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In previous work we analyzed the linear stability of nonrelativistic l-boson stars with respect to radial
modes and showed that ground state configurations are stable with respect to these modes, whereas excited
states are unstable. In this work we extend the analysis to nonspherical linear mode perturbations. To this
purpose, we expand the wave function in terms of tensor spherical harmonics which allows us to decouple
the perturbation equations into a family of radial problems. By using a combination of analytic and
numerical methods, we show that ground state configurations with l > 1 possess exponentially in time
growing nonradial modes, whereas only oscillating modes are found for l ¼ 0 and l ¼ 1. This leads us to
conjecture that nonrelativistic l-boson stars in their ground state are stable for l ¼ 1 as well as l ¼ 0,
while ground state and excited configurations with l > 1 are unstable.
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I. INTRODUCTION

Recent investigation has revealed that the multifield
Einstein-Klein-Gordon system admits a rich spectrum
of static solutions, even in the spherically symmetric
sector [1]. This is due to the fact that when passing from
a single to a multitude of N ≥ 3 scalar fields, the internal
symmetry group UðNÞ can accommodate nontrivial
representations of the rotation group SOð3Þ, leading to
configurations with nonzero orbital but zero total angular
momentum, such that they give rise to a spherically
symmetric spacetime. For the particular case in which
N ¼ 2lþ 1 (or an integer multiple thereof) the choice of
the irreducible representation with integer spin l leads to
the l-boson stars discussed in [1–3], see also [4] for an
application in the context of critical collapse. In addition to
the parameter l these configurations are characterized by
the node number n of the wave functions’ radial profile and
a parameter al controlling their amplitude. Of course, one
might object that a theory with an odd number 2lþ 1 of
classical scalar fields is somehow unnatural; however, it
was shown that l-boson stars (and many of their relatives)
admit a much more natural physical interpretation in the
realm of semiclassical gravity with a single real scalar
(quantum) field [5].
The stability of l-boson stars with respect to linear and

nonlinear spherically symmetric perturbations has been
established in [6,7] for the ground state configurations
(i.e., those with n ¼ 0 nodes) having al smaller than the
value leading to the maximal mass configuration.
Nonetheless, due to their nonzero orbital angular

momentum, one cannot expect l-boson stars with l > 0
to be stable since they could in principle collapse to a new
configuration with zero orbital angular momentum. That
such a collapse is, in fact, energetically allowed has been
shown in our previous work [8] in the nonrelativistic limit.
However, it is clear that such a collapse could only be
induced by a nonspherical metric perturbation since other-
wise the orbital angular momenta of the scalar fields would
be preserved during the time evolution. The stability of
l-boson stars with respect to nonlinear perturbations with-
out symmetries has been studied numerically in [9–11] for
the case l ¼ 1, and no instabilities have been found during
the time span of the simulations.
Motivated by these thoughts, in this work, we analyze

the stability of l-boson stars with respect to nonspherical
linear perturbations of the fields. To simplify the analysis,
we restrict ourselves to the nonrelativistic limit in which
these stars are described by stationary solutions of the
multifield Schrödinger-Poisson system [12–14]. The linear
stability property of these Newtonian analogs with respect
to spherical perturbations has been studied in our previous
work [8], where it was shown that the ground state
configurations are stable with respect to radial perturba-
tions, whereas the excited states with n > 0 possess
unstable, exponentially in time growing modes. In this
article we show that the expectation that l-boson stars are
unstable with respect to nonspherical perturbations even
when n ¼ 0 is correct, at least in the nonrelativistic limit,
when l ≥ 2. Interestingly, however, we also find that
nonrelativistic (l ¼ 1)-boson stars in their ground state
possess only oscillatory modes, and hence they seem to be
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stable, like the standard nonrelativistic boson stars with
l ¼ 0 [15,16].
We mention in passing that the nonrelativistic approxi-

mation our results are limited to contains one of the most
relevant physical potential applications of the l-boson
stars; namely the modeling of galactic dark matter halo
cores in the context of ultralight scalar field dark matter, see
for instance Refs. [17–24] for recent progress.
The remaining of this work is organized as follows. In

Sec. II we provide a brief review of the N-particle
Schrödinger-Poisson system, the associated energy func-
tional which will play an important role in our stability
analysis, and the stationary solutions describing the non-
relativistic l-boson stars. Next, in Sec. III we derive the
mode equation describing linear perturbations oscillating in
time with a complex frequency λ, and we show how to
decouple it by expanding the fields in terms of vector
spherical harmonics (for l ¼ 1) or tensor spherical har-
monics (for l > 1). This leads to a decoupled family of
radial eigenvalue problems with eigenvalue λ, where each
of these problems is labeled by the value of the total angular
momentum J, its associated magnetic quantum number M
and a parity flag. In Sec. IV we discuss some important
properties of these problems; in particular, we show that
they admit stationary modes with J ≠ 0, and we prove that
no instabilities can arise in the odd-parity sector nor in
the even-parity sector with high enough values of J. Our
numerical results are presented in Sec. V where we
solve the eigenvalue problems using a spectral method
similar to our previous work [8]. Conclusions are drawn in
Sec. VI and technical results are further developed in
Appendices A–F.

II. THE N-PARTICLE SCHRÖDINGER-POISSON
SYSTEM

Consider a nonrelativistic system of N spinless, indis-
tinguishable and uncorrelated particles of mass μ whose
only interaction is through the gravitational potential
U generated by them. Specifically, we consider an ortho-
normal set of wave functions ϕj in the one-particle Hilbert
space L2ðR3Þ such that ðϕj;ϕkÞ ¼ δjk. Assuming that there
areNj particles in the state ϕj, the wave functions ϕj satisfy
the N-particle Schrödinger-Poisson system

iℏ
∂ϕjðt; x⃗Þ

∂t
¼
�
−
ℏ2

2μ
Δþ μUðt; x⃗Þ

�
ϕjðt; x⃗Þ; ð1aÞ

ΔUðt; x⃗Þ ¼ 4πGμ
X
j

Njjϕjðt; x⃗Þj2; ð1bÞ

where
P

j Nj ¼ N is the total number of particles. The
evolution described by the Schrödinger-Poisson system is
unitary, i.e., the L2 norms of the wave functions ϕj are
preserved. Further, the evolution preserves each scalar

product ðϕj;ϕkÞ, such that it is sufficient to impose the
condition ðϕj;ϕkÞ ¼ δjk at the initial time t ¼ 0.
Additionally, it can be verified that the functional

E½u� ¼ ℏ2

2μ

X
j

Nj

Z
j∇ujðx⃗Þj2d3x

−
Gμ2

2

X
j;k

NjNk

Z Z jujðx⃗Þj2jukðy⃗Þj2
jx − yj d3xd3y; ð2Þ

is conserved in time, that is E½ϕjðtÞ� is independent of t for
any solution ϕjðt; x⃗Þ of the system (1) for which
jE½ϕjðtÞ�j < ∞. As in Ref. [8] its second variation will
be very useful to study the stability properties of
l-boson stars.
Before continuing, it is convenient to rewrite the system

in terms of dimensionless quantities as

i
∂ϕ̄j

∂t̄
ðt̄; ⃗x̄Þ ¼ ½−Δþ Ūðt̄; ⃗x̄Þ�ϕ̄jðt̄; ⃗x̄Þ; ð3aÞ

Δ Ūðt̄; ⃗x̄Þ ¼
X
j

Njjϕ̄jðt̄; ⃗x̄Þj2; ð3bÞ

where we used the transformations

t ¼ tct̄=Λ2; x⃗ ¼ dc ⃗x̄=Λ;

ϕj ¼ Λ2ϕ̄j=
ffiffiffiffiffiffiffiffiffiffi
4πd3c

q
; U ¼ 2Λ2v2cŪ; ð4Þ

with Λ an arbitrary positive dimensionless scale factor,
vc ≔ dc=tc a characteristic velocity defined in terms of the
characteristic distance and length

dc ≔
ℏ2

2Gμ3
; tc ≔

ℏ3

2G2μ5
: ð5Þ

In order to simplify the notation, in what follows we shall
omit the bars and denote dimensionful quantities with the
superscript phys whenever necessary. Furthermore, we
introduce the following notation

Ψ ≔ ðψ1;…;ψ jmax
ÞT; jΨj2 ≔

Xjmax

j¼1

jψ jj2; ð6Þ

where jmax denotes the maximum number of different
excited states in the configuration, the superscript T refers
to the transposed and ψ j ≔

ffiffiffiffiffiffi
Nj

p
ϕj. With this we rewrite

the system (3) as follows:

i
∂Ψðt; x⃗Þ

∂t
¼ ½−Δþ Uðt; x⃗Þ�Ψðt; x⃗Þ; ð7aÞ

ΔUðt; x⃗Þ ¼ jΨðt; x⃗Þj2; ð7bÞ
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with the condition

ðψ j;ψkÞ ¼
4π

Λ
ffiffiffiffiffiffiffiffiffiffiffi
NjNk

p
δjk: ð8Þ

Equivalently, the system (7) can be written as a single
nonlinear equation

i
∂Ψ
∂t

ðt; x⃗Þ ¼ ĤΨðt; x⃗Þ; ð9Þ

with the integrodifferential operator

Ĥ ≔ −Δþ Δ−1ðjΨj2Þ; ð10Þ

where Δ−1 denotes the inverse operator of Δ, defined by

Δ−1ðAÞðx⃗Þ ¼ −
1

4π

Z
Aðy⃗Þ
jx⃗ − y⃗j d

3y; ð11Þ

when acting on an arbitrary function A.
The conserved energy functional (2) in terms of the

dimensionless quantities defined in Eqs. (4), (6) takes the
form Ephys½u� ¼ μv2cΛ3E½u�=π, where

E½u� ¼ 1

2

Z
j∇uðx⃗Þj2d3x −D½n; n�; n ≔ juj2; ð12Þ

with the bilinear functional D½n; n� defined by

D½n; n� ≔ 1

16π

Z Z
nðx⃗Þnðy⃗Þ
jx⃗ − y⃗j d3xd3y: ð13Þ

For the following, the first and second variations of E
will be useful:

δE ¼ ReðĤu; δuÞ; ð14aÞ

δ2E ¼ ReðĤu; δ2uÞ þ ðδu; ĤδuÞ − 2D½δn; δn�; ð14bÞ

with δn ≔ 2Reðu�δuÞ and ðu; vÞ denoting the standard
L2-scalar product between u ¼ ðu1;…; ujmax

Þ and
v ¼ ðv1;…; vjmax

Þ, that is

ðu; vÞ ≔
Xjmax

j¼1

ðuj; vjÞ ¼
Xjmax

j¼1

Z
ujðx⃗Þ�vjðx⃗Þd3x: ð15Þ

A. The stationary equations

Stationary solutions are characterized by a harmonic
dependency on time, such that

Ψðt; x⃗Þ ¼ e−iEtχ0ðx⃗Þ; x⃗∈R3; ð16Þ

with χ0 a column vector where each component is a
complex-valued function and E ¼ diagðE1; E2;…; Ejmax

Þ

is a real diagonal matrix. For l-boson stars, all Ej are equal
to each other. However, other solutions including multi-l
multistate solutions [5] have different Ejs. ðE; χ0Þ are
determined by the nonlinear (multi)eigenvalue problem

Ĥ0χ0 ¼ Eχ0; ð17Þ

with

Ĥ0 ≔ −Δþ Δ−1ðjχ0j2Þ: ð18Þ

Taking into account the orthonormality conditions (8),
the first and second variations of the energy functional
(14a), (14b) associated with the background field χ0 yield

δE ¼ 2π

Λ

X
j

EjδNj; ð19aÞ

δ2E ¼ 2π

Λ

X
j

Ejδ
2Nj þ ðδu; ½Ĥ0 − E�δuÞ − 2D½δn; δn�;

ð19bÞ

with δn ≔ 2Reðχ�0δuÞ. In particular, if the particle numbers
Nj are held fixed, it follows that χ0 is a critical point of the
energy functional E and the second variation is expected to
give information on the stability of the stationary solution.
Note that D½δn; δn� is positive definite.

