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Low frequency gravitational waves through Berry phase
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The detection of low-frequency gravitational waves astronomy has marked the advent of a new era in the
domain of astrophysics and general relativity. Using the framework of interaction between gravitational
waves (GWs) and a point two-particles-like detector, within a linearized gravity approach, we propose a toy
detector model whose quantum state is being investigated at a low frequency of GWs. The detector is in
simultaneous interaction with GWs and an external time-dependent (tuneable) two-dimensional harmonic
potential. We observe that the interaction with low-frequency GWSs naturally provides adiabatic
approximation in the calculation and thereby can lead to a quantal geometric phase in the quantum
states of the detector. Moreover, this can be controlled by tuning the frequency of the external harmonic
potential trap. We argue that such a geometric phase detection may serve as a manifestation of the footprint
of GWs. More importantly, our theoretical model may be capable of providing a layout for the detection of

very-small-frequency GWs through the Berry phase.
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I. INTRODUCTION

The ground-based laser interferometric techniques
employed in the LIGO and the Virgo experiments have
been phenomenally successful in the detection of gravita-
tional waves (GWs) through a classical treatment of the arms
of the interferometer [1]. The typical frequency range of
detection of GWs in these experiments has been 5 Hz—
20,000 Hz (e.g., see Ref. [2]). However, the European Space
Agency launched the LISA Pathfinder mission in 2015 to
test the technology required for a full-fledged space-based
gravitational wave detector, with the goal of detecting much
lower frequencies [3]. In fact, it is anticipated that inflation in
the early Universe is the source of primordial gravitational
waves, which have a very low frequency [4]. It is crucial to
find these gravitational waves in order to confirm the
inflationary theory. In this paper, we propose a theoretical
model which has potential to be a candidate for experimental
detection of such low-frequency GWs (LEGWs).!
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IOnward, we will use LFGWs as the abbreviation for low-
frequency GWs.
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Usually, GWs are detected through interaction with
laboratory apparatus like interferometer arms in LIGO.
Particularly, the very LFGWs are capable of providing
adiabatic change in the detectors. A heuristic explanation
is as follows. Consider GWs propagating along the
z direction, whose form in the linearized approxima-
tion in the transverse-traceless gauge can be taken as
hij(t) ~ cos(wyt — kz). This induces a deviation of the
trajectory of a point particle detector which is deter-
mined by h;;(t) ~ w,sin(w,t —kz) in the Hamiltonian
(see Ref. [5] for details). Therefore, for the very-low-
frequency range (107> Hz < w, < 1 Hz), the perturbations
in the Hamiltonian caused by the GWs are ultra-slowly-
varying functions of time under adiabatic passage. This
behavior can be quantified by a dimensionless parameter
(we will denote this as €), defined through the system’s
internal and external timescales, which we will delve into in
detail in the respective portion of our analysis. Then, these
LFGWs are capable of inducing a geometric phase [known
as the Berry phase (BP)] along with the usual dynamical
phase in the quantum state of the detector. If this is true, then
the LFGWs can be distinguished through the BP.

Before describing our model to investigate the above
geometric phase, let us now mention a few earlier inves-
tigations on the gravitationally induced BP. There has been

© 2023 American Physical Society
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an opinion among the physicists from quite some time
through various investigations that the quantum mechanical
domain will provide more a prominent and experimentally
tenable trace of gravitational waves on matter [6]. It has
also been known that gravitons exhibit Berry’s geometric
phase shift [7] in the presence of a background Friedmann-
Lemaitre-Robertson-Walker metric [8]. Besides, in [9], a
connection has been pointed out between the lower bound
of von Neumann entanglement entropy and the BP defined
for quantum ground states of a generic solid-state system.
Such a phase then serves as another plausible quantum
fingerprint of the interaction of GWs with matter [10,11]. In
fact, some investigations have been carried out to under-
stand the features of interaction between the gravitational
force and quantum fluids. In [12], Anandan and Chiao
investigated how by employing superfluids one can build
antennas for gravitational radiation and then, making use of
superconducting circuits, it is possible to detect gravita-
tional radiation [13]. Interactions generated through the
Lense-Thirring effect in rotating superconductors had
been considered by DeWitt and Papini by computing the
resultant quantum phase shift [14,15]. Apart from quantum
fluids, the classical Weber bar detectors have also been
previously studied in the quantum regime by using quan-
tum nondemolition measurements [16].

Motivated by the above facts and investigations, we now
propose the following theoretical model for a detector which
changes adiabatically under the LFGWs and therefore is
capable of acquiring BP on its quantum state. The detector
effectively consists of two uncoupled one-dimensional
anisotropic oscillators, and when the GWs pass through,
they will weakly interact with GW. For example, each arm of
the LIGO apparatus can be thought of as a point particle
which is oscillating with time-dependent frequency in two
independent directions. When a GW passes by, due to the
quadrupolar nature, it creates oscillations in the plane
perpendicular to its motion. Thus, the effective dynamics
of the interaction of GWs with the detector is a planar
problem. The interaction of linearized GWs with our
detector system is then manifested through a particular
quantal geometric phase shift in the quantum states of the
oscillators. Here, we provide the estimation of this phase
shift. Thus, we hope that visualization of the effects of this
BP on various physical phenomena can be a potential
candidate for knowing about LFGWs.

In fact, the universal appeal of the quantal BP can be
appreciated from the variety of contexts in which it has
surfaced such as the Born-Oppenheimer approximation in
molecular physics, fractional statistics, anomalies in gauge
field theories, the quantum Hall effect, and several other
situations [17-21]. Moreover, BP comes in great accor-
dance with the famous Unruh effect in the Unruh-DeWitt
detectors, as the presence of the Berry phase in a version of
Unruh-DeWitt detectors can serve as a direct consequence
of the Unruh effect [22]. This phase, if detected, will lead to

an indirect observation of the Unruh radiation. In this paper,
we intend to show the footprint of the GWs on the quantum
detectors. The gravitational counterpart of this geometric
phase is indicative of the deflection of the detector’s
trajectory on account of the passing of GWs [8]. Thus, a
study of emergent BP has its interesting interpretations and
consequences.

The organization of this article is as follows. In Sec. II, we
provide the quantum vibrating detector model with aniso-
tropic time-dependent frequencies interacting with the low-
frequency mode of GWs. The computation of the BP has
been presented in Sec. III. Section IV concludes the paper.
We also provide six appendixes to present the detailed steps
of the calculations and supporting analysis. In the first,
Appendix A, we provide a brief overview of linearized
gravitational waves. We then show in Appendix B how it is
possible to construct a Hamiltonian which is equivalent to
one we start with. This facilitates the subsequent compu-
tation. A brief derivation of BP in the Heisenberg picture is
then presented in Appendix C. In Appendix D, we provide
the BP’s derivation based in the Schrédinger picture. Finally,
we demonstrate an explicit computation of the BP and its
variations with respect to the detector frequency amplitude
in Appendix E.

