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In this paper, we delve into the significance of local scale symmetry and the role of the associated noether
current, within gravitational theories which are based in non-riemannian background space. Our focus is in
Weyl and in Riemann-Cartan geometry based gravitational theories. We show that local scale symmetry is
associated with the vanishing noether current whenever there are not new propagating gravitational degrees
of freedom beyond the two polarizations of the massless graviton. In contrast, in local scale invariant
theories where there are more than two propagating gravitational degrees of freedom, local scale symmetry
is associated with nonvanishing noether current. The known result that Weyl symmetry has a vanishing
noether current is generalized to non-riemannian gravitational theories. An exception are the local scale
invariant gravitational theories with vectorial nonmetricity, where the associated noether current is
nonvanishing.
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I. INTRODUCTION

In recent times, scale invariance in the gravitational
sector has gained significance as it has been motivated by
pure gravitational and cosmological arguments [1–15].
In the context of cosmology, motivation arises from the
success of the Starobinsky model [16] as one of the most
promising inflationary models [17–19]. The Starobinsky
model incorporates a higher order curvature term, namely,
an R2 term, together with the Einstein-Hilbert action.
Indeed, this additional term drives the accelerated expan-
sion during the early Universe. Since inflation is believed
to occur at high energies, the quadratic term in the Ricci
scalar, being power counting scale invariant, becomes
crucial as it suggests the existence of a gravitational
scale-invariant theory. Moreover, it has been shown that
this symmetry can be dynamically broken leading to the
restoration of general relativity (GR) and the generation of
the Planck mass at the end of inflation [7,20] smoothly
transitioning to the big bang universe. Moreover, the
consideration of such a symmetry has also resulted in
promising results in particle theory where it has been
employed as a possible explanation on why the Higgs
boson’s mass remains small in the presence of beyond the
Standard Model physics [21].

An interesting aspect of the rebirth of interest in local
scale (LS) symmetry in gravitational theories, is that in
several cases Riemann background spaces are replaced by
Weyl geometry spaces, as the geometric substratum of the
gravitational theories [3,8–12]. This is interesting because
Weyl geometry is a natural arena for LS symmetry [22–29].
In other cases Riemann geometry space V4 is replaced by
Riemann-Cartan space U4 [30–36]. In this case the role of
local scale symmetry is less known.
The main motivation for this paper stems from the results

of Ref. [13], where the conformally coupled scalar (CCS)
theory given by the gravitational Lagrangian,

Lccs ¼
ffiffiffiffiffiffi−gp
2

�
1

6
ϕ2Rþ ð∂ϕÞ2 − λ

4
ϕ4

�
; ð1Þ

over Riemann space is examined. Here R is the curvature
scalar of Riemann space, ϕ is a compensating scalar
field, and we have used the shorthand notation
ð∂ϕÞ2 ≡ gμν∂μϕ∂νϕ. In Ref. [13] it was found that the
noether current associated with LS invariance in the CCS
theory vanishes, which means that the corresponding
symmetry does not have any dynamical role. This result
was confirmed in [14] within the framework of gravita-
tional theories which are invariant under transverse
diffeomorphisms and Weyl transformations (WTDiff)
In Ref. [15] it was further generalized to any Weyl invari-
ant gravitational theory in four-dimensional riemannian
geometry. In the latter reference it has been shown that
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the Weyl transformation is nondynamical in the sense
that it does not contain the derivative term of the trans-
formation parameter as opposed to the conventional gauge
transformation.
A distinctive feature of the result discussed above is that

it was obtained under the assumption that the background
geometric structure is riemannian. In the present paper we
shall further pursue the above studies of LS symmetry and
its associated noether current to include modifications of
Riemann geometry such as Weyl geometry and Riemann-
Cartan spaces. Our aim is to find a connection between
local scale symmetry and the noether current in gravita-
tional theories over the mentioned non-riemannian geo-
metric backgrounds, with the hope to generalize the results
obtained in Refs. [13–15] to these cases. In the present
work, in order to derive the noether current, which is
associated with the Weyl scale symmetry, we shall rely
upon the formalism developed in Ref. [6].
The paper has been organized in the following way. In

Sec. II, we revisit the class of action Sccs ¼
R
d4xLccs, over

Riemann space, where a coupling between the compensat-
ing scalar and the curvature scalar of Riemann space is
left undefined: i.e., in (1) we make the replacement
ϕ2R → αϕ2R, where α is a free coupling [7]. This allows
us to determine the conditions under which the action
exhibits LS invariance. Our analysis, which follows the
methodology outlined in [6,7], confirms that the model
possesses the aforementioned symmetry only when α ¼ 1.
The noether current for this particular value of the coupling
α vanishes, which aligns with the result of Ref. [13].
In Sec. III, we explore the local scale invariancewithin the

framework of Weyl geometry. We consider a generalization
of (1) which couples to Weyl geometry spaces. In terms of
LC quantities, the resulting Lagrangian can be decomposed
as αLccs þ Lstuck, where Lccs is the CCS Lagrangian (1) and
Lstuck is the Stueckelberg Lagrangian. The resulting noether
current depends explicitly on the free parameters of the
theory. We discuss the possible cases which arise.
Sections IV, V, and VI are dedicated to extending the

former study to the Riemann-Cartan geometry based
gravitational theory. This case is less known so that such
an important issue as the possible (not unique) trans-
formation properties of the torsion is to be discussed.
Another issue, which is discussed in Sec. V, is related with
the boundary terms in the Einstein-Cartan-Holst theory.
Section VI contains the detailed analysis of the LS
symmetry within a Scalar-Einstein-Cartan-Holst (SECH)
theory, where we derive the noether current and discuss its
role whenever the LS symmetry is present. A generalization
of the CCS theory adapted to Riemann-Cartan space is
briefly exposed in Sec. VII.
Section VIII provides a comprehensive discussion of the

paper’s findings, along with outlining potential avenues for
future research. Finally, in Sec. IX, in order to summarize
the key points and contributions of the paper, brief

concluding remarks are given. For completeness, an
appendix has been included, where the details of the
derivation of Eq. (77) are provided.

II. CONFORMALLY COUPLED SCALAR
AND LOCAL SCALE INVARIANCE

Let us consider the following action1:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
α

12
ϕ2Rþ 1

2
ð∂ϕÞ2 − λ

8
ϕ4

�
; ð2Þ

where R is the Ricci scalar, α is a coupling constant, and λ is
another free parameter. Because of our signature conven-
tion the kinetic energy density term of the scalar field ϕ in
the above action has the wrong sign, making it a ghost field.
However, due to LS symmetry, ϕ is not a (propagating)
physical degree of freedom (DOF) so that the sign of its
kinetic energy density term is harmless. In regard to the
signature, let us make the following remark. In the action
(4) of Ref. [6] the correct sign of the kinetic term is
considered; i.e., in (2) the following replacement is made:
ð∂ϕÞ2 → −ð∂ϕÞ2. This means that the action (4) of [6] can
be, at most, global scale but not local scale invariant, since,
as shown below, the wrong sign is required for the unitffiffiffiffiffiffi−gp ½ϕ2R=6þ ð∂ϕÞ2� to be invariant under the LS trans-
formations2:

gμν → Ω2ðxÞgμν;ϕ → Ω−1ðxÞϕ; ð3Þ

where the positive smooth function ΩðxÞ is the conformal
factor.
For α ¼ 1 the action (2), together with the derived

equations of motion (EOM), is invariant under (3). This
class of action has been investigated in several contexts
[3,6,7,13,15]. Its vanishing variation with respect to the
metric δgS ¼ 0 leads to the Einstein’s EOM:

α

6
ϕ2Gμν þ

3 − α

3
∂μϕ∂νϕ −

3 − 2α

6
gμνð∂ϕÞ2

−
α

3
ϕð∇μ∇ν − gμν∇2Þϕþ λ

8
ϕ4gμν ¼ 0; ð4Þ

where, as usual, Gμν ≔ Rμν − gμνR=2 is the Einstein’s
tensor and we used the notation ∇2 ≡ gμν∇μ∇ν.
Meanwhile, requiring a vanishing variation of (2) with

1Here we use the metric signature ð−1;þ1;þ1;þ1Þ so that the
signs of the curvature scalar and of the kinetic energy density of
the scalar field are reversed with respect to other works in the
bibliography where the signature ðþ1;−1;−1;−1Þ is chosen
instead (see, for instance, Refs. [6–10].)

