108, 124070 (2023)

Our independent residual evaluators take the form of
alternative discretizations of the ADM equations applied to
our computed solutions. The application of these alter-
native discretizations helps to ensure that our evolution
scheme is free of subtle flaws while our use of the ADM
equations (as opposed to GBSSN, FCCZ4 or RCCZ4), aids
in demonstrating convergence to GR rather than some other
differential system.

Returning to the specific calculations performed in this
subsection, the initial data is taken to be time symmetric
with the massless scalar field, y, set according to:

w(0,r) = ae~(r=r0)*/o, (69)
oy (0,r) =0. (70)

Specifically, for our testing we have taken a = 0.035,
o =2 and ry = 12 so that, as mentioned above, we are
in the subcritical regime but relatively close to the critical
point of a ~ 0.0362. The dynamics are therefore non-linear,
span several orders of magnitude, and are far from trivial.
Initial data for the conformal factor, X = e~ %, is deter-
mined by solving the Hamiltonian constraint on a finite grid
where X is assumed to behave as 1+ a/r at the outer
boundary. This grid is sized so that errors at the outer
boundary are unable to propagate into the region of interest
during the course of the convergence testing.

Our simulations are run with generalized 1+log lapses
and a Lambda driver shift given by

0,0 = —2aK, (71)
o,a = =2a(K —20), (72)
d,a0 = —2a(K - 20), (73)
.3 . .
0uff' = 70N = 20,5, (74)

where (71)—(73) are the slicing conditions used for
GBSSN, FCCZ4 and RCCZA4, respectively.

Figures 1-3 demonstrate convergence of the Hamiltonian
and momentum constraints for each of GBSSN, FCCZ4
and RCCZA4. In each figure, the dashed lines show norms
evaluated on a r = [0, 64] grid at fixed resolutions of 1025,
2049 and 4097 points, respectively. AMR calculations with a
per-step error tolerance of 10~ are shown with solid lines
and demonstrate that with an appropriate choice of param-
eters, the adaptive computations remain within the conver-
gent regime. For each simulation, and prior to the evaluation
of their norm, the constraints are interpolated to a uniform
grid of fixed resolution. This enables direct comparison of
the convergence rates among the simulations. In these
figures, a factor of 4 difference in the independent resi-
duals or constraint maintenance between runs which differ
by a factor of 2 in grid spacing indicates second order
convergence.

=
t

— 10-2 4

= 10

2

10-¢
0
t
FIG. 1. [, norms of the Hamiltonian and momentum constraint

violations for the GBSSN formulation. Simulations are shown for
fixed resolutions (dashed lines) of 1025, 2049 and 4097 points.
Results from an AMR simulation with a relative local error
tolerance of 10~* are shown as the solid colored lines. The AMR
simulations are well within the convergent regime.

=
.
=
t
FIG. 2. I, norms of the Hamiltonian and momentum constraint

violations for the FCCZ4 formulation. Simulations are shown for
fixed resolutions (dashed lines) of 1025, 2049 and 4097 points.
Results from an AMR simulation with a relative local error
tolerance of 10~* are shown as the solid colored lines. The AMR
simulations are observed to be well within the convergent regime.

Figures 4-7 show the performance of each formalism
relative to one another. The simulations are run at a
resolution of 4097 grid points on a grid which extends
to r = 64 (corresponding to the most refined unigrid run of
Figs. 1-3). We choose the domain on which the norms are
evaluated such that signals have not had sufficient time to
propagate from the outer boundary (which is set assuming
X = 1+ a/r for some value a) into the domain of interest.
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|[H]

[[p7]]

FIG. 3. [, norms of the Hamiltonian and momentum constraint
violations for the RCCZ4 formulation. Simulations are shown for
fixed resolutions (dashed lines) of 1025, 2049 and 4097 points.
Results from an AMR simulation with a relative local error
tolerance of 10~* are shown as the solid colored lines. The AMR
simulations are well within the convergent regime.

It should be stressed that for all of the norms plotted in
Figs. 4-7, the solutions are well resolved. The significant,
and previously studied, improvements of the FCCZ4
method over GBSSN [7] in maintaining the Hamiltonian
constraint and independent residuals is a real effect which is
present even at high resolutions.

1072 3
RCCZ4 R

10734 FCCZ4 4
] GBSSN ST

]‘074 _§ ,.,;‘;\,"/ '

= 1077

1064

1077 -

10-8 T T T
0 10 20 30

t
FIG. 4. [, norm of the Hamiltonian constraint violation for the

case of strong field initial data for each of GBSSN, FCCZ4 and
RCCZA4. The difference between RCCZ4 and FCCZ4 is largely
due to a more pronounced outgoing pulse of constraint violation
(which leaves nearly flat space in its wake) while the large static
constraint violation of GBSSN is concentrated at the origin and
leaves behind a metric that does not appear to be a valid solution
to the Einstein-scalar equations.

1072
RCCZ4
10734 FCCZ4
GBSSN
1074 i ; N
S 1070 5 '
1064
1077 4
1078 T T T
0 10 20 30

t

FIG. 5. [, norm of the momentum constraint violation for the
case of strong field initial data for each of GBSSN, FCCZ4 and
RCCZA. Not surprisingly, the performance of the three methods
is largely equivalent as they are all designed to advect away the
momentum constraint violation.

