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We study the Carrollian limit of the (general) quadratic gravity in four dimensions. We find that in order
for the Carrollian theory to be a modification of the Carrollian limit of general relativity, the parameters in
the action must depend on the speed of light in a specific way. By focusing on the leading and the next-to-
leading orders in the Carrollian expansion, we show that there are four such nonequivalent Carrollian
theories. Imposing conditions to remove tachyons (from the linearized theory), we end up with a
classification of Carrollian theories according to the leading-order and next-to-leading-order actions. All
modify the Carrollian limit of general relativity with quartic terms of the extrinsic curvature. To the leading
order, we show that two theories are equivalent to general relativity, one to R + R? theory and one to the
general quadratic gravity. To the next-to-leading order, two are equivalent to R + R” while the other two are

equivalent to the general quadratic gravity. We study the two theories that are equivalent to R + R? to the

leading order and write their magnetic limit actions.
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I. INTRODUCTION

The quadratic gravity can be derived as an effective field
theory by truncating the expansion of the bosonic section of
string theory with the first order being general relativity
(GR) [1-5] or by imposing a maximal momentum to strings
[6]. It has been studied even before the connection to string
theory as a renormalizable theory of gravity [7-9]. It admits
a wide class of black-hole and other spherically symmetric
(exact) solutions [ 10—13]. Nevertheless, in general, it suffers
from the presence of unphysical ghost and tachyonic degrees
of freedom [8].

The Carrollian limit was first considered independently
by Levy-Leblond [14] and Sen Gupta [15] as the ultralocal
limit of the Poincaré group where the speed of light ¢
approaches zero, ¢ — 0. However, at the time, due to the
lack of physical application of this limit, it was only studied
by mathematicians until 40 years later when the Carrollian
limit was linked to many applications in physics. Now,
Carrollian physics and Carrollian structures are studied in the
context of representations of the Carroll group, i.e., Carroll
particles [16—19], condensed matter physics [20-22], field
theory [23-26], conformal field theory [27-30], fluid
mechanics [31-36], cosmology [37,38], string theory
[39-41], gravity [42-50] (itis regarded as the strong coupling
limit of gravity theories [51]), black holes [19,52-56], null
boundaries [28,57-59], and dynamics of particles near black-
hole horizons [60-62].
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The connection between the Carrollian limit and physics
near black-hole horizons was shown in [52] utilizing the
membrane paradigm [63—65] which is a paradigm showing
that the physics of a black hole on a stretched horizon is
dual to that of a relativistic fluid on a (2 + 1)-dimensional
submanifold. Taking the Carrollian limit of both sides gives
a duality between physics on the horizon and a Carrollian
fluid. It was shown afterwards that there are two non-
equivalent Carrollian limits of a relativistic theory called
the electric and magnetic limits. The electric limit comes
directly from the leading order (LO) in the Carrollian
expansion, i.e., the expansion in ¢, while the magnetic limit
is a certain truncation of the next-to-leading order (NLO) of
this expansion.

In this paper we analyze the electric and the magnetic
Carrollian limits of quadratic gravity, which is the first step
toward the analysis of dynamics of particles near black-
hole horizons. We study the electric limit of the general
quadratic gravity theory and construct a classification of
Carrollian theories from it, and the magnetic limit of the
resulting ghost-free theories. Throughout the paper we use
the units where Newton’s constant G is setto G = 1/(16x).
The paper is organized as follows:

(1) In Sec. II, we review the pre-ultralocal (PUL)
parametrization, which is suitable for the Carrollian
expansion, and calculate the PUL versions of vari-
ous tensors appearing in a general four-dimensional
quadratic gravity action.

(i1) In Sec. III, we review the electric Carrollian limit of
GR and show the ultralocality of the spacetime
evolution.

© 2023 American Physical Society
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(iii) In Sec. IV, we perform the Carrollian expansion of
quadratic gravity action. We show that the param-
eters a and f in the action must depend on c¢ in a
specific way; otherwise the resulting theory would
be drastically different from the Carrollian limit of
GR. Requiring the resulting theory to be a modifi-
cation to the Carrollian limit of GR to LO or NLO
gives four nonequivalent Carrollian theories.

(iv) In Sec. V, we study those limits one by one and
derive conditions on @ and f to remove tachyons
(from the linearized theory) in each case to the LO
and NLO.

(v) In Sec. VI, we study the magnetic limit of the ghost-
free and tachyon-free theories.

(vi) The paper is concluded with a brief summary and
discussions of our results in Sec. VII.

