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General relativity (GR) exists in different formulations, which are equivalent in pure gravity. Once matter
is included, however, observable predictions generically depend on the version of GR. In order to quantify
the resulting ambiguity, we employ metric-affine gravity, which encompasses as special cases the metric,
Palatini, Einstein-Cartan, and Weyl formulations. We first discuss the interaction of fermions with torsion
and nonmetricity, also commenting on projective symmetry. With a view toward the Standard Model, we
then construct a generic model of (complex) scalar, fermionic, and gauge fields coupled to GR and derive
an equivalent metric theory, which features numerous new interaction terms. As a first observable
consequence, we point out that a gravitational mechanism for producing dark matter in the form of singlet
fermions can be used to distinguish between metric gravity and other formulations of GR.
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I. INTRODUCTION

Overall goal. General relativity (GR) has been con-
firmed by countless experiments, such as the recent break-
through discovery of gravitational waves [1]. Arguably,
however, this theory is far from being fully understood. An
important question already arises on the classical level:
Which formulation of GR should one use? All options are
fully equivalent in pure gravity, provided that the action is
chosen to be sufficiently simple. In other words, GR cannot
distinguish between its different versions, which puts all of
them on the same footing. Therefore, the formulations of
GR do not represent a modification of gravity. Instead, they
have to be regarded as unavoidable ambiguity of GR.

Once matter is included, the equivalence is broken and
the various versions of GR generically lead to distinct
predictions. On the one hand, this is a very undesirable
feature. In principle, it becomes impossible to make unique
predictions in all theories of matter coupled to GR. One the
other hand, an opportunity arises for using measurements to
derive information about GR: One can constrain the choice
of formulation by observations. In the present paper, we
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shall contribute to this goal. Throughout, our approach will
be minimal, i.e., we shall solely consider those ambiguities
that are forced upon us by gravity. Consequently, we only
employ models that are equivalent to metric GR in the
absence of matter.

Different formulations. Gravity is described by means of
the geometry of spacetime, determined by the metric g,
and the affine connection I'”,,. In the original version of
GR [2], two constraints were imposed on I'*,,, namely
metric-compatibility, V,g,,_, and the absence of torsion,
r, =1%,. These two requirements uniquely determine

I“,, to be the Levi-Civita connection lo““/;y(gﬂ,,), which is a
function of the metric. This is the metric formulation of GR,
where g, is the only fundamental field and geometry is
Riemannian, i.e., fully determined by the curvature of
spacetime.

It was soon realized that the above assumptions can
be relaxed and that the affine connection and the metric
can constitute independent fundamental variables [3—13].1
Then deviations from Riemannian geometry arise, encoded in
torsion 7%, = 1 (I'*;, —T'* ;), the nonclosure of infinitesi-
mal parallelograms [7-10], as well as nonmetricity, causing a
change of vector length during parallel transport [3,5,6]. If
only torsion is included in addition to curvature, this leads to
the Einstein-Cartan (EC) formulation of GR [7-13], whereas
a theory that exclusively features nonmetricity on top of

"Translations of [4,7] and [11-13] are provided in [14,15,16],
respectively, and we refer to [17] for a historical discussion.
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curvature can be regarded as Weyl formulation of GR?
Ultimately, including all three geometric properties of
gravity—curvature, torsion, and nonmetricity—corresponds
to a general metric-affine version of GR [37—40]. This
formulation stands out since no assumptions are made on
the nature of the affine connection.’

Remarkably, even though those formulations may look
drastically different, they are fully equivalent for suffi-
ciently simple theories. If for instance no matter is coupled
to GR and gravity is described by the Einstein-Hilbert
action f d4x\/—_gR, where R is the Ricci scalar, then torsion
and/or nonmetricity vanish dynamically and we recover
the Levi-Civita connection lo“"ﬂy [58,59].* Because of this
equivalence, the different formulations represent an inher-
ent ambiguity of GR. Various arguments have been put
forward for preferring one formulation over the other. As an
important example, EC gravity can be derived by gauging
the Poincaré group [60—62], which puts gravity on the same
footing as the other forces of the Standard Model (SM).
What speaks in favor of metric-affine gravity is the fact that
it avoids a priori assumptions about the connection and
encompasses the metric, Palatini and EC versions as special
cases. Having said that, there is no irrefutable argument to
single out any of the formulations and we have to regard all
of them as intrinsic part of GR.

Breaking the equivalence. There are two ways to break
the equivalence between the various versions of GR. The
first one already exists in pure gravity and utilizes curva-
ture-squared terms, which generically introduce additional
propagating degrees of freedom that are often plagued by
inconsistencies [63—68]. Even though certain models are
healthy at the linear [69—-89] or even full nonlinear level
[90-106], we shall not consider them since the new par-
ticles cause a deviation from the metric version of GR
already in the absence of matter.

The second way to break the equivalence between the
different formulations of GR is through the interaction with
matter. In certain cases, e.g., for fermions, this happens
even when the coupling to gravity is minimal [61,107]. In
other situations, a difference between the various versions of
GR only arises for nonminimal interactions [42,108-123].
These effects of a coupling to geometry can be mapped to an
equivalent theory in the metric formulation with a specific set

“This is different from gravitational models that exhibit Weyl-
invariance (see e.g., [18-36]).

Reviews of Einstein-Cartan/metric-affine gravity are provided
in [41-45] and an overview of various versions of GR can be
found in [46—48], where also other options are discussed such as
teleparallel theories, in which curvature is assumed to vanish
[12,13,49-55], as well as purely affine models, where the only
dynamical field is the affine connection [6,11,56,57].

If—possibly in the presence of matter—the purely gravita-
tional part of a theory only consists of R, we shall use the term
Palatini formulation. Such a situation can be regarded as special
case of the Einstein-Cartan, Weyl or metric-affine versions (see
discussion in [48]).

of operators of higher mass dimension in the matter sector.
Thus, the different formulations of GR become distinguish-
able at sufficiently high energies. It is important to note,
however, that no additional dynamical particles emerge from
torsion and nonmetricity, i.e., the only propagating gravita-
tional degree of freedom is still the massless spin 2 graviton.

In EC gravity, the concrete form of higher-dimensional
operators has been worked out in various models
[61,109,112,117-120,124-131]. So far, [131] represents
the most complete study since it includes all fields of
the SM and encompasses as special cases all previously
mentioned works [61,109,112,117-120,124—130]. Moreover,
systematic criteria were proposed in [131] for constructing
an action of matter coupled to GR, with the goal of ensuring
equivalence to the metric formulation in pure gravity while
making as few assumptions as possible. Metric-affine scenarios
were studied in [48,111,114,115,121-123,132,133], where
so far an explicit coupling to the whole SM has not been
considered.

Phenomenological implications. In the absence of con-
clusive conceptual arguments to distinguish between the
formulations of GR, it is crucial to derive from them
observables predictions. In this way, one can use measure-
ments to reduce the ambiguity that results from the different
versions of GR. Phenomenological and cosmological
implications of EC (or Palatini) gravity have been analyzed
in [117,119,120,125,126,129,133—-168], among others (see
[169] for a recent review focusing on inflation), and a list
of corresponding studies in metric-affine gravity includes
[115,122,123,170-187], where we note that additional
propagating degrees of freedom arise from gravity in some
of the above mentioned works.

Of particular importance for the present paper is a possible
implication of the formulations of GR for dark matter.
Among the proposed candidates, singlet fermions are espe-
cially well motivated since they can—in the form of right-
handed neutrinos—additionally provide an explanation for
the observed neutrino masses. For a long time, however, it
was difficult to implement the production of fermionic dark
matter in the early Universe while obeying observations
constraints [188—193] (see [194] for a review). In [156], it
was demonstrated that EC gravity features a new and natural
mechanism for generating singlet fermions.” It can produce
the observed abundance of dark matter in a wide range of
fermion masses and moreover leads to a characteristic
momentum distribution of dark matter, which can serve to
probe this proposal. So far, however, it has remained unclear
if a gravitational production of singlet fermions is possible in
other formulations of GR apart from EC gravity.

Present work. In the present paper, we pursue three goals:

(1) We will couple GR to a matter sector that includes a

complex scalar field, fermions and vector gauge

Dark matter production from dynamical torsion was dis-
cussed in [151].
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bosons and therefore contains the SM. To this end,
we employ the metric-affine formulation that uni-
fies the parameter space of the metric, Palatini, EC,
and Weyl versions. As in [48], we will derive an
equivalent metric theory. Our result encompasses
the models [48,61,109,112,117-120,122-131] as
special cases. We emphasize that our study will
be classical throughout, apart from very brief com-
ments on quantum effects.

(2) Along the way, we shall discuss the coupling of
fermions to torsion and nonmetricity. Moreover, we
will develop further the criteria of [131] for coupling
matter to GR.

(3) Finally, we will show that a gravitational production
of fermionic dark matter is not only possible in EC
gravity [156], but it also occurs naturally in the
metric-affine (as well as Weyl) formulations. There-
fore, this mechanism can be viewed as a generic
prediction of GR outside the metric version. Also
observable predictions are largely insensitive to the
different formulations of GR, as long as they feature
an independent affine connection.

The paper is organized as follows. After a brief review of
the geometrical aspects of classical gravity, we discuss in
Sec. II the coupling of GR to matter fields, in particular
fermions, and present the refined selection criteria for
coupling matter to gravity. In Sec. III, the most general
action satisfying the selection rules is constructed. We
show that the presence of torsion and nonmetricity leads to
specific geometric-induced interaction terms for the fer-
mion and scalar field whereas no such contributions emerge
for the gauge fields. Finally, we study in Sec. IV the
phenomenology of the new higher-dimensional operators
for fermions and show that the gravitational production of
dark matter proposed in [156] can also be naturally realized
in metric-affine gravity. We conclude in Sec. V, furthermore
giving an outlook to implications for quantum gravity. In
Appendix A, we discuss local Lorentz symmetry as well
as the covariant derivative of fermions and Appendix B
contains details about the selection rules for coupling of
gravity to different matter fields. Appendix C is devoted to
details about the computation of Sec. III and we also show
that results of [48,131] are reproduced in specific limits.

Conventions. Greek letters denote spacetime indices and
Latin letters are reserved for Lorentz indices. Both the
spacetime metric g,, and the Minkowski metric 7,4 have
signature (—1,+1,41,+1). Square brackets denote anti-
symmetrization, 7', = % (Ty, —T,,), and round brackets
indicate symmetrization, 7T, =3(T,, +T,,). For the
gamma matrices we use the convention

vs = ="'’ = ivorirars.

(1.1)

{7A’ VB} = =218,

and for the Levi-Civita tensor we take:

€0123 — 1= —60123. (12)

The covariant derivative of a vector A is defined as

V,AY = 0,A" +T%,,A% (1.3)
1.e., the summation is done on the last index of the
Christoffel symbol. Finally, we work in natural units
Mp =h =c =1, where Mp is the reduced Planck mass.