B. Nonrelativistic l-boson stars

Particular stationary solutions consist of nonrelativistic
l-boson stars [8,25–27]. Fixing somevaluel∈ f0; 1; 2;…g,
they are obtained from the ansatz

χ0ðx⃗Þ ¼ σð0Þl ðrÞYlðϑ;φÞ; ð20Þ

where the function σð0Þl is real valued and where

Yl ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

2lþ 1

r �
Yl;−l; Yl;−lþ1;…; Yl;l

�
T; ð21Þ

with Ylm denoting the standard spherical harmonics. Since

jYlj2 ¼ 1, it follows that jΨj2 ¼ jσð0Þl j2 and Eq. (17) reduces
to Eq. (20) in [8] under the assumption that the matrix E is
equal to El times the identity matrix. The orthonormality
condition (8) reduces to

Z∞
0

jσð0Þl ðrÞj2r2dr ¼ ð2lþ 1ÞK
Λ

; ð22Þ

with K ¼ Nj the equal number of particles in each state. For
convenience in this paper we set the scale factor to
Λ ≔ N ¼ ð2lþ 1ÞK.
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III. THE LINEARIZED SYSTEM

In this section we linearize the system (7) or (9) around a
stationary background solution. In Sec. III Awe discuss the
most general case, which is valid for arbitrary stationary
backgrounds, and we derive the equations describing linear
modes. In Sec. III B we show that for the particular case of
purely radial perturbations of l-boson stars this system
reduces to the one of our previous work. Next, in Sec. III C
we discuss the mode equations for the (l ¼ 1)-boson stars
and show that they can be decoupled using spherically
vector harmonics. This construction is then generalized to
boson stars with arbitrary l in Sec. III D.

A. Derivation of the mode equations

In order to linearize Eq. (9) about a stationary solution
χ0, we assume an expansion of Ψ in terms of a small
parameter ϵ > 0 of the form

Ψðt; x⃗Þ ¼ e−iEt½χ0ðx⃗Þ þ ϵχðt; x⃗Þ þOðϵ2Þ�: ð23Þ

Here, χ is a column vector in which each component is a
complex-valued function and (E, χ0) is a solution to the
problem (17).
Substituting the expansion (23) into Eq. (9) and con-

sidering the first-order terms we arrive at the perturbed
evolution equation

i
∂χ

∂t
¼ ðĤ0 − EÞχ þ 2Δ−1ðRefχ�0χgÞχ0; ð24Þ

where χ�0 denotes the transposed conjugate of χ0.
Following Refs. [8,28] we separate the time and spatial

parts of χ using the ansatz

χðt; x⃗Þ ¼ eλt½Aðx⃗Þ þ Bðx⃗Þ� þ eλ
�t½Aðx⃗Þ − Bðx⃗Þ�; ð25Þ

where the bar denotes complex conjugation. Here A and B
are complex vector-valued functions depending only on x⃗
and λ is a complex number. Note that when λ ¼ λ� is real,
one can assume that A is real and B is purely imaginary.
Introducing Eq. (25) into Eq. (24) one obtains, after

setting the coefficients in front of eλ
�t and eλt to zero,

iλA ¼ ðĤ0 − EÞB
þ ifΔ−1½χ�0ðAþ BÞ þ χT0 ðA − BÞ�gImfχ0g; ð26aÞ

iλB ¼ ðĤ0 − EÞA
þ fΔ−1½χ�0ðAþ BÞ þ χT0 ðA − BÞ�gRefχ0g: ð26bÞ

These two equations remain correct for the case in which λ
is real, providedA ¼ AR is assumed to be real and B ¼ iBI
is purely imaginary. In this case,

χ�0ðAþ BÞ þ χT0 ðA − BÞ
¼ 2ðReχ0ÞTAR þ 2ðIm χ0ÞTBI; ð27Þ

which is real. Note also that when χ0 is real, Eq. (26)
simplifies considerably.
Finally, we recall the orthogonality condition (8), which

yields

ðχ0;j; χkÞ þ ðχj; χ0;kÞ ¼
4π

Λ
δjkδNk; ð28Þ

with δNk denoting the first variation of Nk. Using the
ansatz (25) and assuming, for simplicity, that χ0 is real, this
implies

ðχ0;j;AkÞ þ ðAj; χ0;kÞ ¼ 0; ð29aÞ

ðχ0;j;BkÞ − ðBj; χ0;kÞ ¼ 0: ð29bÞ

One can easily verify that these conditions are a conse-
quence of Eqs. (26) when λ ≠ 0.

B. Example: Radial perturbations
of Newtonian l-boson stars

For linear perturbations which keep the angular depend-
ency fixed, the relation between (25) and the corresponding
ansatz (25) in [8] is given by

Aþ B ¼ ðAþ BÞYl; A − B ¼ ðA − BÞYl; ð30Þ

or, equivalently,

A ¼ AReðYlÞ þ iB ImðYlÞ; ð31aÞ

B ¼ BReðYlÞ þ iA ImðYlÞ: ð31bÞ

Using the fact that for l > 0 the vector-valued functions
ReðYlÞ and ImðYlÞ are linearly independent from each
other, it is not difficult to verify that this ansatz reduces
Eq. (26) to the system (26) in [8].

C. Example: Linear perturbations of (l= 1)-boson stars
using vector spherical harmonics

An alternative representation of l-boson stars which is
more convenient for the perturbation analysis that follows
can be given in terms of tensor spherical harmonics. We
first illustrate this technique for Newtonian l-boson stars
with l ¼ 1 and discuss the generalization to l > 1 in the
next subsection. For this, we start by noticing that

Y1ðϑ;φÞ ¼

0
BB@

1ffiffi
2

p ðx̂ − iŷÞ
ẑ

− 1ffiffi
2

p ðx̂þ iŷÞ

1
CCA ¼ U ˆx⃗; ð32Þ
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where ˆx⃗ ¼ ðx̂; ŷ; ẑÞ ≔ ðcosφ sin ϑ; sinφ sinϑ; cos ϑÞ and U
is the unitary matrix

U ≔
1ffiffiffi
2

p

0
B@

1 −i 0

0 0
ffiffiffi
2

p

−1 −i 0

1
CA: ð33Þ

Hence, for 1-boson stars, we may replace Y1ðϑ;φÞ in the
right-hand side of Eq. (20) with ˆx⃗. A generic linear
perturbation of such stars can then be described by
expanding the fields A and B in terms of vector spherical
harmonics, which are defined by [29]

Y⃗JMðϑ;φÞ ≔ ˆx⃗YJMðϑ;φÞ; ð34aÞ

Ψ⃗JMðϑ;φÞ ≔ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp r∇!YJMðϑ;φÞ; ð34bÞ

Φ⃗JMðϑ;φÞ ≔ 1

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp x⃗ ∧ ∇!YJMðϑ;φÞ; ð34cÞ

where r ≔ jx⃗j and J refers to the total angular momentum
number and M to the corresponding magnetic quantum
number. Using the identities ∂kr ¼ x̂k and ∂jx̂k ¼
ðδjk − x̂jx̂kÞ=r and observing that Φ⃗JM is proportional to
the orbital angular momentum operator acting on YJM, it is
not difficult to verify that

ΔY⃗JM ¼ −
JðJ þ 1Þ þ 2

r2
Y⃗JM þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
r2

Ψ⃗JM; ð35aÞ

ΔΨ⃗JM ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
r2

Y⃗JM −
JðJ þ 1Þ

r2
Ψ⃗JM; ð35bÞ

ΔΦ⃗JM ¼ −
JðJ þ 1Þ

r2
Φ⃗JM: ð35cÞ

Note that Ψ⃗JM and Φ⃗JM are orthogonal to x⃗ and that they
vanish for J ¼ 0.
Expanding

A ¼
X
JM

�
Ar
JMY⃗

JM þ Að1Þ
JMΨ⃗

JM þ Að2Þ
JMΦ⃗

JM
�

ð36Þ

with complex-valued functions Ar
JM, A

ð1Þ
JM and Að2Þ

JM depend-
ing on r and similarly for B a simple calculation first
reveals that

χ�0ðAþ BÞ þ χT0 ðA − BÞ ¼ 2σð0Þ1

X
JM

Ar
JMY

JM; ð37Þ

from which

Δ−1½χ�0ðAþ BÞ þ χT0 ðA − BÞ� ¼ 2
X
JM

Δ−1
J

�
σð0Þ1 Ar

JM

�
YJM;

ð38Þ

with Δ−1
J denoting the inverse of the operator

ΔJ ≔
1

r2
d
dr

	
r2

d
dr



−
JðJ þ 1Þ

r2
: ð39Þ

From Eq. (11) and the well-known decomposition of
1=jx⃗ − y⃗j in terms of spherical harmonics one obtains
the explicit representation

Δ−1
J ðfÞðrÞ ¼ −

1

2J þ 1

Z
∞

0

rJ<
rJþ1
>

fðr̃Þr̃2dr̃; ð40Þ

with r< ≔ minfr; r̃g and r> ≔ maxfr; r̃g.
Using this, Eqs. (26) yields the following system of

equations:

iλ

 
Ar
JM

Að1Þ
JM

!
¼ ðĤð0Þ

J − EÞ
 
Br
JM

Bð1Þ
JM

!
þ 2

r2

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

0

! 
Br
JM

Bð1Þ
JM

!
; ð41aÞ

iλ

 
Br
JM

Bð1Þ
JM

!
¼ ðĤð0Þ

J − EÞ
 
Ar
JM

Að1Þ
JM

!
þ 2

r2

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

0

! 
Ar
JM

Að1Þ
LJ

!
þ 2σð0Þ1 Δ−1

J ðσð0Þ1 Ar
JMÞ
	
1

0



; ð41bÞ

iλ

 
Að2Þ
JM

Bð2Þ
JM

!
¼ ðĤð0Þ

J − EÞ
 
Bð2Þ
JM

Að2Þ
JM

!
; ð41cÞ

where Ĥð0Þ
J ≔ −ΔJ þ Δ−1ðjσð0Þ1 j2Þ. When J ¼ 0, Að1;2Þ

JM and Bð1;2Þ
JM are void, and the system reduces to the same system as

Eq. (26) in [8] with l ¼ 1.
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One can simplify the operators on the right-hand side by
diagonalizing the 2 × 2 symmetric matrix 

1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

0

!
¼ TDT−1 ð42Þ

with D ¼ diagð−J; J þ 1Þ and the orthogonal matrix

T ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

p
	 ffiffiffi

J
p

−
ffiffiffiffiffiffiffiffiffiffiffi
J þ 1

p
ffiffiffiffiffiffiffiffiffiffiffi
J þ 1

p ffiffiffi
J

p


: ð43Þ

This allows one to rewrite Eqs. (41a), (41b) as

iλαJM ¼
 
Ĥð0Þ

J−1 − E 0

0 Ĥð0Þ
Jþ1 − E

!
βJM; ð44aÞ

iλβJM ¼
 
Ĥð0Þ

J−1 − E 0

0 Ĥð0Þ
Jþ1 − E

!
αJM

þ 2σð0Þ1

2J þ 1

 
J −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

J þ 1

!