1072 3
] RCCZ4
10734 FCCZz4
] GBSSN
1074 3
N 1070 5
106
10-7 ]
10_8 17 T T T
0 10 20 30
t
FIG. 6. [, norm of Z, = g,(A" — A")/2 for the case of strong

field initial data for each of GBSSN, FCCZ4 and RCCZ4. As in
the case of the Hamiltonian constraint, the GBSSN errors are
concentrated at the origin where the curvature takes on its largest
values. This error remains essentially static save for the mitigating
factor of dissipation. At this resolution, FCCZ4 preserves the
constraint about 100 times better than GBSSN while RCCZ4
improves upon this by a further factor of ~3 or so at late times.

B. Evolution of black hole spacetimes

In order for RCCZ4 (or a to-be-developed formalism
based upon similar principles) to be competitive with
GBSSN or FCCZ4 in the domain of strong field numerical
simulations (which frequently involve singularities), it
first needs to be capable of stably evolving black holes.
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1072 3
RCCZ4
10734 FCCZ4 i
] GBSSN h
— 1074 3 '
S
o AN A
=
1076 3
1074
10~ £ : : .
0 10 20 30
t
FIG.7. [, norm of the independent residual evaluator for K. At

late times, as the solution should be approaching flat space,
RCCZA4 has better performance than either FCCZ4 or GBSSN.

Here, we show that with minor modifications to the
standard 1+log and Delta driver gauges, RCCZ4 in spheri-
cal symmetry is at least as capable as FCCZ4 for the
evolution of black hole space times.

We start with standard time symmetric, black hole
puncture initial data [12,13] given by:

M -2
x_(1+5> : (75)
M\ 2
a=<1+5> , (76)
p.=K=A,=A,=0, (77)

The simulations are performed on large grids
(r =10,128M] with M =4) which are further refined
via fixed mesh refinement (FMR) [20]. The sizes of the
fixed refinement regions were determined by first evolving
the initial data with adaptive mesh refinement. At the
conclusion of this AMR run, each level of refinement had a
maximum extent and that maximum extent then defined the
limits of the corresponding level of refinement for the FMR
calculations. In the simulations, the use of mesh refinement
serves several purposes. First, it reduces the computational
load for high resolution simulations. Second, it allows
us to verify the compatibility of our implementation of
the GBSSN, FCCZ4 and RCCZ4 formalisms with AMR.
Third, by using fixed (as opposed to adaptive) mesh
refinement, we eliminate complications caused by each
formulation employing slightly different regridding proce-
dures. This, in turn, facilitates the analysis of convergence

TABLE I. Parameters for the meshes in fixed mesh refinement
convergence simulations. The fixed mesh refinement simulations
use a total of 7 refinement levels as labeled in the first column.
The extent of each mesh is displayed in columns 2 and 3 (7,,;,, and
Fmax)- The grid spacings for the lowest resolution simulation are
shown in the fourth column (A?). Each of the final three columns
(h!, h? and h}) give grid spacings for progressively higher
resolution simulations. As an example, the 6th refinement level
(Level 6) has a spatial extent of = [0, 64]. For the most resolved
simulation (/?), the grid spacing on that level is 2.

Level T'min 7 max ho h) h? h
1 0 512 8 4 2 1

2 0 512 4 2 1 2-1
3 0 256 2 1 2-1 272
4 0 256 1 2-1 272 2-3
5 0 128 2-1 22 273 24
6 0 64 2—2 2—3 2—4 2—5
7 0 32 2-3 24 2-5 2-6

properties. Table I shows the extent and refinement ratio of
each grid used for the black hole simulations.

We note that the quantities Z; and © are effectively error
terms which serve to propagate violations of the momen-
tum and Hamiltonian constraints and that they tend to grow
in the vicinity of refinement boundaries. As such, we find
that is is best to either evolve A’ (rather than Z,) or to omit
©® and Z; from the truncation error calculation used to
determine the placement of refined regions.

Figures 8 and 9 show the evolutions of a, " and X as
well as the coordinate location of the apparent horizon.
determined by a zero of the quantity =:

rXargb V(K+3Ab>

3

—
— —
—_

- rgbarX + ng - (79)

As is well known [1,14,15,21-23], puncture type initial
data evolves toward a trumpet like spacetime and performs
a form of automatic excision in the vicinity of the puncture.
In this region, the evolved and constrained quantities do not
converge.

The convergence of the [, norms of the various con-
straints in the region external to the apparent horizon
(r = [ran,8M]) and for each formalism are shown in
Figs. 10-12. The dashed lines show simulations with
h,=h% h,=h! and h, = h? while the solid color
denotes the most resolved h, = h; simulation. Figure 13
compiles the highest resolution runs of Figs. 10-12 and
permits a direct comparison of the implementations.
Independent residuals behave similarly and so have not
been plotted.

Examining Fig. 13, we see that for a stationary black
hole, GBSSN is favored over either FCCZ4 or RCCZA4.
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1.0 ]
051~ T
0.0 7///| T T
0 2 4 6 8
r/M
0.4 T
™. — t=0
i \\\ ””” t:2M
5 0.2 7 S t=8M
\\\\ ——= t=64M
0.0 T \“\T‘*f_ T
0 2 4 6 8
r/M

FIG. 8. Evolution of a and " from t = 0 to t = 64M = 256.
The initial puncture type initial data quickly evolves toward
trumpet type data with a going as r as opposed to 7> at the
puncture.

1.0 — ]
< 054
0.0 ¥ : . '
0 2 4 6 8
r/M
1 ]
— —— =0
ffffff t=2M
[1] t=8M
—oo t=64M
-1 T T T
0 2 4 6 8

FIG. 9. Evolution of X and E from ¢t = 0 to t = 64M = 256.
The initial puncture type initial data quickly evolves toward
trumpet type initial data with X going as r as opposed to 7> at the
puncture. As can be seen in the graph of E, the coordinate
location of the apparent horizon (where = = 0) increases slowly
with coordinate time.