II. THE GEOMETRY OF GRAVITY

A. Review of curvature, torsion and nonmetricity

We shall give a brief overview of gravitational geometry
and refer the reader to [46,48] for more details. Our starting
point is a differentiable manifold equipped with a metric
9w and a independent connection I'4,, where the latter
determines the Riemann tensor:

Rpa;w = aﬂr‘pva - aurp/w + Fpﬂ/lr%wr - prlrfm' (21)
Then the curvature of spacetime reads
R=g¢"R,,, (2.2)

corresponding to the rotation of vectors along infinitesimal
closed curves [195-197]. If we were to impose that the
connection is symmetric in the lower indices, "5, = I'" 4,
and metric compatible, ﬁﬂgaﬂ =0, this would uniquely

lead to the Levi-Civita connection I s> Which is a function
of the metric:

o 1
I, = Egaﬂ(aﬂgﬂr + 0,9up = 9uYpy)- (2.3)
If assumptions about the connection are dropped, however,
then two additional geometric properties arise in addition to
curvature R. The first one is torsion,
T =T, =T, (2:4)
and corresponds to the nonclosure of infinitesimal paral-
lelograms. Second, we have nonmetricity,

anﬂ = vygaﬁ’ (25)

which leads to the nonconservation of vector norms under
parallel transport.
We can uniquely decompose the full connection 7, into

the Levi-Civita part I s, and non-Riemannian contributions:

Fyaﬁ = 12‘}/oc/i(g) + Jya/i(Q) + Kyaﬂ(T),

where K7 ,4(T) is the contorsion tensor that depends solely
on torsion, while J7,5(Q) is the disformation tensor
that is a function of nonmetricity only. The requirement
Vgl 7ry=0 = 0 leads to

(2.6)
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1
K{xﬁy = E (Ta[)’y + T/}ay + T}/oz/)’)7 (27)
and imposing I 44 Kopy=0 = 0 implies
1
Ja;w = 5 (Qa/w - Quaﬂ - Q/mv)' (28)

Since torsion and nonmetricity each carry three tensor indices,
it is convenient to split them further into vector- and pure
tensor-parts. For torsion, we obtain [42,115,116]:

the trace vector: 7% = g, T+, (2.9)
the pseudo trace axial vector: 7% = e Ty, (2.10)

the pure tensor part: 17 that satisfies Gt =0
=P, (2.11)

Torsion can be be reconstructed in terms of these irreducible
pieces as:

2

1 N
Topy == ggaV’Tr] + Z€appT¥ + Lo,

‘ (2.12)

Similarly, we can split further nonmetricity into three con-
tributions [42,115]°:

afirstvector: Q7 = g,,0", (2.13)
asecond vector: O = Gap Q7. (2.14)

the pure tensor part: ¢®” that satisfies g,3"” = 0
= 9apq"" . (2.15)

In terms of the components of Egs. (2.13)-(2.15), non-
metricity can be decomposed as follows:

1 A .
Qa/jy = ﬁ [gﬁy(SQa - 2Qa) + 2ga(ﬁ(4Qy) - Qy))] + apy-
(2.16)

Correspondingly, we can express contorsion and disforma-
tion as:

1 2
Kapy = 15 €apsT” =3 9paT) + g (2:17)
1 .1 .7
Ja/fy = §ga(ﬁQy) + l_Sgﬂy _SQa + EQa
5
= 1g 6L + 2apy)- (2.18)

We remark that this decomposition is not irreducible since
g®?" can be further decomposed into a fully symmetric part and a
remainder.

Those expressions, like all equations involving decomposi-
tion into irreducible components, can be verified using the
companion Mathematica notebook [198].

Moreover, we can split curvature (2.2) as [48]:

PR A 2 A
R=R+V,(0%- Q%+ 2T?%) —gTa(T“ + 0% - 0%
1 .

v ged, g L, Mo 00t Lp o0
247 Ta ol lar gy ¥a 18 <

2 .1
+5 Qa0 + 7 dup (4 = 2") + tap, 7. (2.19)

We shall briefly point out that R is invariant under
projective transformations [38,56,199-203]

IV = T 5 + 5Z,Aa, (2.20)

where A, = A,(x) is an arbitrary covariant vector field.
The geometric vectors transform as (see [48,204]):

T¢ > YA‘O‘,
Qa N Qa — DA,

T(l — T(l + 3A(l,

Q% — Q% — 8A“, (2.21)
Thus, generic terms composed of torsion and nonmetricity
are not projectively invariant—only their specific combi-
nation contained in R is.

So far, we have considered the basis induced by the
metric g,,, to which we refer by Greek indices and that
transforms covariantly under diffeomorphisms. Alterna-
tively, one can use a second (internal) basis, that we label
with capital Latin indices and that exhibits covariance
under local Lorentz transformation, while the metric is
fixed to being Minkowski 17,5 [196]. We can go from one
basis to the other via tetrads €, ie., V¥ =€,V and
inversely V4 = e; V¥ for a vector V4. In particular, we have
(2.22)

— M LU _ LA,B
NaB = €x€p0u < Gu = €,€,74B-

The form of the covariant derivative is different for the two
bases. While the affine connection I'y,, acts on spacetime

indices, the spin connection w/? corresponds to the internal
basis:

— a A A A B
V, V¥ =09,V +1v,V°, VA =9,Vi +w, V"

(2.23)

u

Compatibility of the covariant derivative in the two bases,
ie., V, V¥ = ¢4V, V4, implies’

w,A (2.24)

L, ALA TV 2 A
g =€y eBFM—eBOMel.

7Alternatively, it is also possible to consider two independent
connections [205].
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Correspondingly, the projective transformation (2.20)
acts as

0y = oy +5BA,, (2.25)

"
i.e., only a part symmetric in the Latin indices is generated.
According to Eq. (2.6), we can split the spin connection in
its Riemannian part,

W,y = e gl — e pd e, (2.26)
and contributions due to torsion and nonmetricity:
A o A A A
(I)M B — (I)M B + ey, elBJyﬂll + e, €ABKIJM/1. (227)

The symmetry of contorsion, K3, = K|y}, implies that®:

anﬂ =0 < a)yAB = a)y[AB]' (228)

We conclude that the spin connection is antisymmetric in
the Latin indices if and only if nonmetricity vanishes.

B. Coupling to fermions and vector fields

An important reason for introducing the spin connection
W”AB is that it is necessary to couple fermions to gravity. As
detailed in Appendix A (see e.g., also [119,120,206]), the
covariant derivative of a spinor field ¥ reads’

1
DY =0,¥ + g, (ars —vsra)¥.  (229)

Now we can plug in the split (2.27) of the spin connection.
We use y'y"y’ = =gy’ — g1 + ¢"y" + ey, to
derive from Eqgs. (2.17) and (2.18) that

Koug?" (r°y? = vPy®) = 2K 45 (—2g%y" + ie?*Py )

= 49T, — iy*y T, (2.30)
Tag?* (17" = 7P7%) = Joup(=g"v" + ¢Py*)
- 270<Qa - Qa)' (231)

Next we consider a generic kinetic term [117,118] of the
fermionic field and decompose it into its Riemann part and
contributions due to torsion and nonmetricity:

®The implication from the right to the left can be verified by
noticing that imposing J s,y = 0 implies J g5,) = — 3 Qpoy = 0.

Alternatively, one can aiso attempt to construct a fermionic
covariant derivative without antisymmetrization in the gamma
matrices; in this case, projective invariance is lost and even a
minimal coupling to gravity leads to an interaction with non-
metricity [207].

%@(1 — ia — ify)y"D,¥ + H.c,

= %‘i‘yﬂbﬂ‘l‘ + 1—l6‘i’(1 —ia—ipy’)(4y°T, — iy“ysf’a

+ zya(Qa - Qa))lp +H.c.
[~ o 1.- A
_ G PyhD, W + H.c.) el
1 A =
+ Za(ZTa =+ Qa - Qa)q}}/aqj

+ %ﬂ(ZTa + 04— Q)PP y*Y. (2.32)
First, we can discuss a minimal coupling, ¢ = f = 0. In
this case, we reproduce the well-known result that fermions
only couple to the axial part 7, of torsion [61] and that no
interaction with nonmetricity arises (see [98,208—213]).10
In contrast, we observe that nonzero a and # generically
lead to a coupling of fermions to both torsion vectors 7,
and T, as well as to both nonmetricity vectors Q, and Qa

Finally, we shall comment on projective invariance of the
fermionic kinetic term. Since a projective transformation
only generate a part symmetric in the internal indices [see
Eq. (2.25)], it is clear that the covariant derivative (2.29) is
unaffected even in the presence of nonminimal couplings.
This agrees with the result (2.32), where projective invari-
ance can be verified by plugging in the transformations
(2.21). Because of this projective symmetry, nonminimal
couplings of fermions as shown in Eq. (2.32) cannot dis-
tinguish between effects of the parity-even torsion vector 7',
and a certain combination of the nonmetricity vectors Q, and
Qa. This can lead to a certain universality with regard to the
different formulation of GR, as exemplified in Sec. IV B.

At this point, we can discuss two approaches for
coupling fermions two gravity.

Option 1: “Gravity first”. The first option is to start from
gravity, as we have also done in our presentation. In this
case, one must begin by making a choice about the
geometry of gravity, i.e., select which of the three features
curvature R, torsion 7% and nonmetricity Qs are
present. Subsequently, one can decide how gravity couples
to fermions. As is evident from Eq. (2.32) (see also
Appendix A 1), only the interaction with the Riemannian
spin connection @, is necessary for ensuring gauge
invariance under local Lorentz transformations. In contrast,
there is a freedom concerning the coupling with torsion and
nonmetricity.

Option 2: “Matter first”. An alternative point of view is
to start from matter fields in flat spacetime. In this case, one
can derive GR by gauging the Poincaré group [60-62],
which is significantly more constraining. First, it leads to the

"Further discussions about the coupling of fermions to the
torsionful teleparallel formulation of GR [12,13,49-53] can be
found in [53,214-223].
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EC formulation, i.e., curvature and torsion arise whereas
nonmetricity does not appear, as evident from Appendix A 1.
Second, gauging the Poincaré group can only generate a
kinetic term of the form (2.32) and in the simplest case only a
minimal coupling arises, where a = f# = 0.

In the following, we shall mainly follow the first
approach, although our result encompass as special case
also the predictions of the second option. It is important to
emphasize that although nonmetricity cannot be regarded
as a consequence of gauging the Poincaré group, its
coupling to fermions is fully consistent.

Vector fields. Finally, we make a brief remark about the
use of covariant derivatives when coupling vector fields
to gravity. First, we consider an Abelian gauge field A/r In
Riemannian geometry, partial and covariant derivatives are
interchangeable since

DyA, =9d,A,, (2.33)
where we used that lr’“"[lw]ﬁa = 0. However, this changes
once the Christoffel symbol is no longer symmetric in its
lower indices. In this case, using a covariant derivative is
inconsistent since a coupling Tﬁyﬁa would break invariance
under gauge transformations A, — A, + d,e. Therefore,
the field strength tensor of an Abelian gauge field in metric-
affine gravity reads (see, e.g., [116,131,224]):

F, =20,A,. (2.34)

Analogously, also non-Abelian gauge fields must not
couple directly to I'?,,,.