II. PRE-ULTRALOCAL PARAMETRIZATION

The PUL parametrization is a parametrization of the
metric on a manifold using the decomposition of its tangent
bundle in vertical and horizontal subbundles (see below). It
is the most convenient parametrization of the spacetime for
the analysis of Carrollian gravity since it is well adapted to
the ultralocal structure of the Carrollian limit and it displays
the speed of light ¢ explicitly, which makes the calculations
more obvious. In what follows, we briefly explain the
mathematical background of the PUL parametrization. By
following the calculations and notations from [46], we
present the PUL version of the Riemannian tensor which
will be used to calculate terms in quadratic gravity action in
later sections.

Let (M,g) be a (d + 1)-dimensional Lorentzian mani-
fold (with a mostly positive signature). Let us denote the
tangent bundle of M by TM and define two subbundles of
TM according to the signature of the metric: The first is
called the vertical bundle VerM (or the timelike bundle),
and it corresponds to the timelike direction; i.e., its fibers

|

VI = o# + 2M* + O(c*),

ES = el + ¢*F + O(c*),

where v*, M*,7,,N,, 04, ma, €5, Fi, i, ®" are fields used
to define geometries in the Carrollian limit. These fields are
not all independent but they are related by two constraints.
Thus, we can write 7, and @, in terms of the other fields.
Including more orders in ¢? leads to defining more fields
that interpolate between the Carrollian theory (LO in the
expansion) and the full theory on the manifold. Expanding
the first equation in (2.1), we get

|

—7, 0" + W h,, + (WD, + O h,, — MFt, — v'N,) + *O* D, = &),

T,=1,+c*N,+ O0(c*),
" = b 4 2OM + O(c*),

are endowed with a vector space isomorphic to the time
coordinate. The second is referred to as the horizontal
bundle HorM (or the spatial bundle), and it represents the
remaining d spacelike directions. It is easy to prove that
TM = VerM @ HorM. Furthermore, it generates a foli-
ation of the manifold whose slices are the submanifolds of a
constant time coordinate 7. This foliation allows us to
define orthogonal spatial and timelike sections as follows:
Consider a covector T, and a vector V¥ from VerM, where
u,v,...=1,2,...,d+ 1 are tensor indices in TM. Next,
we consider a symmetric tensor I1,, from HorM, which is
the induced metric (or the first fundamental form), and its
inverse IT#.

By construction of the subbundles and the foliation we
have

T,V¢=—1, —VFT, +111,, =8, T, =11, V=0,
(2.1)

The PUL parametrization of the metric g, is given by

1
G = —CZT”T,,—i—HW, gt = —?V”V”—i—l'[””. (2.2)
The metric, its inverse, and the spatial tensors can be

written in terms of vielbeins as
_ A B __ _AB
g,uz/ - nABE,uEu ’ gﬂy =n G)IIZ@%’

H/w = nabEZEzl/)ﬂ " = ”ab@lé@Z, (23)

where E;‘ and @’/1 are the vielbeins. Indices A, B, ... are
vielbein labels running from 1 to d 4 1 (the dimension of
TM) while a, b, ... are vielbein labels running from 1 to d
(the dimension of the HorM). Comparing the PUL para-
metrization with the vielbein definition we get Ef =
(¢T,, E%) and O = (—c~'V¥, 0}).

Following [46], we assume that all fields are analytic in
¢? and expand them as follows:

O = 0 + Al + 0(c*),

I, = hy, + 2@, + 0(c*), (2.4)
|
7, 0" + 2 (t,M* + N,v*) + ¢*N M+ = —1. (2.5)
Comparing the LO and NLO terms we arrive at
T, 0" = —1, 7,M* + N,v* = 0. (2.6)

Similarly, if we expand the second equation in (2.1), we
obtain

(2.7)
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which by comparison of LO and NLO terms gives

—t,0h + hPh, =8, WD, + Dk, — Mtz —v*N, =0.

(2.8)
Now, by expanding (2.2) we also get

hy, + CZCDW = 5abel‘je£’ +c25,, (F,‘jef + e,‘ij,’) + c45abFZFf,
(2.9)

and after comparing the LO and NLO terms, we arrive at

hy, = Supelel, ®,, =5, (Fiel + etFb).  (2.10)
Similarly,
B = sheher, o= s (Ghat + 70y).  (2.11)

We remark that the induced metric & and the set of all v € V
give rise to the Carrollian spacetime (C, V, h).