For a simulation where we are concerned with computing
the constraint violation external to the apparent horizon,
this makes intuitive sense: the formulation which does not
propagate Hamiltonian constraint violations away from
punctures or grid refinement boundaries should produce
superior results when the fields are nearly stationary.
However, as shown in [3], for more dynamical situations
we should not expect superior performance from BSSN-type
simulations even when constraint damping is employed.

_ 1070 T
=
=
=
t/M
FIG. 10. [, norms of the Hamiltonian and momentum constraint

violations for the GBSSN formulation. Each successive line
denotes a factor of 2 grid refinement. The solid line denotes the
most refined simulation.

107 e
].078 T T T
0 20 40 60
t/M
10774
5 ,"”, - ’, g N/
10—8 d T T T
0 20 40 60
t/M
FIG. 11. [, norms of the Hamiltonian and momentum constraint

violations for the FCCZ4 formulation. The errors in the mo-
mentum constraint appear to be dominated by artifacts that arise
at the mesh refinement boundaries. Our GBSSN and RCCZ4
simulations used identical parameters and neither experienced the
same sort of issues arising at the mesh refinement boundaries.
Rather than attempting to find more optimal parameters which
could resolve these issues at the cost of preventing direct
comparison with GBSSN and RCCZ4, the simulation is left
as-is and we note that it would almost certainly be possible to find
better parameters for FCCZ4 which would mitigate these issues.

As noted in Fig. 11, the errors in the momentum
constraint (and Z,) for FCCZ4 appear to be dominated
by the development of artifacts at the mesh refinement
boundaries. Doubtless, these issues could be mitigated
with proper attention. The relatively poor performance of
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1070 e
S
10_8 T T T
0 20 40 60
t/M
10—° P —
% 1077 ","Il,-\,-:—-——'—"'“\\_____:::: e s
1079 T T T
0 20 40 60
t/M
FIG. 12. [, norms of the Hamiltonian and momentum constraint

violations for the RCCZ4 formulation. Each successive line
denotes a factor of 2 grid refinement. The solid line denotes
the most refined simulation.

FCCZ4 in comparison to GBSSN and RCCZ4 in these
simulations should therefore not be seen as a shortcoming
of the method, but as an issue arising from our demand that
the methods be compared via runs with identical param-
eters. Taking this into account, we see that at early times
(before the errors become dominated by issues arising from
grid refinement boundaries), the performance of each
method is roughly equivalent.

C. Critical collapse

Critical collapse represents the extreme strong field
regime of general relativity and is therefore an excellent
test case to determine the capabilities of a numerical
formulation. Here we compare the RCCZ4, FCCZ4 and
GBSSN formalisms, without constraint damping, in a test
that studies each formalism’s capacity to resolve the
threshold of black hole formation using gauges which
are natural extensions of the 14-log slicing, (71)—(73), with
zero shift. For additional information concerning critical
collapse, see [24] for the original study concerning the
massless scalar field in spherical symmetry and [25,26] for
more general reviews.

For each of GBSSN, FCCZ4 and RCCZ4, we perform
AMR simulations of massless scalar field collapse with a
relative, per-step truncation error tolerance of 107%. We
tune the amplitude of our initial data to the threshold of
black hole formation with a relative tolerance of ~10712,

Figures 14 and 15 plot the central value of the lapse and
the scalar field, respectively, against proper time at the
approximate accumulation point (the spacetime point at
which a naked singularity would form in the limit of infinite
tuning) for the subcritical simulation closest to criticality in
each formalism. Figures 16-18 plot the magnitudes of

1077 4 e
= / RCCZ4
=104 FCCZ4

GBSSN

107° T T T

0 20 40 60
t/M

10—6 ey
= 1077 4
=
T 10_8 3 ‘,r SR

1079 1 T T T

0 20 40 60
t/M
FIG. 13. [, norms of the Hamiltonian constraint and momentum

constraint violation for the /1, = h} run of each of the RCCZ4,
FCCZ4 and GBSSN formulations. Here we can observe key
differences in the constraint violating behaviors of each formu-
lation. As the GBSSN simulation does not couple the Hamil-
tonian constraint to a propagating degree of freedom, errors
within the horizon and at refinement boundaries are unable to
propagate. Due to the fact that the black hole is not moving and
the simulation quickly approaches a nearly stationary state, this
lack of time dependence is advantageous. As shown in Sec. IV A,
the opposite is true when the simulation is highly dynamic. In
those cases, both RCCZ4 and FCCZ4 provide orders of magni-
tude better constraint conservation.

A
004 - FCCZ4
7 \ I A
] \a b A
] {
VAR R GBSSN
Vi i
O T
111 [ |
I i1
P/ it IR i
tf 1 11 IR 1 A
N IR ] (! i 1
IR | [ i H
il 1] {1 I IR 1
1 I IR} IR !
IR
| BN [ IR I
IR
| I O | 11 H
1 T A O O Y O
3 1 A S O T
W 1 H 1 ! 11 1
il | [
/A O I L
1 ot vt
10 . 0 R
] I I A O A |
1 [ I
b {J ] I
] if [ 11
il ty broi
il g Vroad
i | H] 11
il 1N I 11
i W i 11
H H i1
(R TERY
{
A 1!
i/
\f
v
10 T T
In(m* — 1)

FIG. 14. Lapse, a, at the accumulation point as a function of
—In(z* — 7) with * an approximate accumulation time which is
different for each set of simulations. Each of GBSSN, FCCZ4 and
RCCZ4 are well suited to performing the critical evolutions. The
observed discrepancies in a are primarily due to our output of
data with insufficient frequency to resolve the peaks adequately.
As expected, we are able to resolve approximately 3 echoes at a
relative search tolerance of 1072,
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—In(m* - 1)

FIG. 15. Scalar field, y, at the accumulation point as a function
of —In(z* — 7). The discrete self similarity (DSS) is evident.
Tuning the amplitude of our initial data to the threshold of black
hole formation with a relative tolerance of ~107!2 allows us to
resolve approximately three echoes.