× Δ−1
J

�
σð0Þ1 αJM

�
; ð44bÞ

where αJM≔T−1ðAr
JM;A

ð1Þ
JMÞT and βJM≔T−1ðBr

JM;B
ð1Þ
JMÞT .

When J ¼ 0, the first components of αJM and βJM are void
and only the second components of Eqs. (44a) and (44b)
should be considered.

D. Linear perturbation for arbitrary
l using tensor spherical harmonics

For the general case we expand the fields in terms of
tensor spherical harmonics YJM

Ll which are eigenfunctions
of the operators Ĵ2, L̂2, Ŝ2, and Ĵz [29]. They are defined by

YJM
Llðϑ;φÞ ≔

X
m;σ

CJM
LmlσYLmðϑ;φÞξlσ; ð45Þ

with CJM
Lmlσ the Clebsch-Gordan coefficients and ξlσ

denoting an orthonormal basis of spin functions in C2lþ1,
see Appendix A for more details. Note that

Y00
ll ¼ ð−1Þlffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2lþ 1
p

X
σ

ðYlσÞ�ξlσ; ð46Þ

and for a suitable choice of the basis functions ξlσ and
using Eq. (A15) in Appendix A one obtains

Y00
ll ¼ 1ffiffiffiffiffiffi

4π
p Yl: ð47Þ

However, for the following we shall assume that the
basis spin functions satisfy the relation

ξlσ ¼ ð−1Þσξl−σ ð48Þ

for all σ ¼ −l;…;l, which implies that

YJM
Ll ¼ ð−1ÞJþMþLþlYJ−M

Ll; ð49Þ

and, in particular, that Y00
ll is real valued. For l ¼ 1, for

instance, this basis can be chosen as

ξ1−1 ≔
1ffiffiffi
2

p ðêx − iêyÞ; ξ11 ≔ −
1ffiffiffi
2

p ðêx þ iêyÞ; ð50Þ

and ξ10 ≔ êz, with êx; êy; êz the usual Cartesian basis ofC3,

and this yields Y00
11 ¼ −ˆx⃗=

ffiffiffiffiffiffi
4π

p
which, up to the normali-

zation factor −1=
ffiffiffiffiffiffi
4π

p
, agrees with the choice in the

previous subsection.
Due to their completeness, the tensor spherical harmon-

ics can be used to expand the fields A and B as follows:

A ¼
X
JLM

AJM
LðrÞYJM

Ll; ð51Þ

and similarly for B. The fact that the background has zero
total angular momentum implies that the different JM
modes decouple in the linearized equations. To derive the
mode equations and exhibit this decoupling, we use the
identity

ðY00
llÞ�YJM

Ll ¼ ð−1Þlffiffiffiffiffiffi
4π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ 1

2J þ 1

r
CJ0

L0l0YJM; ð52Þ

which can be deduced from the product formula for the
spherical harmonics, see for instance Eq. (10) in Sec. 5. 6 in
Ref. [29]. One obtains from this

Δ−1ðχ�0AÞχ0 ¼
X
JLM

QJM
LðrÞYJM

Ll; ð53Þ

with

QJM
LðrÞ ¼ σð0Þl ðrÞ

XJþl

L0¼jJ−lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Lþ 1Þð2L0 þ 1Þp
2J þ 1

× CJ0
L0l0CJ0

L00l0Δ−1
J

�
σð0Þl AJM

L0
�
ðrÞ: ð54Þ

The selection rules for the Clebsch-Gordan coefficients
imply that CJ0

L0l0 is different from zero only if
jJ − lj ≤ L ≤ J þ l and J þ Lþ l is even. Therefore,
the only nonvanishing coefficients are QJM

jJ−lj;
QJM

jJ−ljþ2;…; QJM
Jþl. Likewise, only the amplitudes

AJM
jJ−lj; AJM

jJ−ljþ2;…; AJM
Jþl appear in the sum in the

right-hand side of Eq. (54).
Using this observation, Eqs. (26) yields for each values

of J∈ f0; 1; 2;…g and jMj ≤ J, the following decoupled
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system for the coefficients ðAJM;BJMÞ ≔ fðAJM
L;

BJM
LÞgjL¼jJ−lj;…;Jþl:

iλAJM
L ¼

�
Ĥð0Þ

L − E
�
BJM

L; ð55aÞ

iλBJM
L ¼

�
Ĥð0Þ

L − E
�
AJM

L þ 2QJM
L; ð55bÞ

where Hð0Þ
L is defined similarly as in the previous sub-

section, that is

Ĥð0Þ
L ≔ −ΔL þ Δ−1

0

�
jσð0Þl j2

�
; ð56Þ

whereΔL is defined as in Eq. (39) (with J replaced with L).
Furthermore, the system decouples into two subsystems:
the even-parity sector which contains L ¼ jJ − lj;
jJ − lj þ 2;…J þ l and has nontrivial coefficients
QJM

L given in Eq. (54) and the odd-parity sector with
L ¼ jJ − lj þ 1; jJ − lj þ 3;…; J þ l − 1 which has van-
ishing QJM

L.
For l ¼ 1 one has

CJ0
J−1;0;1;0¼

ffiffiffiffiffiffiffiffiffiffiffiffi
J

2J−1

r
; CJ0

Jþ1;0;1;0¼−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Jþ1

2Jþ3

r
; ð57Þ

and the system (55) reduces to the system (44), (41c) in the
previous subsection. Explicit examples of the resulting
perturbation equations for l ¼ 0, 1, 2 are shown in
Appendix B. In Appendix C we show that the perturbed
evolution equation (24) similarly decouples into the differ-
ent JM and parity modes. Furthermore, we prove in that
appendix that only purely oscillatory modes with purely
imaginary λ can occur in the odd-parity sector.

IV. PROPERTIES OF THE SOLUTIONS
OF THE LINEARIZED SYSTEM

Before numerically solving the linearized system (55), in
this section we discuss some important general properties
of its solutions. For the following, we assume that χ0 is real
valued.

A. Quadruple symmetry

When χ0 is real, it is simple to see that a solution
ðλ;A;BÞ of the system (26) gives rise to the three
other solutions ðλ̄; Ā;−B̄Þ, ð−λ;A;−BÞ, ð−λ̄; Ā; B̄Þ.
Likewise, any solution ðλ; AJM

L; BJM
LÞ of the system (55)

yields the other three solutions ð−λ; AJM
L;−BJM

LÞ,
ðλ̄; ĀJM

L;−B̄JM
LÞ and ð−λ̄; ĀJM

L; B̄JM
LÞ. This means

that the eigenvalues come in pairs ðλ;−λÞ if they are real
or purely imaginary, and in quadruples ðλ;−λ; λ̄;−λ̄Þ
otherwise.

B. Stationary modes

Next, we analyze the presence of stationary modes, that
is, solutions of the system (55) with λ ¼ 0. In this case,
Eq. (55a) implies that BJM

L must be an eigenfunction

of Ĥð0Þ
L with eigenvalue E. When L ¼ l, we know that

BJM
l ¼ σð0Þl satisfies this condition, because of the back-

ground equations (17). A priori it seems possible thatE also

lies in the point spectrum of Ĥð0Þ
L for values of L different

from l; however we do not pursue this issue further in this
article. When λ ¼ 0, Eq. (55b) leads to a homogeneous
equation for AJM

L. In this article, we only consider the
trivial solution AJM

L ¼ 0, leaving open the problem of the
existence of nontrivial solutions.
Summarizing, for given values of l, J∈ f0; 1;…; 2lg

and jMj ≤ J, there is a one-parameter family of zero modes
of the form1

ðAJM
L; BJM

LÞ ¼ ΓJMð0; SJMLÞ; ð58Þ

with ΓJM an arbitrary complex constant and where the
fields SJML are zero except when L ¼ l in which case it is

equal to σð0Þl . This leads to a multivalue family of stationary
solutions of the linearized equations (24) which is of the
form

χðt; x⃗Þ ¼ σð0Þl ðrÞ
X2l
J¼0

XJ
M¼−J

�
ΓJMYJM

llðϑ;φÞ − c:c:
�
; ð59Þ

where c.c. denotes complex conjugation. When l ¼ 0 there
is only one mode which describes a change in amplitude of
the background field, as discussed in [8]. However, when
l > 0, there are ð2lþ 1Þ2 of these modes and, except the
one with J ¼ 0, all these modes have an angular depend-
ency which is different from the one of the background
solution. As an example, consider l-boson stars with
l ¼ 1. Then, we have stationary modes with angular
dependency

Y10
11 ¼

1ffiffiffi
2

p �
Y1−1ξ11 þ Y11ξ1−1

�
;

¼ −
3

8π
sinϑ

�
cosφêx þ sinφêy

�
: ð60Þ

Note that the zero modes discussed here belong to the even-
parity sector when J is even and to the odd-parity sector
otherwise.
We conjecture that these modes lead to nonspherical

stationary deformations of the l-boson stars.

1Note that in view of the orthogonality property of the
tensor spherical harmonics, the orthogonality conditions (28)
are satisfied.
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C. General properties and connection with the second
variation of the energy functional

Multiplying both sides of Eq. (26a) from the left with B�
and integrating yields

iλðB;AÞ ¼ ðB; ðĤ0 − EÞBÞ; ð61Þ

where ð·; ·Þ refers to the L2-scalar product defined in (15).
Likewise, multiplying both sides of Eq. (26b) from the left
with A� and integrating gives

iλðA;BÞ ¼ ðA; ðĤ0 − EÞAÞ þ 2ðχT0A;Δ−1½χT0A�Þ;
¼ δ2E½AR� þ δ2E½AI�; ð62Þ

whereAR andAI refer to the real and imaginary parts ofA,
respectively, and δ2E½AR� denotes to the second variation
(19b) evaluated at δu ¼ AR with fixed particle numbersNj.
Similar to the analysis in our previous work [8], several

interesting features can be inferred from Eqs. (61), (62). For
this, we first note that the right-hand sides of these
equations are real, which implies that

−λ2jðA;BÞj2 ∈R: ð63Þ

Hence, either λ2 is real orA is orthogonal to B. Taking into
account the quadruple symmetry, we may consider the
following cases:

(i) λ ¼ 0: These are the zero modes discussed
previously.