2Local scale transformations (3) are not diffeomorphisms since
these leave the coordinates untouched. The LS transformations
act on the fields exclusively.
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respect to the scalar field δϕS ¼ 0, one gets the scalar
field’s EOM:

∇2ϕ −
α

6
ϕRþ λ

2
ϕ3 ¼ 0: ð5Þ

The trace of the Einstein’s EOM (4) is given by

α

6
ϕ2Rþ ð1 − αÞð∂ϕÞ2 − αϕ∇2ϕ −

λ

2
ϕ4 ¼ 0: ð6Þ

By comparing (5) with (6) we get

ð1 − αÞ∇μðϕ∇μϕÞ ¼ 0: ð7Þ

Whenever α ≠ 1, the current conservation equation,
∇μj

μ
N ¼ 0, takes place, where we define the current:

jμN ≔ ð1 − αÞϕ∇μϕ ¼ 1 − α

2
∇μϕ2: ð8Þ

This coincides with the noether current which is inde-
pendently obtained through the noether variation jμN ¼
δSg=δ∂μϵ [6], where we have redefined the conformal
factor Ω≡ eϵ and δgμν ¼ −2ϵðxÞgμν, δϕ ¼ −ϵðxÞϕ. For
α ¼ 1 the current (8) vanishes so that the current con-
servation equation (7) becomes an identity 0 ¼ 0. In this
case (α ¼ 1) the action (2) is invariant under the LS
transformations (3) as we shall immediately show.3 It
suffices to show how the unit,

ffiffiffiffiffiffi
−g

p �
α

12
ϕ2Rþ 1

2
ð∂ϕÞ2

�
; ð9Þ

transforms under LS transformations (3) for arbitrary α.
We have that, under (3)

R→Ω−2ðR− 6∂μ lnΩ∂μ lnΩ− 6∇2 lnΩÞ;
ð∂ϕÞ2 →Ω−4½ð∂ϕÞ2− ∂μϕ

2
∂
μ lnΩ

þϕ2
∂μ lnΩ∂μ lnΩ�: ð10Þ

Taking into account (10), we can show that under (3), the
unit (9) transforms as

ffiffiffiffiffiffi
−g

p �
α

12
ϕ2Rþ 1

2
ð∂ϕÞ2

�
→

ffiffiffiffiffiffi
−g

p �
α

12
ϕ2Rþ 1

2
ð∂ϕÞ2

þ 1 − α

2
ϕ2

∂μ lnΩ∂μ lnΩ

þ 1 − α

2
ϕ2∇2 lnΩ

�
;

where the total derivative−∇μðϕ2
∂
μ lnΩÞ=2, within square

brackets in the rhs of this equation, has been omitted since,
within the action integral (2), it amounts to a boundary
term. Only for α ¼ 1 is the unit (9) invariant under the
Weyl transformations (3). Hence, α ¼ 1 is required for
local scale invariance to be a symmetry of the action (2).
However, for this specific value of the coupling constant α,
the noether current vanishes. Consequently, the necessary
and sufficient requirement for LS invariance to be a
symmetry of the gravitational theory (2) is that the noether
current associated with this symmetry vanished.
Another way to understand why the requirement of a

vanishing noether current is necessary for LS invariance to
be a symmetry of (2) is through the analysis of the resulting
EOM. For α ¼ 1 the action (2) is LS invariant, as is the
derived equations of motion (4) and (5), which are both
evaluated at α ¼ 1. In this case, the trace of the Einstein’s
equation (6) coincides with the scalar field’s EOM (5),
so that it is not an independent EOM. In consequence,
the scalar field does not obey an independent equation of
motion; i.e., ϕ is not a physical DOF. As previously
remarked, the fact that the scalar field is a ghost field is
not important since the requirement of LS invariance of (2)
automatically ensures that the scalar field is not physical.
If α ≠ 1, the resulting theory, (2), (4), and (5), is not LS
invariant. In this case the current conservation equation,

∇μj
μ
N ¼ 0 ⇒ ∇2ϕ2 ¼ 0;

entails that the theory has global scale symmetry instead.
Notice that, in the α ≠ 1 case, the scalar field is a physical
DOF, which obeys a specific EOM. Hence, there is not LS
symmetry to compensate for the additional DOF associated
to ϕ. The fact that the scalar field is a ghost for α ≠ 1
represents a real problem for the resulting theory.

A. Cosmological example

In order to illustrate the above explanation in a very
simple situation we shall consider a cosmological example.
Let us substitute the Friedmann-Robertson-Walker metric
with flat spatial sections, ds2 ¼ −dt2 þ a2ðtÞδijdxidxj
(i; j ¼ 1; 2; 3), where t is the cosmic time and a ¼ aðtÞ
is the scale factor, into Eqs. (4) and (5) with α ¼ 1. We
obtain the following equations:

�
H þ ϕ̇

ϕ

�
2

¼ λ

2
ϕ2; ð11Þ

2Ḣ þ 3H2 þ 2
ϕ̈

ϕ
þ 4H

ϕ̇

ϕ
−
ϕ̇2

ϕ2
¼ 3λ

2
ϕ2; ð12Þ

ϕ̈

ϕ
þ 3H

ϕ̇

ϕ
þ Ḣ þ 2H2 ¼ λϕ2; ð13Þ

3Under the Weyl transformations (3) the quartic term λϕ4=4 is
obviously a LS invariant term so that sometimes, for simplicity,
we shall omit it.
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where H ≡ ȧ=a is the Hubble parameter and the dot means
derivative with respect to the cosmic time t. It can be shown
that the linear combination of Eqs. (12) and (13) yields
Eq. (11). Hence, of these three equations only two, say (11)
and (13), are independent. The combination of these
equations leads to d ln ξ ¼ d lnϕ, where we have intro-
duced the new variable ξ≡H þ ϕ̇=ϕ. Integration of this
equation yields H þ ϕ̇=ϕ ¼ C0ϕ, where C0 is an integra-
tion constant. Comparing the latter equation with (11) one
gets C0 ¼

ffiffiffiffiffiffiffi
λ=2

p
. Therefore, only one of the cosmological

equations, (11), (12), and (13), is an independent EOM.
Equation (11) can be written in the following manifest LS
invariant form: v0 ¼ � ffiffiffiffiffiffiffi

λ=2
p

v2, where we have introduced
the LS invariant variable v≡ aϕ, and the comma means
derivative with respect to theWeyl invariant conformal time
τ ¼ R

dt=a. Integration of this equation yields

aðτÞϕðτÞ ¼ ∓
ffiffiffiffiffiffiffi
λ=2

p
τ − τ0

; ð14Þ

where τ0 is an integration constant. This is the most we can
get from the equations of motion. Hence, in order to get an
specific solution one must either postulate the functional
form of the scalar field ϕðτÞ—the scale factor is then
determined from (14)—or vice versa. The freedom to
choose ϕ ¼ ϕðτÞ is a consequence of the LS invariance
of the equations of motion (4) and (5), for α ¼ 1.

B. Quadratic model

Let us now consider a second example given by the
pure quadratic gravitational model (γ is an overall free
parameter):

S ¼ γ

2

Z
d4x

ffiffiffiffiffiffi
−g

p
R2: ð15Þ

We can “linearize” this action by introducing a new
auxiliary field ϕ, as follows:

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
α

6
ϕ2R −

λ

4
ϕ4

�
: ð16Þ

The EOM for ϕ has a nontrivial solution given by
ϕ2 ¼ αR=3λ which, when substituted back in (16), recov-
ers the original form of (15) with γ ¼ α2=36λ. In the
“linear” form (16), the scalar field ϕ lacks a kinetic energy
density term making it appear to be nondynamical. The
following EOM are obtained from action (16) by varying
with respect to the metric:

αϕ2Gμν − αð∇μ∇ν − gμν∇2Þϕ2 þ 3λ

4
gμνϕ4 ¼ 0; ð17Þ

and the constraint equation

−αRþ 3λϕ2 ¼ 0: ð18Þ

Combining this last equation with the trace of (17):

−αRþ 3α
∇2ϕ2

ϕ2
þ 3λϕ2 ¼ 0;

one gets the vacuum Klein-Gordon equation:

α∇2ϕ2 ¼ 0 ⇒ ∇μj
μ
N ¼ 0; ð19Þ

where we have introduced the conserved current
jμN ≡ 2αϕ∇μϕ.
Let us notice that neither the action (15) nor its

“linearization” (16) are LS invariant. We have had to
clearly state this from the beginning; however, we missed
this point on purpose: Even if the action (16) is not local
scale invariant, it is global scale invariant instead. Then one
can apply the procedure of Ref. [6] to get the expression
for the noether current which, in the present case, is
jμN ≡ 2αϕ∇μϕ. This current does not vanish unless
α ¼ 0. But this is forbidden since α ¼ 0 ⇒ ϕ ¼ 0; i.e.,
the auxiliary field vanishes, which does not make sense.
Although the linearized action (16) initially appears to

involve a nondynamical scalar field due to the absence of a
kinetic energy term for ϕ, this is not true because the scalar
field is governed by the current conservation equation (19),
so that it is a physical DOF. If ϕ were genuinely non-
dynamical, this would imply a deficiency of degrees of
freedom in the linearized action (16), since the starting
action (15) is quadratic in the curvature scalar.