C. Selection rules

As detailed in the introduction, our goal is to consider
gravitational theories that are as general as possible while
still being equivalent to metric GR in the absence of matter.
In order to achieve this, criteria for constructing an action
of gravity coupled to matter were already devised in [131].
We shall develop further the conditions of [131], where
we employ the derivative counting put forward in [119]. We
propose that the action should obey the following two
conditions:

(I) There should be no operator with more than two
derivatives, where the connection I'7 ;5 counts as one
derivative.

(IT) The mass dimension of any operator should not be

greater than 4.

Here we assume that the action is analytic and view it as
polynomial in gravitational and matter fields. Additionally,
we require Lorentz invariance and locality as well as
invariance under all gauge groups in the matter sector.
We shall briefly outline our motivation for choosing the two
criteria listed above—a more detailed discussion can be
found in Appendix B.

We begin by commenting on the derivative counting
contained in condition I.. That the Levi-Civita connection
lo"yaﬂ features one derivative is evident from Eq. (2.3). As
discussed in [119], this represents a first reason for also
counting the full connection I7 4 as one derivative. Then
the decomposition (2.6) of the connection implies that also
contorsion K” 5 as well as disformation J7 5 correspond to
one derivative. In turn, this is equivalent to associating one
derivative to torsion 7T,z and to nonmetricity Q..

The purpose of restricting ourselves to two derivatives in
condition I is to ensure that the coupling of gravity and matter
does not lead to new propagating degrees of freedom in
addition to those already present in the matter sector and the
two polarizations of the massless graviton. Including more
than two derivatives generically causes the presence of
additional propagating degrees of freedom, although there
are exceptions. A particular consequence of criterion II is
that the matter sector is renormalizable. This implies that
nonrenormalizable effects only arise due to gravity, i.e.,
curvature, torsion and nonmetricity. Since GR is not renor-
malizable independently of the chosen formulation, this can
be viewed as a minimal approach to nonrenormalizability.

III. STANDARD MODEL COUPLED
TO METRIC-AFFINE GRAVITY

A. The theory

Having set up our selection rules, we can now write down
the most general Lagrangian. In the gravity sector we
consider the generic metric-affine formulation of GR, where
curvature, torsion and nonmetricity are a priori present. Then
we wish to couple it to all types of matter present in the SM:
scalar, fermion and vector fields. For now the only restriction
that we impose is selection rule I), limiting the number of
derivatives. Then the most general action following the
criteria listed above can be decomposed in three parts:

S = Smetric + Ssources + Squadraticv (31)

with
1 5
Smetric = / d4x\/ —g |:§ Q°R — V(q), ¥, F;w)

_ . ik, - . —
— K\ gD, ®D,d* + 72 (¥y*D,¥ — D, ¥r*¥)

1.
- ZK3gﬂagyﬂF/wFaﬁ:| ’ (32)

Ssources = / d4xv _g[_J??(l - JgTa - JgQa - JZQ(IL
(3.3)

and

124067-6
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Squadratic = / d4x\/ _g[Bl Qa Qa + BZ Qa Qa + B3 Qa Q(l

+ BuGupy ™ + Bsqup, " + C1 T, T+ CoT,T°

+ C3To T + Cyt o 17 + D€, 51117,

+ D2€aﬂy§qaﬂlqy51 + D3€aﬁy5qaﬂﬂﬂal +E,\T,0"
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Here S, gathers all term that are torsion- and nonme-
tricity-free and therefore would also exist in the metric
formulation of GR. All sources for torsion and nonmetricity
are in Syourees, and terms that are quadratic in torsion and/or
nonmetricity are collected in Sgyagraic- Finally, let us empha-
size that the theory considered here is purely classical.

Note that in the second line of Eq. (3.2), [o)a denotes the
Riemannian covariant derivative, which contains couplings
to gauge fields. In the case of fermions, bM‘P, as defined in
Eq. (2.29), moreover includes the Riemannian spin con-
nection c‘bﬂA 5 (see Eq. (2.26). In contrast, the field strength
tensor F4, which is defined in Eq. (2.34), only contains
partial derivatives. To simplify notations we did not
indicate the dependency of the functions in front of the
term, except for the potential V(®,y, F,, ). At this point,
without applying selection rule II, all of these functions
may depend on the complex scalar field ® and on the
fermion y/, but not on the field strength F,,. This is due to
the fact that we consider an action with no more than two
derivatives, following selection rule I.

B. Equivalent metric theory

As the equations of motions are algebraic, solutions can
be explicitly found. Since there are no source terms for the
pure tensor parts 7,4, and g, in Eq. (3.3) (see discussion in
Appendix B 2), they have to vanish:

lapy = Qapy = 0. (3.5)
Once we find the solutions for 7¢, 7%, 0%, and Q", we can
plug them back into the action (3.3) and (3.4) to obtain

an equivalent action. The details of these computations,
|
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j
By () = byo + by ¢*,

Di(p) = dip + d;*,
S+ a}/V“ + a?A“,
Ei(p) = eyo + e,

such as solutions of equation of motion and conformal
transformation of the metric and fermionic field, can
be found in Appendix C. Picking up all pieces, the final
Lagrangian reads:

1, V@OW.F,) 3 .
S = /d4x\/—g |:§R —Tp —@g ﬂDaQDﬂQ

K o 5 K, - o -
~ 97D 0D,0" + % (P, ¥ — D, Wy ®)

1. 1<
~ Kt FuF o+ o >z jJ?Jj,a] . (3.6)

i<j=1

In this form, we have integrated out torsion and non-
metricity, the effects of which are completely mapped to
the sum of ten source-squared terms, weighted by the £;;
coefficients shown in Appendix C1 [Eq. (C13)]. Via a
conformal transformation of the metric, we also went to the
Einstein frame where gravity is minimally coupled to
matter. This resulted in a modification of the potential
term, of the scalar and fermionic kinetic terms and the
apparition of new geometry induced interaction terms.

Although the discussion of our paper is classical, we
remark that integrating out torsion 7,5, and nonmetricity
Qgpy 18 also possible on the quantum level. The reason
is that our initial action (3.1) only contains terms that are
at most quadratic in T4, and Q. Therefore, the path
integrals with respect to T4, and Q4 are Gaussian and
can be carried out exactly by plugging the result of the
classical equations of motion back into the action (see
e.g., [225] and discussion in [152]). The only caveat is that
the quantum theory can feature additional contributions
arising from the measure of the path integral (which cannot
even be defined unless a measure is specified for the initial
action (3.1)—see [226] for details about the path integral
measure in different formulations of gravity).

We are now in a good position to impose the selection
rule II. By limiting the mass dimension of interactions
between matter and gravity to 4, this criterion restricts
heavily the form the couplings can take'":

i=1,23,

Cilp) =cjp+cpe*, j=1234,

k=1,273,45. (3.7)

where we also took into account the discrete symmetry ¢ — —¢ and defined the currents'*:

""Evidently, the restriction to mass dimension 4 only applies in the initial Jordan frame, not the Einstein frame where matter is
minimally coupled to gravity. This is the essence of our approach, in which only specific higher dimension operators are generated due

to the deviation from Riemannian geometry.

"2Cf. Eqs. (B9)—(B11) in Appendix B2 [see also Eq. (B17)].
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S, = E(cp*f) ® — (D,0)* D), (3.8)
V,=JY) =¥, (3.9)
A, =JY =95, (3.10)

Moreover, ¢ corresponds to the real part of the complex
scalar field ©:

@ = V2|

Let us discuss briefly the form of the terms above:

(1) The kinetic terms are already of mass dimension 4,
hence K;(h) can only be a dimensionless constant.
Note that we can set the constant k;; = 1 without
loss of generality by a redefinition of the scalar,
fermionic and vector field.

(ii) The scalar curvature R can only be coupled to ¢
because R carries mass dimension 2, and the only
scalar of mass dimension 2 one can construct is ¢?.
For example, terms involving two spinor fields are
discarded because they have mass dimension 3. One
can also set fo = 1 by a general field redefinition.

(iii) All the quadratic couplings B’s, C’s, D’s and E’s can
accommodate both a constant and a ¢’-term.

(iv) The 4-vector currents are comprised of four possible
terms (see also Eq. (B17) in Appendix B 2).

(v) In terms of the parameters used in Eq. (2.32), we
would obtain [131]"

(3.11)

1 a p

ay =0, a?:§, agz—i, aé:_i’
a p a p
a:‘;:Z’ ag:z’ aX:—Z, a?:_z
(3.12)

Let us now substitute all the other expressions in the
action. By plugging in Eq. (3.7) into the expressions for
the £;; coefficients given in Eq. (C13) and performing an
additional conformal transformation of the fermion field,
we obtain the full equivalent theory (see Egs. (C18)-(C27)
in Appendix C 2):

3 PSLVW 2n
Loy = @r 2 P07 v, (314)
P A
L,,=Q7 Lo P 0™ 5 D"¢*D, %, (3.15)
23_ PS! @ n
Loo = Q—Z"—OTSMS,,;, (3.16)
5 Z 0 >(p2n
Ly =2Q ”TAﬂw, (3.17)
3 PEIAf/’)(pZn .
Ly, = 2#@1)/@2, (3.18)
3 P(A‘D) 2n
Lo =2 - A,S*, (3.19)
37 P(V(/’)(p2n .
Ly, = 24>T VD' 2, (3.20)
3 P(V(I)) 2n
Lyg =2 . VS~ (3.21)
D
Z ¢'¢‘) 2n
L, =2Q72 i S.D'¢*,  (3.22)
with
4
D=> " 0,¢™" (3.23)
m=0

All terms have the same form, namely a fraction of poly-
nomials of ¢. The numerator is a polynomial of order 6
while the denominator is the same for all expressions and is of
order 8. The coefficients P, are identical up to the subscript
(AA), (VV) etc. The difference simply amounts to the a;’s
coefficients displayed in Egs. (C18)—(C27). So overall, there
are 5 independent polynomials in the common denominator
and 4 in each numerator. The exact form of the polynomials

P 23 0 Pn ) 2n A (3.13) can be found using the (.:ompanion Mathematica notebook
D [198]. Then the final action can be expressed as:
|
1. V(®.Q/¥F ) 3¢ e o e
= [ d*x\/=g|=R- — D o@*Dyp* — D@D yd*
/ g[ (1+§<p) a1+ T g

(‘PJ’”D Y- D;,‘Py”‘l’)——g”“g” wlaptLan+Lyy+Lyy+Loo+Lay+Lag+Lyy+Lyo+Lyo |-

(3.24)

YThe sign of al differs as compared to [131]. (This can be absorbed by altermg the convention (1.2) of the Levi-Civita tensor.) As a
result, some terms in the equivalent metric theory derived in [130] change sign.
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TABLE 1. Summary of the number of independent couplings in metric affine theory for different particle content.
S quadratic N sources Smetric Total

Pure gravity 17 0 0 17

Complex scalar field 17 8 1 26

Fermionic field 0 8 0 8

Gauge vector field 0 0 0 0

Standard model 17417 = 34 8+8=16 1 34416+1=51

TABLEII. Summary of the number of independent couplings in metric affine theory for different particle content,
after taking into account that 7,5, = g4, = 0.
N quadratic S sources Smetric Total

Pure gravity 10 0 0 10
Complex scalar field 10 8 1 19
Fermionic field 0 8 0 8

Gauge vector field 0 0 0 0
Standard model 10410 =20 8+8=16 1 20+16+1=37

It encompasses the results of [131,48] as special cases, as
we discuss in Appendix C 3.