II. VIBRATING DETECTOR MODEL

For the linearized version of Einstein’s theory of gravity,
it is observed that the separation of geodesics, perpendi-
cular to the direction of GW propagation, satisfies a very
simple relation (d*Ax’)/dt* = —R'yjoAx/ [5,23] (see also a
brief discussion in Appendix A). This can be considered as
the two-dimensional motion of a particle (hence, the spatial
indices i, j = 1, 2), influenced by GWs, relative to a fixed
reference point under the forcing term given by —R'g;oAx/.
Now, if we consider a detector, like LIGO, then the end
points of each of its arms can be taken as point particles. In
this scenario, each of the arms will follow two-dimensional
motion on a plane perpendicular to the direction of GW
propagation which is driven by this equation of motion. For
our case, we keep this detector under an influence of
another given force F' (nongeometric); the explicit form
will be mentioned later.

Under this model, end points of each arm will be driven
by the equation of motion mi' = —mR!y,x* + F!, where
for brevity Ax’s is being denoted by x’s by considering a
fiducial fixed (reference) origin. Here, m is the mass of the
particle (e.g., end point of the arm). Now, using
Rl oo = 0,174, the Lagrangian corresponding to the above
equation  is = Zj(% mxi® + 2% xjxkatfék -V,
which up to a total derivative term can be taken as

L= Z( mxl —mZF Xixk — ) (1)
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where V; represents the external potential corresponding to
the force F/. The canonical Hamiltonian for (1) at the
linearized order is then

H= ¥<f—éﬁ zk:rgkxkpj + vj(xa)) 2)

This Hamiltonian, written in a slightly different manner,
was recently considered in [24] to probe the quantum
nature of gravity in a two-particle detector model. In fact, a
similar model, introduced earlier in [25], has also been
employed in the context of noncommutative quantum
mechanics (see e.g., [26]) for a different purpose.

The GW is expressed as hj = 2y(t)(ex0yjx + €:03)
[5,23]. Here, 2y(¢) is the amplitude of the GW, and & is
the (jk)™ element of the Pauli matrix ¢}, and so on. Then,
the second term in (2) will provide a term like
~(x1p2 + x,p1), which corresponds to mutual interaction
between the two directions of the single arm through GWs.
To simplify the future calculation, it is customary to work
on those phase-space variables in which such cross-terms
can be eliminated. This can be done using unitary trans-

~ ~ . 00
formations x; = U;;x; and p; = U;;p; with U = e For
our model, we take V(%) = $m Y ; Q3(1)%3, and then we

have the total Hamiltonian in Hermitian form as (see
Appendix B)

H=Y"(aB?+p32) + (0 + pi)
i=1,2

—y(%2D2 + PaXn), (3)

where a = 7. f; = %mQ? and y = y(t)€... Here, we have
€, = e, cos0+ e, sinf, with tan§ = f—+ Note that Eq. (3)
represents the Hamiltonian for two anisotropic one-
dimensional oscillators, each interacting independently
with GWs. Mutual interaction among the oscillators has
been avoided by these choices to investigate the sole effect
of GWs. This scenario can be understood as follows.
Initially, the end points of one of the arms of LIGO are
undergoing anisotropic oscillations in two perpendicular
directions. When a GW passes through these arms, both
Q ,(7) in the potential, as described above, take the form of
slowly varying periodic functions of time. Their time
periods are finely adjusted to match the frequency of the
incoming LFGW mode. This adjustment results in the
Hamiltonian (3), which exhibits periodicity with a period of
T= 57” The choice of making €; time dependent and

9
anisotropic for calculating Berry phases will be elaborated
on in the next subsection.

Just for completeness, it may be mentioned that the form
of V in (2) as a function of original coordinates can be
found by applying the reverse unitary transformation. In
this case, this is given by

1
D Vi) = g m(QF +Q3)(f + 13)
J

1
e (@ - 9) (4 - )

+ %meX (Q3 — Q)x;x,. (4)
This structure of the potential indicates coupling between
the harmonic oscillator modes, with the strength of cou-
pling determined by e,. Furthermore, the choice of oscil-
lation frequencies is contingent on the value of €, . Notably,
this type of potential has previously been employed in
the study of gravity-induced entanglement, as discussed
in [27,28]. However, we will work on tilde coordinates.
This will not only simplify the analysis, but also such a
choice incorporates only the interaction among the indi-
vidual oscillators and GWs, while the intrainteraction
between them does not appear.

It is worth highlighting that our choice to synchronize the
time periods of the detector’s frequency parameters with the
low-frequency gravitational wave’s frequency holds sig-
nificant importance. This synchronization is critical, as it
requires a system Hamiltonian involving multiple time-
dependent parameters with the same time period to induce a
nontrivial adiabatic Berry phase shift in the quantum
detector states [29]. Consequently, low-frequency gravita-
tional waves naturally trigger an adiabatic evolution in the
adjustable oscillator detector. This alignment is crucial for
preserving the cyclicity condition of the Hamiltonian,
which guarantees that a set of parameters, varied through
a closed path (C) and subsequently returned to their original
values, complies with the principles of the traditional
adiabatic theorem. Ultimately, this alignment paves the
way for the emergence of a nontrivial Berry geometric
phase.

Note that (3) can be rewritten in terms of the generators
of the SU(1, 1) group,

1 2 i 1 2
H=a() + 1) 4 31 4 /(1) = 1), (5)
i=12

where T\ = p2, T\ = 22, and TV = %,p; + p.%; are the
three Lie algebra elements of SU(1, 1). It is a direct sum of
two independent SU(1, 1) algebras corresponding to the
two oscillator modes. The geometry associated with the
parameter space of SU(1,1) when traversed by the state
vector cyclically, the vector picks up a geometric phase
shift after the complete cycle (see Ref. [30] for more
details). Therefore, the corresponding states must acquire
BP. We will now calculate this.

III. COMPUTATION OF BERRY PHASE

To perform the quantum mechanics, we define two
ladder operators,
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aj, = A (1) {131.2 + C1.2(1)551,2], (6)

such that only the nonvanishing one is [a;,a]] = 1 with

Ai: #ﬁwﬁ C1,2_ (ZI:}/ "U|2) and (I)i:\/Qiz—A‘-]/ > 0.