III. LOCAL SCALE INVARIANCE
AND WEYL GEOMETRY

Up to this point in our discussion we have implicitly
assumed a riemannian background space V4. In this and the
next sections we shall consider modifications of Riemann
geometry to describe the geometric properties of back-
ground spaces. In this section we shall investigate the Weyl
geometric (torsionless) modification, while in the next
sections, the Riemann-Cartan spaces will be considered.
Our aim is to show that the geometric properties of
spacetime modify the analysis of LS invariance.
Weyl geometry space W4 is defined as the class of four-

dimensional (torsionless) manifolds M4 that are para-
compact, Hausdorff, connected C∞, and endowed with a
locally Lorentzian metric g that obeys the vectorial non-
metricity condition:

e∇αgμν ¼ −Qαgμν; ð20Þ

where Qα is the nonmetricity (also Weyl gauge) vector and

the covariant derivative e∇μ is defined with respect to the
torsion-free affine connection of the manifold:

Γα
μν ¼ fαμνg þ Lα

μν; ð21Þ
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where

fαμνg ≔
1

2
gαλð∂νgμλ þ ∂μgνλ − ∂λgμνÞ ð22Þ

is the Levi-Civita (LC) connection, while

Lα
μν ≔

1

2
ðQμδ

α
ν þQνδ

α
μ −QαgμνÞ ð23Þ

is the disformation tensor. The Weyl gauge vector Qα

measures how much the length of given timelike vector
varies during parallel transport.
Let us consider the following quite general gravitational

action in W4 space [8–11]:

Sgrav ¼
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
α

6
ϕ2R̃þ ωð∂�ϕÞ2

−
λ

4
ϕ4 −

β2

2
Q2

μν

�
; ð24Þ

where α, ω, λ, and β2 are free coupling parameters and
we have introduced the following notation: ð∂�ϕÞ2 ≡
gμν∂�μϕ∂�νϕ, where ∂

�
μϕ ¼ ∂μϕ −Qμϕ=2 is the Weyl gauge

derivative of the scalar field, and Q2
μν ≡QμνQμν, with the

nonmetricity field strength defined as Qμν ≔ 2∂½μQν� ¼
∂μQν − ∂νQμ. In (24) R̃ is the curvature scalar ofW4, which
is one of the possible contractions of the curvature tensor of
Weyl space:

R̃α
σμν ≔ ∂μΓα

νσ − ∂νΓα
μσ þ Γα

μλΓλ
νσ − Γα

νλΓλ
μσ:

The action (24) is invariant under the LS transforma-
tions (3) plus the following gauge transformation of the
nonmetricity vector4:

Qμ → Qμ − 2∂μ lnΩ: ð25Þ

In this section when we speak of LS symmetry we refer to
invariance under the Weyl rescalings (3) plus the gauge
transformations (25).
If we write R̃ in terms of LC quantities,

R̃ ¼ R −
3

2
QμQμ − 3∇μQμ; ð26Þ

where R and the covariant derivative ∇μ are given in terms
of the LC affine connection (22), then the action (24) can be
written in the following equivalent form:

Sgrav ¼
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
α

6
ϕ2Rþ ωð∂ϕÞ2 − β2

2
Q2

μν

þ ω − α

4
ϕ2QμQμ þ ω − α

2
ϕ2∇μQμ −

λ

4
ϕ4

�
; ð27Þ

or, alternatively, as

Sgrav¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Lgrav; Lgrav¼LccsþLstueck; ð28Þ

where the conformally coupled scalar and Stueckelberg-
type Lagrangians, Lccs and Lstueck, are given by

Lccs ¼
α

2

�
1

6
ϕ2Rþ ð∂ϕÞ2 − λ

4α
ϕ4

�
; ð29Þ

Lstueck ¼
β2

4

�
−Q2

μν þ
ω − α

2β2
ϕ2

�
Qμ −

∂μϕ
2

ϕ2

�
2
�
; ð30Þ

respectively. In the above equations we used the nota-
tion ðaμ − bμÞ2 ≡ aμaμ − 2aμbμ þ bμbμ. Notice that the
Stueckelberg-type Lagrangian Lstueck differs from the
standard Stueckelberg Lagrangian in the absence of a
gauge fixing term [38–41]. Moreover, it is not a typical
Proca Lagrangian thanks to the gradient ∂μϕ2=ϕ2 within
the round brackets squared. This leads to the Lagrangian
density

ffiffiffiffiffiffi−gp
Lstueck being invariant under (3) in contrast to

just the Proca term, which is not LS invariant. As a matter
of fact, the units

ffiffiffiffiffiffi−gp
Lccs and

ffiffiffiffiffiffi−gp
Lstueck, separately, are

both manifestly invariant under the LS transformations (3)
and (25).
It is apparent that, unless either α ¼ ω or β2 → ∞, the

effective (point-dependent) square mass of the Proca field,

m2
QðxÞ ¼

3ðα − ωÞ
2β2

M2
plðxÞ;

where the point-dependent square Planck massM2
pl ¼ ϕ2=6

sets the grand unification scale point by point in spacetime,
is a very large quantity mQ ∼Mpl, so that the vector
interactions due to Qμ are (effectively) short range inter-
actions with range ∼M−1

pl . This means that the nonmetricity
vector field decouples from the low-energy gravitational
spectrum. As a consequence, the effective geometry of
spacetime is riemannian.

A. Equations of motion

From the action (27) the following EOM can be derived.
Vanishing variation of the action with respect to the metric
δgSgrav ¼ 0 leads to the Einstein’s EOM:

4Gauge transformations have also been found to be required
when considering LS invariance in Ref. [37].
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α

6
ϕ2Gμν −

α

6
ð∇μ∇ν − gμν∇2Þϕ2

þ ω

�
∂νϕ∂νϕ −

1

2
gμνð∂ϕÞ2

�

þ ω − α

4
ϕ2

�
QμQν −

1

2
gμνQλQλ

�

−
ω − α

2

�
∂ðμϕ2QνÞ −

1

2
gμν∂λϕ2Qλ

�

− β2
�
Qμ

λQνλ −
1

4
gμνQ2

λσ

�
þ λ

8
ϕ4gμν ¼ 0; ð31Þ

where ∂ðμϕ2QνÞ ≡ ð∂μϕ2Qν þ ∂νϕ
2QμÞ=2 means symmet-

rization. By requiring vanishing of the variation of the
action (27) with respect to the nonmetricity vector,
δQSgrav ¼ 0, one obtains the following EOM5:

∇νQμν ¼
ω − α

4β2
ðϕ2Qμ − ∂μϕ

2Þ: ð32Þ

Finally, the vanishing variation of the action (27) with
respect to the scalar field δϕSgrav ¼ 0 leads to the following
Klein-Gordon (KG) type EOM:

α

6
ϕ2Rþ ωð∂ϕÞ2 − ω

2
∇2ϕ2 þ ω − α

4
ϕ2QμQμ

þ ω − α

2
ϕ2∇μQμ −

λ

2
ϕ4 ¼ 0: ð33Þ

Comparing this equation with the trace of (31) one gets that

ðω − αÞ½∇μðϕ2QμÞ −∇2ϕ2� ¼ 0; ð34Þ

which can be written in an equivalent way:

∇μj
μ
N ¼ 0; ð35Þ

where we have defined the noether current,

jμN ≔ ðω − αÞðϕ2Qμ −∇μϕ2Þ: ð36Þ

Equation (34) can be obtained, alternatively, by taking the
divergence of Eq. (32), if we realize that due to the
antisymmetry of the field strength tensor, ∇μ∇νQμν ¼ 0.
For α ≠ ω, the theory, (31), (32) and (33), with non-

vanishing noether current jμN ≠ 0, is LS invariant, which
means that the Weyl symmetry is dynamical. This supports
the conclusion of Ref. [15] that the Weyl transformation is
nondynamical if it does not contain the derivative term of
the transformation parameter ϵðxÞ≡ lnΩðxÞ. According
to [15], when the LS transformations contain the deriva-
tive of the transformation parameter, as in Eq. (25),
Qμ → Qμ − 2∂μϵðxÞ, the noether current associated with
LS symmetry is nonvanishing, so that the symmetry is
dynamical.
Notice that when α ≠ ω, the current conservation equa-

tion (34) is not an independent equation, since it is a
consequence of the EOM (32) and of the identity
∇μ∇νQμν ¼ 0. Then, by substituting (34) into the trace
of Einstein’s EOM (31), one gets (33). This means that the
scalar field does not obey an independent EOM; i.e., ϕ is
not a physical DOF. In this case, Eq. (34), which can be
written in the following convenient way,