Let us now analyze the numbers of parameters in the
action for each field of the Standard Model in the presence
of torsion and nonmetricity. Looking at each part of the
action, we can make the following comments:

(i) The quadratic action Sg.draic defined in Eq. (3.4)
only couples to the real scalar field. Indeed, after
imposing selection rule II, all the functions A;, B;,
C;, D;, E; can only depend on the scalar field @, see
Eq. (3.7). Since there are two parameters in each of
the function and Eq. (3.4) contains 17 quadratic
terms, 34 parameters arise.

(i) The action Sgy,es defined in Eq. (3.3) features
sources for the complex scalar field as well as for
the fermion. As can be seen in the definition (3.8) of
currents, there are 2 currents for the complex scalar
field—one for the real part and one for the complex
part—and 2 currents for the fermion—one for the
vector part and one for the axial part. Each of these
currents exist in four copies, corresponding to the
four irreducible vector representations of torsion and
nonmetricity.

(iii) Finally, we can discuss the metric action Scquic
defined in Eq. (3.2). In this part of the action, we do
not consider the kinetic term as an independent
coupling because we can always canonicalize them
by a field redefinition. By the same token, we do not
consider the Planck mass in this parameter counting,
because it is dimensionful whereas all other cou-
plings to torsion and nonmetricity can be chosen to
be dimensionless. Therefore, the only term that
results in an independent parameter is the non-
minimal coupling of the scalar curvature to the
scalar field.

Therefore, we see that each fields does not contribute
equally to the parameter counting in the presence of torsion
and nonmetricity. For example, a complex scalar field
comes with 17 4+ 1 4+ 8 = 26 independent parameter while
a fermionic field comes with 8 coupling to torsion and
nonmetricity. A gauge vector field does not couple inde-
pendently to torsion or nonmetricity, given our selection
rules. The contributions are summarized in Tables I and II,
where we also included the parameter counting for the
Standard Model. We assumed for simplicity that fermions
couple universally to gravity (see also [156]). Since there is
one complex scalar field, the Higgs boson, adding all
contribution together gives 34 + 16 + 1 = 51. Since there
is always the possibility of a global rescaling of the
fractions shown in Eqs. (3.13)—(3.22), we have to subtract
one coupling constant so the total number of independent
parameters is 50.

IV. IMPLICATIONS FOR PRODUCTION OF
FERMIONIC DARK MATTER

A. Review of Einstein-Cartan portal to dark matter

As reviewed in the introduction, the choice of formu-
lation of GR can have important implications for dark
matter. We shall discuss this in the scenario of [156], where
a fermion Wy, which is a singlet under all gauge groups
of the SM, is added to the field contents of the SM.
The observation of neutrino masses provides a strong
motivation for considering such a scenario since a mixing
of singlet fermions with active neutrinos can generate
masses for the latter via the well-known seesaw mechanism
[227-232] (see [194] for a review). For the present
discussion, however, it is inessential if ¥ couples directly
to SM-neutrinos, provided the mixing is small enough
to obey observational constraints, e.g., due to bounds on
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x-rays signals from radiatively decaying dark matter [194].
In the metric formulation of GR, production mechanisms
arising from a mixing of ¥y with active neutrinos have
been proposed [188,189]. Here the difficulty consists in
producing a sufficient abundance of dark matter while at
the same time satisfying the upper bounds on the strength
of mixing coming from x-ray constraints. Whereas this is
not possible for the so-called nonresonant production [188],
a resonant production [189] can be implemented [190].
However, this requires a fine-tuning of parameters [191-193]
and constrains the mass of Wy is a narrow range [194].

In [156], a gravitational generation of ¥y was studied in
the EC formulation of GR. This mechanism was dubbed
Einstein-Cartan portal to dark matter and its starting point
are nonminimal fermionic kinetic terms for both Wy and the
fermions of the SM [see Eq. (2.32)]:

é‘i’(l — i — ify’)y"D,¥ + H, (4.1)
where we assume that the coupling to gravity is universal,
i.e., identical for all fermions. After solving for torsion, the
resulting equivalent metric theory features new four-fermion
interactions [130] [cf. Egs. (3.13), (3.14), and (3.17)]

352 3
PP A (4.2)
3a?
~ 2y 43
‘CVV 16 " ’ ( )
3
Ly~ %ﬂA,,w. (4.4)

Since the current V,, and A, contain sums over all fermion
species, processes arise in which two fermions of the SM
annihilate and produce two Wy-particles. This leads to the
abundance Qy of ¥y [156]:

Q M Tproa \
Q—N:3.6x10‘2Cf< N )( P d) . (4.5)

oM 10 keV )\ M,

where Qpy is the observed abundance of dark matter, M, is
the mass of Wy and T4 represents the highest temperature
at which W), are produced, such as the reheating temperature
of a hot big bang. Moreover, the factor Cy is sensitive to
whether W is Dirac or Majorana:

Co =2 {5(1 +0 = 2+ 21(1 = (a-+ P

+24(1 — (a - )2}, (4.6)

9
Cu = {241+ & =) +21(1 = (a+p)*)’}. (47)
corresponding to the former and latter case, respectively. It is

evident from Eq. (4.5) that depending on the values of the

nonminimal couplings « and /3, the observed abundance of
dark matter can be generated in a wide range of masses, from
My ~ 1 keV to My ~ 10® GeV, and without a fine-tuning
of parameters.

Four comments are in order regarding this Einstein-

Cartan portal to dark matter.

(1) The equivalent metric theory considered in [156]
also contains scalar-fermion interactions of the
form shown in Eqgs. (3.18) and (3.20). This leads
to a second channel for producing ¥y, namely from
the annihilation of two Higgs particles. For certain
parameter choices, this process can lead to a higher
abundance of Wy than the one due to four-fermion
interaction displayed in Eq. (4.5) [156]. In the fol-
lowing, we shall focus on the generation of ¥y from
fermion annihilation.

(i) If a connection to neutrinos is made, the mixing of
Yy with active neutrinos has to be sufficiently small
due to x-ray constraints discussed above as well as
the requirement that dark matter should be approx-
imately stable on cosmological timescales [156,233].
As a result, the contribution of My to the mass
splitting of active neutrinos is negligible and two
other sterile neutrinos are required to generate the
observed mass differences. This can be achieved in the
framework of the YMSM, which extends the particle
content of the SM by three right-handed neutrinos
[234,235] (see [236] for areview). One of them, which
can be identified with W, acts a dark matter whereas
the mass splittings arise from the other two right-
handed neutrinos. Moreover, the latter can generate
the observed baryon asymmetry in our Universe
via leptogenesis [237,238] (see [236,239-242] for
reviews and recent developments). Because of the
small mixing of Wy, a prediction of the YMSM is that
the lightest active neutrino is practically massless
[234,235]. This statement still holds in the whole
range of M, that arises from the Einstein-Cartan
portal to dark matter [156].

(iii) The lower bound on M, around 1 keV arises since
hot dark matter is incompatible with observed small
scales in the power spectrum, as e.g., inferred from
Lyman-a measurements (see [194]). In contrast, a
value of My around a few keV, corresponding to
warm dark matter, has interesting observational
consequences. First, the produced Wy-particles have
a characteristic momentum distribution, which may
serve to confirm or exclude this proposal of pro-
ducing dark matter due to the effects of gravity
[156]. Secondly, the non-negligible momenta that
arise in this scenario may fit Lyman-a data better
than pure cold dark matter [243,244].

(iv) The Einstein-Cartan portal to dark matter is inde-
pendent of a possible phase of inflation since only a
sufficiently high temperature 7,4 is required in
the early Universe. However, it is interesting to

124067-10



COUPLING METRIC-AFFINE GRAVITY TO THE STANDARD ...

PHYS. REV. D 108, 124067 (2023)

consider this gravitational production of fermions
after a period of inflation driven by the Higgs field
[245]. This proposal of Higgs inflation is highly
sensitive to the choice of formulation of GR
[122,129,136,155,205]. We shall consider the Pala-
tini version [136] since it has favorable properties
with regard to quantum corrections [246] (see dis-
cussions in [247-249]). In this scenario, choosing
universal energy scales in the scalar and fermionic
sector leads to a~ f#~ /& where £~ 107 [156].
Then the observed abundance of dark matter is
produced for M around a few keV, which leads
to the observationally interesting case of warm dark
matter discussed above.

B. Portal to dark matter in metric-affine
and Weyl gravity

Now we shall study a gravitational production of fermions
in the metric-affine formulation of GR. We consider the case
in which the scalar field ¢ has a negligible expectation value.
This is true even if we identify ¢ with the Higgs field and take
into account scenarios of Higgs inflation, as long as inflation
has ended and reheating has been completed. When we only
keep the leading terms in small ¢, the new interaction terms
induced by the effect of classical torsion and nonmetricity
[see Egs. (3.13), (3.14), (3.17) (3.18), and (3.20)], reduce to:

P(()AA) (()VV) (()AV)
Lyp= A A, Lyy=~ 0 vV, V¥, EszzTAﬂV”,
0 0 0
(4.8)
(Ag) (Ap)
Ly, =2-2—AD'¢?, Ly,~2-2—A,D'g?  (4.9)
0o 0o

All expressions for the polynomials in the numerator and
denominator can be found using [198] and are also displayed
in Appendix C 4.

First, we shall consider the limit of EC gravity. In the
absence of nonmetricity, the previous interaction terms
reduce to:

_cwlat)? + ep(ad)® = expatal

2
€39 — 4¢10C20

Las AAR(4.10)

Lo n cio(ay)? + ex(ay)?
vy &

_ vV v
: C3pd; d, Vﬂvy’ (411)
30 — 4c10C20

AV AV AV ALV
_2ciaiay +2cdba; —cxp(aral +ajay)

EAV—

A, VH
2 A
30 —4c0c20

(4.12)

If we specialize momentarily to the nonminimal fermionic

kinetic terms shown in Eq. (2.32), then Eq. (3.12) fixes aY,

al, a¥, and a4 in terms of @ and . Moreover, a purely

gravitational action that only consists of the term %R leads
0 cjg=—1, € =75 and c3 =0, as is evident from
Eq. (2.19). Plugging these choices back into Eqgs. (4.10)—
(4.12), we reproduce the result of [130] as displayed in
Eqgs. (4.2)-(4.4).