The positive sign is for C;, and other one is for C,. These
two, along with their adjoints, readily diagonalize (3) as

H= hZ(wja;aj) +§(a)1 + ). (7)

The time evolution of these operators is determined from
the Heisenberg equation of motion. This yields

dy = [My —ma, +771aI, (8)

where M| = The same for a is

obtained by taking the Hermitian conjugate of (8). Note
that y is related to the GWs and so can be regarded as a
time-dependent parameter, which is taken to be varying
adiabatically. To quantify the adiabaticity, let us define a
dimensionless parameter € as

= _lwl +A] and m= 21ma)

€=— < 1. 9)
Te a)n].nz
Here, T, = ~ w;}{nz represents the internal timescale,
”] 2
where w, ,, = (n; +3)@; + (n; + })w, corresponds to the

instantaneous frequency associated with the nondegenerate
energy level £, , = hw,, ,,,characterized by the quantum
numbers n; and n,, of the system Hamiltonian ).

|<n| |2 |f>| 1 —1

On the other hand, the term 7, = ~ Wy

Enymy—
characterizes the external timescale. This is because the
parameter space of the system Hamiltonian depends on a
periodic function of time with a periodicity that depends on
w,", as mentioned earlier. In this context, w, represents the
frequency of external gravitational wave perturbations. The
parameter ¢ quantifies how slowly the external perturbation
changes the system Hamiltonian compared to the energy gap
between the initial quantum states, defined by the quantum
numbers 7; and n,, and other final states represented by |f).

Under the adiabatic approximation, we consider () and
Q; (1) as slowly varying periodic parameters. As a result, we
retain their first-order derivatives (representing the first
order in adiabaticity) while neglecting higher-order deriv-
atives (higher adiabaticity). Furthermore, we do not take
into account terms that involve the square of their first
derivatives. In this situation, a combination of (8) and that

for aI under adiabatic approximation yields

i) = (M, —m)a, —ioya, +nMaj. (10)

Finally, eliminating aT by using (8), one obtains a linear
second-order differential equation for a; as

C - . .
<2A1 o Zm;)l)a' a (w%+l(wl —711601))a1. (11)

The solution of the above equation can be obtained using
a Wentzel-Kramers-Brillouin (WKB)-like trick. Consider
the ansatz

al de l2u:(u1+2:;1] (12)

where the time-dependent function p(¢) has to be deter-
mined. Then, a detailed calculation yields the solution as
(see Appendix C for details)

()

a(T) = ay(0)™ Jo (13)

This suggests that, apart from the usual dynamical phase

. [T
factor of ¢~ Jo @197 the system develops an additional
geometric phase given by

= / (N SN 14

0 V(Qf -47%) "
Similarly, on studying the evolution of the second mode a,,
the BP obtained is given by

T /4
- / —dr (15)
Note the appearance of the overall negative sign here in
contrast to (14), as can be anticipated from the structure of
the Hamiltonian (3).

Before we proceed further, let us pause for a while and

make some pertinent comments:

(1) It is important to recognize that our internal time-
scale (T;) is intimately related to the instantaneous
normal mode frequencies w;(7) and w,(z) of the
system Hamiltonian (7). Specifically, we have

= /Q2(t) — y*(¢). So, it becomes clear from
the expression of @; that 2; indeed contributes to the
determination of the system’s internal timescale, T';.
Notably, in the absence of any gravitational wave
perturbations, the primary responsibility for defining
this timescale falls upon ;. Furthermore, the time-
dependent behavior of the frequencies Q; () and the
parameter y(¢) in our mechanical oscillators is of
significant importance, as it introduces an additional
timescale to the dynamical system. This additional
timescale is referred to as the external time T,, as
defined previously. T, determines the rate at which
the system’s parameters change. When we mention
adiabaticity, we are essentially emphasizing that T,
is significantly greater than the internal timescale 7
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(ii)

(or that ¢ < 1, as mentioned earlier). This condition
implies that the system’s parameters change slowly
compared to the internal dynamics of the system.
Consequently, it prevents the system from making
abrupt transitions to different, nondegenerate states.
From the expression of the BP that emerges in
Egs. (14) and (15), it can be noted that the extra
phase will be an integral of exact differential, thus
becoming zero over a complete cycle if the oscillator
frequencies are taken to be just constants, not time
dependent [¢\) =1 §d(sin~! %)] Therefore, it is
crucial to consider these frequencies as time-
dependent ones. From the standpoint of differential
geometry [31,32], the geometric significance of the
Berry phase becomes nontrivial when the integral of
the 1-form (the phase integral) is a closed but not
exact form. This condition highlights the importance
of time-dependent oscillator frequencies in captur-
ing nontrivial geometric effects associated with the
Berry phase. On the other hand, since we have
previously observed that our time-dependent system
Hamiltonian is an algebraic element of the SU(1, 1)
Lie group (expressible as a linear combination of
SU(1,1) group generators [33]), the emergence of
the Berry phase can be attributed in our case
to the breaking of time-reversal symmetry in the
Hamiltonian due to the presence of a generator
explicitly breaking this symmetry at the instanta-
neous level [34]. Furthermore, the parameter space
of the system Hamiltonian can be identified with the
parameter space of the SU(1, 1) group manifold. To
obtain a nontrivial geometric phase shift, a set (of at
least two) parameters, including the time-dependent
coefficient of the time-reversal symmetry-breaking
term, must be varied adiabatically to form a closed
loop “C” in the parameter space (see details in the
reference [35,36]). Therefore, it is common wisdom
that for a nontrivial Berry geometrical phase to exist
the Hamiltonian must possess more than one time-
dependent parameter, allowing the state vector to
exhibit anholonomy when transported around a
closed loop C adiabatically in the corresponding
parameter space. In contrast, the presence of only
one time-dependent parameter causes the closed
loop to be trivial (effectively collapsing to a one-
dimensional line), making it contract to a point in the
parameter space, resulting in a vanishing geometric
phase. This rationale justifies our consideration of
the Q,’s as time dependent.

Furthermore, if the frequencies of the oscillators
are assumed to be zero, it would render the resulting
system nonoscillatory and purely damped, hence
unstable, with no lower bound for the energy. More
importantly, from a practical standpoint, our model
detector closely adheres to Weber’s initial concept of

(iii)

@iv)

mechanical resonant bar detectors for gravitational
wave detection [37,38].