(ii) λR > 0 and λI ¼ 0: In this case we can assume that
A ¼ AR is real and B ¼ iBI is purely imaginary.
Eliminating iλA on the left-hand side of Eq. (62)
using Eq. (26a), one finds

−ðBI; ðĤ0 − EÞBIÞ ¼ δ2E½AR�: ð64Þ

Below, we will use this identity to eliminate the
possibility of having unstable modes with arbitrary
high values of J.

(iii) λR ¼ 0 and λI > 0: In this case one can choose both
A and B to be real, and one obtains instead of
Eq. (64),

ðBR; ðĤ0 − EÞBRÞ ¼ δ2E½AR�: ð65Þ

(iv) λR > 0 and λI > 0: In this case ðA;BÞ ¼ 0 and it
follows from Eq. (62) that χ0 is a saddle point of E,
provided that E½AR� ≠ 0.

In terms of the decomposition (51) into tensor spherical
harmonics, the scalar product ðA;BÞ reads

ðA;BÞ ¼
X
JM

½ðAJM;BJMÞeven þ ðAJM;BJMÞodd�; ð66Þ

with

ðAJM;BJMÞeven;odd ≔
XJþl

L¼jJ−lj
Jþl−L even;odd

Z∞
0

AJM
LðrÞBJM

LðrÞr2dr

ð67Þ

denoting the corresponding products for the JM modes in
the even and odd parity sectors. A similar decomposition
can be performed for the previous equations in this
subsection; for instance Eq. (62) yields

iλðAJM;BJMÞeven ¼ δ2EJM;even½AJM�; ð68Þ

where δ2EJM;even½AJM� is computed in Appendix D. In the
next section, we shall use Eq. (68) to check numerically that
iλðAJM;BJMÞeven is real.

D. Real eigenvalues

In contrast to spherically symmetric perturbations
(J ¼ 0) discussed in our previous work [8], in the next
section we will see that nonzero real eigenvalues are
possible when J > 0. Recall that in this case, the ansatz
(25) reduces to χðt; x⃗Þ ¼ eλt½ARðx⃗Þ þ iBIðx⃗Þ�, such that
one needs to make sure thatAR and BI are not both zero for
the corresponding mode to be physically relevant.
However, due to the linearity of the system (26), it is clear
that this can always be achieved by multiplying A and B
with a phase factor if necessary, such that it is sufficient to
check the standard eigenvector condition that A and B are
not both zero.

E. Nonexistence of unstable modes
for sufficiently large values of J

Finally, in this section we prove that for modes with large
enough values of the total angular momentum J, the second
variation of the energy functional given by Eq. (19b) is
positive definite. As we show below, this implies through
Eq. (64) that there cannot exist unstable modes with large J.
This reduces the stability problem to the analysis of a finite
number of J.
The proof is based on the following estimate which is

proven in Appendix E:

δ2E ≥
1

2
ð∇δu;∇δuÞ þ ðδu; ½U0 − E�δuÞ − C1kδu=fk22;

ð69Þ

where f is a positive function of rwhich will be determined
shortly, C1 > 0 a positive constant depending on f, and
U0 ≔ Δ−1ðjχ0j2Þ is the gravitational potential of the back-
ground configuration. To show that δ2E is positive definite
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for large enough J we expand δu in terms of the tensor
spherical harmonics:

δu ¼
X
JLM

hJMLðrÞYJM
Ll ðϑ;φÞ; ð70Þ

with coefficients hJML depending on r. Substituting this in
the right-hand side of Eq. (69) and discarding the quadratic
terms in the derivatives of hJML yields

δ2E ≥
X
JLM


Z
∞

0

jhJMLðrÞj2
�
LðLþ 1Þ

2
−

C1r2

fðrÞ2
�
dr

þ
Z

∞

0

jhJMLðrÞj2½U0ðrÞ − E�r2dr
�
: ð71Þ

Consider first the integral on the second line, whose
integrand contains the function gðrÞ ≔ ½U0ðrÞ − E�r2.
SinceU0 is regular at the center, one has gð0Þ ¼ 0, whereas
gðrÞ is positive for large enough r since E is negative.
Together with the fact that U0 is continuous, this implies
that gðrÞ ≥ C2 for all r ≥ 0, for some (negative) constant
C2. Next, choose fðrÞ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
, which implies that

r2=fðrÞ2 ≤ 1 for all r ≥ 0. Using these properties, the
estimate (71) yields

δ2E≥
X
JLM

Z
∞

0

jhJMLðrÞj2
�
LðLþ1Þ

2
−C1þC2

�
dr: ð72Þ

Therefore, δ2E is positive definite if hJML vanishes
identically for all L with LðLþ 1Þ=2 − C1 þ C2 ≤ 0.
In particular, it follows that δ2EJM;even is positive definite
for J large enough, such that L ≔ jJ − lj satisfies
LðLþ 1Þ > 2ðC1 − C2Þ.
Finally, we prove that this property implies the absence of

unstable modes for large enough values of J. We
do this by contradiction. Consider first case (iv) for which
λR; λI > 0 and ðA;BÞ ¼ 0. In this case, Eq. (62) and the
positivity of δ2E would imply thatAR ¼ AI ¼ 0, which also
implies that B ¼ 0 according to Eq. (26). The other case in
which an instability could appear is case (ii). Here, a contra-
diction arises by observing that the right-hand side of Eq. (64)
is positive definite, whereas the left-hand side is negative
definite for large enough values of J, as can be shown using
arguments similar to the ones following Eq. (71).

V. NUMERICAL RESULTS

In Sec. III we derived the mode equations for the
nonrelativistic l-boson stars. We first considered radial
perturbations and then extended the methodology to the
nonradial case for l ¼ 1 [system (41) or equivalently (44)].
In Sec. III D we generalized the method to arbitrary values
of l [see system (55) and Appendix B for some examples].
In Appendix C and the previous section, some general

properties of the linearized system were established. In
particular, it was proven that unstable modes cannot arise in
the odd-parity sector nor in the even-parity sector with high
values of J, thus reducing the problem to a finite number of
decoupled systems. For this reason, we will focus on the
even-parity sector for what follows.
We start in the next subsection with a short description of

our numerical implementation and subsequently, we dis-
cuss our main results regarding the eigenvalues of (55).

A. Implementation

Our methodology is similar to the one implemented
in our previous paper [8]. The background profiles are
computed by solving the nonlinear eigenvalue problem (17)
with the ansatz (20). Introducing the shifted potential

uð0ÞðrÞ ≔ E − Δ−1
0 ðjσð0Þl j2Þ, Eq. (17) is reduced to the

system (41) in Ref. [8]. Since the main goal of this article
consists in the study of the linearized system (55), we refer
the reader to Ref. [8] for a detailed analysis of the
construction of the background configurations. In the
following, we assume that we have already computed

the numerical background profiles σð0Þl ðrÞ; uð0ÞðrÞ.
Introducing the change of variables AJM

L ¼ aJML=r,
BJM

L ¼ bJML=r in (55) one obtains

b00JML −Ueff
LbJML ¼ −iλaJML; ð73aÞ

a00JML −Ueff
LaJML − 2qJML ¼ −iλbJML; ð73bÞ

where a prime denotes differentiation with respect to r,
Ueff

LðrÞ ≔ LðLþ 1Þ=r2 − uð0ÞðrÞ is an effective potential,
and the function qJML is defined by

qJMLðrÞ ≔ σð0Þl ðrÞ
XJþl

L0¼jJ−lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Lþ 1Þð2L0 þ 1Þp
2J þ 1

CJ0
L0l0

× CJ0
L00l0

	
d2

dr2
−
JðJ þ 1Þ

r2



−1h

σð0Þl aJML0
i
ðrÞ;

ð74Þ

with the operator ð d2dr2 −
JðJþ1Þ

r2 Þ−1 ¼ rΔ−1
J ðr−1Þ denoting the

inverse of the operator rΔJðr−1Þwith homogeneousDirichlet
conditions at r ¼ 0 and r ¼ ∞.Note that the system (73), like
the system (55), is independent of the total magnetic quantum
number M, and hence we do not need to specify it.
To solve the system (73) we need two boundary

conditions for each equation. To determine these, one
can study (heuristically) the dominant terms of the per-
turbed system near the origin and infinity. Using the fact
that J ¼ 0; 1; 2;… and L ¼ jJ − lj; jJ − lj þ 2;…; J þ l,

and that the background solution behaves as σð0Þl ðrÞ ∼ rl,
one finds that the dominant terms at the center stem from
the centrifugal terms LðLþ 1Þ=r2 in the effective potential.
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Consequently, the regular solution at the center behaves as
ðaJML; bJMLÞ ∼ ðrLþ1; rLþ1Þ (see Appendix F for further
details). This leads to the following boundary conditions
for all l ≥ 0 at the origin:

aJMLðr ¼ 0Þ ¼ 0; bJMLðr ¼ 0Þ ¼ 0: ð75aÞ

In the asymptotic region σð0Þl decays exponentially and
uð0ÞðrÞ → E. Demanding that the fields ðaJML; bJMLÞ
decay at infinity, one requires that

lim
r→∞

aJMLðrÞ ¼ 0; lim
r→∞

bJMLðrÞ ¼ 0: ð75bÞ

In order to solve numerically the system (73) using the
previous Dirichlet boundary conditions we proceed as
follows. First, we computed the background profiles

σð0Þl ; uð0Þ and represent these, as well as the perturbed fields
aJML; bJML, in terms of Chebyshev polynomials. The
different operators, e.g., derivative and its inverse are
discretized using a standard spectral method (see, e.g.,
Ref. [30]), which leads to a finite-dimensional eigenvalue
problem. For details of the numerical discretization pro-
cedure, we refer the reader to Sec. IVA in our previous
paper Ref. [8].
The discrete version of the system (73) can be written as

	
0 D2 − UlJ

D2 − UlJ − 2ΣlZlJðD2 − VJÞ−1Σl 0


	
aJM
bJM



¼ −iλ

	
aJM
bJM



; ð76Þ

where here 0 represents the cJðN − 1Þ × cJðN − 1Þ zero
matrix, with N the number of Chebyshev points distributed
as xj ¼ cos ðjπ=NÞ; j ¼ 0; 1;…;N. The constant cJ is
defined as cJ ≔ J þ 1 for J < l and as cJ ≔ lþ 1 when
J ≥ l, and it corresponds to the number of possible values
of L with nontrivial coefficients QJM