To derive a compatible connection with the PUL para-
metrization [46,59], we notice that V* and I1,,, are invariant
under Carroll boosts. Thus, they must be covariantly

|

constant. Although this cannot determine a connection
uniquely, it was argued in Appendix B of [46] that the most
convenient choice is

Clh==VP0, T, = VT, £y T,

1
+ EHP’I (0,11, + 0,11, — 9,11, | — H/”lT,JICM, (2.12)

where K, = —%;EVHM is the extrinsic curvature (or the
second fundamental form). The connection Cj, has a
nonzero torsion given by

T,’ZU = ZHMTU,ICVM, (2.13)
which, to the LO, reads
Tﬁy = ZhP/IT[MKUM. (214)

To proceed parametrizing the Riemann tensor of the
Levi-Civita connection, we write its Christoffel symbols
FZ,, in terms of the PUL fields using (2.2) and (2.3). The
result is

1 1 1 1 1
I, = 2|73 V”V’laMHM ~5 V”V@,,HM + 3 V"V@AHW + 3 [Hp’laﬂHM + H/”labﬂlﬂ - HM@HW
+ VPV4,(T,T,;) + VPV*0,(T,T;) — V*V*0y(T,T,)] + 2110, (T,T,) — 110, (T,T,) + I1P*0,(T,T,)].  (2.15)
With the help of the coordinate expression of the Lie derivative we can rewrite I7, as
1
FZV = ? [_Vﬂlc;w] + [CI/;D + HMTVK;M] + Cz[_T(MHMBv)/I]’ (216)

where B, = 9,T, —9,T, is the exterior derivative of the covector 7, which is the same as Eq. (2.21) in [46]. Finally, we

are equipped to parametrize the Riemann tensor of T%,,

Ry = 0,10, = 0,1, + Tpolg, = T0,15,.

Inserting (2.15), we obtain

1
R’Diﬂy = ? [ZVpV[DIC”

(2.17)

1+ zvﬂlCMC‘[’W] + 2VPTAIC‘[’DIC,,]D, + ZICMUICZ]] + [Rpﬂ,w + ZVWCZ] T, + 2¢7, T,K5

+ V‘DICWTT(DB;L)G - VpK:M,T(MBl)G + T(MBG)'DVGICM - T(DBG)'DV(;’C”A + Cz[vy(T(”Bl)p) - VM(T(DB;L)'D)

+2C° T(UB;L)‘O) - T(FBa)pTﬂK:S + T(DBU)pTﬂCﬂa] + C4 [T(ﬂBO_)pT(UBﬂ)G - T(UBG)‘OT(”BMG],

[vu]

(2.18)

c
where R’ ww = 0,C,; = 0,Cpy + CpoCYy — CipCh) and indices lowering/raising for K, and B,,, was done by the induced

metric and its inverse.
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III. CARROLLIAN EXPANSION OF GR

Having derived the PUL parametrization of the Riemann
tensor in (2.18), we can now review the Carrollian
expansion of the GR following [46]. Recall that the
Einstein-Hilbert action in four dimensions (d = 3) is

1
R = 5 [-Vu(VK,) =2V €,

1 1
KB = 5 VIKET 1By ETyV"BmICﬂ + [V, (T By +2C7

1
+ ¢t [— 1 TDT,lB””BW] ,

Kuo + Kt = K] + [ Riy + V,(TIKE) = V,(T1K) +2€

S= c3/R\/—_gd4x. (3.1)

Let us first calculate the PUL parametrization of the
Ricci scalar R. By contracting p and p in (2.18), we can
write the Ricci tensor in the form

o TS

¢ TaBi + T(uBoT)K,°]

(3.2)

where Vﬂ is the covariant derivative corresponding to the connection Cﬁy. Here, we also introduced the trace of the extrinsic

curvature, K = IT"C,,,

R;, = 0,Cl; = 0,C1, + CliCyy — CloCl,.

M- UA

and the Ricci tensor of the connection Cl,,

(3.3)

The PUL parametrization of the Ricci scalar is obtained by contraction with the inverse metric and employing

"V, (V*K,;) = V,(VYK). The result is

1

R=— [K? - KK =2V, (VVK)] + [—I% + H’“’Vﬂ(TAIC/) -V, (T,K) + V’IV”VM(T(DBM”)

c

1
— VAV (T(,By")] + c* | -TT*V (T (,Byy*) + TV, (T(,By*) — ZBWB””} ,

where ﬁ = H””IC%W We used V”ILQW = 0 in the calculations.

Using the relation V,II" = —VWIIY°B,,[5} — V'T,],
we can find that TI*V (T,Kf) =0, TI*V,(T,K) =0,
VAVAV (T (,By*) ==V*V,(B}), and —I1*V (T, B,") =
%B’”’Bﬂy. Employing these identities, the Ricci scalar
simplifies to

1
R = —[K? = KK, -2V, (V¥K)]

C2
+ =R =V, (VBY] + E B””BW} . (3.5)

Furthermore, we can separate the total derivative terms as
they correspond to the boundary terms in actions of
physical theories. Finally, the PUL parametrization of
the Ricci scalar can be written in the form

1 ¢ 1
R=> (K* = K"K + [-R] + ¢ [Z B/‘”Blw}

+ boundary terms, (3.6)

where we collected all the boundary terms from all orders.
Note that the boundary terms will be used in the calculation

(3.4)

|
of quadratic curvature terms. (They are not important in this
section since we compute the LO of GR.)