1014
—— cummax(|R|,T)
101 H - cummax(|H|, 7)
cummax (| M"|,7)
10° 1 cummax(|Z,.|, T)

105 .

GBSSN

102 -

10—1 -

10—4

10

—In(r* —7)

FIG. 16. Cumulative maximal values of R, Z,, the Hamiltonian
constraint and momentum constraint violations for critical
collapse of the scalar field in the GBSSN formulation. For
clarity, we have not shown the behavior of the Hamiltonian
constraint postdispersal, where it is dominated by a large non
propagating remnant similar to that seen in Fig. 1.

constraint violations from these calculations. For these
simulations we expect all dimensionful quantities to grow
exponentially in —In(z* —7) due to the discretely self-
similar nature of the critical solution. To facilitate analysis of
the overall growth rate of constraint violations, we plot the
cumulative maximum, cummax(f(z),t), of each quantity.
This function returns the largest magnitude encountered
on the domain of the simulation up until that point in time

10t
—— cummax(|R|,T)
1011 .

108 .

(
(
(
(

10°

FCCZ4

102 .

10—1 .

10—*

0 5 10
—In(t* —7)

FIG. 17. Cumulative maximal values of R, Z,, the Hamiltonian
constraint and momentum constraint violations for critical collapse
of the scalar field in the FCCZ4 formulation. For subcritical
simulations close to criticality, the postdispersal constraint violat-
ing remnant is much smaller than that of GBSSN but is still too
large to continue the simulation for long periods of time.

1014
—— cummax(|R|,T)
10 H - cummax(|H|, 7)
cummax (| M"|,7)
8 _
10 cummax(|Z,|, 7)
<t ,
O 105 A
o 10° A
=
10° 4
10—1 .
10~ ,:" T T T
0 5 10
—In(t* —171)
FIG. 18. Cumulative maximal values of R, Z,, the Hamiltonian

constraint and momentum constraint violations for critical
collapse of the scalar field in the RCCZ4 formulation. For
subcritical simulations close to criticality, the postdispersal
constraint violating remnant is much smaller than that of GBSSN
but is still too large to continue the simulation for long periods of
time. Close to criticality, the constraint violations grow noticeably
faster than either GBSSN or FCCZ4 (while still providing
adequate resolution to investigate criticality).

(e.g. cummax(R, 7y) would return the largest value of R
encountered during the simulation for # = [0, #,)).

As seen in Figs. 16-18, when evolved using identical
error tolerances and parameters, we find that GBSSN does
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the best at maintaining a constant level of relative constraint
violation throughout the simulation. We find that with a per-
step error tolerance of 10~*, GBSSN maintains a constant
error ratio of about 1073 relative to the magnitude of the
Ricci scalar. For FCCZ4, this is reduced to 102 while
RCCZA4 performs similarly to FCCZA4 for the first echo or so
and then gradually accumulates more error, performing
worse than either GBSSN or FCCZA4 at late times.

At this point, the cause of this dip in performance for
RCCZ4 is unclear to us. However, it is entirely possible that
itis due to a suboptimal regridding strategy. Alternatively, it
could very well be that the variant of the 1+log slicing
condition used, Eq. (73), is not ideal for controlling the
Hamiltonian constraint. We tried several variations of the
form 9,0 = —2a(K — 2f(a)®), which, for the most part,
resulted in similar performance and stability properties.

The superior performance of GBSSN in the approach to
criticality contrasts with its poor performance post dis-
persal. As in Sec. IVA, after a simulation achieves its
closest approach to criticality, the scalar field disperses to
infinity and would ideally leave flat space in its wake. Both
FCCZ4 and RCCZ4 perform better than GBSSN in this
regime although this is not evident when plotting cumu-
lative maxima as in Figs. 16—18.

V. HYPERBOLICITY OF RCCZ4

We now turn to an analysis of the hyperbolicity of RCCZA.
We demonstrate that, relative to GBSSN, RCCZ4 has one
fewer zero-velocity modes, which roughly corresponds to
the fact that in Z4 derived formulations the equivalent of the
Hamiltonian constraint is dynamical [3,7,27]. As outlined
in [28-30], and in the context of numerical relativity, these
zero-velocity modes often correspond to constraint violations
and are thought to contribute to instabilities. Consequently,
formulations that minimize these modes are generally
favored.

Here we derive the conditions under which RCCZ4 is
hyperbolic, performing a pseudodifferential reduction [5,31]
following the procedure of Cao and Wu [28] who have
previously applied the method to a study of the hyperbolicity
of BSSN in f(R) gravity. We consider the RCCZ4 equations
of motion (32)—(38) in the vacuum and choose a generali-
zation of the Bona-Masso family of lapses [12,32] together
with generalized Lambda drivers for the shift. Specifically,
defining

0 =9, — B0, (80)

the equation for the lapse is

doat = —a’h(a, y) (K —Ky— m(‘:") @). (81)

Our generalized Lambda driver takes the form
0B = *G(a, y)B', (82)
where the auxiliary vector B’ satisfies
00B' = e ¥ H(a, y)oA" — (B, ), (83)

and G and H are some specified functions.