L for a given tuple
ðl; JÞ. D2;UlJ;Σl and VJ are cJðN − 1Þ × cJðN − 1Þ
matrices whose diagonal contain cJ blocks of smaller
ðN − 1Þ × ðN − 1Þ matrices,

D2 ¼ diag
�
D̃2

N; D̃
2
N;…; D̃2

N

�
; ð77aÞ

UlJ ¼ diag
�
Ueff

jJ−lj; Ueff
jJ−ljþ2;…; Ueff

Jþl
�
; ð77bÞ

Σl ¼ diag
�
Σð0Þ
l ;Σð0Þ

l ;…;Σð0Þ
l

�
; ð77cÞ

VJ ¼ diagðVJ; VJ;…; VJÞ: ð77dÞ

The matrix block D̃2
N corresponds to the discrete repre-

sentation of the second derivative operator with imple-
mented Dirichlet conditions. For details of its construction

we refer the reader to Refs. [8,30]. The blocks Σð0Þ
l ; VA and

Ueff
L are diagonal and are constructed as

Σð0Þ
l ¼ diag

�
σð0Þl ðx1Þ; σð0Þl ðx2Þ;…; σð0Þl ðxN−1Þ

�
;

VA ¼ diag

	
AðAþ 1Þ

x21
;
AðAþ 1Þ

x22
;…;

AðAþ 1Þ
x2N−1



;

Ueff
L ¼ VL − diag

�
uð0Þðx1Þ; uð0Þðx2Þ;…; uð0ÞðxN−1Þ

�
;

where the subscript A in VA can take the labels J and L.
The matrix ZlJ is nondiagonal, has dimension
cJðN − 1Þ × cJðN − 1Þ, and is obtained from

ZlJ ¼

0
BBBBBBB@

ZL¼jJ−lj
JL0¼jJ−lj ZL¼jJ−lj

JL0¼jJ−ljþ2
� � � ZL¼jJ−lj

JL0¼Jþl

ZL¼jJ−ljþ2

JL0¼jJ−lj ZL¼jJ−ljþ2

JL0¼jJ−ljþ2
� � � ZL¼jJ−ljþ2

JL0¼Jþl

..

. � � � . .
. ..

.

ZL¼Jþl
JL0¼jJ−lj ZL¼Jþl

JL0¼jJ−ljþ2
� � � ZL¼Jþl

JL0¼Jþl

1
CCCCCCCA
;

ð78Þ

where the blocks ZL
JL0 are diagonals matrices of constant

coefficients

ZL
JL0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Lþ 1Þð2L0 þ 1Þp
2J þ 1

CJ0
L0l0CJ0

L00l0 × I; ð79Þ

with I the identity matrix of dimension ðN − 1Þ × ðN − 1Þ.
The vector

	
aJM
bJM



¼
�
ajJ−ljðx1Þ;…; ajJ−ljðxN−1Þ; ajJ−ljþ2ðx1Þ;

…; ajJ−ljþ2ðxN−1Þ;……; aJþlðxN−1Þ;
bjJ−ljðx1Þ;…; bjJ−ljðxN−1Þ; bjJ−ljþ2ðx1Þ;
…; bjJ−ljþ2ðxN−1Þ;……; bJþlðxN−1Þ

�
T
;

corresponds to the discrete representation of the eigenfields
rðAJM

L; BJM
LÞT .

We solve the discrete eigenvalue problem (76) using the
SciPy library [31] for N ≔ 3r⋆=4 Chebyshev points where
r⋆ ≔ 200ðnþ 1Þ for the nth excited state of the back-
ground solution represents the physical radius of the outer
boundary of our numerical domain. Our code is publicly
available in [32].
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B. Ground state in nonrelativistic (l= 1)-boson stars

We first proceed to study the linear stability of the
ground state corresponding to a nonrelativistic (l ¼ 1)-
boson star. This configuration is characterized by a radial

scalar field profile σð0Þ1 without nodes (n ¼ 0), whose

gravitational potential Uð0Þ
1 ¼ Δ−1

0 ðjσð0Þ1 j2Þ is monotoni-
cally increasing to zero as can be seen in Fig. 1. It follows
from Eq. (25) that linear stability requires that the real part
of each eigenvalue λ of the system (76) with l ¼ 1 is zero.
To compute these eigenvalues we used the methodology
described in the previous subsection and apply a similar
methodology to the equivalent system (41) in order to
check the validity of our results.
In our previous work [8] we conjectured that under radial

perturbations (J ¼ 0) these configurations are stable and
correspond to a local minimum of the conserved energy
functional E when restricted to purely radial perturbations.
Our new results are in agreement with this conjecture and
indicate that they are also stable under linear nonspherical
perturbations with J ¼ 1; 2;…; 10. That is, we found only
purely oscillatory modes with strictly imaginary eigenval-
ues that come in pairs ðλ;−λÞ as was discussed in Sec. IVA.
The table in the right panel of Fig. 1 presents the three

lowest positive frequencies λ for the first seven J values.
Notice that for even J ¼ 0, 2 values the first eigenvalue
corresponds to the stationary mode with λst ≔ λ ¼ 0
discussed in Sec. IV B. Numerically we can identify these

eigenvalues because although they are not zero to machine
precision, they are several orders smaller in magnitude than
the remaining eigenvalues. For example, for J ¼ 0 and l ¼
1 the ratio with the first non-stationary eigenvalue is
jλst=λj ∼ 10−3. Their eigenfunctions fulfill the relation
Eq. (58). In the case of odd values for J, the stationary
modes belong to the odd-parity sector which we do not
study numerically because it only contributes to oscillatory
modes.2

Finally, we observe from the table that (when excluding
the stationary modes) the slowest oscillating nonspherical
modes with the largest period have total angular momen-
tum J ¼ 1.

C. Ground states in other l-boson stars

Next, we generalize the above study to configurations
with l ¼ 0; 2; 3;…; 6 and nonradial linear perturbations
with J ¼ 1;…; 10. This extends our previous results
presented in Ref. [8], where it was demonstrated that these
configurations are stable under radial perturbations J ¼ 0.
As a check of our results, we computed the respective
eigenfunctions AJM;BJM for every type of eigenvalues λ
found: real, purely imaginary, complex with nonzero real

FIG. 1. The left panel shows the background profiles’ wave function σð0Þl and gravitational potential Uð0Þ
l for the (l ¼ 1)-boson star

whose bosons lie in the ground state n ¼ 0 and have an energy Ephys
l¼1 ¼ −0.487½N3μv2c�. The right panel shows a table with the first three

eigenvalue pairs ðλ;−λÞ corresponding to perturbations with total angular momentum numbers J ¼ 1; 2;…; 7 of the configuration
shown in the left panel. We found only purely oscillatory modes. Here c1 refers to the constantN2=

ffiffiffiffiffiffiffiffiffiffi
4πd3c

p
appearing in Eq. (4), where tc

and vc are also defined.

2In our previous work [8], in Tables III and V we did not
present the stationary eigenvalues because in this case J ¼ 0 and
the zero eigenvalues correspond to infinitesimal rotations in the
phase of the unperturbed wave function, as discussed above.
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and imaginary parts, and we validated that these satisfy the
properties discussed in Sec. IV. In particular, we verified the
quadruple symmetry and the fact that iλðAJM;BJMÞeven
is real.
Similar to the l ¼ 1 case, we show in Fig. 2 the three

lowest positive eigenvalues for the configurations l ¼ 0, 2,
3 with J ¼ 0, 1, 2, 3. As can be appreciated, similar to
configurations with l ¼ 1, (l ¼ 0)-boson stars only
exhibit purely oscillation modes and a stationary solution
for J ¼ 0. In contrast, for l ¼ 2 and 3 we found a real
eigenvalue in the sector with total angular momentum
J ¼ 2. (Strictly speaking, this eigenvalue has a nonzero
small imaginary part; however a convergence study reveals
that by increasing the number N of Chebyshev points the
imaginary part converges to zero.)
Figure 3 shows the components of the eigenfunctionsAJM

(left panel) and BJM (right panel) corresponding to even-
paritymodeswith J ¼ 2 and a real eigenvalue, corresponding
to the solutions discussed in Secs. IVC and IVD. In
particular, we found that AJM is purely imaginary, BJM real,
and interestingly, the numerical results indicate that the L ¼
l ¼ 2 component of BJM

L seems to be proportional to the

background solution, that is, BJM
2 ∼ σð0Þ2 .

Returning to the table in the right panel of Fig. 2, we
observe that for l ¼ J ¼ 3, complex eigenvalues with
nonvanishing real and imaginary parts appear. In fact,
we found that this type of eigenvalue is also present in

configurations with 2 ≤ l ≤ 9 (see the left panel in Fig. 4).
The corresponding modes grow exponentially in time
implying that the underlying background solution is lin-
early unstable. This leads us to conjecture that nonrelativ-
istic l-boson stars with l ≥ 3 possess at least one
exponentially in time growing mode characterized by a
complex eigenvalue λ with λI ≠ 0.
Summarizing, for ground state configurations of the

l-boson stars we verified that the eigenvalues of the
linearized system (55) satisfy the properties discussed in
Sec. IV. Furthermore, we found that they possess the
following features:

(i) Configurations with l ¼ 0, 1 only present oscillat-
ing modes whose largest periods correspond to the
smallest J values.

(ii) A family of stationary modes of the form Eq. (58)
exist for a given set of values l, J∈ f0; 1;…; 2lg
and jMj ≤ J. For l ¼ 2; 4;…; 2n with n∈N and
J ≠ 0, they have an angular dependency that is
different from the background solution; hence they
are expected to give rise to stationary nonspherical
deformation in the nonlinear case.

(iii) Configurations with l > 1 have in the even-parity
sector with J ¼ 2 a real eigenvalue, for which
all components of BJM (AJM) are real (purely imagi-

nary), and the componentB2M
l is proportional to σð0Þl .

These modes are exponentially growing in time.

FIG. 2. The left panel shows the background profiles’wave function σð0Þl and gravitational potentialUð0Þ
l for the l ¼ 0, 2, 3 boson stars

whose bosons lie in the ground state n ¼ 0with an energy Ephys
l¼1 ¼ −0.163;−0.677;−0.799½N3μv2c�, respectively. The right panel shows

a table with the first three lowest eigenvalues of the perturbations with J ¼ 0; 1;…; 3 of the configuration shown in the left panel. We
found only purely oscillatory modes for l ¼ 0, while the remaining configurations have unstable modes, as can be appreciated from the
table. Here c1 refers to the constant N2=

ffiffiffiffiffiffiffiffiffiffi
4πd3c

p
appearing in Eq. (4).
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FIG. 4. The relation between the total angular momentum J and the number of time-growing modes, i.e., eigenvalues with positive real
parts λR > 0. As a consequence of the symmetries discussed in Sec. IVA we have one (two) growing mode (modes) for every real
(complex) eigenvalue with λR ≠ 0. The cases having real λ are pointed out in the figures, e.g., for n ¼ 0;l ¼ 2, 3 and J ¼ 2 one has
λ∈R. Note that for large values of J there are only oscillating modes. The left/right panel corresponds to configurations in the ground/
first-excited states.