Now we shall go beyond this specific choice of param-
eters. First, already in EC gravity the coupling of fermions
to gravity generically features more than the two param-
eters a and . Namely, there are four a priori independent
coupling constants even in the absence of nonmetricity
[see Eq. (3.7)]. This makes the three coefficients of the
AﬂA”-, Vﬂ VH- and A,, V#-interactions, which are shown in
Egs. (4.10)—(4.12), independent. While a quantitative
analysis of such a situation remains to be performed, it
is clear that the qualitative features of the Einstein-Cartan
portal to dark matter remain unchanged even for three
independent four-fermion interactions.

Next, we can discuss other formulations of GR. As noted
in [48], EC gravity, which features curvature and torsion,
and Weyl gravity, in which curvature and nonmetricity are
present, are equivalent for analogous choices of source
terms. As a result, the gravitational production of fermionic
dark matter can equally well be implemented in the Weyl
formulation. Only a small difference arises when instead
of coupling fermionic currents to irreducible representa-
tions of torsion and nonmetricity, one employs a non-
minimal kinetic term (4.1) since in this case the coupling
of T to fermions has no counterpart in Weyl gravity [see
Eq. (2.32)]. Instead of Egs. (4.2)—(4.4), one gets

A2 A2 A A 2
Lop byo(a3) tb20(a4) — byaja; A A0 = ﬂAﬂA”,
b3y —4byobyg 16
(4.13)
blo(a¥)2 + bz()((l}()2 - b30(1¥(14‘( 3&2
Lyy =~ V,Vb =—V VH,
v b3 — 4b1oba ST
(4.14)
Loy~ 2bgasal + 2b22a/34a}( — byo(aiay + afay) AV
b3y — 4b1obao
3af
= TAMV”' (4.15)

For sufficiently large a and f, these operators have the
same effect as their counterparts (4.2)—(4.4) in EC gravity.
Once independent couplings of fermions to torsion and/or
nonmetricity are included, corresponding to Eq. (3.7), EC
and Weyl gravity—and hence their respective portals to
fermionic dark matter—are fully equivalent.

Finally, we go to metric-affine gravity, which encom-
passes both the EC and Weyl formulations as special cases.
For the same choice of action as in [156], we can exploit the
fact that R and the covariant derivative of fermions are
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projectively invariant to set the combination Q, — Q, to
zero. This removes the coupling of fermions to nonme-
tricity [see Eq. (2.32)] and so we recover the result of the
EC formulation as shown in Eqgs. (4.2)—(4.4). Thus, these
interactions can equivalently be viewed as predictions of
metric-affine gravity, where no assumption is required
about the vanishing of nonmetricity. If instead we allow
for more general choices of coupling constants, the
four-fermion interactions in EC gravity, as displayed in
Egs. (4.10)-(4.12), will also be indistinguishable from
those in metric-affine gravity shown in (4.8): Dark matter
is produced from the three possible four-fermion inter-
actions, mediated by A,A¥-, V,V¥- and A,V¥-terms,
which come with three a priori independent coefficients.
Nevertheless, some quantitative features may be different
as compared to the situation investigated in [156], both due
to the independence of the four-fermion interactions and
the importance of the scalar-fermion channel mentioned
above. We leave a detailed investigation of these questions
for the future.

We have demonstrated that the gravitational portal to
dark matter proposed in [156] is not specific to the EC
formulation of GR. It also exists in Weyl and metric-affine
gravity with qualitatively the same features: A production
of fermionic dark matter can be implemented in a wide
range of masses and without a fine-tuning of parameters.
Moreover, a characteristic primordial momentum distribu-
tion arises which can be used to probe this mechanism
in the case of warm dark matter. In summary, one can
regard a gravitational portal to fermionic dark matter as
a generic feature of GR. In other words, the absence of
this mechanism in metric gravity appears as a peculiarity
specific to this formulation of GR.

V. CONCLUSION

Our current understanding of fundamental physics rests
on two pillars, namely the Standard Model (SM) of particle
physics and general relativity (GR) as the description
of gravity. Far-reaching puzzles arise when the two are
combined. Already at the classical level, a question has
remained unanswered about which formulation of GR one
should employ. Since all of them are fully equivalent in
pure gravity, they have to be regarded as equivalent
incarnations of one and the same theory and thus represent
an inherent ambiguity of GR. Once GR couples to matter
such as in the SM, the various versions of GR are no longer
equivalent and generically lead to distinct observables
predictions. Thus, it is important to explore how concrete
effects depend on the formulation of GR.

To this end, we have employed metric-affine gravity.
This formulation of GR is special for two reasons. First, no
assumptions are required about the geometry of gravity.
Instead, curvature, torsion and nonmetricity are deter-
mined dynamically through the principle of stationary
action. Second, this version of GR encompasses the metric,

Palatini, EC, and Weyl formulations as special cases and so
the results obtained in metric-affine gravity can be carried
over automatically to these other incarnations of GR.

In a first step, we discussed the coupling of gravity
to different matter fields. (Complex) scalar fields and
fermions generically interact with both torsion and non-
metricity, sourcing these two geometric features. In con-
trast, there is no independent coupling for vector fields
because of their gauge symmetry. Subsequently, we refined
the criteria of [131] for constructing an action of matter
interacting with GR. The goal of such selection rules is to
avoid assumptions as far as possible while still ensuring
equivalence to the metric formulation of GR in the absence
of matter. In particular, they preserve the property that the
only propagating degree of freedom is the massless spin 2
graviton. Correspondingly, our criteria that we developed in
Sec. II C aim at capturing the minimal ambiguity that is
inevitably contained in GR.

Using these selection rules, we subsequently constructed
in Egs. (3.2)-(3.4) a model for coupling (complex) scalar
fields, fermions and gauge bosons to metric-affine gravity.
In this way, we extended our study [48], in which we only
considered a real scalar field, to encompass all fields of
the SM. Subsequently, we brought our theory to an equi-
valent form in the metric formulation of GR, which leads
to new geometry-induced interaction terms stemming
from the underlying presence of torsion and nonmetricity.
Together with the corresponding Mathematica code [198],
this lays the groundwork for investigating phenomenologi-
cal implications.

As a first example, we discussed a new mechanism for
producing fermionic dark matter candidates, which was
first discovered in the EC formulation [156]. We showed
that this gravitational portal to dark matter is not unique to
EC gravity but also exists in the Weyl and metric-affine
versions of GR with very similar predictions. This univer-
sality partly arises as consequence of projective invariance
of a nonminimal coupling of fermions to gravity. Therefore,
observational signatures of this gravitational dark matter
production, such as a characteristic primordial momentum
distribution, can serve to distinguish metric gravity from
other formulations of GR. Evidently, further approaches are
needed to constrain and ultimately determine the formu-
lation of GR that is realized in Nature.

Arguably, a precise understanding of classical GR and
the ambiguity resulting from its equivalent formulations
represents a necessary prerequisite for tackling some of the
open issues of quantum gravity. Indeed, parts of the param-
eter space of our model can lead to an inflationary generation
of primordial inhomogeneities [48,122,129,136,155,245]
(see also [205]). Moreover, our theory is capable of
addressing—via a nonperturbative gravitational effect—
the long-standing question of why the Higgs vacuum expect-
ation value is so much smaller than the Planck scale [152].
Our findings may have implications for further unresolved
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problems related to quantum gravity, such as infrared
phenomena [250-252], issues of topology [253-255], a
possible running of Newton’s constant [256-258] and the
potential breakdown of the classical metric description
[259-261].
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APPENDIX A: DETAILS ABOUT LOCAL
LORENTZ SYMMETRY

1. Covariant derivative of fermions

We shall review the construction of the covariant
derivative of a fermion in gravity. Our starting point is
the spin connection w,*# as introduced in Eq. (2.23) via the
derivative of a vector V4:

V,VA=0,VA+w V5 (A1)
In the noncoordinate basis, one is free to perform a Lorentz
transformation as it preserves the form of the metric:
nap = NyABn,p. Importantly, the Lorentz transformation
can be different at every point, making it local. Since a local
Lorentz transformation A4 (x) acts as VA" = A%, (x)VA4,
requiring covariance of V,V# implies [196]

! !
A B = A YN g

A Al
0] " B—ACB/OMA C»

2 (A2)

where we drop the x dependence in the Lorentz trans-
formation in the following. Crucially, we observe that the
inhomogeneous part of the transformation is antisymmetric
in the internal indices. This holds true even if @, 48 # 0,
i.e., if nonmetricity is present. Moreover, we note that w,*?
transforms homogeneously under diffeomorphisms. Now
we consider an infinitesimal transformation,

Ay =8 + o'y, (A3)
where wpy = —w,p are the generators of the Lorentz
group. Then Eq. (A2) yields

O0wyap = COAC%CB =+ G)Bca),mc —0,w45.  (A4)

A generic element A of the Lorentz group can be
represented as [262]:

I Ny
N = el

(AS)

and the generators J42 determine the transformation of a
representation ¢':

i

5¢i = _EwAB(JIAQB)ij¢j- (A6)
For example, for a four-vector we have [262]:
(]I\:chor)ﬁ - i(nﬂpég' - 77”/)5};‘)’ (A7)
whereas a Dirac spinor corresponds to:
Uiher) = 3 (77" =17, (A8)

spinor/ 4

with the gamma matrices y* as defined in Eq. (1.1). Note
that the factor of}¥ is the right convention to ensure that the
generators satisfy the Lorentz algebra:

[J4, JH] = —ig ™ + igv I+ igh T — gt gvh. (A9)
For a spacetime-dependent w4 5(x), the partial derivative of
a Dirac spinor therefore transforms as

o' = 0,(Aw(x))

A () + g0l =) ). (A0

Therefore, covariance is lost for d,w,p # 0. We can use the

spin connection a)ﬂAB to restore covariance by defining

AB( (A11)

1
Dy = 0w + s, " (yars — V874V

8
Indeed, it follows from Eq. (A4) that an infinitesimal local
Lorentz transformation yields

1
3Dy =)' = =g 0uas(r"y” =1 rw(x),  (Al2)
which precisely cancels the inhomogeneous contribution
of Eq. (A10).

2. Field strength in Einstein-Cartan gravity

In the argument presented above, we have used the form
(2.23) as an input and then demonstrated covariance. As is
well-known, one can also proceed in the other direction and
derive gravity from gauging the Poincaré group [60—62]. In
this case, the tetrad and spin connection emerge as gauge
fields associated to translations and the Lorentz group,
respectively. As a result, one obtains the EC formulation of
GR, which only features curvature and torsion emerge so
that the spin connection is anti-symmetric, w,4? = ), 15l.
Focusing on Lorentz transformations, we can draw a direct
parallel with other gauge theories: When a symmetry
becomes local, derivative terms are generically no longer
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TABLE IV. Existence of symmetry properties of Riemann
tensor for different formulations of GR.

TABLE III. Comparison of different gauge groups and their
corresponding gauge fields and field strengths.

Local Lie Local Gauge Variation
group parameter field of Gauge field
u@) e A, 0A, = d,e
SU@3) gi=1,..8 Al SAl, = 0,4
Lorentz o w, B sw, 8 = 0,0""

covariant. One needs to introduce a gauge field, the
variation of which is the derivative of the parameters of
the gauge group. In Table III, we show an overview of
different Abelian and non-Abelian gauge groups to high-
light their similarities.