We wish to determine the conditions under which the
RCCZ4 system is strongly hyperbolic. This essentially
amounts to verifying that the system admits a well-defined
Cauchy problem; i.e., that there exist no high frequency
modes with growth rates which cannot be bounded by
some exponential function of time [5]. We can thus study
strong hyperbolicity by linearizing the equations about
some generic solution and examining the resulting per-
turbed system in the high frequency regime where it takes
the form

dou = Mo,u + Su. (84)

Here, u is a vector of n perturbation fields, M’ are n-by-n
characteristic matrices and Su is a source vector that may
depend on the fundamental variables u but not on their
derivatives. Fourier transforming the perturbation u via

i(w) = /ei(“’kxk)u(x)d%, (85)
we can write (84) as
0ot = iw;M'it + Sit. (86)

From this, we define the principal symbol of the system as
P, = i|w|P = iw;M'. The hyperbolicity of the system can
then be discerned from the properties of P:

(1) If P has imaginary eigenvalues, the system is not
hyperbolic and cannot be formulated as a well-posed
Cauchy problem.

(i) If P has only real eigenvalues but does not possess
a complete set of eigenvectors, the system is
weakly hyperbolic and may have issues with ill-
posedness.

(iii) If P has both real eigenvalues and a complete set of
eigenvectors, the system is strongly hyperbolic and
the Cauchy problem is well-posed.

Returning to the specific case of the RCCZ4 formulation
in vacuum, we linearize (32)-(38) about some generic
solution and consider perturbations in the high frequency
regime. In such a regime, the length scale associated with
the unperturbed solution will be large relative to the
perturbations and we may safely freeze the coefficients
in the perturbed equations. Upon decomposing the
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resulting linear constant coefficient into Fourier modes,
we obtain:

1 . 1 N
0 = ——ak +— (iwy) ", (87)
6 6
0ok = aR + o,y + 2ay" (iw,Z,,). (88)
2 1 ~ PO
0,0 = 50{2 (R +2(iw;)Zy'), (89)

A

o¥ij = _Zazij - %%j(iwm)ﬁm + Vim(iw;)p"
+ 7mj(iwi>:8m’ (90)

002,»1 = e [wwyla + aRj + 2a(ioqZ;)]™,  (91)

WA’ = (00, + 37 (-0,
—gmwuwpk4xw%@w@é, (92)

~ s 2 ~ 2
a()Zl- = (ia)j)Aki?Jk - g(lwl)K 4+ (lCl)J)®, (93)

aOBi = ZH}’imaOZm + H(iwn)ymiao}%znn- (96)

Here, since we are interested in the high frequency regime,
we have kept only the leading order derivative terms. In
these equations, R;; may either be considered as a function

ol J
of A' (as would be the case for GBSSN):

R 1. X 1. . 2 1. . 2m
= 5}/lm (wla)m>yij + Eymi(le)Am =+ 57,,,/(160,)/\

+ 2(&)[&)]))? + 27ij71m (wlwm))?v (97)
or as a function of A’ (as derived in Sec. II):

D 1 ~lm 2 1 ~ . 2m 1 - . 2m
Rij = 57 (w@,,)7i; + EYmi(le)A + Eymj(za),»)A

+ 2(w;w;)f + 27ij71m (w10,)7. (98)

In what follows, ¢ = 1 corresponds to the use of A’ while
€ = 2 corresponds to the definition in terms of A’. Roughly
following [28], we introduce the variables:

w; = |wla;, (99)
o = ylow;, (100)
—ia
h=_"a, 101
=1 (101)
—i
=X, 102
2= (102)

6 = al, (103)
A =7FiA,, (104)
i —ia it

ﬂ :Wy/bj’ (105)
B' =B, (106)
A —ie ™%

Vij = |a)| lij’ (107)
Izij = 6_4)([,\41'/', (108)

which permits us to write (87)—(96) as a first order
pseudodifferential system of the form

(109)

0ot = i|w|aPil,

where

2 A ~ T
A1y Ly] (o)
Provided that P is diagonalizable with purely real eigen-
values, the system will be strongly hyperbolic [5,28,30].
Then, following the methodology of Nagy et al. [5,28], we
decompose the eigenvalue equation
Pi = A, (111)
by projecting & into longitudinal and transverse compo-
nents with respect to @; via application of the projection
operator
qij = Vij — 0;0;. (112)
Explicitly, we split all rank-1 and 2 covariant tensors into
their components in and orthogonal to ¢g;;. In such a
decomposition, symmetric rank-2 tensors on the 3D hyper-
surface with metric y;; may be represented as:

N a1 . . R
Xij = @:0;X +§qin/ + 20X} + X (113)
with

X=a'a'%, (114)
X' = 4%y, (115)
X; = C]ij@kj(jk, (116)

% S 1.
Xy = ai'a;" (sz - EX'qzm) (117)

and where angle brackets denote a tensorial quantity which
is trace free with respect to g;;. Similarly, covectors may be
split according to
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Vi=w ¥V + 71, (118)

with
Y =a'Y;, (119)
Vi =q/7; (120)

Upon application of these tensor and vector decompo-
sitions to (109), we find that P can be written in block
diagonal form:

PS 0 0
P=|0 PV 0], (121)
0 0 PT

with PS, PV and PT denoting scalar, vector and tensor
components. Following a lengthy calculation, we find the
following results for (1) the scalar components:

dd = ilwla|—hK + hmﬁ}, (122)
b = iw|a _GB}, (123)
.. [4H. 4H, .
0yB = i|lw|a Tb—TK—i—ZHQ , (124)
00X = i|w| _113 Lz (125)
=ilwla|-b—--K|,
0 60 6
S A
0ol = i|lw|a gb—ZL}, (126)
N B P
ol = ilw|a —§b+2L , (127)
R I o 1. 1, R
ook = ilw|a —&—8X+21—21’+2ez} (128)
R PSR DU DY
00Q = i|w|a —4X+ZZ—ZZ’—|—eZ], (129)
L2 4y 1, 1., de.
ool = l|w|a_—§ —3 X314l +?Z}, (130)
A (. 2. A
007 = ilw|a L—§K—|—Q}, (131)
(2) the vector components:
b} = i|w|a_G§;], (132)
B, = ijw|a _HB;}, (133)
ol = ilw|al|b; - 22;}, (134)
dl! = ilo|a 'ez;}, (135)
07 = i|a)|a—lA,§}, (136)

and (3) tensor components:

Al = i|a)|a[—21:’<ij>}, (137)
7/ . 1 5
Note that since A is trace-free we have [/ = —f, which is

why no evolutlon equatlon for L’ appears. Expressing these
systems of equations as matrix equations of the form (111)
and (121), the eigenvalues of PS are

4
1=0,0, £1, £+e, £Vh, i,/ch.

Comparing with the results of [27,28] (which consider
various BSSN-type systems), we observe that RCCZ4
has one fewer zero velocity eigenvalue than GBSSN. It is
this eigenvalue which corresponds to the Hamiltonian
constraint advection and it is largely responsible for the
superior performance of FCCZA relative to GBSSN [3,7,27].
Treating R as a function of A’ versus A’ (¢ =2 versus
€ =1) has the effect of increasing the speed of propagation
of several modes, but otherwise has no effect on hyper-
bolicity. In fact, we see that RCCZ4 appears to be well
defined for a fairly wide range of ¢ which roughly corre-
sponds to modified equations of motion in which the
Ricci tensor is supplemented by additional terms of the
form DUZ])

In the case of the vector components, the eigenvalues
of the matrix PV each have multiplicity 2 (rather than 3) due
to the projection constraints of the form @'X; = 0. The
eigenvalues are

(139)

1=0, £/, +VGH. (140)
Finally, for the tensor components, the eigenvalues of PT
have multiplicity 2 (rather than 6) due to the three pro-
jection constraints of the form a)’X = 0 and the trace-free
condition X 7Y = 0. The elgenvalues are the same as we
would find for BSSN and ADM [5,27,28]:

A=+l (141)

In order to guarantee weak hyperbolicity, all of these
eigenvalues must be real, so we must have

GH >0,h>0,¢>0. (142)
Strong hyperbolicity additionally requires that each of P¥,
P" and P7 are diagonalizable. For this to be the case, all of
the following conditions must hold:

3 3 3
h#e HG#  HG# h HG# e, (143)
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so that P has a complete set of eigenvectors. Here, ¢ &
{1,2} would occur if we were to substitute some other
combination of A’ and 7YZ; in the definition of R;;.
Note that as &, G and H are generically functions of a
and y, we cannot guarantee that our equations of motion
will be everywhere strongly hyperbolic. However, if
we perform the same sort of pseudodifferential decom-
position for FCCZ4 (using a slightly modified gauge),
we find that RCCZ4 and FCCZ4 share the same principal
part and we thus conclude that the two methods have
identical stability characteristics in the high frequency
limit.

VI. SUMMARY AND CONCLUSIONS

In this paper, we have introduced our novel RCCZ4
formulation of numerical relativity. We have demonstrated
that it is possible to achieve roughly equivalent perfor-
mance to GBSSN and FCCZ4 through a modification of Z4
wherein constraint violations are coupled to a reference
metric completely independent of the physical metric.
We have shown that this approach works in the presence
of black holes and holds up robustly in a variety of 1D
simulations including the critical collapse of a scalar field.
In addition to stably evolving spherically symmetric
simulations in the strong field, we have demonstrated that
our formulation is strongly hyperbolic through the use of a
pseudodifferential first order reduction.

Our formulation of RCCZ4 chose the simplest possible
reference metric, but we can easily imagine formulations
in which the components of §,, are chosen or evolved
in such a way so as to provide additional beneficial
properties aside from the vanishing of the Ricci tensor.
We suspect that it will be in modifications to the choice of
9w in which the full utility of RCCZ4-like formulations is
realized.

The core idea behind RCCZ4—coupling the constraint
equations to a metric different from the physical
metric—could potentially be used to derive methods with
greater stability and superior error characteristics than
either GBSSN or FCCZ4. In our opinion, the main
takeaway should not be that RCCZ4, as it stands, is a
complete formulation with performance approaching or
exceeding FCCZ4 and GBSSN. Rather, the main lesson
should be that the Z4 formulation of general relativity can
be modified such that the constraints are coupled to a
metric other then the physical one, and that such a
modification may be useful in tailoring the properties
of the system as they pertain to constraint advection and
damping.
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APPENDIX A: 3+1 FORM OF RZ4

The RZ4 equations in canonical and trace-reversed form
with damping are given by (10) and (11). As we have been
predominantly interested in investigating scale invariant
problems, we set the damping parameters k; and «, to zero,
yielding the simpler set of equations:

1 ° o
Rﬂv _EgHI/R + 2V(MZV) —gﬂyv(azﬂ)g"ﬂ - 87TTW =0, (Al)

o 1
Rﬂy + 2V(ﬂZ,,) — 8 (T/w - EgMDT> = O, (A2)

R+2V(,Z,g" + 8T =0. (A3)

Here, (A1) is RZ4 written in canonical form, (A2) is
written in trace-reversed form and (A3) is the trace of (A2)
taken with respect to the physical metric g**.