∇μQμ ¼ ∇2ϕ2

ϕ2
−
∂μϕ

2

ϕ2
Qμ;

amounts to a constraint on the nonmetricity vector field. As
a consequence, only three of the four components Qμ are
independent functions: the two transverse plus the longi-
tudinal polarizations of the (effectively) massive Proca
boson.
As long as local scale invariance is a symmetry of (28),

the noether current vanishes in the following cases (we
assume that β2 is finite):
(1) When the coupling constants α ¼ ω, we have that

jμ ¼ m2
Q ¼ 0, which means that jμN ¼ 0, so that the

conservation equation (35) becomes a vanishing
identity 0 ¼ 0. In this case the nonmetricity field
amounts to a massless radiation field propagating in
background Riemann space V4. The KG equa-
tion (33) coincides with the trace of Einstein’s
equation (31), so that the scalar field ϕ does not
obey an independent EOM; i.e., it is not a physical
DOF. Therefore, the number of DOF is the same
as in GR.

(2) When α ≠ ω but the following equality takes
place:

Qμ ¼
∂μϕ

2

ϕ2
¼ 2

∂μϕ

ϕ
; ð37Þ

the Weyl space W4 transforms into Weyl integrable
geometry (WIG) space (gradient nonmetricity). In
this case, Eq. (34) amounts to a vanishing identity:

5This equation can be written as an inhomogeneous Proca
equation for a massive nonmetricity vector field:

∇νQμν þm2
QQμ ¼ jμ;

where

m2
Q ¼ α − ω

4β2
ϕ2;

is the effective square mass of the Proca field and

jμ ¼
α − ω

4β2
∂μϕ

2;

is a “Stueckelberg” current required to preserve the local scale
symmetry.
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0 ¼ 0. The Einstein’s EOM (31) transforms into the
following EOM:

ϕ2Gμν − ð∇μ∇ν − gμν∇2Þϕ2

þ 6

�
∂μϕ∂νϕ −

1

2
gμνð∂ϕÞ2

�
þ 3λ

4α
ϕ4gμν ¼ 0: ð38Þ

Then, Eq. (33) in this case transforms into

ϕ2Rþ 6ð∂ϕÞ2 − 3∇2ϕ2 −
3λ

α
ϕ4 ¼ 0; ð39Þ

which coincides with the trace of EOM (38), so that
the scalar field does not obey an independent
differential equation (it is not a physical DOF). In
this case, as in the above item, the number of
physical DOF is the same as in GR.

When β ¼ 0, the action (27) simplifies. Variation of this
action with respect to the metric yields EOM (31) with
β2 ¼ 0, while its variation with respect to Qμ leads to
Qμ ¼ ∂μϕ

2=ϕ2, so that we recover the case with α ≠ ω
described above in item 2.
We may conclude that, in the presence of LS invariance,

the noether current vanishes when there are not new
physical degrees of freedom in addition to the two polar-
izations of the massless graviton. However, in the general
situation, when we have the theory, (31), (32) and (33), over
Weyl space with vectorial nonmetricity Qμ, there are three
DOF in addition to the two polarizations of the massless
graviton: the two transversal and longitudinal polarizations
of the massive proca field Qμ. Therefore, LS invariance
requires that the noether current does not vanish, which
means that it is a dynamical symmetry. In the backgrounds
of Riemannian geometry this does not occur, since the
gauge transformation of the nonmetricity vector (25) is
necessary for the noether current not to vanish.

B. The R̃2 model in Weyl geometry

Let us consider the quadratic action [8–10]:

S ¼ γ

2

Z
d4x

ffiffiffiffiffiffi
−g

p
R̃2; ð40Þ

which operates in W4 space, so that R̃ is the Weyl-Ricci
scalar. It is related with riemannian quantities through
Eq. (26). If we introduce the auxiliary field ϕ as in Sec. II B,

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
α

6
ϕ2R̃ −

λ

4
ϕ4

�
; ð41Þ

the quadratic action (40) results are linearized. Actually,
a variation of (41) with respect to the auxiliary field,
yields ϕ2 ¼ αR̃=3λ. Hence, if we set the latter equality
back into (41) and set γ ¼ α2=36λ, the starting action (40)

is recovered. Unlike the R2 model given by the action (16)
over Riemann space V4, the theory (41) is indeed LS
invariant. Notice that (41)—with the addition of the term
∝ Q2

μν—is a particular case of (24) when the coupling
constant ω ¼ 0. This case will be discussed in Sec. VIII.

IV. LOCAL SCALE INVARIANCE
AND RIEMANN-CARTAN GEOMETRY

In this and in the next sections, we explore LS symmetry
within the context of Riemann-Cartan geometry space U4,
which is described by a generalized connection [42–45]:

Γα
μν ¼ fαμνg þ Kα

μν; ð42Þ

where fαμνg is the LC connection, while the contortion
tensor is defined as

Kαβγ ¼
1

2
ðTαβγ þ Tγαβ þ TβαγÞ: ð43Þ

The torsion tensor is defined as the antisymmetric part of
the connection

Tλ
μν ≔ 2Γλ½μν� ¼ Γλ

μν − Γλ
νμ: ð44Þ

In terms of Cartan variables, the tetrad fields eμa and the
spin connection ωα

aμ ¼ ∂μeαa þ Γα
λμeλa, the torsion tensor

can be written as6

Tα
μν ¼ ωα½μν� þ eαa∂½μeaν�: ð45Þ

In the similar way, the generalized curvature tensor or just
curvature tensor of the connection,7

R̃α
μβν ¼ ∂βΓα

μν − ∂νΓα
μβ þ Γα

σβΓσ
μν − Γα

σνΓσ
μβ; ð46Þ

can be written in terms of Cartan variables. In particular, the
curvature tensor with two internal indices and two space-
time indices reads

R̃a
bμν ¼ ∂μω

a
bν − ∂νω

a
bμ þ ωa

cμω
c
bν − ωa

cνω
c
bμ: ð47Þ

The curvature tensor (46) can be decomposed into the
LC (riemannian) and contortion contributions as [46]

6Greek letters α; β;…; μ;… etc., stand for spacetime indices,
while small latin letters a; b; c;… etc., represent the tangent space
or internal indices.

7In what follows, quantities and operators with the tilde are
defined with respect to the Riemann-Cartan connection (21).
Meanwhile, the Riemann-Christoffel curvature tensor Rα

μβν and
other riemannian quantities like the covariant derivative operator
∇μ represent torsionless quantities and operators which are
defined with respect to the LC connection. Notice that this
notation is not applied to the torsion tensor itself and the related
quantities.
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R̃α
μβν ¼ Rα

μβν þ∇βKα
νμ −∇νKα

βμ

þ Kα
βλKλ

νμ − Kα
νλKλ

βμ: ð48Þ
Two geometrical scalars can be obtained from the curvature
tensor (46) by contraction of all of its indices:
(1) The generalized Ricci scalar

R̃≡ gαλgμνR̃αμλν ¼ Rþ T þ 2∇μTμ; ð49Þ
where

T ¼ 1

4
TλμνTλμν −

1

2
TλμνTνλμ − TμTμ ð50Þ

is the torsion scalar, while Tμ ≡ gλνTλμν is the
torsion vector, and

(2) The Holst term [47,48]

R≡ 1

2
eαμλνR̃αμλν ¼ −3∇μT̂

μ þ 1

4
eαβμνTλαβTλ

μν;

ð51Þ

where eαμλν ¼ ϵαμλν=
ffiffiffiffiffiffi−gp

is the totally antisymmetric
unit pseudotensor and ϵαμλν is the totally antisym-
metric LC permutation symbol (

ffiffiffiffiffiffi−gp
e0123¼þ1),

while T̂α ≡ eαμνλTμνλ=6 is known as an axial vector.
Equation (51) is a rewriting of the Nieh-Yan identity
in Riemann-Cartan geometry [49–51]:

∂μð
ffiffiffiffiffiffi
−g

p
eμνλσTνλσÞ ¼ 6

ffiffiffiffiffiffi
−g

p ∇μT̂
μ

¼ ffiffiffiffiffiffi
−g

p �
1

2
eμνλσTρ

μλTρνσ

− eμνλσR̃μνλσ

�
: ð52Þ

A. Local scale transformations of Torsion

Under (3) the tetrad vectors transform like:

eaμ → ΩðxÞeaμðeμa → Ω−1ðxÞeμaÞ; e → Ω4ðxÞe; ð53Þ
where e ¼ det jeaμj ¼ ffiffiffiffiffiffi−gp

. Hence, in order to determine
the transformation law for the torsion tensor and for its
contractions, let us consider the definition (45). There are
two possible different scenarios [50]:
(1) Both the spin connection ωa

bμ and the tetrad eμa are
taken to be independent field variables and are to be
determined by the theory. In this case, in addition to
the transformation of the tetrad (53), one is free to
postulate the transformation properties of the spin
connection with respect to the conformal trans-
formations (3). Here we assume that under (3) the
spin connection transforms in the following way:

ωα
μν→ωα

μνþð2s−1Þδαν∂μ lnΩ−gμν∂α lnΩ; ð54Þ

where s is a real free parameter. This leads to the
following transformation law of the torsion tensor
(45) under the conformal transformations8:

Tα
μν → Tα

μν þ 2sδα½ν∂μ� lnΩ: ð55Þ

In Ref. [44] the above transformation property of the
torsion tensor is called as “strong conformal sym-
metry.” Meanwhile, the case when the torsion is not
transformed by the conformal transformations (3),
which corresponds to the choice s ¼ 0 in (55),
is called in that reference as “weak conformal
symmetry.”

(2) The spin connections are given through the Ricci
coefficients of rotation in terms of the tetrad:

ωabμ ¼
1

2
ecμðγcab − γabc − γbcaÞ; ð56Þ

where, following the notation of [50], we have
defined

γabc ≔ ðeμbeνc − eμceνbÞ∂νecμ: ð57Þ

In this case, taking into account the conformal trans-
formation of the tetrad (53), we have that under (3) the
spin connection transform like

ωα
μν → ωα

μν þ δαν∂μ lnΩ − gμν∂α lnΩ; ð58Þ

where ωα
μν ¼ eaαebμωabν. Unfortunately, in this case

the affine connection of the manifold: Γα
μν ¼

ð∂νeaμ þ ωa
bνe

b
μÞeαa ¼ fαμνg, coincides with the LC

connection so that the torsion tensor vanishes. There-
fore, the second scenario is not of help in defining the
transformation properties of the torsion under the
conformal transformations (3).

In what follows, we shall consider that the torsion tensor
transforms according to the law (55) under the LS trans-
formations (3). In consequence, under these transforma-
tions, the torsion vector and the axial vector transform like

8A similar transformation of the torsion is considered in [52],
where the conformal equivalence between a minimally coupled
and a nonminimally coupled scalar field theories is studied in U4

space. In Ref. [53] three types of conformal invariance in
d-dimensional manifolds with curvature, nonmetricity, and tor-
sion at once are discussed: (1) when the tensorial part of the
connection is not transformed (type I), (2) when the nonmetricity
is not transformed but only the trace of the torsion Tμ ¼ Tλ

μλ is
modified by the conformal transformation (type II), and (3) when
the connection itself is not transformed. The transformation
law (55) with s ≠ 1 does not belong in any of these types;
however, when s ¼ 1 it belongs in type III transformation in the
classification of [53].
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Tμ → Tμ þ 3s∂μ lnΩ;

T̂μ → T̂μ; ð59Þ

respectively. Besides, under (3) other relevant quantities
transform in the following way:

T → Ω−2½T − 4sTμ
∂μ lnΩ − 6s2ð∂ lnΩÞ2�; ð60Þ

∇μTμ →Ω−2½∇μTμþ 2Tμ
∂μ lnΩþ6sð∂ lnΩÞ2þ 3s∇2 lnΩ�;

ð61Þ

where T is the torsion scalar in (49). It can be shown that
the generalized curvature scalar R̃, which is given by (49),
transforms as

R̃ → Ω−2½R̃ − 4ðs − 1ÞTμ
∂μ lnΩ

− 6ðs − 1Þ2ð∂ lnΩÞ2 þ 6ðs − 1Þ∇2 lnΩ�: ð62Þ
Besides, since under (3),

eαβμνTλαβTλ
μν → Ω−2

h
eαβμνTλαβTλ

μν þ 24sT̂μ
∂μ lnΩ

i
;

∇μT̂
μ → Ω−2

�
∇μT̂

μ þ 2T̂μ
∂μ lnΩ

�
;

then the Holst term transforms like

R → Ω−2½Rþ 6ðs − 1ÞT̂μ
∂μ lnΩ�: ð63Þ

From Eqs. (62) and (63) it follows that the particular case
with s ¼ 1 is outstanding. Actually, for s ¼ 1, both the
generalized curvature scalar and the Holst term transform in
a very simple way: R̃ → Ω−2R̃, R → Ω−2R.

V. SCALE INVARIANCE IN
EINSTEIN-CARTAN-HOLST THEORY

Scale invariance could be a symmetry of the gravitational
laws at high energies. Then it makes sense to think of
quadratic U4 curvature terms like in the following action:

S ¼ 1

2λ

Z
d4x

ffiffiffiffiffiffi
−g

p
P2; ð64Þ

where we defined the scalar, P ≔ R̃þ αR, with λ being a
free positive constant. The action (64) is invariant with
respect to the LS transformations (3) and (55) with s ¼ 1,
since P → Ω−2P. We can linearize the above action
through introducing an auxiliary field ϕ [54,55], so that
the dynamically equivalent action reads

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
ϕ2P −

λ

4
ϕ4

�
: ð65Þ

This action inherits the LS symmetry of (64), due to
invariance under (3) and (55) with s ¼ 1. It corresponds

to a ωBD ¼ 0 Brans-Dicke (BD) type model with the
inclusion of torsion. We shall call the theory, which is
based in the action (65), the SECH theory of gravity.

A. Boundary terms

The Einstein-Cartan-Holst (ECH) theory of gravity is
given by the following generalization of the Einstein-
Hilbert (EH) action (here we use units where
8πG ¼ M−2

pl ¼ 1):

SECH ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ðR̃þ αRÞ; ð66Þ

where α is a dimensionless coupling parameter while the
Riemann-Cartan curvature scalar R̃ and the Holst term R
are given by Eqs. (49) and (51), respectively. In order to
derive the EOM of this theory one should perform first
variations of the action (66) with respect to the independent
variables: the metric and the torsion, instead of the tetrads
and of the spin connection. Let us consider the ECH
Lagrangian:

L̃ECH ¼
ffiffiffiffiffiffi−gp
2

ðR̃þ αRÞ: ð67Þ

Omitting the total derivatives in (67) we can write this
Lagrangian in the dynamically equivalent form:

LECH ¼
ffiffiffiffiffiffi−gp
2

�
Rþ T þ α

4
eαβμνTλαβTλ

μν

�
: ð68Þ

The following relationship can be established between the
above Lagrangians:

L̃ECH ¼ LECH −
1

2
∂μð

ffiffiffiffiffiffi
−g

p
ΔTμÞ; ð69Þ

where we have defined ΔTμ ≔ 3αT̂μ − 2Tμ.
Under the conformal transformations of the metric (3)

these Lagrangians, however, transform in different ways:

L̃ECH → Ω2fL̃ECH − ðs − 1Þ ffiffiffiffiffiffi
−g

p ½3ðs − 1Þð∂ lnΩÞ2
− 3∇2 lnΩ − ΔTμ

∂μ lnΩ�g; ð70Þ

while

LECH → Ω2fLECH þ ffiffiffiffiffiffi
−g

p ½3ð1 − s2Þð∂ lnΩÞ2
þ sΔTμ

∂μ lnΩ�g: ð71Þ

The following choice of the free parameter, s ¼ 1, is
special. In this case, under the conformal transformations (3)

L̃ECH → Ω2L̃ECH;

LECH → Ω2ðLECH þ ffiffiffiffiffiffi
−g

p
ΔTμ

∂μ lnΩÞ: ð72Þ
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Equation (72) shows that, even in this outstanding casewhen
s ¼ 1, the dynamically equivalent Lagrangians L̃ECH and
LECH transform in different ways under the conformal
transformations.
The above discrepancy can be explained in the following

way. Omitting the divergence term in the rhs of (69)
amounts to the vanishing of the following boundary term9:

−
Z
∂M

d3x
ffiffiffiffiffiffi
−h

p
nμΔTμ; ð73Þ

in the corresponding actionSech ¼
R
d4xL̃ECH overU4 space.