Evidently, the gauge field itself is not gauge invariant,
only the field strength is. For Abelian gauge theories, like
U(1), the field strength is F,, = 20d,A,; while for non-
Abelian gauge theories like SU(3) we have G, =
26U,A,’;] + fi*P AGAL, where fi are the structure constants

of SU(3) [263]. Likewise, for the Lorentz group, the field
strength (which corresponds to the Riemann tensor), is
defined as

R = 20,03 + % [ABCPEE ofPolF. (A13)

The factor of % comes from the convention chosen for
the element of the Lorentz group in (A5), and fABCPEF are
the structure constants of the Lorentz group. They can be
read off from the commutation relation of the Lorentz
generators [262]:

[JAB’JCD} — fABCDEFJEF» (A14)
and are given by:
FABCDEF — _0j(ylBICyAlERFD _ plBIDpAJE,CFY — (A15)

Plugging (A15) in (A13), we evaluate the formula for the
Riemann tensor (see also [131]):

RAP = 20[ﬂa):‘]3 + 2wﬁpwf]F, (A16)
where we used the antisymmetry of w,*®. For EC gravity,
we can now reproduce Eq. (2.1), namely the Riemann
tensor with four Greek indices using the relationship (2.24)
between the spin connection and affine connection:
RZg = ezeBRﬁf = ege’;@aww‘;‘f + 2wWBFWD]AF>

= 20,1/ +20%,, 1% (A17)
Finally, let us comment on the symmetry properties of
the Riemann tensor. In the EC formulation, it is evident

Metric Einstein-Cartan Metric-affine
Rpeq v v v
Rjapjea v v X
Rab)(ca) v X X

from Eq. (A17) that w,*f = ®,"5 implies that the
Riemann tensor is antisymmetric in the first two indices.

We compare this to the situation in other version of GR
in Table IV.

APPENDIX B: DISCUSSION OF CRITERIA
FOR COUPLING GRAVITY TO MATTER

1. Equivalence in pure gravity

We shall discuss in more detail the selection rules for
coupling gravity to matter as proposed in section II C. First,
we consider the situation in the absence of matter. In this
case, the action can only feature two kinds of fields. On
the one hand, we have the metric g,,, which has mass
dimension 0 and contains no derivative. On the other hand,
we have the connection I ;5 or components thereof, such
as torsion and nonmetricity. All these fields have mass
dimension 1 and by the derivative counting introduced
above, all of them correspond to one derivative. This
implies that in pure gravity, the number of derivatives is
equal to the mass dimension so that condition I implies
condition II. Thus, we only need to consider the former.

Since Riemannian curvature R is quadratic in the con-

nection fyaﬁ [see Eq. (2.1)], criterion I amounts to restricting
ourselves to terms linear in curvature and quadratic in torsion
and nonmetricity. Consequently, the most general theory of
pure gravity that obeys criterion 1 is of the form [48]
L~R+crrT'T, + croT*Q, + 90" Q, + ... (Bl)
where crr, ¢rg, and ¢y are arbitrary real parameters and
T, and Q, are defined in Egs. (2.9) and (2.13). Only an
exemplary selection of possible contributions due to torsion
and nonmetricity is displayed in Eq. (B1) and the dots
represent further terms that are quadratic in torsion and
nonmetricity and that can be formed using the six tensors 7+,
T+, 11, QF, O*, q®P’. Each of these contributions comes
with an a priori unknown coefficient. Moreover, we left out
in Eq. (B1) contributions of the form ﬁﬂTﬂ since they
correspond to full derivatives.

One can wonder why we included in Eq. (B1) only the
Riemann part R of the full curvature R. As is evident from
Eq. (B1), the difference of R and R consists of terms that
are already present in action. Therefore, replacing R by R
can be absorbed by a shift of the coefficients ¢z, crg, ete.
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(see [131] for more details). Conversely, we note that the
theory (B1) has the same structure as the full Ricci scalar R,
with the only difference that specific coefficients are
replaced by arbitrary ones.'* Finally, we remark that one
can construct another contribution linear in curvature,
namely the so-called Holst term [108,109,112,113]:

PR T%(Qy — Qu + 2T,) - V,1°

1
uvpe — g
+

1

2 €1l 1P + €579 157, (B2)
which is parity-odd. In analogy to Eq. (2.19), we separated
contributions due to torsion and nonmetricity. There is no

Riemannian part, e""/"’i?wpg =0, because of the sym-
metries of IQQ",,/,,,. Therefore, including the Holst term in
the action would only lead to a shift of some of the
coefficients.

From the Lagrangian (B1) we can determine torsion and
nonmetricity by their equations of motions. Since they only
appear quadratically, the solution is given by

Tyap = Qyap = 0, (B3)
i.e., torsion and nonmetricity vanish dynamically. Hence,
theories of the form (B1) are equivalent to the metric
formulation of GR. This shows that the restriction to two
derivatives in criterion I ensures equivalence to metric GR
in the absence of matter.

Once we include more than two derivatives, the equiv-
alence to GR in the metric formulation is generically lost. If
for example we allow for four derivatives, we can among
others include terms that are quadratic in the Ricci scalar R
or the Ricci tensor IOQW. As is well-known, such contribu-
tions generically lead to additional propagating degrees of
freedom [63-68]."> Hence, they break the equivalence
to metric GR already in the absence of matter. We must
mention, however, that one can construct specific theories
that do not obey our restriction to two derivatives but
nevertheless do not feature any additional propagating
degrees of freedom apart from a massless graviton [131].
Thus, criterion I is sufficient for ensuring equivalence to the
metric formulation of GR but not necessary.

2. Effect of matter

Next, we discuss the effects of including matter. To begin
with, we shall only consider a real scalar field ¢. This
situation was already discussed in our previous paper [48],
to which we refer the reader for more details. The most

“More precisely, the model (B1) contains all contributions
quadratic in torsion and nonmetricity whereas R only features the
subset of terms that are parity-even.

BThere are exceptions to this rules—see [88,264-282] for
studies of corresponding models.

general polynomial Lagrangian that obeys criteria I and IT is
of the form [48]16:

E ~ R —|— éhzk + (CTT + ETTqﬂz)TﬂTﬂ
+ (cro + Cro@*)T*Q, + (coo + Coo®?) 0" 0,

+ LT+ Egl 0 4 4 L, (B4)
where the matter Lagrangian £, is only a function of ¢
and &, &7, crr, Cpr, etc. are arbitrary real coefficients.
Moreover, we defined

J,(f”) = 0”(p2.

(BS)
As before, the dots represent further analogous terms in
which 7# and/or Q" are replaced by some of the other
tensors shown in Egs. (2.9)—(2.11) as well as (2.13)—(2.15).
Each of these additional contributions comes with an
a priori undetermined coupling constant.

In Eq. (B4), we have assumed as in [48] that ¢ obeys a
discrete symmetry ¢ — —¢. This condition is not essential
and we impose it because the Higgs field of the SM (in
unitary gauge) exhibits this property. Apart from the
discrete symmetry, however, ¢ represents at this point an
arbitrary scalar field, not necessarily connected to the Higgs
boson. Once matter is present, condition II matters. Without
it, we could have included in addition to quadratic terms
higher powers of ¢. Moreover, we remark that the non-

minimal coupling to the Levi-Civita Ricci scalar, @R,
already exists in the metric formulation of GR. Loosely
speaking, one could therefore say that Eq. (B4) consists of
all terms that are on the same footing as this nonminimal
coupling to R.

The crucial novelty in Eq. (B4) as compared to the case
of pure gravity displayed in Eq. (Bl) is the presence
of terms linear in torsion or nonmetricity, which couple
to J,(f” ). These contributions act as source terms in the
equations of motion and hence it follows that torsion and
nonmetricity no longer vanish. Schematically, we get

T~ 0, ~EQlY, (B6)
where again we restricted ourselves to exemplary contri-
butions. We see that 7, and Q, indeed feature one
derivative, and so our derivative counting introduced in
condition I is self-consistent.

Plugging the solutions (B6) back into our initial theory
(B4), we arrive at a Lagrangian of the form:

L~R+EPR+ f(?) P I0m £ (BY)

"*The precise form of the action is displayed in Eqgs. (3.1)
till (3.4).
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Here f(g) contains no derivatives, only depends on ¢?
and is determined by the various coupling constant that
appear in Eq. (B4). Since solely the Levi-Civita connection
appears in Eq. (B7), we have derived an equivalent
representation of our theory in the metric formulation of
GR, in which the effects of torsion and nonmetricity are
replaced by a specific set of operators in the matter sector
with mass dimension greater than four. It follows from
conditions I and II that these new terms feature at most two
derivatives, and hence they do not lead to any additional
propagating degrees of freedom. Condition II is essential
for the predictiveness of our approach. Without it, we
could have included from the beginning arbitrary higher-
dimensional operators in £, and the specific subset of

terms that are contained in f(p?)JJ(#¥ that arise due to
torsion and nonmetricity would not bring any new infor-
mation. In other words, requirement II demands that
nonrenormalizable operators can only arise from coupling
to gravity. Of course, such a point of view can be motivated
by the fact that GR is nonrenormalizable from the outset.
Needless to say, imposing conditions I and II amounts to an
assumption and its viability remains to be determined.
Arguably, the best way for doing so is to derive observable
predictions and to compare them to measurements.
Scalar field. We have seen that a real scalar field ¢ can
couple to terms that are quadratic in torsion or nonmetricity.

Moreover, the term J,(f”) as displayed in Eq. (BS5) interacts

linearly with any of the four vectors T*, 7", O*, and Q" and
hence sources torsion and nonmetricity. Going beyond a
real scalar field, we shall next discuss which other terms
can source torsion or nonmetricity, where we largely follow
[131]. First, we consider a complex scalar field ®. If no
other conditions are imposed, we can decompose it into
two real scalar fields ®, and ®, as ® = 1/1/2(®; + iD,).
Then what we discussed above separately applies to @,
and @,.
More interesting is the case in which ® is charged under
a local U(1)-symmetry, as is e.g., the case for the Higgs
doublet in the SM. Then its absolute value,
1
B = =47, (B8)
2
allows for the same couplings as a real scalar field. On top
of that, a second term can act as a source, namely the
gauge-invariant current

I® =L (@*D,® - (D,0)* D). (B9)

\S]

Here f)ﬂ =0, — ie;\# is the gauge-covariant derivative,

where e is the gauge coupling and Aﬂ represents the gauge

field. Just like J, ,<;”>, the current J, ,(;D) has mass dimension 3

and features one derivative. Hence it can also couple
linearly to the four vectors T#, T#, Q*, and Q*.