In the context of time-dependent systems, the
occurrence of level crossings is significant. Level
crossing happens at a specific moment when the
time-dependent parameters of the Hamiltonian
reach values such that, for a particular pair of
nondegenerate states, E, ,,(f) = E,, () with
(ny,ny) # (my, my). In standard quantum mechan-
ics, the proof of the adiabatic theorem asserts that
during the evolution of a system in parameter space
there should be no level crossings. This theorem
ensures that as one traces the curve in the parameter
space defining the Hamiltonian from H; to H; an
nth eigenstate under the initial Hamiltonian
H(t; = 0) is adiabatically transported to the nth
eigenstate under the final Hamiltonian H(t; = T),
provided the system changes gradually. Indeed, this
theorem is based on the assumptions of a discrete
and nondegenerate spectrum, as long as it is ensured
that the trajectories of two eigenvalues do not
intersect [39-41]. Additionally, the occurrence of
level crossings can lead to nonadiabatic transitions,
which in turn introduce complexity into the system’s
behavior, as discussed in [42,43]. In our specific
problem, it is worth noting that we do not encounter
level crossing even when the oscillator frequencies
Q;(r) are equal. Nonetheless, when we introduce
anisotropy to intentionally break the rotational
symmetry within these oscillator frequencies, we
can avoid the non-Abelian characteristics of the BP,
as discussed in [44—46]. Then, the system continues
to support a discrete, nondegenerate spectrum
throughout its time evolution.

Furthermore, it is also crucial to emphasize the
absolute necessity of nonvanishing denominators
(w;(t) > 0) in the integrands during the adiabatic
variation over the period 7. This condition is abso-
lutely essential, as our entire phase derivation relies
on the adiabatic approximation, which must hold
throughout the system’s evolution. Should the denom-
inator reach zero (i.e., w; = 0) at any point during this
evolution, it would result in a catastrophic breakdown
of the adiabatic theorem at that particular point [see
Eq. (9)]. This underscores the need for continuous
nonzero denominators to maintain the adiabatic the-
orem’s integrity (see detailed analysis in chapter XVII
of [39] as well as [40]). Therefore, physically, it is
natural to assume that ; is always positive at all times.
This condition ensures that the integral form of the
Berry phase is always well defined.

Now, returning back to our main objective. An important
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. . 1
$01C) = (—1)*! f—vRy-dR; i=1.2. (16)
c Wi

where R is a vector in the space of parameters and the
Hamiltonian changes via the parameters in such a manner
that it makes a closed circuit in the space of parameters
where it returns to its initial value after a cycle. Thus, this
additional phase is a functional of the circuit traversed in
the parameter space and is manifestly independent of how
the path has been traversed.

We obtained this geometric phase shift in Heisenberg
picture, but it can be readily obtained in the more
familiar form of BP acquired by state vectors. For that,
we revert back to the Schridinger picture, and after a
straightforward calculation (see Appendix D), we have
the geometric phase acquired by an arbitrary Fock state
|ny. ny; R(t = 0))y.0.46ws to be given by (also see Ref. [36]
for details)

o5 =" +may g (17)

and the total phase as

i) = 000+ [y (6 + g) + ma(6) + 7).
(18)

where n; and n, are semipositive definite integers repre-
senting the eigenvalues of the number operators a{al and
aiaz, respectively. In the above, the dynamical part of the

phase is 95;) = [T w,(r)dr. Note that it is the difference of
the BPs of different eigenstates which contributes in the
expectation value of any operator at time 7 in a state
obtained from any initial state and evolving under an
adiabatic Hamiltonian, where the ground-state contribution

¢g)’0> cancels out. This idea also resonates while carrying
out experiments concerning the measurement of BP.

The obtained phase (14) has some interesting character-
istics. First, both kinds of polarizations € , €, contribute to
BP. Second, it might seem that the phase, containing the
second-order time derivative of the time-dependent GW
amplitude (as y ~ ), is negligible. However, in such a
consideration, the interaction part of the Lagrangian L’
would have vanished, which cannot be true. Therefore, this
geometric phase would be consistently observed by tuning
the external frequency Q; or €,. A characteristic analysis
of estimated BP as a function of oscillator frequency
amplitude shows that the BP monotonically decreases with
the increase of amplitude (see Appendix E).

IV. DISCUSSION

First, we summarize our findings. We have considered a
two-dimensional time-dependent anisotropic harmonic
oscillator detector to probe the passing of GWs. With a

suitable rearrangement of the terms, we can show that such
a system is reminiscent of a generalized harmonic oscillator
along with a boost term in phase space. Thereafter, we have
performed a proper redefinition of the phase-space varia-
bles to eliminate the boost term which facilitates our
subsequent analysis smoothly. At the end, we computed
the BP in the Heisenberg picture and found that both
plus and cross-polarization modes are responsible for the
existence of the phase. In other words, this additional phase
in the detector’s wave function is due to the coupling of the
detector with the GWs, whereas in absence of GWs, there is
only the dynamical phase. It will be worth mentioning here
that there exists BP exhibiting Hamiltonians whose BP may
be removed by a suitable time-dependent canonical trans-
formation [47]. However, in such a case, the BP reappears
in the dynamical part retaining its geometric nature.
In our case, too, the Hamiltonians corresponding to the
Lagrangians L; and (1), being connected by a time-
dependent canonical transformation, lead to the same
expression for this additional geometric phase over and
above the trivial dynamical phase. In fact, our approach
does not follow the one used in modeling the Weber
detectors [37,38], but instead, we consider an equivalent
and perhaps more illuminating form of the interaction
in order to compute the BP as has been also recently
considered in [24], and this choice of the system
Hamiltonian has been further motivated by its somewhat
resemblance to that of the problem of a charged particle
moving in two dimensions in an applied magnetic field
acting perpendicular to the plane of motion. But as we just
stated, the choice of the Hamiltonians, which are related
by time-dependent canonical transformations, has no effect
on how BP is expressed because this additional phase
is invariant under both unitary and gauge transforma-
tions [47]. Furthermore, the introduction of an explicitly
broken time-reversal symmetry, achieved through the
inclusion of a dilatation term, plays a pivotal role in the
generation of nonvanishing BPs within the oscillator
detector. The passing gravitational wave possesses a
quadrupole nature, leading to the induction of two-mode
squeezing in the oscillator detector.

In our methodology, BPs are determined by solving the
evolution equations for ¢;(7) in the Heisenberg picture. Our
motivation for this choice primarily stems from the inherent
relationship between the ladder operators of the quantum
system and analogous operators resembling number (V)
and phase (0): a; = VNe®, as elaborated in [48].
Consequently, this approach serves as a natural framework
for exploring additional phase factors beyond the dynami-
cal phase throughout the adiabatic evolution of the system’s
Hamiltonian. In addition, our method simplifies the sys-
tematic identification of the associated classical Hannay
angle [49] (see Appendix E).

Furthermore, it may be noted that as the frequency of the
oscillator detector sets a scale in the system tuning it to a
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range of a few hertz will enable detecting GWs of
considerably lower frequencies, as the adiabatic condition
implies the slower variation of the perturbing gravitational
influence for the existence of the geometric phase. This
suggests that one would be, at least in ideal situations, able
to detect GWs of frequencies less than a few hertz from this
geometric phase shift in the detector’s states. On the other
hand, whether this demonstrated BP leads to an entangle-
ment in the quantum detector’s degrees of freedom, is an
important and intriguing question that we want to address
in the near future [50,51]. This will be a step toward
probing the quantum nature of gravitational waves through
quantum-mechanical detectors.