To derive the ADM equivalent of the RZ4 equations we
roughly follow the ADM derivations of [12,13] and take
projections of (A1)—(A3) onto and orthogonal to the spatial
hypersurfaces which foliate four dimensional spacetime
in a standard 3-+1 decomposition. In what follows, we
consider only the simplest case where g, is a time-invariant,
curvature-free, Lorentzian metric with g, = -1, g,; = 0.

1. Spatial projection
We begin by finding the evolution equation for the
extrinsic curvature by projecting both indices of (A2) onto
2. The terms present in the Finstein equations follow the
ordinary ADM derivation so we concentrate on the terms
containing Z*:
y”ﬂ}/yo—vﬂzy =70 (aﬂzv + ®aﬂnl/

—1"(Z, +n,0)). (A4)

We now note that, since n; = 0, when restricting to spatial
indices we have:

717 mOuty
= (6", + n"n;) (6", + n*n,,)0,n,,
= (6",0"), + & n*n,, 4 8y ny + nfnyn¥n,, )o,n,,
= (0yny, + n*n,, 0, + n*n,0,n,, + n¥nn’n,o,n,),

=0, (AS)
and therefore

2757 N wZy) = 211" (9, Z,) + ©9ny)
— FPW(ZP + np®)),
= 2}’”l‘7/yj (@(”ZD) - f‘pﬂb(zp + np®)). (A6)
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Assuming §,, = 8, + 7;; with R;; = f’ij =0 (e.g. we take
the simplest possible flat background 3-metric), this sim-
plifies further to,

2)/”,~y’“jv(”Z

v =277 (a(uZV) - f*k/ka),

=2(8":6"; + & in¥n; + & ;n"n,
+ntnn'n;) (0(MZ = fkﬂbzk),
=20,Z; - 2*,Z,.
= 21")(,. i) (A7)

Here, we have made use of the fact that, with the
connection given above, the Christoffel symbols for the
spatial component of the background metric are identical to
those of its four dimensional counterpart. Adding (A7) to
the evolution equation for the extrinsic curvature,

L,Ki; = =D;Dja +a(R;; + KK;; — 2K K*;)

+dzaly; (S —p) —25;), (A8)

we recover (17).

2. Temporal projection

Next, we modify the Hamiltonian constraint by consid-
ering the full projection of (Al) onto n*n”. Focusing on
the terms that have been added to the original Einstein
equations we have:

n”n”@MZ,J
= n”ﬁﬂ(n”Z,,) - n"Zbﬁﬂn”,
= —nl‘ﬁ”@ - n"Zbﬁﬂn”,

1 .
=——L, 0-n*Z N n", A9
L L,0-wz,n (49)
nﬂnpg;w (6/1Z0.)g}”6
_(6izn)gj”5
_910-6/1(20 + nGG)’
1 o - o
= ——EmG - g’l"vlza - g’l"GV,ln,,. (AIO)
a
Thus, we find
nkn? (2V gWVl Z,9)
Iy @)V, n*
L0,0-200(2, 4 n,0)9,n
+ ¢V, Z, + ¢°OV,n,,. (A11)

Now, expressing n* and g,, in terms of a, p and y; ; and
simplifying, (A11) becomes:

ntn? (2V gWVAZ,,g’“’)
_ 1 e-2r a+£(£ B —pD,p)
a m az m az m J
Adding these to the ADM Hamiltonian constraint,
1
H=3 (R+K*—K;;KV) -8zp =0, (Al3)

and solving for £,,0, we recover (18).

3. Mixed projection

We find the evolution equation for the momentum
constraint propagator by taking the mixed projection onto
y#,n” of the terms that have been added to the Einstein
equations in (Al). Upon restricting to spatial indices
we find:

yﬂinl/%ﬂzv
= —]/”l-@”@ - yﬂizuﬁyny’
=-0,0 — ninﬂﬁll@ -vi(Z, + @nv)ﬁ n*,

u

= —D;0 — y*(Z, + ©n,)V,n* (A14)
y”in”Q,Zl,

=V, (1":2,) = 2V,

= N, Z; = Z,n*V (8 + nn;),

= V Z;—nZ, n”V n + On*V i,

= n”@ Z;+0On V n;,

g0 13
yHin® (glng1 U%ﬂzﬂ)

= 7 (= mun) (V. Z,).

~0. (A16)

Now, expressing n* and g, in terms of the 3+1 variables
(a, " and y;;) and simplifying the resulting expression,
we find:

o

yH (ZV gm,g’1 V,Z )
1 o o _ o
— V D1® - }/ﬂi<Zy + @ny)vﬂn"
(Z
1 2 o .
= —L,Z;+>Z;D;p/ - D;© - OD; In(a). (A17)
[04

Upon substitution of this expression into the ADM
momentum constraint,
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M = DKV —yiD;K —8zj =0,  (AlS)

and solving for £,,Z;, we recover (19).