FIG. 3. Components of the eigenfields ðAJM;BJMÞ corresponding to the even-parity modes with J ¼ 2 of the configurations with
l ¼ 2 and n ¼ 0. The profiles AL¼0;2;4

2M (left panels) and BL¼0;2;4
2M (right panels) are associated with real eigenvalues. In both cases, the

main plots show the real parts, whereas the inset the imaginary ones. Note that the component BL¼l
JM is proportional to the background

solution σð0Þ2 (rescaled by a factor c2 and shown with dark circles in the figure on the right panel), BJM is real and AJM is purely
imaginary.
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(iv) Configurations with l ≥ 3 have at least one unstable
mode that grows exponentially in time and is
characterized by a complex eigenvalue with non-
vanishing real and imaginary parts.

(v) Perturbations with large total angular momentum J
have only purely oscillatory modes. As can be seen
from the left panel of Fig. 4, the real parts of the
eigenvalues λ vanish above a certain value of J,
leaving only oscillatory modes. This result is com-
patible with the analytical results of Sec. IV E, where
the absence of unstable modes for high enough
values of J was proven. Therefore, the lowest J
modes are the ones that determine the linear stability
of the nonrelativistic l-boson stars.

D. Excited states in nonrelativistic l boson stars

Finally, to close this section, we discuss briefly the mode
stability of excited l-boson stars, i.e., background con-
figurations with n > 0 nodes.
In our previous article [8] we conjectured that these

configurations are linearly unstable—with exponentially in
time growing modes—under radial perturbations J ¼ 0.
The findings in this section allow us to strengthen this
conjecture: in addition to the unstable modes reported in
our previous work, here we found unstable nonspherical
modes characterized by purely real or complex eigenvalues.
Furthermore, we found nonspherical stationary and purely
oscillatory modes. Our results support the conclusion that
excited states of nonrelativistic l-boson stars are unstable.
Similar to the ground state configurations, under per-

turbations with large total angular momentum excited
configurations only have oscillatory modes. In the right
panel of Fig. 4 we show the number of eigenvalues with
nonzero real parts as a function of J. Notice that in contrast
to the ground state configurations, the real eigenvalues are
not limited to the J ¼ 2 sector; however they are con-
strained to even values of J.

VI. CONCLUSIONS

The main result of this paper is the discovery that
nonrelativistic l-boson stars with angular momenta
l > 1, when slightly perturbed from their equilibrium
state, are subject to unstable nonradial modes. This
includes, in particular, the ground state configurations
which had previously been shown to be linearly stable
with respect to radial perturbations [8]. We reached this
conclusion by decoupling the linearized N-particle
Schrödinger-Poisson system into a family of radial eigen-
value problems obtained by expanding the linearized wave
function in terms of tensor spherical harmonics. While only
purely oscillatory modes were found for ground state
configurations with l ¼ 0 and l ¼ 1, we found exponen-
tially in time growing modes for ground state and excited
configurations with l ¼ 2; 3;…; 9. These unstable modes

have total angular momentum numbers J lying between 1
and a finite limit depending on l, and hence they give rise
to a nonspherical gravitational potential. This leads us to
the conjecture that all l-boson stars with l > 1 are unstable
with respect to nonspherical linearized perturbations.
Although the configurations with l ¼ 2; 3;…; 9 have

been found to be unstable, they could still be relevant if they
decayed in a very slow fashion (for example, with a
timescale larger than the age of the Universe). For
this reason, it is important to quantify their lifetimes
which we define by tlife ≔ 1=λR, with λR the real part of
the eigenvalue associated with the fastest growing mode.
Focusing on the ground state configurationswithl ¼ 2, 3, it
turns out that the fastest growing modes are the ones
associated with purely real eigenvalues with a total angular
momentum J ¼ 2. Their respective lifetimes are tlife ≈
1=0.0064437tc=N2 and tlife ≈ 1=0.0090776tc=N2, where
the timescale tc is defined in Eq. (5) and N refers to the
total particle number. Accordingly, tlife scales like 1=ðN2μ5Þ
where μ is the rest mass of the particles. For the sake of
illustration, let us compute the lifetime for two typical
astrophysical objects: a dwarf planet with mass of the order
of 1016 kg and radiusR ≈ 200 km and a darkmatter galactic
halo with mass of the order of 1010 solar masses and radius
R ≈ 1 Kpc. For both l ¼ 2 and l ¼ 3, these objects can be
mimicked by nonrelativistic ground state l-boson stars with
N ≈ 1055 and N ≈ 1097 bosons of mass μ ≈ 10−3 and
μ ≈ 10−22 eV=c2, respectively [8]. The resulting lifetimes
are of the order of 3 hr for the dwarf planet analog and of
106 yr for the galactic halo model, much smaller than the
typical lifetimes associated with these objects.
In addition to the unstable modes, our analysis also

revealed the existence of nonspherical stationary solutions
of the linearized system for each l > 0 configuration. As
stated previously, these modes indicate the bifurcation of
new branches of nonspherical stationary deformations of
the l-boson stars, and it should be interesting to establish
their existence and analyze their properties.
The methodology developed in this article for analyzing

the linearized system should also be applicable to more
general boson star configurations, including multistate
[33,34] and multi-l multistate configurations [5] in their
nonrelativistic limit. For instance, it would be interesting to
analyze whether a ground state l ¼ 2-boson star can be
stabilized by adding an l ¼ 0 field to it.
We expect the nonradial instabilities found in this article

to carry over to the fully relativistic l-boson stars [1]
with l > 1.
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APPENDIX A: TENSOR SPHERICAL
HARMONICS

In this appendix we recall the definition of the tensor
spherical harmonics (TSH) and briefly review a few basic
known facts about them which are relevant for this article.
A more extended discussion and additional properties can
be found in Ref. [29].
TSH describe the angular distribution and polarization

of spin S particles with total angular momentum J,
total magnetic quantum number M, and orbital angular
momentum L. To define them, consider the class V ≔
L2ðR3;C2Sþ1Þ of wave functions Ψ∶R3 → C2Sþ1 which
are Lebesgue square integrable. The rotation group SOð3Þ
induces a unitary representation UðRÞ∶V → V defined by

ðUðRÞΨÞðx⃗Þ ≔ DðSÞðRÞΨðR−1x⃗Þ; x⃗∈R3; ðA1Þ

for Ψ∈V and R∈ SOð3Þ, where DðSÞðRÞ∶C2Sþ1 → C2Sþ1

is a unitary representation of SOð3Þ on C2Sþ1.
The corresponding representation of the Lie algebra leads

to the total angular momentum operator ˆJ⃗ (i.e., the
generators associated with rotations along the coordinate
axes divided by i)

ˆJ⃗ ¼ ˆL⃗þ ˆS⃗; ðA2Þ

with ˆL⃗ ≔ −ix⃗ ∧ ∇! the orbital angular momentum operator

and ˆS⃗ the spin operator. Since the components of ˆL⃗ and ˆS⃗
commute with each other, one can check that the following
operators commute among themselves: Ĵ2, Ĵz, L̂

2, Ŝ2. The
TSH are particular wave functions YJM

LS ∈V which are
eigenfunctions of these operators. They are constructed
from the standard (scalar) spherical harmonics YLm (which
are eigenfunctions of the operators L̂2 and L̂z) and basis
spin functions ξSσ (which are eigenfunctions of Ŝ2 and Ŝz)
in accordance with the addition of angular momenta in
quantum mechanics:

YJM
LSðϑ;φÞ ≔

X
m;σ

CJM
LmSσYLmðϑ;φÞξSσ: ðA3Þ

Here, CJM
LmSσ denote the Clebsch-Gordan coefficients and

J, S are nonnegative integer or half-integer numbers. Given
a pair ðJ; SÞ, the admissible values for L and M are

L ¼ jJ − Sj; jJ − Sj þ 1;…; J þ S and M ¼ −J;…; J.
The basis spin functions ξSσ satisfy the conditions

Ŝ2ξSσ ¼ SðSþ 1ÞξSσ; ŜzξSσ ¼ σξSσ; σ ¼ −S;…; S;

ðA4Þ

and since Ŝz is self-adjoint, they form an orthonormal basis
of C2Sþ1 after suitable normalization.
Using these properties and those of the scalar spherical

harmonics, it is not difficult to verify that

Ĵ2YJM
LS ¼ JðJ þ 1ÞYJM

LS; ðA5Þ

ĴzYJM
LS ¼ MYJM

LS; ðA6Þ

L̂2YJM
LS ¼ LðLþ 1ÞYJM

LS; ðA7Þ

Ŝ2YJM
LS ¼ SðSþ 1ÞYJM

LS: ðA8Þ

Furthermore, it follows that the collection of TSHs with the
same S and all possible J, L, M constitutes a complete
orthonormal set in the space of Lebesgue square-integrable
functions S2 → C2Sþ1 on the two-sphere S2. The ortho-
normality condition is

Z
S2

½YJM
LSðϑ;φÞ��YJM

LSðϑ;φÞdΩ ¼ δJJ0δMM0δLL0 : ðA9Þ

When S ¼ l is an integer, one can choose the representa-
tionDðSÞðRÞ to be described by real-valued matrices, which

implies that ˆS⃗ is purely imaginary. Hence, ŜzξSσ ¼ −ŜzξSσ,
which implies that the basis spin functions can be chosen
such that they satisfy

ξlσ ¼ð−1Þσξl−σ; σ¼−l; −lþ1;…;l: ðA10Þ

Together with the corresponding relation Ylm ¼
ð−1ÞmYl−m for the scalar spherical harmonics and the
identity

CJM
Lmlσ ¼ ð−1ÞLþlþJCJ−M

L−ml−σ; ðA11Þ

for the Clebsch-Gordan coefficients one obtains the useful
relation

YJM
Ll ¼ ð−1ÞJþMþLþlYJ−M

Ll; ðA12Þ

between the TSH and its complex conjugate.
As an example, consider S ¼ l ¼ 1, in which case one

can choose Dð1ÞðRÞ ¼ R such that
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Ŝ2 ¼ 2

0
B@

1 0 0

0 1 0

0 0 1

1
CA; Ŝz ¼

1

i

0
B@

0 1 0

−1 0 0

0 0 0

1
CA: ðA13Þ

In this case the basis spin functions can be chosen as

ξ11 ≔ −
1ffiffiffi
2

p ðêx þ iêyÞ; ξ10 ≔ êz; ðA14Þ

and ξ1−1 ≔ −ξ11.
Finally, we summarize some useful expressions for the

Clebsch-Gordan coefficients which are used throughout
this article. First, when J ¼ 0, one has the simple
expression

C00
lmlσ ¼

ð−1Þl−mffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p δm;−σ: ðA15Þ

For J ¼ l ¼ 1 and M ¼ 0 one has

C10
1010 ¼ 0; C10

1−111 ¼ C10
111−1 ¼

1ffiffiffi
2

p : ðA16Þ

APPENDIX B: EXPLICIT FORM OF THE
PERTURBATION EQUATIONS FOR

NONRELATIVISTIC l-BOSON STARS WITH
l = 0, 1, 2

This appendix presents special cases of the linearized
problem (55) in a more explicit way for the particular cases
l ¼ 0, 1, 2. Recall that this system is given by

iλAJM
L ¼

�
Ĥð0Þ

L − E
�
BJM

L; ðB1aÞ

iλBJM
L ¼

�
Ĥð0Þ

L − E
�
AJM

L þ 2QJM
L; ðB1bÞ

where the fields ðAJM
L; BJM

LÞ are labeled by the numbers
ðJMLÞ such that J ¼ 0; 1; 2;…, jMj ≤ J and jJ − lj ≤
L ≤ J þ l and the operator Ĥð0Þ

L was defined in Eq. (56).
The function QJM

LðrÞ is defined as [see Eq. (54)]

QJM
LðrÞ ¼ σð0Þl ðrÞ

XJþl

L0¼jJ−lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Lþ 1Þð2L0 þ 1Þp
2J þ 1

× CJ0
L0l0CJ0

L00l0Δ−1
J ðσð0Þl AJM

L0 ÞðrÞ; ðB2Þ

where the Clebsch-Gordan coefficients CJ0
L0l0 can be

computed using the explicit formula (32) in Sec. 8.5.2
of Ref. [29] and where Δ−1

J was defined in Eq. (40).