As a final remark, the emergent nature of GW-induced
BP may be detectable in principle, but we are still far from
providing a quantitative measurement of this phase. The
detectability of this phase may therefore serve as a new
probe of very weak gravitational waves. A theoretical
aspect of detecting the weak GW-induced BP may be
explored in a squeezed state formalism [52], and the
geometric phase may be detectable from the phase differ-
ence in a suitably designed interference experiment.
In fact, a scheme for detecting harmonic oscillator’s BP
through the vibrational degree of freedom of trapped ions
has been laid out in [53], and it may be extended for the
generalized harmonic oscillator model. We are working on
it and hope to return to some of these issues in a future
work soon.
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APPENDIX A: BASIC REVIEW
OF LINEARIZED GRAVITY

Einstein’s theory of general relativity is a great success in
classical general relativity (GR). It can almost accurately
describe all the phenomena at larger mass scales. Now,
the phenomenon of gravitational waves emerges from a
linearized approximation of Einstein’s GR where small

perturbations are considered over the usual Minkowski flat
space-time,

9w = M + h/un (Al)
with |7, | < 1. The Christoffel connection coefficients and
the Riemann curvature tensor in this case then take the
following forms:

1
I, = Enﬂﬂ(aghbp + 0,h,, — 0,0y, ); (A2)

1
Rﬂ/’av = E']ﬂl(aaaphwl - aaaihvp - al/aphaﬁ + ayaihG/J)'
(A3)
On extremizing, the Einstein-Hilbert action for this case

1

_ 4 /—
SE—H - 162G d x( gR + ‘Cmatter) ’ (A4)

yields the linearized version of Einstein’s equation

- 1
Oh,, = —-162GT ,,; hy, = hy,, — znm,h, (AS)
in terms of the trace-reversed perturbation l_zm/. Thus, in

regions outside of the sources, one has
(A6)
whose solutions are basically the gravitational waves

h,, = Re(e,e*"). (A7)

i
Here, €, is some complex, symmetric polarization matrix,
and k* is a real wave-vector. Via the transverse-traceless
(TT) gauge condition hg, = 0, hy =0 and 0'h; =0, we
can completely fix the polarization matrix as [5,23]

0 0 0 0
0 « 0
ew=|, (A8)
0 e -, O
0 0 0 0

where €, and e, correspond to plus and cross-polarizations
of the gravitational waves, respectively. Let us consider two
nearby geodesics x#(r) and x*(z) + Ax*(z) in the back-
ground (Al). Then, the equation of motion of the separa-
tion vector Ax#(7) is given by [5,23]

D*Ax* dx’ dx°
D T R

D7? (A9)
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where % is the covariant derivative with respect to the
proper time 7. We now choose the proper detector frame to
set up and study our laboratory detector physics. Using the
definition of Riemann tensor for linearized theory (A3), the

above equation simplifies to [5,23]

d?AX

—Rp;0Ax/,
where the coordinate time ¢ can be approximated to be the
proper time 7 up to the first order in perturbations. Also
note that here the indices i and j take values only 1 and 2,
owing to (A8). Further implementing the TT gauge con-
ditions, we can rewrite the above equation as

dAx 1d*h

J
2 2 ag M

(Al1)

Clearly, the above is a Newtonian description, i.e., non-
relativistic equation of motion. Typically, in the present
paper, this is the physical situation of most interest to us in
order to model the dynamics of a nonrelativistic detector
and to study the consequences of the passing of GWs in the
ambient space-time.

APPENDIX B: UNITARY EQUIVALENT
HAMILTONIAN (3)

In the TT gauge, the relative motion of two freely falling
particles on the gravitational wavefront (propagating along
the z direction) can be described in terms of the system
Hamiltonian as

HO sz +Z< Ok )/\Ck[A)]

where i, j = 1, 2 and the gravitational waves interaction
coupling term FOk is a su(2) Lie algebra valued field:

p). (@)

F{)k = 2,).((1‘)(63(01]‘]c —|— €+03jk)' (Bz)

Accordingly, the system Hamiltonian (B1) may be rewrit-
ten as

2

p F 2 2 2 2
Ay = sz + (x1p1+p1xl)+72(x P2 +D2 %),

(B3)

after by applying a unitary [su(2)], albeit time-independent,
transformations:

Ul]xj’ pvz = Uijpj;

F0k — [, = (UTUY), = 27(1)é 034 (B4)

0o
In the above, U = e "7, and €, =€, cos0+ e, sinb,
with 6 = tan™! (&).
+

APPENDIX C: DERIVATION
OF THE EXPRESSION (14)

Now, using the WKB-like ansatz (12) in (11), one finds
that the time-dependent function p(z) satisfies

p+ (u+iv)p=0, (C1)

where u = w?} and v = (i,
we write the solution as

— 1wy ). In the WKB method,

p(t) = i1 eﬁ;(iE(r)—C(r))dT_i_ iz ej;;(—iE(r)JrC(r))dr’
(1) (1)
(C2)
where we essentially have
E(r) + i(t) = \/(u + iv), (C3)

and ¢, and ¢, are arbitrary coefficients that can be used to
find the general solution of the above differential equation.
In our case, it is important to highlight that when we take
into account the adiabatic changes in both u and v we reach
the following result:

2 .
vt WM

=(t) =~ = wy; — = .
()~ vu=or; 4u 20, 2

()~ (C4)

We now consider the initial condition that the solution
must satisfy: p;(t =0) = a,(t = 0). Notably, only the
phase factor of the second term with the coefficient ¢,
in the solution (C2) contributes to the dynamical phase of
a; with the correct sign. This will become evident as we
calculate a; (T). Consequently, we set ¢; = 0 in (C2), and
this boils down to

p(t) = i2 o Jy FEE@H @)
(1)

At this stage, by using the initial condition, we can express
the arbitrary coefficient ¢, as

(C5)

¢y = VE(r = 0)a; (1 = 0). (C6)
Then, we arrive at the following solution for p(7):
E O io L1 art
) = |2y = 0pe i e

Now, the periodicity of the parameters implies that 1/ &£(0) =
&(T). Therefore, by applying (12) and considering the
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cyclic evolution of the system in the parameter space, we can
effectively neglect the term involving only the exact deriv-
atives. This allows us to separate the corresponding dynami-
cal and geometric phase shifts as

(C8)

Similarly, it can be shown that the time evolution equation of
a, is identical to the one for a;, except that y is replaced by
—y. So, we get

ay(T) = ay(0)e™ iy de(n@ ),

()

Looking at the second phase factor in the expressions of
both the annihilation (corresponding creation) operators a;
in (C8), the additional phase factor obtained by leading
behavior for adiabatic transport around a closed loop C in
time 7 can be identified with the Berry phase or geometric
phase (more precisely, the geometric phase shift) in the
Heisenberg picture.