Hence, the (electric) Carrollian limit of the GR action is

S=c? /[K2 - K"K, ]ed*x, (3.7)
where K, = —1£,h,, and e = det(r,, €%).
Varying this action we get the constraints
K> - K"K, =0, h**V,[K,, — Kh,] =0, (3.8)
and the evolution equation
£,K,, = -2K;K,, + KK,,. (3.9)

IV. CARROLLIAN EXPANSION OF
QUADRATIC GRAVITY

Quadratic gravity is a theory where quadratic curvature
terms are added to the action, which makes it
renormalizable [7,8]. It also emerges from string theory
by imposing a cutoff for the maximum possible momenta
[6]. The action for the theory is given by

124051-4
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§=c? /[R — aR"™R,, + pR?]\/—gd’x.

(4.1)

In Sec. III we computed the PUL parametrization of R. Now, we will do the same also for the two other terms in the

action, R*R,,, and R?. Using (3.2), we can find the PUL parametrization of R'R,,,

v L R ey R,
R“R,, = R*R,, + 5 R*R,, + R¥R,, + 'R*R,,.

where

(—4)
R“R,, = TIIIPV , (VF K o)V, (VK ) = 2KPIV (VK o) + K# K, K2 = VAVIV KV, K
+ 2Ky KPVIV K = (KK, )2
(-2) civ 1 c
RWR,, = =2R V,(V*K,,) =V, (VFK5)K?PB*, — 5 Kr2BP ,ViV , Kop + 2R, K*K + K*KK$B,,
- IV, KaV KL + 211V KLV, K + VAV, KeKP*B,, — TV, KV, K = VAV, KK*B,),
— 2VVVV,(B)V, K = VI B, VP By + 2VAV,(BF) K K o,
(0) 1 1 1
RYR,, =3 KK ,sB"B,, — 1"V ,KV,(B,’) — 1 VeK*B,,V,(B}") - 3 VAV, (B)V,(B)

3 cal P g 1 pA RUP 1 PA K ap ;45/4) 1 aff 2
+ 3R K Bay + R Ry + 5 KK BB, + KPR BopB R Ry, = 22 (B Bog).

By expanding this expression to the LO, we arrive at
1
R™R,, = = [h”ah’wvﬂ(v"Kaﬁ)Vp(v”KM) - 2K“ﬁKVM(v”Kaﬂ) + K*K,, K?
- v"1"V,KV K + ZKQﬁK“ﬁv”VUK — (K"”Kw)z}.

The PUL parametrization of R*> can be computed from (3.4),

1
R? = K0 = KKK, = 4KV, (VA 4+ (KK P+ 4K, 9, (VK + 49, (VIO (V)

1 ¢ ¢ c
5 (KR = KOV, (VAB) + KR + KG9, (VAB)) + 2RV, (VAK) + 29, (VHIC)V, (V/BY)]
1 c 1
T {5 KB"B,, + (R)? = 3 KK, B B,y — BBV, (V/K) + V,(VB})V,,(V7B})
+ ZICQV”(WB’/{)] +¢? [— %IC?B””BW _ B"”BWV,)(V"Bﬁ)] Ty [% (BWBP”“)Z} ,

and its Carrollian expansion to the LO is

1
R? = — [K* = 2K*K*K,, — 4K°V,(1*K) + (K"K, )* + 4K*K,,V,(1*K) + 4V, (1 K)V,, (1°K)).

(,’4

Substituting (3.6), (4.4), and (4.6) into the action (4.1) we get

S= / {2[K? = K™K,,) — ali** WV, ('K 15)V (1K ;) = 2KP KV, (1K o) + K* K, K>

- v"1*V,KV,K + 2K ;K "V K — (K"K, )*] + p[K* = 2K’ K"K ,, — 4K*V (1" K)
+ (K*K,,)* +4K*" K,V ,(v"K) + 4V, (v*K)V,(v*K)] }ed*x.
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Interestingly, this formula can be rewritten purely by the extrinsic curvature K, and its Lie derivatives along v. In order to

do that, we first write

£vK/w

=1v"V,K,, + K, V, 0" + K,V 07 —

KW Vo0® + 0°ToK ,, + 0°T3K .