APPENDIX B: DERIVATION OF RCCZ4

Now that we have the ADM equivalent of the RZ4
equations, the derivation of the RCCZ4 equations proceeds
in a fairly straightforward manner. To recap, the ADM
equivalents of the RZ4 equations so far derived are

Ly = —2aK;, (B1)
L,K;j=-DDa+a(R;+ KK;; — 2Ky K*))
+ 4za([S = plyi; — 28;) + 20(10)(,-Zj), (B2)
£,0 = g(R + K2 = K;KU = 167p) + ayiD,Z,
- —[Ima L4 (.c pi—p'Dp), (B3)
L,Z; = a(D;K/; = D;K — 8xj;) = 2Z;D,p/
+OD,a + aD,;®, (B4)

and the process of determining the RCCZ4 equations
essentially boils down to substituting for the conformal
variables in a manner exactly analogous to FCCZ4 [2].
We observe that (B1), the evolution equation for y;;, is
unchanged from the ADM case and therefore the evolution
equations for y and 7;; are the same as in FCCZ4 and

GBSSN [2,6]:
(B5)

}711Dmﬂm- (B6)

1. Evolution of the extrinsic curvature trace

Beginning with the Lie derivative of K along m:
£mK = yl]‘chlj + Kijﬁmyijv (B7)

and (B2), the RZ4 form of the evolution of the extrinsic
curvature, we substitute (B1) for £,,y”, to find (33):

ﬁmK = yij[’mKij + Kijﬁmyij

= -D'D,a+ a(R + K* — 2K,;K")

+ 4ra(3[S - p] - 2S) + Zay’fD( )+ 2aK ;K
=-D>a+a(R+K>+2/'DZ;

+4n(S - 3p)). (B8)

2. Evolution of the trace-free extrinsic curvature

The evolution of £,,A; j

'CmAij =L, (6_41 (Kij - %}’in>>

- 1
= _4A1]£m)( -+ 6_4){ (‘CmKlj - gK,Cm}/U

is given by

1

If we express this equation in terms of the conformal
decomposition and make use of (B2) and (BS), the RZ4
evolution equations for K;; and K respectively, we find (36):

‘CmAij = 8_4)( [—D,-Dja + (lRij - 87[(1»5,']' + Zab(izj)]TF

~ -~ 2~ -
n a(KAij - 2AikAkj) ~ZAyDip. (B10)
Equivalently, we could start from the GBSSN equation
for A;; [1,6]:

£mA,»j =e¥ [—Dl-Dja +aR;; — 8ﬂaS--] TF

+ a(KA;; — 24, A%;) ——A iDip. (B11)
and note that (B2) is, save for the term involving b(,.z i)
identical to the ADM expression for the evolution for the
extrinsic curvature. If we define

and note that this new pseudocurvature has the same sym-
metries as a true curvature, we may follow the GBSSN
derivation of £,,A;; exactly and substitute the definition of
this new quantity as a final step. Doing so recovers (36) in a
much simpler manner.

3. Evolution of Theta

Essentially trivial substitution of the conformal variables
into (B3), the augmented Hamiltonian constraint, gives:

a A 2
£m® = = (R —AijAU +§K2 - 16ﬂp> +0£]/]D Z

2

® Z . e
2L e+l (cm/)" _pib ,-/31). (B13)
a a
4. Evolution of Lambda

From (28), the definition of A’ we find the following
expression for the evolution of £,,A’

LA =L,A+2L,(7Z)). (B14)
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In this equation, an expression for £,,Z; may be found
through substitution of the conformal variables into (B4):

3
+ @bia + abi®.

_ N 2 .
L,Z; = a<D1Al,- —-ZD,K — 87rj,»> —-2Z;D,p
(B15)

Now, the quantity A’ can be expressed in terms of the
action of the flat space covariant derivative on the con-
formal metric:

L | 7\
Dj}/l] =-A —EthI(j)ylk, (Blé)
Y
and, noting that since 7 = y (we have chosen our conformal
and flat space metrics to have the same determinant), A’
may be expressed as:

Al =D 7. (B17)
We may then find an evolution equation for A’ entirely in
terms of (B62,_ the equation of motion for Vijs and the
definition of A'j:

}A,mibmbnﬁn

L,A"=9y"D,D,p —2D;(aA") +

2 n
+34D,p".

W | =

(B18)

Finally, (B14) may be expressed as:
LA =L,A+2L,,(77Z;),
="D,D,f — 247D a + %?mii)mbnﬂ"
+ %f\"Dnﬂ" +4aZ AV 4+ 12aA" Ay - gaDiK
— 167aj’ + 2aD'® + 2a0®D' In

—4ZFID,p. (B19)

S. Simplifying substitution

Equation (B13) is not particularly well suited to evolu-
tion: when the lapse approaches 0, terms on the right hand
side approach infinity. Fortunately, it can be regularized by
defining a new evolutionary variable © in terms of ®, a, Z
and f':

6 Pz
8:—+ﬁ -
a a

(B20)

In terms of thf:_se variabl_es, we recover the evolution forms
for £,,0, L£,,A" and L,,Z; expressed in (31), (37), and (38)
respectively:

- oa? - o~ 2 o -
L,,0 = 5 <R — A ;AT + 5K2 — 167p + 2leDizj>
_pi (ﬁlbjzl + bj(:))
i DA 2D K —8xj B21
—afp Wz Pt = 7Tl )s (B21)
Emi\i _ 7mnbmﬁnﬂi _ 2Aimbma
N 1~ - 2.
+ 2aA™ Al + §D’Dnﬁ” + gAZDmB"
oL e~ 1 .. ~
+ da (szl-/ +3A"Dy — §D’K - 477:]")
+2DI® 1 27 (ﬁli’) 2, - Z,D j/ﬂ), (B22)
_ < 2 1 5 a
ﬁle-:a DlAl_ngK_Sﬂ]l _ZlDiﬂ
+ p'D,Z, + D,®. (B23)
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