APPENDIX D: SCHRODINGER PICTURE

findings in a more conventional manner in terms of the
phase acquired by the state vector (as shown, for instance,
in [54]). In this section, we illustrate how our approach,
relying on ladder operators, aids in the computation of the
Berry phase within the framework of the Schrodinger
picture.

Let us start by considering the instantaneous eigenstates
of our system Hamiltonian as

1
N

ay(1))"2]0:1),).
(D1)

a;(1))"0:1),) ® ((

|ny,nyst) =

Following Berry’s original work [7], during the adiabatic
evolution of the system’s Hamiltonian in the Schrédinger
picture, the time evolution of the instantaneous eigenvec-
tors is described by

|l’l1,l’l2;[— > |‘Pnln2( )>

“n dEn n iq (n1.n2) .
FOR BERRY PHASE e hIy W08 | Ty, (D2)
As previously stated, the transition from the Heisenberg
picture to the Schrodinger picture allows us to express our  with E, , = (n; + ), + (n, + ) hw, and
|
(ni.ny) r d I I = ! d ;9 D3
¢p' = A Hny,ny, tl[i(9,)) ® I + 11 ® i(9,),][ny, ny 1) = A t){ny,1i |”1, th + (na. i |n2, t)y|. (D3)
Consequently, the integrand’s first term can be rewritten as
(a2 ) = (g = Ll = 150) + G50 2y = 130 (D4)
ny, ny, t)y = (n —1,tli—|n —1; n; n ,
1 1 1 lat 1 NG 1 1~
where we have used the following facts: a,(f)|n;); = /mj|n; — 1) and a](f)|n;); = v/n; + I|n; + 1).
Now, on using Eq. (8), we easily arrive at
oaj Ay ¢ s
W:A_lal_m(al_al)’ (D5)

where 7, = —i —w with C; = 2m(y —
Then, Eq. (D4) becomes

i%"). Here, the bar quantities signify the complex conjugate of the respective terms.

0 0 _ A 0 A
(ny, )i |n1, 1), :<n1—1,tla|n1—1;t>]—1171+1A—i:(0,tla|0;t>1+ 3 11+1A_1. (D6)
Similarly, it can be shown that
0 0 C, A,
<I’l2, |I’l2, > <0, t la |0, t>2 + ny 2mw2 + lA—z. (D7)

Substituting Egs. (D6) and (D7) in Eq. (D3), we arrive at
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B =g gy - m”(D8)
: 00) _ rr ) .
with ¢ = [ dt(0,0;1]i 210,0; 1) and
(1) _ /sz ) ) _ _/T g 70 Do
b o ()’ b3 0o o(t) (B9)

It is important to note that Eq. (D8) does not provide any

additional information about qbl(go’o), as the choice of relative
phases remains arbitrary. To simplify our analysis, we
adopt a convenient phase choice that ensures the vanishing

of ¢g)’0) as y becomes a constant and introduces a “zero-
point” contribution [55] to Eq. (D8) as

1) i)

(0.0:¢ 20,(1) " 2 (1)

0,0;¢) =

. (D10)

i

0
ot
With this choice, we finally arrive at a concise expression of
Berry’s phase:

ny,ny 1 1 1 2
¢E; ) — (”1 +§)¢é)+ ("2 +§)¢é)-

Furthermore, the above phase factor is of purely quantum
origin and is a phase over and above the dynamical phase
and the classical counterpart of the Berry phase [49] simply
read off as

(D11)

0 3} 1
b= =t o = =i+ ). D12

which was originally established by Berry [7]. As aresult, it
is worth noting that our geometric phase factor in the
Schrodinger picture (D9) coincides exactly to the additional
phase shift established beyond the dynamic phase while
adiabatically transporting the ladder operators of our
system Hamiltonian.

APPENDIX E: ESTIMATION OF BP WITH
RESPECT TO FREQUENCY OF OSCILLATOR

We choose two slightly anisotropic time-dependent
frequencies to demonstrate the exact expression of the
low-frequency gravitational-wave-induced Berry phase and
its variations with detector frequency amplitude. For that,
we take the following structures of € (z) and €, (7):

Q1 (1) = (wy + Qg cos(w,t))* + vgsin®(w,1);

Q3 (1) = (1 + 6)Qf — usin’(w,1) (El)
with the choice of anisotropic parameter as |5| < 1. Also
take @y > Q) so that we maintain the positivity of w,(7)
and @,(t) for all time ¢. Notably, w, characterizes the
angular frequency of low-frequency gravitational waves,

represented as w, = 2zv,,. Furthermore, we regard €, w,
and 1 as time-independent and adjustable parameters.
Additionally, we introduce the gravitational wave inter-
action coupling parameter, denoted as y = (€, sin(w,t).
The above choices guarantee the synchronization of the time
periods of the detector’s frequency parameters with the low-
frequency gravitational wave’s frequency. Such a choice is
very important, which we discussed below Eq. (4).
Furthermore, it should be highlighted that the Berry
phases ¢§1) and (ﬁ(gz) [given in Eqgs. (14) and (15)], will be of
the same order of magnitude because of the small
anisotropy in the instantaneous frequencies that correspond
to each mode for each of the respective arms. Practically,
while undergoing adiabatic transport along a closed circuit
in parameter space, it is crucial for the integrand of the
phase factors, along with the dynamical phases described in
(14) and (15), to remain finite and real at each moment
throughout this time period to ensure the validity of the
adiabatic theorem. For the convenience of computation of
the integral, Eqs. (14) and (15) can be first rewritten as

2 1 1

s~ / 1= W5 1 X0 c08(w,1)
. =0 0+ Qqcos(wyt)

(E2)

and then (14) can be again recast in-terms of unimodular
complex parameter z(f) = '’ as

(1) _ ~iwgro€y (Z+1 _w
by’ = o, dz———F———-—; ==
0 =1 z(z" +2az+1) Q
(E3)

where we see that the above integral reduces to a simple
loop integral over the unit circle in the complex plane. Note
that here we have taken vy = 2w4y(€, for simplicity.