(4.8)

where T, is the torsion of the connection defined in Sec. 1. Since the PUL-parametrization vector v* is covariantly constant
by definition and 77, is given by (2.14), the relation reduces to

£,K,, =1v°V,K,, — K{, K)o (4.9)
Substituting in (4.7) and using the fact that v°V, acts on scalars simply as £,, we get
/ {2[K? - K"K,,] — a[h** WP £,K 5£,K,; + 2£,K, ;K7 VKD) + K‘(’aKﬂ)(,Kmeg)
K, K")? —2KPK£,K .5 — 2K"ﬁKK? Kp), + K*K"K,, — (£,K)* + 2K, K" £,K]
+ ﬁ[K - 2K?*K, K" — AK?*£,K + (K, K")? + 4K, K" £,K + (£,K)*] }ed*x. (4.10)

Note that only the first two terms have the factor c2.
Thus, assuming « and g being independent of ¢, the
Carrollian limit of the theory would exclude the first
two terms coming from the Carrollian limit of the Ricci
scalar. This means that the resulting theory would not
couple to R, and it will be drastically different from the
Carrollian limit of GR [cf. (3.7)]. Hence, @ and S should
depend on c. In this case, we get an infinite number of
nonequivalent Carrollian theories, but only four of them
modify GR to LO or NLO. Notice that this limit is, as
expected, ultralocal since there are no space derivatives in
the Lagrangian, and therefore, there would not be space
derivatives in the field equations. This means that the
evolution of a point cannot be affected by neighboring
points no matter how close they are.

TABLE L.

Similar calculations were done in [66] by rescaling
specific terms in the action. However, our approach gives
more freedom to rescale terms differently and gives more
nonequivalent theories. Other papers considered specific
solutions for f(R) gravity [67-69]. A general classification
of theories for the most general quadratic gravity theory
will be provided in the next section.

V. THEORIES FROM THE CARROLLIAN LIMIT
OF QUADRATIC GRAVITY

In this section, we study Carrollian theories resulting
from the Carrollian limit of quadratic gravity. Different
(nonequivalent) theories arise from assuming different
dependencies of a and f on the speed of light ¢ in (4.10).

This table summarizes some possible Carrollian theories arising from quadratic gravity that couple to R at most in the NLO.

We list the theories with factors of ¢ with non-negative powers since negative ¢ dependencies are clearly not modifications of the
Carrollian limit of GR. For example, although (0, 0) cannot be a modification to the Carrollian limit of GR, we can say that R terms are a
NLO modification of this theory. There are other geometries which are modifications to the listed geometries such as (0, 4) which can be
regarded as a next-to-next-to-leading-order modification of (0, 2) while GR itself is the NLO. We can extend the list indefinitely adding
more geometries modifying GR to higher orders but here we focus on the LO and NLO.

Carrollian theories from quadratic gravity

Type of modification to the

Theory Action contributing to the LO Carrollian limit of GR

©, 0) S=¢ [[~aR*R,, + PR?]\/=gd*x Not a modification of GR

©, 2) S=c [—aR"R,,/—gd*x Not a modification of GR

2,0 S=c [pR*/=gd*x Not a modification of GR

2,2 S =¢c* [[R—aR"™R,, + BR?|\/=gd*x Modifies GR to the LO

24 S=c* [[R—aR"R,,]\/—gd*x Modifies GR to the LO with R*R,,
terms and the NLO by R* terms

4, 2) S=c* [[R+ pR*]\/=gd*x Modifies GR to the LO with R* terms
and the NLO by R* R, terms

“, 4 S=c [Ry=gd*x Modifies GR in the NLO

124051-6
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Thus, we classify them as such and denote them by (n, m),
where a = ¢’ and B = ¢"f'. The relevant theories are
listed in Table I. As mentioned above, not all theories are
modifications to GR. For example, the theories with negative
powers of ¢ in a or f but also (0,0), (0,2), and (2,0) are not
physically interesting since they are drastically different from
GR atLO. Itis easy to see that dependencies with odd powers
of ¢ ultimately converge to one of the theories in Table 1.
Theories with higher-power dependencies on ¢ cannot
modify GR to the LO nor the NLO but to higher orders;
however, since @ and f# dependencies on ¢ are nonperturba-
tive assumptions, having higher powers of ¢ in the action
without being an overall factor can lead to inconsistencies in
the Galilean limit. Thus, in what follows, we focus only on
the four interesting Carrollian theories (2,2), (2,4), (4,2),
and (4,4).

A. (2, 2) Carrollian theory

Consider the case where @ and f are quadratic in the
speed of light, @ = c?a’, p = c?f, with @ and f' being
constants independent of c¢. We will study the resulting
action to the LO, i.e., the electric limit. From Table I, the
action is

S=¢c? / [R — aR*™R,, + pR*]\/—gd*x.  (5.1)

Writing @ = c¢?a’ and B = c?f/, where & and f' are ¢
independent constants, we can write the action as

S = /63 [R — c*d'R*R,, + *f'R*]/=gd*x, (5.2)

which in the LO of the Carrollian expansion gives

(a

S=c? K> — K"K, — o' [h*h*P£,K ,£,K,; + 2£‘,KMK"(’“KQ +K° K UK”(“K/f) - 2K”¥K£,K,
H p p) ’ f

— 2KPKK?,

Since the Carrollian expansion and the weak-field
regime are not conflicting, the conditions to find tachyons
remain the same. In [7] it was found that the additional
degrees of freedom have masses of!