Fermion field. Next, we consider a fermion field ¥. Our
discussion both applies to the case in which ¥ is part of the
SM and to fermions that are singlets under the gauge
groups of the SM. Since we need to form bilinears, which
by themselves already have mass dimension 3, it is clear
that fermions cannot couple to terms quadratic in torsion or
nonmetricity. However, we can form two source terms from
the vector and axial currents:

I =9y, (B10)

IP =¥y, (B11)

where y, and y> correspond to gamma matrices. Just like

the contributions discussed before, J ,(,V) and J, ,(,A) carry one
spacetime index and have mass dimension 3. Therefore,
requirements I and II imply that the interaction of the

fermionic currents with torsion or nonmetricity is fully

analogous to the case of a scalar field, i.e., J ,(,V) and J, f,A) can
couple linearly to any of the four vectors T#, T#, Q*, and
Q”. However, a difference to the scalar sources exists since

J ,EV) and J ,(,A) do not contain a derivative. Correspondingly,
the interaction of fermions with torsion and nonmetricity
leads to contributions of the form
T,~P,Y+... QO ~¥Y+.. (B12)
which do not contain a derivative. In this sense, associating
a derivative to torsion and nonmetricity represents an
assumption when it is exclusively sourced by fermions [119].
At first sight, a second category of terms seems to exist
for coupling fermions to torsion or nonmetricity. Namely,
we can use the pure tensor parts 7,,, and g,,, to construct
the following terms:
RS T VO 1L 7/ (B13)
However, using the property of the Dirac algebra, we
have that y*y"y’ = —g"y’ — gPy* + ¢y" + i€ Py,y
and hence the two terms displayed in Eq. (B13) can be
17
recast as (see also [131] "):
(B14)

‘i‘y”y”y”‘l’tﬂyp = —2‘1‘)/"‘{’#‘/“ + i‘i’y"ys Ye™t,,,,

Py gy, = =Py ™ Wqq,. (B15)
It is now clear that these terms vanish due to the properties
of the pure tensor parts shown in Egs. (2.11) and (2.15).
Therefore, we do not need to include them.

Gauge field. Finally, we discuss the effects of gauge
fields, where we momentarily specialize to the case of

"Note that there are sign differences as compared to [131]; see
Eq. (3.12) and footnote 13 further below.

124067-16



COUPLING METRIC-AFFINE GRAVITY TO THE STANDARD ...

PHYS. REV. D 108, 124067 (2023)

U(1). The coupling to the current (B9) already leads to an
interaction with the gauge field that is contained in the
gauge covariant derivative. Due to the requirement of gauge
invariance, the only other building block from which we
can try to construct a coupling term is the field strength
tensor F,, [see Eq. (2.34)]. Since it already contains a
derivative, it follows from condition I that it can only
interact with a linear power of torsion or nonmetricity.
However, there is no torsion or nonmetricity term with two
spacetime indices. The same conclusion applies to gauge
groups beyond U(1), with the only difference that in this
case an additional obstruction appears since the field
strength tensor also carries an index of the gauge group.
Thus, our requirements for constructing an action of matter
coupled to metric-affine gravity do not allow for an
independent coupling of gravity to gauge fields.
Summary. In summary, terms that are quadratic in torsion
or nonmetricity can only couple to a real scalar field ¢
(or equivalently the absolute value of a complex scalar
field) via
C = ¢ (B16)
There are four contributions (B5), (B9)—-(B11) for coupling
matter linearly to torsion or nonmetricity. The former two
arise for scalar fields, where the second one only exists in
the complex case, and the latter two are due to fermions.
Thus, a source term generically reads
I, =d9 10 +a®g® 40" + et (B17)
Here a@), a®, 4", and a* are a priori undetermined
coupling constants. There is no independent coupling
between a gauge field and torsion or nonmetricity.
Moreover, no source term exists for the pure tensor parts
top, and qaﬂy.lg For J,, given in Eq. (B17), we can solve for
torsion and nonmetricity and plug the result back into the
action. In full analogy to Eq. (B7), this leads to
L~R+EQR + f(¢?) ]I + L. (B18)
As before, f(¢?), which is sensitive to all coupling con-
stants related to torsion and nonmetricity, only depends on
@* and contains no derivatives. It follows from Eq. (B17)
that the contribution proportional to J,J# generically
contains ten different types of quadratic interactions among
the different sources terms.

3. Relationship to previous works

In a very similar setting as ours, criteria for constructing
an action of gravity coupled to matter were already

"See [283] for a proposal to source the pure tensor parts from
a field with spin 3/2.

proposed in [131]. In order to compare them to our
requirements, we shall first repeat the conditions of [131]:
(1) In the purely gravitational part of the action, only
operators of mass dimension not greater than 2
should appear.
(2) The matter Lagrangian action should only feature
renormalizable operators in the flat limit, i.e., for
G = Ny and I'"; = 0.
(3) Gravity and matter should only interact via operators
of mass dimension not greater than 4.
In the following, Arabic numerals shall refer to the criteria
of [131] whereas Roman ones belong to our requirements
listed in Sec. II C.

On the one hand, our conditions I and I imply 1 to 3:
Since in pure gravity the number of derivatives and the
mass dimension of an operator coincide, requirement 1
follows from I. As in the absence of gravity nonrenorma-
lizability only arises from operators of mass dimension
greater than 4, criterion II implies 2. Finally, it is evident
that 3 also follows from II.

On the other hand, our conditions I and II are slightly
stronger than 1 to 3. In order to see this, we shall con-
sider a U(1)-gauge field with field-strength tensor F,, [see
Eq. (2.34)] and couple it to the pure tensor part t** of
torsion with a term

L, =D,F, 1, (B19)
where f)a is only covariant with respect to gravity. Since
this contribution contains three derivatives, it is incompat-
ible with our requirement I. In contrast, it is admissible
according to the criteria 1 to 3 of [131]. In the presence of
the term (B19), t,,, no longer vanishes but receives a
contribution of the form

o 2 o s
ta/w ~ DaF/w + gga[ﬂp FU]G’ (BZO)

where we took into account that 7, only couples to the pure

tensor part of D,F e "% After plugging the solution for torsion
back into the action, a contribution with four derivatives of
the form Zo)aF MDZOD“F”” will arise, among others. The term
(B19) is not the only contribution with more than two
derivatives that would be permissible according to conditions
1 to 3. Other examples include 7', A, F** as well as baﬁ Lt
with FW =€, I (see [88]).

Thus, conditions 1 to 3 would allow from some terms
with more than two derivatives but only when an Abelian
gauge field is involved. It is not clear why gauge fields
should play a special role with regard to derivative counting.

“Correspondingly, 7,,, as shown in Eq. (B20) fulfills
9* 1y = 0 and e"/’"’“t,w,, =0, in accordance with its definition
2.11).
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Moreover, criteria 1 to 3 would run counter to our guideline
of finding an action that is as general as possible while
excluding terms with more than two derivatives. Finally, the
term (B19) was not included in the action of EC gravity
coupled to matter constructed in [131], even though it
conforms to the requirements 1 to 3 used there. Rather,
employing our criteria I and II in the EC formulation of GR
would lead to the theory considered in [131].%° Concerning
our previous paper [48], in which we studied the theory of a
scalar field coupled to metric-affine gravity, we remark that
our criteria and the conditions of [131] lead to identical

|

2C2T¢x 4 C3Ta 4 EzQa +E4Qa _

results. Thus, the model of [48] can be derived equally well
from our newly proposed requirements or the ones of [131].

APPENDIX C: DETAILS ON COMPUTATIONS
OF THE EQUIVALENT METRIC THEORY
1. Solving for torsion and nonmetricity

Varying the action with respect to the six tensors 72, 7,
Pr, Q7, O, and ¢*7, we obtain six equations of motions.
For the action given in Eq. (3.1), they are

a
Jq,

2C,T% + C3T% + E|Q° + E; Q% = J4,

a

2B,0" + B3Q" + EsT“ + E,T* = J5,

2B,Q% + B3Q% + E\T* + E,T% = J3,

2B4Gap, + 2B5q gy, + 2D2€0559"°)) + D3€wispt”®y) — Estigpa = 0,
2C4t(1/}7 + 2Dl€a/15[/jt/wy] + D3€(M§qui§y] + E5qu]a =0. (Cl)

For the vector parts 7%, 7, 0%, and Q“, the solutions are

1< U -
TQZEZJ?XZ‘, T(l:zz-]?yiv
i=1 i=1

The common denominator reads

1 AR
0 :z;JiVi’ 0 *z;‘liwi' (C2)

Z = 4B (By(—4C,Cy + C3) + C|Ef + C,E5 — C3E5Ey)

and the numerators are

+4B,C\E3 + 4B,CyE? — 4B,C3E | E, + B3(4C,C, — C3)
+ B3(—4C|E,E, — 4C,E | E5 + 2C3E | E4 + 2C3E,E5)

— E3E; + 2E|E,E5E, — E3E3, (C3)
X| =4BB,C3 — 2B\E3E, — 2B,E | E; — B3C3 + B3E | E4 + B3E,Es,
X, = =8B B,C, + 2B E2 + 2B,E5 + 2B3C, — 2B3E, Ey,
Y\ = —8B,B,C, + 2B|E% + 2B,E? + 2B5C, — 2B;E | E3,
YV, =4B,B,C3 — 2B E3E, — 2B,E | E, — B3C3 + B3E,E3 + B3E | E,,
y3 — 4BIC1E4 - 231C3E3 - 2B3C1E2 + B3C3E1 - E%E4 + E1E2E3,
Y4 =4B,C E, — 2B,C3E| — 2B3C\E, + B3C3E3 + E\E3E, — E,E3, (C5)

“Needless to say, this fact was part of our motivation for proposing conditions I and II. We thank Georgios Karananas and Misha
Shaposhnikov for discussions about this point.
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Vi = 4B,C\E, — 2B,C3E, — 2ByC,E; + ByCsE; + E\EsE, — E,E2,
Vz - 4BzC2E1 - 2B2C3E2 - 2B3C2E3 + B3C3E4 - ElEi + E2E3E4,
VS = 4B3C1C2 - B3C§ - 2C1E2E4 — 2C2E1E3 + C3E1E4 -+ C3E2E3,

V4 - —8BzC1C2 + 2826% + 2C1Eﬁ + 2C2E% - 2C3E3E4,

Wl - 4BIC1E4 - 281C3E3 - 2B3C1E2 + B3C3E1 - E%E4 + E1E2E3,
W2 - 431C2E3 - 2BIC3E4 - ZB3C2E1 + B3C3E2 + E1E2E4 - E%E_g,
W3 = —SBIC1C2 + 281C% + 2C1E% + 2C2E% - 2C3E1E2,

W, = 4B3C,C, — ByC% — 2C  EyE4 — 2C,E  E + C3E Ey + C3E,E;.