1. Radial perturbations

For the particular value J ¼ 0, we have that L ¼ l and
the system (B1) reduces to the system (26) in Ref. [8]:

iλA00
l ¼

�
Ĥð0Þ

l − E
�
B00

l; ðB3aÞ

iλB00
l ¼

�
Ĥð0Þ

l − E
�
A00

l þ 2σð0Þl Δ−1
0 ðσð0Þl A00

lÞ; ðB3bÞ

where we used the identity C00
l0l0 ¼ ð−1Þl= ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2lþ 1
p

obtained from Eq. (A15).

2. Nonrelativistic (l= 0)-boson star

In this case we have J ¼ 0; 1; 2;…, jMj ≤ J and L ¼ J.
Using the fact that CJ0

J000 ¼ 1 the system (B1) reduces to

iλAJM
J ¼

�
Ĥð0Þ

J − E
�
BJM

J; ðB4aÞ

iλBJM
J¼
�
Ĥð0Þ

J −E
�
AJM

Jþ2σð0Þ0 Δ−1
J ðσð0Þ0 AJM

JÞ; ðB4bÞ

which provides the relevant equations describing non-
spherical linearized perturbations of the standard non-
relativistic boson stars.

3. Nonrelativistic (l= 1)-boson star

In this situation we have two possible cases depending
on the value of J. In the first case, when J < l, i.e., J ¼ 0,
one must have L ¼ 1 corresponding to the system (B3)
with l ¼ 1. The other case represents perturbations with
J ≥ l which have L∈ fJ − 1; J; J þ 1g. Using that

CJ0ðJ−1Þ010 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2J − 1

r
; ðB5aÞ

CJ0ðJþ1Þ010 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 3

r
; ðB5bÞ

and CJ0
J010 ¼ 0, we arrive at the system (44) with αJM ≔

ðAJM
J−1; AJM

Jþ1ÞT and βJM ≔ ðBJM
J−1; BJM

Jþ1ÞT and the

system (41c) replacing ðAð2Þ
JM; B

ð2Þ
JMÞ with ðAJM

J; BJM
JÞ.

4. Nonrelativistic (l= 2)-boson star

Similar to the previous case, there are two possibilities:
J < l, i.e., J∈ f0; 1g, and J ≥ l. For J ¼ 0, we have that
L ¼ 2 corresponding to the system (B3) with l ¼ 2. The
value J ¼ 1 implies that L∈ f1; 2; 3g and the perturbations
are determined by the system

iλα1M ¼
 
Ĥð0Þ

1 − E 0

0 Ĥð0Þ
3 − E

!
β1M; ðB6aÞ

NAMBO, ROQUE, and SARBACH PHYS. REV. D 108, 124065 (2023)

124065-16



iλβ1M ¼
 
Ĥð0Þ

1 − E 0

0 Ĥð0Þ
3 − E

!
α1M

þ 2σð0Þ2

5

	
2 −

ffiffiffi
6

p

−
ffiffiffi
6

p
3



Δ−1

1 ðσð0Þ2 α1MÞ; ðB6bÞ

iλγ1M ¼
	

0 Ĥð0Þ
2 − E

Ĥð0Þ
2 − E 0



γ1M; ðB6cÞ

where α1M ≔ ðA1M
1; A1M

3ÞT , β1M ≔ ðB1M
1; B1M

3ÞT ,
γ1M ≔ ðA1M

2; B1M
2ÞT , and M ¼ −1, 0, 1.

Finally, the linear perturbations with J ≥ l, i.e.,
J∈ f2; 3;…g, L∈ fJ − 2;…; J þ 2g are described by
the system

iλα̃JM¼

0
BB@
Ĥð0Þ

J−2−E 0 0

0 Ĥð0Þ
J −E 0

0 0 Ĥð0Þ
Jþ2−E

1
CCAβ̃JM; ðB7aÞ

iλβ̃JM ¼

0
BB@

Ĥð0Þ
J−2 −E 0 0

0 Ĥð0Þ
J −E 0

0 0 Ĥð0Þ
Jþ2 −E

1
CCAα̃JM

þ 2σð0Þ2

2J − 1

0
B@

J 1J 2=J 3 −J 1 J 2

−J 1 J 1J 3=J 2 −J 3

J 2 −J 3 J 3J 2=J 1

1
CA

×Δ−1
J

�
σð0Þ2 α̃JM

�
; ðB7bÞ

iλγ̃�JM ¼
 

0 Ĥð0Þ
J�1 − E

Ĥð0Þ
J�1 − E 0

!
γ̃�JM; ðB7cÞ

where now

α̃JM ≔ ðAJM
J−2; AJM

J; AJM
Jþ2ÞT; ðB8aÞ

β̃JM ≔ ðBJM
J−2; BJM

J; BJM
Jþ2ÞT; ðB8bÞ

γ̃�JM ≔ ðAJM
J�1; BJM

J�1ÞT; ðB8cÞ

and

J 1 ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3J2ðJ2 − 1Þ

2ð2J þ 1Þð2J þ 3Þ

s
; ðB9aÞ

J 2 ≔
3

2ð2J þ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ2 − 1ÞðJ þ 2Þð2J − 1Þ

2J þ 3

s
; ðB9bÞ

J 3 ≔
J þ 1

2J þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3JðJ þ 2Þð2J − 1Þ

2ð2J þ 1Þ

s
: ðB9cÞ

APPENDIX C: DECOUPLING THE PERTURBED
EVOLUTION EQUATION

In this appendix we show that the evolution equation (24)
for the linearized field χ can be decoupled by expanding χ
in terms of tensor spherical harmonics. Writing

χ0 ≔
ffiffiffiffiffiffi
4π

p
σð0Þl ðrÞY00

llðϑ;φÞ; ðC1aÞ

χ ≔
X
JLM

XJM
Lðt; rÞYJM

Llðϑ;φÞ; ðC1bÞ

Eq. (24) yields

i
∂

∂t
XJM

Lðt;rÞ¼ðĤð0Þ
L −EÞXJM

Lðt;rÞþqJMLðt;rÞ; ðC2Þ

where

qJMLðt; rÞ ¼ σð0Þl ðrÞ
XJþl

L0¼jJ−lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Lþ 1Þð2L0 þ 1Þp
2J þ 1

× CJ0
L0l0CJ0

L00l0Δ−1
J

�
σð0Þl ðrÞZJM

L0 ðt; rÞ
�
;

ðC3Þ

and where we have defined ZJM
L0 ðt; rÞ ≔

XJM
L0 ðt; rÞ þ ð−1ÞMXJ−M

L0 ðt; rÞ.
The properties of the Clebsch-Gordan coefficients dis-

cussed below Eq. (54) imply that this system further
decouples into two subsystems:
(1) The even-parity sector which contains the values

L ¼ jJ − lj; jJ − lj þ 2;…J þ l and has nontrivial
coefficients qJML.

(2) The odd-parity sector which has L ¼ jJ − lj þ 1;
jJ − lj þ 3;…; J þ l − 1, for which qJML vanishes.

An important consequence of these observations is that in
the odd-parity sector the right-hand side of Eq. (C2) is
characterized by the self-adjoint operators Ĥð0Þ

L − E imply-
ing a unitary evolution. Consequently, one can have only
oscillatory modes in the odd-parity sector, and unstable
modes can only arise in the even-parity sector.

APPENDIX D: PROPERTIES OF THE SECOND
VARIATION OF THE ENERGY FUNCTIONAL

In this appendix we show two important properties
which are satisfied by the second variation δ2E½δu� of
the conserved energy functional E. The first one is that
when δuðx⃗Þ is replaced with a solution χðt; x⃗Þ of the
linearized equations, δ2E½χ� is independent of time. This
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property is indeed expected to hold since it should be
inherited from the full nonlinear functional E, which is
preserved under the time evolution. The second property
consists in the fact that δ2E can be written as a sum over the
contributions from each JM mode, when performing the
decomposition into tensor spherical harmonics. Of course,
this can also be anticipated from the fact that the back-
ground is invariant with respect to the total angular
momentum operator.
Evaluating the second variation of the energy functional

δ2E given by (19b) at χ, we get

δ2E½χ� ¼ ðχ; ½Ĥ0 −E�χÞ− 2D½δn;δn�; δn¼ 2RefχT0 χg:
Substituting the ansatz (25) for χ we obtain

δ2E½χ�¼F½A;B�e2λtþG½A;B�e2λ�tþK½A;B�e2λRt; ðD1Þ

where the functionals F, G, K are defined by

F½A;B� ≔
�
A − B; ½Ĥ0 − E�ðAþ BÞ

�
þ 2ðχT0 Ā;Δ−1ðχT0AÞÞ; ðD2aÞ

G½A;B� ≔
�
Aþ B; ½Ĥ0 − E�ðA − BÞ

�
þ 2ðχT0A;Δ−1ðχT0 ĀÞÞ; ðD2bÞ

K½A;B� ≔
�
Aþ B; ½Ĥ0 − E�ðAþ BÞ

�
þ
�
A − B; ½Ĥ0 − E�ðA − BÞ




þ 4

	
χT0A;Δ−1ðχT0AÞ

�
: ðD2cÞ

Using the fact that Ĥ0 − E is a self-adjoint operator, it easy
to prove F½A;B� ¼ G½A;B�. On the other hand, using
Eqs. (26) we also get

F½A;B�¼ iλðA−B;AþBÞþ2ðB̄;Δ−1ðχT0AÞχ0Þ; ðD3aÞ

G½A;B�¼ iλ�ðAþB;A−BÞ−2ðB;Δ−1ðχT0 ĀÞχ0Þ; ðD3bÞ

K½A;B� ¼ 4iλReðA;BÞ: ðD3cÞ

We see from this that F½A;B� ¼ −G½A;B�, which implies
that F ¼ G ¼ 0. Therefore, we obtain

δ2E½χ� ¼ 4iλe2λRtReðA;BÞ: ðD4Þ

Let us analyze the implications of this result for the same
cases (i)–(iv) as in Sec. IV C:

(i) λ ¼ 0: In this case the second variation of the
energy functional is zero and hence trivially time
independent.