1o 1o
NV NN T

The conditions to avoid tachyons are (at any order of the
Carrollian expansion)

(5.4)

a <0, a-32>0, (5.5)

which translates to

Ky, + K°K"K,, — (£,K)* + 2K, K" £,K — (K, K*)?] + p[K* — 2K*K ., K"
—4K*£,K + (K, K")? + 4K, K" £,K + (£,K)*] }ed*x.

(5.3)
[
od <0, a =34 >0, (5.6)
in the case of (2, 2) theory.
B. (2, 4) Carrollian theory
Let us now investigate the case where a = c?a’ and

B = c*p'. The action is
§=c / [R — 2dR*™R,, + *BR*|\/=gd*x.  (5.7)
To the LO in the Carrollian expansion, we get the action

4)

S =2 / {[K2 = K"K,,| — & " WP £,K oyt K ) + 26,K,,K° VK2 + K K ), KPOKY)

~ 2KPKE,K 5y — 2KPKKT Kp)y + K2K*K,, — (£,K)? + 2K, K*£,K — (K, K*)*]ed*x.

(a

Notice that this theory is the same as the Carrollian limit of
R —aR,, R". The conditions (5.5) to the LO reduce to
@ = 0. Thus, to the LO, the theory without tachyons is the
same as the Carrollian limit of GR.

Assuming @ and ' to be of the same numerical order,
the conditions to the LO and NLO, respectively, are

'"We remark that @ and f8 in our convention have opposite signs
to the convention used in [7].

(a

(5.8)

[

B <0. (5.9)

Thus, the theory without tachyons to the NLO would be

5= [IRyo+ PR olv=gdtx. (5,10

where Ry is the Ricci scalar expanded to the NLO and
(R*).o is the LO of the Carrollian expansion of R>.
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C. (4, 2) Carrollian theory

Considering the dependencies are
B = c*p, the action is

a=c*a and

§=c /[R — c*dR*™R,, + PR /=gd*x. (5.11)
The corresponding LO action reads

S=c? / [(K*—K"K,, )+ [K*-2K*K,,, K" —4K*£,K

+ (K, K")? +4K,, K" £,K + (£,K)?]]ed*x. (5.12)
In this case the conditions (5.5) then reduce to f < 0.
Expanding the conditions to the NLO we obtain
p <0, a =0. (5.13)

Hence, this theory is equivalent to the Carrollian limit of

R — BR? theory to all orders with NLO action being the
same as (5.10).

D. (4, 4) Carrollian theory

If we consider @ = c¢*a and = ¢*f/, then the action
reads

S=¢c3 /[R - c*dRR,, + AP RY\/—gd'x.  (5.14)

For this theory, the LO action is the same as GR. At the
NLO and higher orders it will receive corrections from both
R? and R, R" terms. The conditions (5.5) are the same as
in the (2, 2) case.

VI. THE MAGNETIC LIMIT

In this section we study the magnetic limit of the theories
(2, 4) and (4, 2) because these two theories are free from
tachyons and ghosts if f' < 0. The magnetic limit is
obtained by truncating the NLO action such that the
resulting action is invariant under Carroll symmetries. In
the case of quadratic gravity we have to truncate it the same
way as GR; i.e., we have to put all the NLO fields to zero. It
is well known that the NLO captures all the dynamics of the

|

Carrollian limit [46]. Thus, the field equations from the
magnetic limit leads to corrections to the dynamics in GR
and even more solutions that are nonexistent in GR.

A. The magnetic limit of (2, 4)
Imposing the truncation

Mt =N, =

H w = P =0,

(6.1)

we get the LO and NLO of the terms of (5.10) to be

Rio= K>~ K;lewv Rnio= _Icea
(R*) o= (K*—K, K")(K*— K, K" +4£,K) —4(£,K)*.
(6.2)

As shown in the previous section, the LO of this theory is
identical to the LO of GR; i.e., the constraints and the
evolution equation are the same as (3.8) and (3.9). In the
NLO, the LO constraints and evolution equations must
hold, so they serve as constraints to the NLO field
equations. Thus, taking the trace of (3.9) we get

W£,K,, = -2K, K" + K2, (6.3)
and then noting that
£,K = WEK,, + 2K, K", (6.4)
we get
£,K = K. (6.5)

Thus, the constraints on the magnetic action Lagrangian are

K*-K"K,, =0, h*“V,[K,—Kh,]=0, £K=K.

(6.6)

Notice that this is not a general equation. It is valid only in
(2, 4) and the theories where LO is identical to GR.