(€7)

Plugging back the solutions for torsion and nonmetricity into the action (3.1), we see that the source part (3.3) simplifies to:

1 4
Soes = [ A5yT35 S =I0Vi = I8y = I3, = STV
=1

while the quadratic contribution (3.4) becomes

(C8)

1 4
Squadratic = / d'xy/=9 Y I BV, + BaWW; + BsV W,
ij=1

+ C XX+ CYVY; + CXY; + E\X )V, + E V)V, + Es3 X)W, + EL YWV,

Now we have integrated out torsion and nonmetricity, but
the matter sector is still nonminimally coupled to gravity
through the term Q?R in Smetic given [see Eq. (3.2)]. To
simplify the analysis, we go to the Einstein frame
where gravity is minimally coupled to the matter sector.
We achieve this by doing a conformal transformation of
the metric:
ga[)’ — Q2 ga/}’

g{lﬂ - Q_zga/)’a 62 g Q_leﬁ,

ey = Qleh, /g Q™ /=g,
FPRap = Qg Rap + 6947 (V,V In(Q)
—V,In(Q)V, In(Q)). (C10)

Torsion is not affected since it is completely independent of
the metric. Note that technically, nonmetricity transforms
nonhomogeneously under this conformal transformation, but
at this point this is irrelevant since we have integrated out both
torsion and nonmetricity from the action. One can see from
Eq. (C10) that the scalar curvature R transforms inhomoge-
neously due to the nontrivial dependence of the Levi-Civita
connection lo"yaﬂ on the metric g,,. This leads to a modifi-
cation of the kinetic terms of the matter sector, depending on
the function Q. After applying criterion II, we shall see that Q
can only be a function of the norm ¢ of the complex scalar
field ®. Therefore only the kinetic term of the complex
scalar field will receive contribution from the inhomo-
geneous part of the transformation of the scalar curvature.

(€9)

After performing the conformal transformation (C10), the
metric action becomes:

L%

1., V((D,‘PF )
Smetric_/d4x\/ -9 [ER_T

3. .
~ 29" DeQDsQ

K e iKy = .
—§gaﬁDa(DDﬁq)* +@(T}’”DFT—D”‘P}/”‘P)

_%k3gﬂagyﬂFnya[)’:| . (C] 1)
We recall that the gamma matrices come with a tetrad
Yu=e¢ ;,AyA, so this is why the kinetic term for the fermionic
field in Eq. (C11) gets shifted by a factor of Q~3, whereas the
kinetic term for the complex scalar field is only shifted by
Q2. We note that the kinetic term for the vector field does not
change. On the other hand, the sources and quadratic part of
the action are simply multiplied by a factor of Q~2, coming
from the combination of the determinant of the metric and a
hidden metric tensor there to contract indices.

Finally, we can write suggestively the sum of these two
actions as:

V=91 1a a
Ssources + Squadratic = /d4x 02 [(Jl )2‘611 + (J2)2£22

+ (J5)*Lsz + (J9)* Lag + I 2L
+J{3aL13 + I 4a L1 + I3 30 L03
+ I8 4aLos + IS5 4aLral, (C12)
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where the £;; are coefficients that depend only on the other parameters.21

We can express them compactly as:

Vi, Qn On Wi Qs Vi Qu
£11:—7+?, £22——7+ Zzy £33:—7+7, £44:—7+?,
o Yo+ X, 2Qp - Y3+W; 2095 - Vi+Vi 2094
="z Tz B="z 72 W=z 72
Whr+ X3 2Q; Vo+ Xy | 2Qy Wi+Vs  2Q3
Ly =— 7 77 Lyy=-— 7 77 Ly =-— 7 72 (C13)
where the coefficients Q;; are given by:
|
As a result, we obtain Eq. (3.6) shown in the main part.
Lyy =Q? <Z Lal )vﬂw, (C19)
2. Explicit interaction terms =
Next we perform a field redefinition of the fermionic - u o
field ¥ to canonically normalize its kinetic term: Lop = <Z ’C’J i )D D 40 (C20)
i<
¥ - Q32 (C15)
=Q? L; SKS,, C21
After this second conformal transformation of the fer- (; Y a’ ) (21)
mionic field and also taking into account Eq. (3.7), the
action reads: , (Z )
=2Q Lii a >A VH, (C22
S o d4 lR V( 93/ lP,F"w) i<j !
metric _/ Xy/—9g 2 (1 +§(P )
382 " Ly = 2(2 Liata )A D' 2, (C23)
_Wga a§0 ﬁ§0 i<j
1
1 + & zga D q)Dﬁq)* +Z(TyﬂD ¥-D lpyﬂlp) Lao = 2(2 Eu“ )>A 5, (C24)
i<j
1
_ZgwlgyﬁFquaﬁ] . (C16)
Ly, = 2(2 Lyalia >v D2, (C25)
Clearly the potential term V may change after this second iy
transformation and the fermionic currents defined in
Egs. (3.9) and (3.10) will also be shifted to: Lye = 2(2 Lialia )v K, (C26)
i<j
V,— QV,, A, — Q%A,,. (C17)
Substituting the 4-current J¢ given by Eq. (3.7) into Lyo = 2072 <Z L; ;a a ))> Su DM (C27)

Eq. (C12), we arrive at interactions of the form V -V,
V —A, V-8, etc which can be written compactly as:

4
‘CAA = Qz <Z L’Ual

)A,,Aﬂ, (C18)
i<j

*'More explicitly, £;; solely depends on the remaining
coefficients of interest, i.e., By, B,, B3, Cy, C,, C3, E|, E,,
E3, and E4.

l<]

Notice that all the buildings blocks we need are the L;;
coefficients, which we have derived previously. The sum on
i,j consists generally of 10 terms, because the whole
expression is symmetric in 7, j. All types of interactions are
spawn, and the form of equations is identical up to that
point. The only difference comes from the power of the Q
factors. Indeed, because of the conformal transformation of
the metric and of the fermion field, each term acquires a
different power of € depending on the presence of
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fermionic current. From Egs. (C18)—(C27), we can derive
Egs. (3.13)—~(3.22) in the main part.

with the £;; being much simpler:

ro—__ S G
3. Known limits " 46 -y 7406, - CF
Finally, we shall show that our result (3.24) reproduces [0 — — C, (C34)
the previous findings of [131,48] in specific limits. 2= 4C,C, — C% '
Reproducing [48]: In [48], the only matter field present is ) o _ .
a real scalar field. Therefore to reproduce previous results ~ The corresponding torsion-induced interactions are
we need to set the kinetic terms for the fermion and the .
. . . C C C
vector f'l((;l)d to zero in Eq. (3.6). We also take the limit Loy =@ 1(ay) —|-2 »(a})? — Cyaltal AAr (C39)
where a;"’, a}, and a} vanish in Eq. (3.7). Consequently, G5 -4C G
only £, as displayed in Eq. (3.15) will be left: v
C C C
> P’I’(ﬂ Lyy =@ ) ZZ Z(A?é)C e ViVt (C36)
L,,= 9‘20#0”40215”2. (C28) 3 -2
The action will be much simpler and given by: L -0 G (a(1¢>)2 + Cz(agw))z - ng(p)agp) DEOD o>
pp C2 4C C @ /440 ’
Vig) o
/d“x,/ { R——K( )90 of ] (C29) (C37)
Gathering together all contributions to the kinetic term of (®)\2 (@2 (®) (D)
the scalar field, we obtain an expression for the modified  Lggp = Q72 Cila )+ 6;2(612 S -Ga g S,
kinetic term: 3 -4C G
o0) (C38)
K( )_ 1 1+6(p2§2 8 223 OP (p
@)= 1 +§(p2 1 +§l’l2 4 Om(p LA _922C1(1 al +2C2612(12 _C3(a2al +a a2)A VH
vV — s
(C30) C3-4C,C,

C39
which exactly reproduces Eq. (3.16) of [48] if we relabel (€39)
@ — h and absorb the factor of 8 into the polyno- zclafl&a(l ?) 4 2C,at a2 — Cy(at al ) 4 alag/’))
mials P\, Lap= C2—4C,C,

Reproducing [131]: In [131], all matter fields are present. -
However, the EC formulation of GR is employed, i.e., x AD 7, (C40)
nonmetricity is assumed to be absent. Therefore, we need 4 (@) (@) @) 4 (@)
to set J§, J$, all B;’s and E's coefficients to zero. This r :2C1a1a, +2Cyaha, ' —Cs(aya;  +afa, )A N
simplifies greatly the form of the solution for torsion: A® C3-4C,C, o
ol H N " C41
e TGHL2GH g G20 (c4)
z “ 2C1a}/a§(”) + 2C2a¥a§(”) — C3(a¥a<fp) + a}’ag”))
with the common denominator: Ly, = )
C;-4C,C,
Z=4CC, - C%. (C32) % Vﬂlo)”(pz, (C42)
Only L, L, and L£,, will contribute: Lon ZCIaYagq)) + 2C2a¥ag¢) _ C3(a¥a(lq)> + a}’agp))
Ve — 2
/=g C5—-4C\ G,
Ssources T Squadratic = /d4x— L + (J3 L
e (8 + (8 s o
+ J1 2 L1a], (C33)
|
@
Lopp = ZCIa(I(’])a(1 )+ 2C2ag >a2 C3(a2 ag )+ agw)aé ) 5,07 (C44)

C2—4C,C,
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This exactly reproduces the main results of [131],
Egs. (52)-(61), where we show in Table V the correspon-
dence between the different notations.

TABLE V. Correspondence of notations between the present
analysis and [131].

Current paper T+ T" C, C, C; ay,, aly a(lc;;) a(l’f)zD/,(,o2

Paper [131]

4. Portal to dark matter in metric-affine gravity W at Gu G G a/v eafv  av afv
50 Ve =Ly =G —Zg =0, Zg

The polynomials in Egs. (4.8) and (4.9) are given as
follows. The common denominator reads

0g = 4bygcaneoesn — 2bygczpennesy — 2bsgcioeinean + 4b3ocioeanean — 4bancagedy — 4bancioes,

— 4bygcane3y — 4bygcioedy + 4bcspernean + 4bigcaoesoean + block

- 4b30C10C20

— 4by1obyocly + 16b1gbagciocan + €30€3 + epedy — 2e10e20€30€40, (C45)

and the polynomials in the numerators all have the same form:

PE)O.) = agoa.l) (béoclo —4bgbyycio — byperpesp + bzoe%o + b10€%o)

+ a(zo Cl.z) (b20C20

2 2
—4bgbygca — baperpean + bapesy + bipesy)

+ a3 a3 (b1oc3y — 4b19C10¢20 = €30€10€20 1 C20€70 + C10€3)

2
=+ a4 04 b3y — 4ba0C10C20 — C30€30€40 + C20€30 + C10€50)

—I—al 2)

?)

+a1

+a1 4)

?)

b3yczpezn —

+a2

—b3yCc30 + 4b1oba 3 + bypeaneso + bypeipesn —

(
)(
(=
+ a3 2 (=b30c3y + 4b3gcigca + c30€20€30 + C30€10€40 —
il
( 2byc30e10 + 4bagcioean —
3 (
)(

2bypejpern — 2bl(>€30€40)

2cy0€10e30 — 2010620640)

bigcaperg — 2bsgcipenn — 2biocipesn + 4biocioesn — esnely + exespern)

2bsgci0eq0 — €20€30 + €10€40€30)

byycspern — 2bsgcaperg + 4bigcanesp — 2b1gczpesn — 630620 + 610640620)

+ az ay (bygcspeqn + 4bagcanery — 2bagczpen — 2b3gcanes0 — €10edy + €20€30€40)- (C40)

where o and e can take the value V, A, ¢.
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