In the above expression, hμν ¼ gμν þ nμnν is the metric
induced on the boundary ∂M by the gravitational metric gμν,
while nμ is a unit vector normal to the boundary at each point.
It may happen that, if in the action we take into account the
York-Gibbons-Hawking boundary term [54,56,57]:

2

Z
∂M

d3x
ffiffiffiffiffiffi
−h

p
K̃; ð74Þ

where K̃ ¼ hμνKμνwith K̃μν–the components of the extrinsic
curvature of the boundary ofM∈U4, then it might happen
that some of the terms in (74) and the boundary term (73)
cancel out so that the Lagrangians L̃ECH andLECH are indeed
dynamically equivalent.
In Ref. [58] a method is developed in order to clarify the

interplay between boundary terms and conformal trans-
formations in scalar-tensor theories of gravity, through
considering fifth-dimensional equations and Kaluza-Klein
compactification. Perhaps a similar procedure could be
fruitful in the present case in order to obtain all of the
boundary terms. However, this subject is beyond the scope
of the present paper.

VI. SCALE-INVARIANT SECH THEORY

In this section we shall assume that the above consid-
erations about boundary terms are correct, so that, even in
the presence of torsion, these may be omitted. This
approach is followed in several bibliographic references
on this subject as, for instance, in Ref. [51]. Here we
consider the action (65) or, explicitly10:

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
ϕ2

�
R̃þ αR

�
−
λ

4
ϕ4

�
: ð75Þ

Notice that, in the present case, boundary terms like (73)
are replaced by −

R
∂M d3x

ffiffiffiffiffiffi
−h

p
nμϕ2ΔTμ, which, thanks

to the nonminimal coupling of the scalar field with the
curvature, vanishes. Hence, there are no problems with the
vanishing of boundary terms which contain torsion.
The SECH theory resulting from (75), is invariant under

the LS transformations (3) and (55) with s ¼ 1. It is worth
to split (75) into its LC and torsion parts:

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
ϕ2ðRþ T þ αRÞ

þ 2ϕ2∇μTμ −
λ

4
ϕ4

�
: ð76Þ

Vanishing variation of the action (76) with respect to the
metric δgS ¼ 0 leads to the Einstein-Cartan’s EOM (for
details of this derivation see the Appendix):

ϕ2Gμν þ ϕ2

�
T μν −

1

2
gμνT

�
− αϕ2Rμν

− ð∇μ∇ν − gμν∇2Þϕ2 þ λ

8
ϕ4gμν

− 2∂ðμϕ2TνÞ þ gμν∂λϕ2Tλ ¼ 0; ð77Þ
whereGμν ¼Rμν−gμνR=2 is the Einstein’s tensor, XðμYνÞ ≡
ðXμYν þ XνYμÞ=2 means index symmetrization and the
quantities T μν and Rμν have been defined in Eqs. (A3)
and (A11) of the Appendix. Their traces coincide with the
torsion scalar T and with the Holst term R, respectively.
Similarly, vanishing variation of (76) with respect to the

scalar field δϕS ¼ 0, and to the connection δΓS ¼ 0, yields
the corresponding EOM:

Rþ T þ αRþ 2∇μTμ −
λ

2
ϕ2 ¼ 0; ð78Þ

and (see Ref. [60])

Tαμν þ 2gα½μTν� þ
2

ϕ2
gα½μ∂ν�ϕ2

þ α

�
eαμνλTλ þ

1

2
eαμσλTνσλ þ eαμνλ

∂λϕ
2

ϕ2

�
¼ 0; ð79Þ

respectively. Multiplying this equation by gαμ one obtains

Tμ ¼ −
3

2

∂μϕ
2

ϕ2
; ð80Þ

while if we multiply (79) by gμν one gets T̂μ ¼ 0. It may be
verified that the following is solution of (79) [60]:

Tαμν ¼
1

ϕ2
gα½μ∂ν�ϕ2: ð81Þ

9We want to mention that, for any fields ΨA which vanish on
the boundary the integral (73) vanishes as well. However, for the
torsion and its components (these include ΔTμ), the former
requirement may not be satisfied, so that vanishing of (73) may
not be true. In this case we may not drop the divergence in (69), so
that the Lagrangians L̃ECH and LECH are not dynamically
equivalent.

10The most general metric-scalar-torsion theories of gravity in
n dimensions, which are invariant under LS transformation, were
investigated in [59]. However, the authors considered the par-
ticular case when only the trace of the torsion is transformed by
the conformal transformation.
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This means that the torsion is dynamical if the scalar field is
a dynamical DOF. Hence, the torsion is dynamical if we
renounce to LS symmetry. Otherwise, if the SECH theory is
LS invariant, the scalar field is not a physical DOF, so that
the torsion is not dynamical.
If we compare the trace of (77)

Rþ T þ αR − 3
∇2ϕ2

ϕ2
−
λ

2
ϕ2 − 2

∂λϕ
2

ϕ2
Tλ ¼ 0; ð82Þ

with Eq. (78), one gets the following noether current
conservation equation:

∇μj
μ
N ¼ 0; ð83Þ

where we have defined the noether current as

jμN ≡ ϕ2Tμ þ 3∂μϕ2=2: ð84Þ

Now, if substitute Tμ from (80) into (84) one gets a
vanishing noether current jμN ¼ 0, so that (83) becomes an
identity 0 ¼ 0.11 The present case shares similitude with
the CCS theory given by the action (2) over Riemann space
V4 (Sec. II), and also with the theory given by action (24)
over Weyl space W4, for the following choice of the free
parameters (Sec. III): α ¼ ω. In both cases there are not
new degrees of freedom in addition to the two polarizations
of the massless graviton. As already explained, this is so
thanks to the fact that the scalar field is not a physical
degree of freedom due, precisely, to invariance under the
local scale transformations (3). In the present case, since
the torsion obeys an algebraic constraint (79), it does not
carry physical degrees of freedom. Meanwhile, the scalar
field does not obey an independent EOM. Actually, if in
Eq. (78)—which is obtained by varying the action with
respect to the scalar field—we take into account (80), the
resulting equation coincides with the trace of the Einstein’s
EOM (77). We can say that the scalar field compensates
the gauge freedom due to Weyl invariance.

VII. CCS THEORY IN RIEMANN-CARTAN
AND IN WEYL-CARTAN SPACES

The action (76), which is associated with Riemann-
Cartan space U4, may be further generalized by the
inclusion of a kinetic term for the scalar field ϕ. The
resulting action reads12

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
aϕ2ðR̃þ αRÞ þ 1

2
ð∂ϕÞ2 − λ

4
ϕ4

�
; ð85Þ

which can be thought as the torsionfull version of (2) if we
set the constant a ¼ 1=12. Regrettably, the addition of a
kinetic term for ϕ spoils the LS invariance. Recalling that,
under (3), the kinetic term transforms as

ð∂ϕÞ2 → Ω−4½ð∂ϕÞ2 − 2ϕ∂μϕ∂
μ lnΩþ ϕ2ð∂ lnΩÞ2�; ð86Þ

one can immediately notice that this transformation gen-
erates derivative terms of the conformal factor that are
usually cancelled out with similar ones coming from the
transformation of the LC Ricci scalar [see Eq. (10)]. How-
ever, in the presence of torsion, transforming under (3)
according to (55) with s ¼ 1, the mentioned derivatives
coming from the transformation of the riemannian curva-
ture scalar are cancelled out by the ones coming from the
transformation of the torsion. Therefore, the derivatives of
the conformal factor in (86) persist in the final result, thus
breaking LS invariance.
One way in which we may consider generalization of the

models explored so far in this paper is by replacing the
Riemann-Cartan geometry by Weyl-Cartan geometry
space, where the connection reads

Γα
μν ¼ fαμνg þ Lα

μν þ Kα
μν: ð87Þ

The generalized curvature tensor R̃α
μσν is now defined with

respect to the connection (87). The following action,

Sg ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

6
ϕ2ðR̃þ αRÞ

þ ωð∂�ϕÞ2 − λ

4
ϕ4 −

β2

2
Q2

μν

�
; ð88Þ

where ∂
�
μϕ ¼ ∂μϕ −Qμϕ=2 and R̃ is defined with respect

to the connection (87), is invariant under the Weyl scale
transformations (3) and (25) if the torsion tensor is not
transformed. This corresponds to the choice s ¼ 0 in (55),
which is called a weak conformal symmetry in Ref. [44].