In this context, we would like to mention that this
alternative complex reparametrization of our “parent” time-
dependent parameter space spanned by y and Q; (occurring

in (/)g),i =1, 2) has enabled us to obtain this above
simplified form. In fact, the simple identity
2
z7+1 1 a 1 1
2< ) =—+ ( - ) (E4)
2(Z#4+2az+1) z V@2-1\z—z_ z-2z4

helps us to identify the three simple poles in the inte-
grand (E3) as

z=0, 1=z, =—-a+Va* -1, (ES)

out of which only z =0 and z =z, lie within the unit
circle, whereas z = z_ lies outside for a > 1. This follows

trivially from the fact that z,|,_, = -1, and ‘%:
—1+—+4=>0, V a>1. We can therefore disregard

a*—1
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z_ completely to compute the above integral (E3) in a
straightforward manner to obtain the Berry phase

(E6)

¢(1) _ 27T0)g,}"0€’+ |:] _ 1 :|
! Q Vi—el

Here, we have introduced ¢ = ﬁ fulfilling the condition
O<e<l.

In this context, we can mention that this integral (E3) can
also be computed alternatively by using the poles of the
integrand at z_ and z = oo (equivalently at w =0 for
w= %), which are also enclosed by the above unit circle if
the function is represented on the compactified Riemann
sphere—albeit in the opposite orientation. It is important to
highlight that, although the system can never acquire the
specific parameter values (zo and z,), these values can
still have an impact on the contour integral due to the
nonholomorphic nature of the integrand (E3) at these
simple poles within the contour (|z] = 1).

Finally, it may be noted that all the closed contours C in
the above-mentioned parent parameter space, associated
with the parameters (Q;, y), can take different sizes/shapes
depending upon the free parameters €, and w, and also on
w,. Interestingly, however, all such closed contours get
mapped to the same unit circle: |z| = 1 in the complex z
plane. With this, the phase integral (E3) gets determined
almost uniquely up to an overall constant determined by the
ratio of the angular frequency of the external gravitational

1.0 — £=0.4
— £=0.5
- 0.8 1 — £=0.6
S — £=0.7
‘)‘(‘ 0.6 A — £=0.8
5 — £=0.9
Vé" 0.4
0.2 1
0 T T
0 0.2 0.4 0.6 0.8 1.0
Q
= x10%
FIG. 1. A schematic representation showing the magnitude of

GWs-induced Berry phase vs the detector’s scaled frequency
range with LFGWs amplitude y, = 102! and frequency
v, = 0.01 Hz, polarization €, = 1.

wave (w,) and that of the constant parameter €, occurring
in (E6): g—z Any deformation in contour C will result in
shifting the poles z, (with @ > 1) in the unit circle (|z| = 1)
and will change the value of phase integral (E6). Moreover,
the graphical representation of the BP, shown in Fig. 1,
suggests that the nonzero finite magnitude of the Berry
phase is induced by GWs, which is crucial, given that the
detector frequency range is in the ultra-low-frequency
(Qq ~ 107" rad/ sec) range [56].

[1] B.P. Abbott e al. (LIGO Scientific and Virgo Collabora-
tions), Phys. Rev. Lett. 116, 061102 (2016).
[2] H. Yu, D. Martynov, S. Vitale, M. Evans, D. Shoemaker, L.
Carbone, A. Freise, C. Mow-Lowry, K. L. Dooley, P. Fulda,
H. Grote, and D. Sigg, Phys. Rev. Lett. 120, 141102 (2018).
[31 M. Armado et al., Phys. Rev. Lett. 116, 231101 (2016).
[4] W. Liu, Phys. Rev. D 103, 103012 (2021).
[5] M. Maggiore, Gravitational Waves: Theory and Experiment
(Oxford University Press, New York, 2008), Vol. 1.
[6] C. Kiefer and C. Weber, Ann. Phys. (Amsterdam) 14, 253
(2005).
[71 M. V. Berry, Proc. R. Soc. A 392, 45 (1984); J. Phys. A 18,
15 (1985).
[8] K. Bakke, I. A. Pedrosa, and C. Furtado, J. Math. Phys.
(N.Y.) 50, 113521 (2009).
[9] S. Ryu and Y. Hatsugai, Phys. Rev. B 73, 245115 (2006).
[10] T.N. Sherry and E. C. G. Sudarshan, Phys. Rev. D 18, 4580
(1978).
[11] D.L. Danielson, G. Satishchandran, and R. M. Wald, Phys.
Rev. D 105, 086001 (2022).
[12] J. Anandan and R.Y. Chiao, Gen. Relativ. Gravit. 14, 515
(1982).

[13] J. Anandan, Phys. Rev. Lett. 52, 401 (1984); Phys. Lett.
110A, 446 (1985).

[14] B. S. DeWitt, Phys. Rev. Lett. 16, 1092 (1966).

[15] G. Papini, Nuovo Cimento 45, 66 (1966).

[16] V.B. Braginsky, Y. I. Vorontsov, and K. S. Thorne, Science
209, 547 (1980); V. B. Braginsky and F. Y. Khalili, Quantum
Measurement (Cambridge University Press, Cambridge,
England, 1999).

[17] S. Forte, Mod. Phys. Lett. A 06, 3153 (1991).

[18] R. Resta, J. Phys. Condens. Matter 12, R107 (2000).

[19] D.T. Son and N. Yamamoto, Phys. Rev. Lett. 109, 181602
(2012).

[20] D. Xiao, M. C. Chang, and Q. Niu, Rev. Mod. Phys. 82,
1959 (2010).

[21] Y. Zhang, Y. W. Tan, H.L. Stormer, and P. Kim, Nature
(London) 438, 201 (2005).

[22] E. Martin-Martinez, I. Fuentes, and R. B. Mann, Phys. Rev.
Lett. 107, 131301 (2011).

[23] C. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(W.H. Freeman Company, New York, 1974).

[24] M. Parikh, F. Wilczek, and G. Zahariade, Phys. Rev. D 104,
046021 (2021).

124069-11


https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.120.141102
https://doi.org/10.1103/PhysRevLett.116.231101
https://doi.org/10.1103/PhysRevD.103.103012
https://doi.org/10.1002/andp.20055170404
https://doi.org/10.1002/andp.20055170404
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1088/0305-4470/18/1/012
https://doi.org/10.1088/0305-4470/18/1/012
https://doi.org/10.1063/1.3263938
https://doi.org/10.1063/1.3263938
https://doi.org/10.1103/PhysRevB.73.245115
https://doi.org/10.1103/PhysRevD.18.4580
https://doi.org/10.1103/PhysRevD.18.4580
https://doi.org/10.1103/PhysRevD.105.086001
https://doi.org/10.1103/PhysRevD.105.086001
https://doi.org/10.1007/BF00756213
https://doi.org/10.1007/BF00756213
https://doi.org/10.1103/PhysRevLett.52.401
https://doi.org/10.1016/0375-9601(85)90551-1
https://doi.org/10.1016/0375-9601(85)90551-1
https://doi.org/10.1103/PhysRevLett.16.1092
https://doi.org/10.1007/BF02710584
https://doi.org/10.1126/science.209.4456.547
https://doi.org/10.1126/science.209.4456.547
https://doi.org/10.1142/S021773239100364X
https://doi.org/10.1088/0953-8984/12/9/201
https://doi.org/10.1103/PhysRevLett.109.181602
https://doi.org/10.1103/PhysRevLett.109.181602
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1038/nature04235
https://doi.org/10.1038/nature04235
https://doi.org/10.1103/PhysRevLett.107.131301
https://doi.org/10.1103/PhysRevLett.107.131301
https://doi.org/10.1103/PhysRevD.104.046021
https://doi.org/10.1103/PhysRevD.104.046021

NANDI, PAL, PAL, and MAJHI

PHYS. REV. D 108, 124069 (2023)

[25] A.D. Speliotopoulos, Phys. Rev. D 51, 1701 (1995).