Using the above relations, we can write the action for the
magnetic limit of (2, 4) as

S=- / d*xe[-R + B(K? = K, K")(K? = K, K" + 4£,K) — 4(£,K)?] + 4y (K? = K, K*) + f 0 (£,K — K2)], (6.7)

where 1, and 4, are Lagrange multipliers. As expected, the
theory (2, 4) modifies the magnetic limit of GR with quartic
terms in the extrinsic curvature and imposes an additional
constraint. It would be interesting to see how these terms
modify the dynamics of different solutions of the field

|
equations, especially black holes. We expect that this
theory has more solutions than the Carrollian limit of
GR, namely those corresponding to the Schwarzchild-Bach
black holes [12,13]. If this is the case, then one should
examine if some terms can be considered as a flux that is
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analogous to the magnetic field in [61]. Here, however, the
flux would come from the theory instead of being turned on
by hand.

B. The magnetic limit of (4, 2)

This case is more complicated than (2, 4) since the LO is
more involved than that of GR. We first study the con-
straints and the evolution equations for the LO, and then

|

(K* = K, K*)(1 + p'[K* — K"K, + 4£,K]) - B'(£,K)* =0,

h*N (K ,, — Kh,, + Zﬂ’[KpD(—3(K2 - KaﬂK“ﬂ) +4£,K) — thl,(K2 - KaﬂK“ﬁ +2£,K)]) =0.

move on to the NLO. To the LO, the action is

S= / d*xe[(K* — K, K")(1 + f'|[K* - K"K, +4£,K])
- (£K)]. (6.8)

Varying with respect to »* and #**, we get the constraints

(6.9a)

(6.9b)

Varying with respect to ##* and using the constraints, the evolution equation is

2(KK,HZ/ - KZKI/{)')<1 +ﬂ/(2(K2 - K{l/)’K(l/}> + 4£VK)) + 2(2ﬂ/<K2 - Ka/iKaﬂ) - ﬁ/‘va)<£vK;w - 4K;3K(w)
+ £v[(Kh;w - K,MZ/)(I + ﬁ/(Z(KZ - KaﬂKaﬂ) + 4£VK)>] - 8ﬁ/£v[K/w(2(K2 - KaﬂKaﬂ) - £VK)]

+28/£,£,2(K* — KyK?) — £,K] = 0.

(6.10)

As expected, setting #/ = 0, the equation reduces to the evolution equation of GR. The corrections to GR due to the R? term

are quartic in the extrinsic curvature.
After truncation the NLO action reads

5= / eR 1 B(=K? + K K™ 1 2£,K)(R + V, (v201))|d*x.

(6.11)

However, the equations for the LO must also, so we have to add (6.9) to the Lagrangian as a constraint,

§=c3 / e[R + B (K + K, K" + 2£,K)(R+ V,(0"6")) + A(K? = K, K")(1 + [K? = KK, + 4£,K])

- ﬁl(£VK>2)]d4x’

where 4 is a Lagrange multiplier. Notice that the field
equations for this action must include (6.10).

Now, we study a special case of the above equations
where we treat £,K as an independent variable. Varying the
action with respect to v°, we get the equations

(K? =K, K")(1+J'[K*— K"K, +4£,K]) = ' (£,K)> =O0.
WV ,(Khy,—K,,) =0. (6.13)

Varying the action with respect to £,K and assuming
£,K #0, we get

£,K =2(K? - KWK’“’). (6.14)

From (6.13) and (6.14), we get the equations
LK =2 K*— K, KW = — 6.15
v = S—ﬁl’ - B - S—ﬂl ( . )

(6.12)

|
Varying the action with respect to #* and using (6.15)
we get

£,K,, = —2K5K,, + Kh,,. (6.16)
Collecting the independent field equations we get the
system

e A Y
ﬁa — Dy — =z

587
-2K;K,, + Kh,, = £,K,, h°N ,(Kh,, — K

PH

£,K =

It turns out that this system solves (6.9) and (6.10). Thus,
the solutions to the system (6.17) are also solutions to the
full (4, 2) equations at LO. Notice that this system solves
the full theory but the converse is not true. This means that a
solution for (6.17) is a solution for the full theory but its set
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TABLE II.  After imposing the conditions to remove tachyons, the set of resulting theories consists either of the full Stelle gravity to
various orders or variations of R + R? theories. It is worth mentioning that, as said before, theories with odd powers of ¢ will be
equivalent to one of the theories above, and higher powers of ¢ may be problematic in the Galilean limit. Note that the LO actions
possess Carrollian symmetries by construction so they are Carrollian theories, but the NLO actions do not. The NLO of the Carrollian
expansion does not preserve Carrollian symmetry in general; however, certain truncation recovers the symmetries resulting in the
magnetic Carrollian limit of the theory.