VIII. DISCUSSION

The major achievement of the present paper is to
generalize previously obtained results on LS invariance,
within the framework of gravitational theories over
Riemann space [13–15], to theories where the background
space has non-riemannian structure, namely, Weyl geo-
metric or Riemann-Cartan structure. In Ref. [13] it was
shown that LS invariance of CCS theory in V4 background
space does not have any associated noether current, so that
it is a nondynamical symmetry. This result was confirmed

11Notice also that, from Eq. (80), when matching the resulting
LS transformation of the torsion (59) and the scalar field (3), it
follows that, necessarily s ¼ 1.

12In Refs. [61–63] the most general classes of teleparallel
scalar-torsion theories of gravity were investigated. It was shown
that the different theories in these classes are related to each other
by conformal transformations of the tetrad and appropriate
redefinitions of the scalar field.
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in [14] for WTDiff theories over V4 space and then
generalized in [15] to any LS invariant theory of gravity
in four-dimensional Riemann space. In the present inves-
tigation, on the basis of the computation of the conserved
noether current, we have established that, in those LS
invariant theories of gravity inW4 andU4 spaces, where the
number of gravitational DOF is the same as in GR, LS
symmetry plays no dynamical role.
In Sec. II we have reviewed the results of [13,15] for

gravitational theories in Riemann space. In this case the
presence of a quadratic term R2 is associated with an
additional degree of freedom with respect to GR. Since the
theory is not LS invariant, the additional degree of freedom
is not compensated by any symmetry. Therefore, the
nonvanishing noether current entails that the theory is
global scale invariant.
The simplest modification of Riemann geometry is Weyl

geometry. In the latter case, not only do the direction of
vectors change during parallel transport but, also, the length
of vectors varies from point to point in spacetime. In
Sec. III we have replaced Riemann background space by
Weyl geometry space: V4 → W4. In addition, a slight
modification of the gravitational action specialized to
Weyl geometry structure of background space, is required.
The resulting action (24) represents a large class of theories
in which belong theories investigated in [8–12]. Here, in
addition to the Weyl transformations (3), a gauge trans-
formation (25) of the nonmetricity vector is required.
Since the latter transformation includes the derivative of
the transformation parameter ϵðxÞ≡ lnΩ2ðxÞ, the noether
current does not vanish. This confirms the conclusion
in [15] that the vanishing of the noether current is associated
with the absence of the derivative ∂μϵðxÞ in the LS trans-
formations, thus generalizing the result to non-riemannian
space.Only for specific values of the free parametersα andω
in (24), where the vectorial nonmetricity can be omitted, is
the resulting local scale-invariant theory accompanied by
vanishing noether symmetry. It is also confirmed that, within
the framework of LS invariant theories of gravity, vanishing
of the noether current means that there are no new gravi-
tational DOF in addition to the two polarizations of the
massless graviton.
Of particular interest is the R̃2 theory in W4 space. Its

similarR2 theory inV4 space has only global scale symmetry
with the conserved noether current: jNμ ¼ 2αϕ∇μϕ. On
the contrary, the R̃2 theory, which is given by the follow-
ing action, S¼ γ

R
d4x

ffiffiffiffiffiffi−gp ðR̃2−β2Q2
μν=2Þ=2, where we

added the pure nonmetricity term ∝ Q2
μν, or, after proper

linearization

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
α

6
ϕ2R̃ −

λ

4
ϕ4 −

β2

2
Q2

μν

�
; ð89Þ

coincideswith a particular case of (24)whenω ¼ 0, which is
manifestly LS invariant. The derived EOM are

αϕ2Gμν − αð∇μ∇ν − gμν∇2Þϕ2 þ 3λ

4
ϕ4gμν

−
3α

2
ϕ2

�
QμQν −

1

2
gμνQλQλ

�

þ 3α

�
∂ðμϕ2QνÞ −

1

2
gμν∂λϕ2Qλ

�

− 6β2
�
Qμ

λQνλ −
1

4
gμνQ2

λσ

�
¼ 0; ð90Þ

plus the “Maxwell” equation

∇νQμν ¼ −
α

4β2
ðϕ2Qμ − ∂μϕ

2Þ; ð91Þ

and the KG equation for the scalar field:

αϕ2R −
3α

2
ϕ2QμQμ − 3αϕ2∇μQμ − 3λϕ4 ¼ 0: ð92Þ

By comparing this last equation with the trace of (90),
−αϕ2Rþ 3α∇2ϕ2 þ 3α

2
ϕ2QμQμ − 3α∂μϕ

2Qμ þ 3λϕ4 ¼ 0,
we get that α∇μðϕ2Qμ − ∂

μϕ2Þ ¼ 0. We can identify the
conserved noether current

jμN ≡ αðϕ2Qμ − ∂
μϕ2Þ: ð93Þ

This current vanishes only in the particular case when
Qμ ¼ ∂μϕ

2=ϕ2, which corresponds to WIG. Hence, the
quadratic theory (89) is local scale invariant and possesses
a nonvanishing noether current. This result generalizes toW4

space, which is the conclusion made in [15] on the basis
of Riemann geometry. The nonvanishing noether current is
due to the gauge transformation of the nonmetricity vector,
Qμ → Qμ − ∂μϵðxÞ, where the transformation parameter is
given by ϵ≡ lnΩ2.
The study of LS symmetry in gravitational theories is

generalized to include the effects of torsion in Secs. IV, V,
and VI. In this case the conformal transformation of torsion
cannot be uniquely established. There is some freedom in
the way the torsion transforms under (3) as it has been
discussed, for instance, in Refs. [44,45,53,59]. In the case
studied in this paper—SECH theory—we considered non-
propagating (nondynamical) torsion so that, new gravita-
tional DOFs do not arise in addition to those of GR. As a
consequence, LS symmetry is accompanied by the vanish-
ing of the associated noether current. The result that the
torsion is not dynamical is not clear from start. Only after
obtaining the solution (81), is it seen that the torsion
components are related with the derivatives of the scalar
field ϕ. As long as the SECH theory is LS invariant, since
the scalar field is not a dynamical DOF, then the torsion is
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not dynamical. But if we give up local scale symmetry, then
the scalar field becomes a physical DOF and the torsion in
the resulting model is dynamical. It would be interesting to
extend this study to the case of dynamical torsion [64–72]
as well; i.e., when there are derivatives of the torsion in
the EOM.
An interesting subject of research can be to look for the

effect LS symmetry could play in the so-called teleparallel
theories [61–63,73–85]. In Refs. [61–63], for instance, a
wide variety of Lagrangians in the context of teleparallel
torsion-scalar gravity is investigated. It is shown that the
different Lagrangians can be related by conformal trans-
formations of the tetrad and redefinitions of the scalar
field. However, the local scale invariance is not studied.
In the teleparallel formulation of gravitational theories in
U4 space the generalized curvature tensor vanishes,
R̃α

μβν ¼ 0, so that the overall space is flat. The generalized
curvature can be decomposed in the following way:
R̃α

μβν ¼ Rα
μβν þ ∇βJανμ − ∇νJαβμ þ JαβλJλνμ − JανλJλβμ,

where Rα
μβν, is the Riemann-Christoffel (LC) curvature

tensor and Jαμν ¼ Lα
μν þ Kα

μν is the distortion tensor,
which amounts to the sum of the disformation (23) and of
the contortion (43). The teleparallel geometry may be
understood as if riemannian curvature effects were com-
pensated by the effects of nonmetricity and torsion jointly
taken. Since the only way to preserve the teleparallel
condition is that the generalized curvature did not trans-
form under the LS transformations, and since under (3) the
LC connection fαμνg and the disformation Lα

μν transform
in the same way but with the opposite sign, so that
fαμνg þ Lα

μν does not transform under the Weyl trans-
formations, then LS invariance within the framework of
teleparallel gravity theories requires that the torsion (and,
consequently, the contortion Kα

μν) did not transform
under (3). This type of invariance is known as weak
conformal symmetry [44].
Although Riemman-Cartan geometry offers a very wide

range of possibilities for conformal symmetry, the most
useful transformation of torsion encountered is when in (55)
we consider the following values of the free parameter:
s ¼ 1 and s ¼ 0. Even though we considered a generic
approach to the possible LS transformations for the torsion,
in order to get concrete results we had to restrict our study
to the s ¼ 1 case, as required by LS invariance of the
action (76). One possibility for further work will be to look
for a more general class of LS invariant gravitational
theories, allowing consideration of generic free constant s.
Consideration of the boundary terms for the Einstein-Cartan
theory is another aspect of Riemann-Cartan geometry that
deserves further investigation. The study of these terms may
be interesting as theymay shed some light on how the torsion
transforms in order to achieve LS symmetry in proper
generalizations of Einstein-Cartan gravity theory.
Another prospect directly relates to something we

mentioned in the Introduction. Scale invariance has been

recently employed in cosmology in order to model cosmic
inflation. The special feature of these models is that they
can dynamically break the scale invariance leading to the
recovery of general relativity at the end of inflation. To the
best of our knowledge, only global scale invariance has
been investigated within the framework of cosmic infla-
tion;, therefore, a possible avenue would be to look for the
impact of LS symmetry breaking in the primordial infla-
tionary stage of the cosmic expansion.
Despite the above mentioned possibilities for further

work, the natural continuation of the present investigation
will be to look for generalization of our results to LS
invariant theories under the consideration of the most
general non-riemannian geometric framework, consisting
of curvature, nonmetricity, and torsion at once.