(ii) λR > 0 and λI ¼ 0. In this case Eq. (62) implies that
iλðA;BÞ∈R such that ReðA;BÞ ¼ 0. Again, it
follows that δ2E½χ� ¼ 0.

(iii) λR ¼ 0 and λI > 0. Choosing A and B real, one
obtains

δ2E½χ� ¼ −4λIðA;BÞ; ðD5Þ

which is again independent of t and should be
compared with Eq. (62).

(iv) λR > 0 and λI > 0. Recall that in this case
ðA;BÞ ¼ 0, which implies δ2E½χ� ¼ 0.

Summarizing, we conclude that the second variation of the
energy functional is indeed time independent for any
solution χðt; x⃗Þ of the form (25) of the linearized equations.
Furthermore, δ2E½χ� ¼ 0 except for case (iii) corresponding
to the purely oscillatory modes.
Next, we compute the mode decomposition of the

expression

δ2E½AR�þδ2E½AI�¼ ðA;ðĤ0−EÞAÞþ2ðχT0A;Δ−1½χT0A�Þ

appearing on the right-hand side of Eq. (62). We focus on
the even-parity sector since, as shown in Appendix C, there
are no instabilities in the odd-parity sector. Using Eqs. (40),
(53), (54) one obtains

δ2E½AR� þ δ2E½AI� ¼
X
JM

δ2EJM;even½AJM� ðD6Þ

with

δ2EJM;even½AJM�

¼
XJþl

L¼jJ−lj
Jþl−L even

Z
∞

0

ðAJM
LÞ�ðrÞðĤL−EÞAJM

LðrÞr2dr

−
1

2Jþ1

Z
∞

0

Z
∞

0

rJ<
rJþ1
>

aJMðrÞ�aJMðr̃Þr2r̃2drdr̃; ðD7Þ

where

aJMðrÞ ≔ σð0Þl ðrÞ
X
L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ 1

2J þ 1

r
CJ0

L0l0AJM
LðrÞ: ðD8Þ

This shows that the second variation of the energy func-
tional can indeed be decomposed in the JM modes.

APPENDIX E: KEY ESTIMATE FOR THE
SECOND VARIATION OF THE ENERGY

FUNCTIONAL

In this appendix we prove the estimate (69) used in
Sec. IV E to rule out the existence of unstable modes with
high angular momenta. For this, recall that the second
variation of the functional E is given by
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δ2E ¼ ðδu; ½Ĥ0 − E�δuÞ − 2D½δn; δn�; ðE1Þ

where the bilinear functional D is defined in Eq. (13) and
δn ¼ 2Reχ�0δu. First, from the definition of Ĥ0 and using
integration by parts we get

ðδu; ½Ĥ0 − E�δuÞ ¼ ð∇δu;∇δuÞ þ ðδu; ½U0 − E�δuÞ; ðE2Þ

which shows that this term is well defined for any
δu∈H1ðR3;C2lþ1Þ lying in the Hilbert space of functions
δu∶R3 → C2lþ1 such that δu and ∇δu are quadratically
Lebesgue integrable. Sobolev’s inequality [35] implies that
the components of δu are in LpðR3;CÞ for any 2 ≤ p ≤ 6.
Since the same properties hold true for χ0, it follows that
δn∈LqðR3;RÞ for any 1 ≤ q ≤ 3.
Next, we use Young’s convolution inequality [36] to

estimateD½δn; δn�. In order to do this we write it as follows

D½δn; δn� ¼ 1

16π

Z
δnðxÞðw � δnÞðxÞd3x; ðE3Þ

where � refers to the convolution operation and
wðxÞ ≔ 1=jxj. Next, decompose w ¼ w1 þ w2 where
w1ðxÞ ≔ 1=jxj for 0 < jxj < R and w1ðxÞ ¼ 0 for
jxj ≥ R with R > 0 a free parameter that we will choose
later. The functions w1 and w2 have p norms k · kp given by

kw1k3=2¼c0R; kw2k∞¼ 1

R
; c0¼

	
8π

3



3

: ðE4Þ

Therefore, Young’s convolution inequality implies that

D½δn; δn� ≤ kδnk1
16π

	
c0Rkδnk3 þ

1

R
kδnk1



: ðE5Þ

Using the Cauchy-Schwarz inequality, the norm kδnk1 can
be estimated as follows:

kδnk1 ¼ 2

Z ����Re
�
fðx⃗Þχ�0ðx⃗Þδuðx⃗Þ

fðx⃗Þ
�����d3x

≤ 2

Z
jfðx⃗Þχ0ðx⃗Þj

���� δuðx⃗Þfðx⃗Þ
����d3x ≤ 2kfχ0k2kδu=fk2;

ðE6Þ

where f is an arbitrary positive function such that fχ0
and δu=f are square integrable. In a similar way, one
obtains

kδnk3 ≤ 2kχ0k6kδuk6 ≤ 2C̃1kχ0k6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð∇δu;∇δuÞ

p
; ðE7Þ

where we have used Sobolev’s inequality [35] in the last
step with a corresponding positive constant C̃1 > 0. Using
these estimates in the inequality (E5) yields

D½δu; δu� ≤ C̃2R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð∇δu;∇δuÞ

p
kδu=fk2 þ

C̃3

R
kδu=fk22;

ðE8Þ

with positive constants C̃2 and C̃3 depending on f.
Combining this result with Eq. (E2) and the well-known
inequality 2ab ≤ a2 þ b2 we obtain the following estimate
for the second variation of E:

δ2E ≥ ðδu; ðU0 − EÞδuÞ þ ð1 − C̃2RÞð∇δu;∇δuÞ

−
	
C̃2Rþ 2C̃3

R



kδu=fk2: ðE9Þ

Fixing R in such a way that C̃2R ¼ 1=2 and defining
C1 ≔ C̃2Rþ 2C̃3=R finally implies the desired estimate

δ2E ≥
1

2
ð∇δu;∇δuÞ þ ðδu; ½U0 − E�δuÞ − C1kδu=fk22:

APPENDIX F: FIRST-ORDER FORM OF THE
PERTURBATION EQUATIONS, REGULARITY
AT THE CENTER, AND VALIDATION OF THE

NUMERICAL CODE

In this final appendix, we rewrite the perturbation
equation (73) as a first-order system of ordinary differential
equations with a regular singular point at r ¼ 0. This allows
us to prove that the perturbation equations possess sol-
utions satisfying the desired regularity properties near the
center. Furthermore, by performing an independent Runge-
Kutta integration of it, we use this system to validate the
numerical results obtained in Sec. V. We assume that the
pair JM has been fixed, and to alleviate the notation, we
shall omit the corresponding subscripts. Hence, in the
following, we write ðaL; bLÞ instead of ðaJML; bJMLÞ etc.
The first-order system is obtained from Eq. (73) by

introducing the following fields:

XL ≔ r−L−1aL; YL ≔ r−L−1bL; ðF1Þ

and

ZL ≔ 2r−J−1
	
d2

dr2
−
JðJ þ 1Þ

r2



−1
½σð0Þl aL�; ðF2Þ

as well as

ξL≔dXL=dr; ηL≔dYL=dr; ζL≔dZL=dr: ðF3Þ

This yields the system

d
dr

XL ¼ ξL; ðF4aÞ
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d
dr

YL ¼ ηL; ðF4bÞ

d
dr

ZL ¼ ζL; ðF4cÞ

d
dr

ξL ¼ −
2ðLþ 1Þ

r
ξL − uð0ÞXL − iλYL þQL; ðF4dÞ

d
dr

ηL ¼ −
2ðLþ 1Þ

r
ηL − uð0ÞYL − iλXL; ðF4eÞ

d
dr

ζL ¼ −
2ðJ þ 1Þ

r
ζL þ 2rL−Jσð0Þl XL; ðF4fÞ

where

QL ≔ rJ−Lσð0Þl

XJþl

L0¼jJ−lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Lþ 1Þð2L0 þ 1Þp
2J þ 1

× CJ0
L0l0CJ0

L00l0ZL0
: ðF5Þ

Note that it is possible to reduce the number of equations by
replacing the fields ZL with the single field

Z̃ ≔
XJþl

L0¼jJ−lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L0 þ 1

p

2J þ 1
CJ0

L00l0ZL0
; ðF6Þ

and similarly for ζJML.
Since σð0Þl ∼ rl near the center and L varies between

jJ − lj and J þ l the two terms rL−Jσð0Þl and rJ−Lσð0Þl
appearing in the right-hand sides of Eqs. (F4f) and (F5) are
regular at r ¼ 0, and hence it follows that the first-order

FIG. 5. Comparison of the linearized modes ðAJM;BJMÞ obtained from the spectral (solid lines) and Runge-Kutta (dashed lines)
methods for the background configuration with l ¼ 2, 3 and n ¼ 0 and two real eigenvalues corresponding to the row J ¼ 2 in the table
in the right panel of Fig. 2.
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linear system (F4) has a regular singular point at r ¼ 0 [37].
In particular, given any real values for xL, yL and zL there
exists a unique solution of (F4) such that

XLð0Þ ¼ xL; YLð0Þ ¼ yL; ZLð0Þ ¼ zL; ðF7aÞ

ξLð0Þ ¼ ηLð0Þ ¼ ζLð0Þ ¼ 0: ðF7bÞ

Next, we numerically integrate the first-order system (F4)
from the origin outwards using the same adaptive Runge-
Kutta integration method as the one employed to obtain the

background fields ðσð0Þl ; uð0ÞÞ. The boundary values xL, yL

and zL are read off from the respective eigenfields ðaL; bLÞ

associated with the eigenvalue λ computed from the
spectral method. Figure 5 shows a comparison between
the results from the Runge-Kutta integration (dashed lines)
and the ones from the spectral method (solid lines) for the
modes with J ¼ 2 corresponding to the eigenvalues λ ¼
−0.00644373 − 5.11i × 10−13 and 7.99 × 10−7 þ 1.37i ×
10−14 associated with the ground state configurations with
l ¼ 2, 3 (see the table in the right panel of Fig. 2). We see
from this figure that the Runge-Kutta solutions correctly
reproduce the relevant parts of the spectral profiles up to
some given radius after which they start diverging due to
their sensitive dependency on the boundary values (i.e., xL,
yL and zL) and on the value of λ.
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