[26] A. Saha, S. Gangopadhyay, and S. Saha, Phys. Rev. D 97,
044015 (2018).

[27] C. Wan, Quantum superposition on nano-mechanical oscil-
lator, Ph.D. thesis, Imperial College London, 2017.

[28] Y. Kaku, S. Maeda, Y. Nambu, and Y. Osawa, Phys. Rev. D
106, 126005 (2022).

[29] M. V. Berry, Quantum adiabatic anholonomy in Anomalies,
Phases, Defects, edited by U. M. Bregola, G. Marmo, and
G. Morandi (Bibliopolis, Naples, 1990), pp. 125-181.

[30] B. Dutta-Roy and G. Ghosh, J. Phys. A 26, 1875
(1993).

[31] A.D. Shapere and F. Wilczek, Adv. Ser. Math. Phys. 5, 1
(1989).

[32] R. Jackiw, Diverse Topics in Theoretical and Mathematical
Physics (World Scientific, Singapore, 1995).

[33] R. Jackiw, Int. J. Mod. Phys. 3, 285 (1988).

[34] J. Ihm, Phys. Rev. Lett. 67, 251 (1991).

[35] A. Chakraborty, P. Nandi, and B. Chakraborty, Nucl. Phys.
B975, 115691 (2022).

[36] S. Biswas, P. Nandi, and B. Chakraborty, Phys. Rev. A 102,
022231 (2020).

[37] J. Weber, Found. Phys. 14, 1185 (1984).

[38] J. Weber, Gravitational Radiation and Relativity, Proceed-
ings of the Sir Arthur Eddington Centenary Symposium,
India, 1984, edited by J. Weber and T. M. Karade (World
Scientific, Singapore, 1986), Vol. 3.

[39] A. Messiah, Quantum Mechanics
Amsterdam, 1962), Vol. 2.

[40] H. Banerjee, G. Bhattacharya, and R. Banerjee, Z. Phys. C
45, 253 (1989).

[41] T. Kato, J. Phys. Soc. Jpn. 5, 435 (1950).

[42] F. E. Low, Phys. Rev. Lett. 63, 2322 (1989).

[43] S. Teufel, Lett. Math. Phys. 58, 261 (2001).

[44] F. Wilczek and A. Zee, Phys. Rev. Lett. 52, 2111 (1984).

[45] J. Segert, J. Math. Phys. (N.Y.) 28, 2102 (1987).

[46] C.P. Sun, Phys. Rev. D 41, 1318 (1990).

[47] J. Q. Liang and X. X. Ding, Phys. Lett. A 153, 6 (1991).

[48] P. A. M. Dirac, Proc. R. Soc. A 114, 243 (1927).

[49] J. H. Hannay, J. Phys. A 18, 221 (1985).

[50] C. Rovelli, Universe 7, 439 (2021).

[51] M. Christodoulou, A. Di Biagio, M. Aspelmeyer, C. Brukner,
C.Rovelli, and R. Howl, Phys. Rev. Lett. 130, 100202 (2023).

[52] A. Albrecht, P. Ferreira, M. Joyce, and T. Prokopec, Phys.
Rev. D 50, 4807 (1994).

[53] I. Fuentes-Guridi, S. Bose, and V. Vedral, Phys. Rev. Lett.
85, 5018 (2000).

[54] Gautam Ghosh and Binayak Dutta-Roy, Phys. Rev. D 37,
1709 (1988).

[55] H.R. Lewis and W. B. Riesenfeld, J. Math. Phys. (N.Y.) 10,
1458 (1969).

[56] P. V.Heuer, M. S. Weidl, R. S. Dorst, D. B. Schaeffer, S. K. P.
Tripathi, S. Vincena, C. G. Constantin, C. Niemann, L. B.
Wilson, and D. Winske, Astrophys. J. Lett. 891, L11 (2020).

(North-Holland,

124069-12


https://doi.org/10.1103/PhysRevD.51.1701
https://doi.org/10.1103/PhysRevD.97.044015
https://doi.org/10.1103/PhysRevD.97.044015
https://doi.org/10.1103/PhysRevD.106.126005
https://doi.org/10.1103/PhysRevD.106.126005
https://doi.org/10.1088/0305-4470/26/8/015
https://doi.org/10.1088/0305-4470/26/8/015
https://doi.org/10.1142/0613
https://doi.org/10.1142/0613
https://doi.org/10.1142/S0217751X88000114
https://doi.org/10.1103/PhysRevLett.67.251
https://doi.org/10.1016/j.nuclphysb.2022.115691
https://doi.org/10.1016/j.nuclphysb.2022.115691
https://doi.org/10.1103/PhysRevA.102.022231
https://doi.org/10.1103/PhysRevA.102.022231
https://doi.org/10.1007/BF01889319
https://doi.org/10.1007/BF01674454
https://doi.org/10.1007/BF01674454
https://doi.org/10.1143/JPSJ.5.435
https://doi.org/10.1103/PhysRevLett.63.2322
https://doi.org/10.1023/A:1014556511004
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1063/1.527422
https://doi.org/10.1103/PhysRevD.41.1318
https://doi.org/10.1016/0375-9601(91)90942-2
https://doi.org/10.1098/rspa.1927.0039
https://doi.org/10.1088/0305-4470/18/2/011
https://doi.org/10.3390/universe7110439
https://doi.org/10.1103/PhysRevLett.130.100202
https://doi.org/10.1103/PhysRevD.50.4807
https://doi.org/10.1103/PhysRevD.50.4807
https://doi.org/10.1103/PhysRevLett.85.5018
https://doi.org/10.1103/PhysRevLett.85.5018
https://doi.org/10.1103/PhysRevD.37.1709
https://doi.org/10.1103/PhysRevD.37.1709
https://doi.org/10.1063/1.1664991
https://doi.org/10.1063/1.1664991
https://doi.org/10.3847/2041-8213/ab75f4