IX. CONCLUSION

In this paper we have generalized previous results of
Refs. [13–15] that were obtained within the context of
Riemann geometry space V4 to non-riemannian geometric
framework. Namely, we focused on Weyl geometry space
W4 and also on Riemann-Cartan space U4. In [13] it is
shown that the conserved noether current associated with
LS invariance in CCS theories vanishes. It is concluded
that the corresponding LS symmetry does not have
any dynamical role. This result was confirmed within
the framework of WTDiff theories in [14]. Then, in
Ref. [15], the issue is revisited. Based on the second
noether theorem for local symmetry, the authors prove that
the noether current associated with the LS symmetry is, in
general, vanishing in any LS invariant gravitational theories
in four-dimensional riemannian geometry. The reason for
this is also clarified: The Weyl transformation is non-
dynamical in the sense that it does not contain the derivative
term of the transformation parameter, ∂μϵðxÞ, as opposed to
the conventional gauge transformation.
The most relevant outcome of the present paper is the

generalization of the above results to local-scale invariant
theories of gravity in non-riemannian space. Here we have
considered Weyl geometric structure of background space,
as well as Riemann-Cartan space with nonvanishing
torsion, separately. Consideration of Weyl-Cartan geomet-
ric structure is left for further work. In addition we have
established a connection between the counting of the
number of physical DOF and the dynamical character of
local scale symmetry: the noether current associated with
LS symmetry vanishes whenever there are no new gravi-
tational DOF in addition to the two polarizations of the
massless graviton. For instance, in LS invariant CCS theory
over Weyl geometry spaceW4, where in addition to the GR
gravitational DOF there are three more propagating DOFs,
two transversal and one longitudinal polarizations of the
massive nonmetricity vector Qμ, and the noether current is
nonvanishing. In the particular case when the nonmetricity
vector amounts to the gradient of the compensating scalar
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field, Qμ ¼ ∂μϕ
2=ϕ2 (properly in WIG space), since the

scalar field is not dynamical there are only two gravita-
tional degrees of freedom (the two polarizations of the
massless graviton). In consequence, the noether current
vanishes, so that LS symmetry is not dynamical in this
case. The same is true in the case of the scalar Einstein-
Cartan-Holst theory, where the torsion is related with the
derivatives of the compensating scalar field. Since the
latter is not dynamical, then the torsion is not dynamical
either. Therefore, gravity is carried by the two DOFs of the
massless graviton as in GR, so that the noether current
vanishes in this case as well.
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APPENDIX: EINSTEIN-CARTAN THEORY
WITH THE HOLST TERM

AND VARIATIONAL PRINCIPLE

Let us consider the gauge invariant SECH action (75)
without the λϕ4-term, Ssech ¼

R
d4xLsech, where the Scalar-

Einstein-Cartan-Holst Lagrangian is given by

Lsech ¼
ffiffiffiffiffiffi−gp
2

h
ϕ2ðR̃þ αRÞ

i
¼

ffiffiffiffiffiffi−gp
2

½ϕ2ðRþ T þ αRÞ − 2∂μϕ
2Tμ�; ðA1Þ

and we have omitted a total derivative.
Here we shall explore the different variations of this

Lagrangian. Let us consider the variation of the scalar-EC
term and the scalar-Holst term separately. First, teh varia-
tion of the scalar-EC term with respect to the metric reads

δð ffiffiffiffiffiffi−gp
ϕ2R̃Þffiffiffiffiffiffi−gp
δgμν

¼ ϕ2Gμν − 2

�
∇ðμϕ2TνÞ −

1

2
gμν∇λϕ

2Tλ

�

− ð∇μ∇ν − gμν∇2Þϕ2 þϕ2

�
T μν −

1

2
gμνT

�
;

ðA2Þ

where we have introduced the following quantity:

T μν ≡ −
1

4
TμσλTν

σλ þ 1

2
TλσμTλσ

ν

−
1

2
TλμσTσλ

ν − TμTν; ðA3Þ

whose trace T ≡ gμνT μν is given by (50).
As an illustration of the procedure followed by us in

order to derive the rhs of Eq. (A2), let us consider the

variation of the torsion scalar T , which is defined in (50).
First, we split T into parts so as to make the derivation
more clear:

T ¼ 1

4
T 1 −

1

2
T 2 − T 3; ðA4Þ

where T 1 ≡ TλμνTλμν, T 2 ≡ TλμνTνλμ, and T 3 ≡ TμTμ.
Here Tμ ¼ gλνTλμν ¼ Tλμ

λ while Tμ ¼ Tλ
μλ. We have that

δgT 1 ¼ δðgλσgμκgντTσ
μνTλ

κτÞ
¼ δgλσTσ

μνTλμν þ 2gμκδgντTλμνTλ
κτ

¼ ð2TλσμTλσ
ν − TμλσTν

λσÞδgμν; ðA5Þ

where, in the last line, we took into account that δgλσ ¼
−gλμgσνδgμν and, besides, we rearranged indices. Next

δgT 2 ¼ δðgμλTσ
μνTν

σλÞ ¼ TσμλTλσ
νδgμν; ðA6Þ

while

δgT 3 ¼ δðgμνTλ
νλTσ

μσÞ ¼ TμTνδgμν: ðA7Þ

Taking into account (A5), (A6) and (A7), we can write

δgT ¼ 1

4
δgT 1 −

1

2
δgT 2 − δgT 3 ¼ T μνδgμν; ðA8Þ

where T μν is given by (A3).
Let us now find a variation of the Holst term with

respect to the metric: δgð ffiffiffiffiffiffi−gp
ϕ2RÞ. Omitting a total

derivative in the Lagrangian (A1), we can rewrite the
(modified) Nieh-Yan equation (51) in the following
way:

ffiffiffiffiffiffi
−g

p
ϕ2R ¼ 3

ffiffiffiffiffiffi
−g

p
∂λϕ

2T̂λ þ 1

4
ϕ2ϵσμλνTκσμTκ

λν;

or, taking into account the definition of the vector T̂μ

ffiffiffiffiffiffi
−g

p
ϕ2R ¼ 1

2
gμν

�
∂λϕ

2ϵλμσκTν
σκ

þ 1

2
ϕ2ϵσκλθTμ

σκTν
λθ

�
; ðA9Þ

where, we recall that ϵσμλν is the totally antisymmetric Levi-
Civita symbol (ϵ0123 ¼ þ1). Then the variation of the Holst
term with respect to the metric yields

δgð
ffiffiffiffiffiffi
−g

p
ϕ2RÞ ¼ −

ffiffiffiffiffiffi
−g

p
ϕ2Rμνδgμν; ðA10Þ
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where we have introduced the “Holst tensor” Rμν accord-
ing to the following definition:

Rμν ≡ −
1

2

∂λϕ
2

ϕ2
eνλσκTμσκ þ

1

4
eλθσκTμλθTνσκ; ðA11Þ

whose trace is the Holst scalar: R≡ gμνRμν.
In consequence, a variation of the SECH Lagrangian

(A1) with respect to the metric yields

2δLsechffiffiffiffiffiffi−gp
δgμν

¼ ϕ2ðGμν − αRμνÞ − ð∇μ∇ν − gμν∇2Þϕ2

þ ϕ2

�
T μν −

1

2
gμνT

�

− 2

�
∇ðμϕ2TνÞ −

1

2
gμν∇λϕ

2Tλ

�
;

from where the EOM (77) is obtained.
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