Carrollian theories from quadratic gravity after removing tachyons

Theory Action contributing to the LO Action contributing to the NLO Conditions

2,2) S=¢ [[Rio—c*d(R*R,) 10 S =¢ [[Rnio — o (R*R,)nio @ <0, =36 >0
+ B (R?)Lo]y/—gd"x +2 B (R?)nLoly/=gd*x

24 §= ¢ [[Rioly/~gd*x S=¢ [[Raio + ¢*B (R*) 0l y/=gd*x @ =0,p<0

4,2 S =¢ [[Ruo + B (R*) o) /—gd*x S =¢ [[Raio + B (R?)nLoly/—9d*x a=0,p<0

4, 4) S = ¢ [[Rio]y/—gd*x S =¢* [[Raro — ¢*@d (R*R,,)nio0 a <0,d =320

+c*B (R )niolv/—gd*x

of solutions is only a subset of that of the full theory. It is
also worth mentioning that this system cannot reproduce
GR without a cosmological constant; i.e., it is not valid
for g/ =0.

Notice that (6.17) is similar to Eq. (4.18) in [46], which
describe GR with a cosmological constant, except for when
the evolution equation is the same as GR without a
cosmological constant. Modifications to the gravitational
sector to reproduce a cosmological constant (without
|

adding a cosmological constant term in the Lagrangian)
were studied in f(R) gravity [70]. Thus, we can interpret
the effect of the R* term to be an effective cosmological
constant with the value —1/(104"). We will leave the
solutions of this system of equations to future works.
Now we use them as constraints to write the action for the
magnetic limit.

For the special case where £,K is considered indepen-
dent, the NLO action reads

1

c ¢ 2
§=c? / e [R + B/ (—K* + K, , K" +2£,K) (R + V,(v*b})) + 4, (va + —) + 4 <K2 - K, K" + —ﬂ d*x, (6.18)

where 4, and A, are Lagrange multipliers and b,, =
9,7, — 0,7,

It is clear that the action contains a cosmological term.
This is a direct result of the emergence of an effective
cosmological constant in the LO equations. Like the
magnetic limit action of (2, 4), this action modifies the
magnetic limit of GR but with a nonzero cosmological
constant. Applying this to the general magnetic limit action
(6.12) we conclude that it includes a cosmological term in
addition to terms that can be interpreted as flux. Notice that
magnetic limits are no longer ultralocal due to the presence
of spatial derivatives of the metric in the form of the Ricci
scalar and terms containing the covariant derivative of b,,.
This allows some dynamics that were absent in the
electric limit.

VII. CONCLUSIONS

In the present paper, we studied the electric and magnetic
Carrollian limits of quadratic gravity. We calculated the
PUL parametrization of terms with quadratic curvature in
the action. After the Carrollian expansion, we saw that such

55 55

|
terms are of the order of ¢~* while the Ricci scalar term is
only of the order of ¢~2. From that, we concluded that the
Carrollian limit of quadratic gravity requires a and f to
depend on c in a particular way so that the resulting theory
is a modification of GR. We classified different limits
according to the dependencies of a and f on c. For
example, the three of them (0, 0) (no dependence on c),
(0, 2), and (2, 0) are not GR modifications because to the
LO only the terms of order c¢~* survive, ie., only the
quadratic terms in curvature but not the Ricci scalar. The
only four theories that are modifications of GR (to the LO
and NLO) are summarized in Table II together with the
corresponding modifications.

Focusing on the ghost-free theories, namely (2, 4) and
(4, 2), we see that (2, 4) is the same as GR to the LO, so the
electric limit and the constraints to the magnetic limit are
the same as those of GR. However, to the NLO the theory
has extra terms which can be interpreted as an additional
flux. In the case of (4, 2) the LO and the NLO are
equivalent to that of R+ 'R’ theory. The constraints
and the evolution equations are in general much more
complicated. However, there is a special case where the LO
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equations reduce to GR with a cosmological constant,
and this means that the full theory gives rise to an
emergent cosmological constant in addition to the extra
terms which, as in the (2, 4) case, can be interpreted as
an additional flux.

More work has to be done to study the field equations for
these theories to the LO and NLO. It would be interesting to
compare each case with GR to understand what modifica-
tions can arise from different quartic terms of the extrinsic
curvature. Another direction for future research is to
calculate the Galilean limit of quadratic gravity. Since the
dependence of a and f on ¢ is not a perturbative assumption,
the higher powers of ¢ in the action may be problematic in
the Galilean limit. In the current classification the most
attractive options for future study are (2, 4) and (4, 2) since,
after imposing the tachyon removing conditions, we get the
Carrollian limit of R + #R?, arenormalizable theory with no
ghosts or tachyons (only if £ is positive) which is deduced

directly from the string theory. We plan to study black-hole
solutions for these theories. Since R + R? theories have
more black-hole solutions than GR, a direction for future
work is to study black-hole solutions for their actions. These
should coincide with the Carrollian limit of Schwarzchild-
Bach solutions. It is interesting to analyze the dynamics of
Carrollian particles on horizons of various black-hole solu-
tions and compare the dynamics with that of [61] as well as
study the modifications arising from the quartic terms.
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