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In this paper, we construct models that admit the traversable wormhole geometries in the framework of
Einstein’s gravity with two scalar fields. As is well known, the energy conditions are broken, and we show
that a ghost appears. The ghost can be, however, eliminated by imposing a constraint on the ghost field,
which is a scalar. The constraint is similar to the mimetic one proposed by Chamseddine and Mukhanov to
construct an alternative description of cold dark matter. We explicitly show that there does not appear to be
any unstable mode although the energy conditions are broken. Therefore, we obtain a model that realizes
the traversable and stable wormhole.
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I. INTRODUCTION

Recently, observations involving the relativistic collision
of two compact objects have resulted in the production
of gravitational waves (GWs). These waves serve as in
valuable instruments for examining the properties of the
colliding entities. Moreover, the recent findings reported by
LIGO [1–5] have provided compelling evidence that the
field of gravitational wave astronomy will play a substantial
role in advancing our understanding of gravitational inter-
actions and extreme-gravity astrophysical phenomena.
However, despite these notable advancements, recent
observations have not ventured into the intricacies of
spacetime beyond the photon sphere. The expected forth-
coming GW observations are in a position to record the
ringdown phase. This phase is recognized by a series of
damped oscillatory modes in the initial stages, commonly
known as quasinormal modes (QNMs) [6–12]. This stage
has the capacity to provide vital information about the
composition of compact objects [13], particularly elucidat-
ing the physics in the vicinity of black holes’ (BHs) event
horizons and the potential presence of unexpected struc-
tural characteristics. Future GW observations hold the
promise of providing us with a deeper understanding of

compact objects that differ from BHs. These distinct
compact entities, which lack event horizons, are commonly
known as exotic compact objects (ECOs) [9,11,14].
Among the notable ECO solutions, wormholes (WHs)

stand out. They are solutions to the Einstein equations that
enable connections between different regions of the Uni-
verse or even between entirely separate universes [15,16].
Although they have distinct causal structures when com-
pared to BHs, WHs can possess photon spheres. As a result,
in GW data, the early stage of the ringdown signal has
the potential to mask the ability to distinguish between
WHs and BHs. Previous research has delved into the
examination of Lorentzian wormholes within the frame-
work of general relativity (GR), as documented in prior
studies [10,17–27]. In these investigations, the establish-
ment of conditions for traversable wormholes was accom-
plished by introducing a static spherically symmetric
metric. Significantly, these conditions necessitate the inclu-
sion of exotic or phantom matter, which violates the null
energy condition (NEC). Wormholes that incorporate
ordinary matter adhering to the NEC [27–29] have been
introduced and explored within the framework of modified
gravity theories. These theories encompass Brans-Dicke
theory [30–34], fðRÞ gravity [35,36], Einstein-Gauss-
Bonnet theory [37,38], Einstein-Cartan theory, and general
scalar-tensor theories [39–42]. It’s worth highlighting that
WH solutions within the context of fðRÞ theories were
extensively investigated in the work presented in [43].
Furthermore, WHs with a self-interacting scalar field were
the focus of scrutiny in the study presented in [44].
Another pivotal element concerning a WH involves the

breach of energy conditions within the context of GR, at
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least in the vicinity of the WH’s throat [45,46]. This implies
that it is necessary to possess a quantity of exotic matter
[where the stress-energy tensor (SET) of matter contra-
venes the NEC] in order to maintain the stability of the WH
throat. As a result, in certain reference frames, the energy
density of matter can be perceived as negative. It is evident
that there has been significant interest in constructing WHs
while minimizing the requirement for exotic matter [47]. In
Ref. [47], the authors have theoretically demonstrated that
it is possible to minimize the exotic matter requirement to
an infinitesimal level and confine it precisely at the throat of
the WH by carefully selecting the WH’s geometry. The
mathematical procedure is referred to as the “cut and paste
technique,” and the resulting WH is termed a “thin-shell
WH.” Research on thin-shell WHs can be located in
Refs. [48–51]. Nandi et al. [52] subsequently introduced
an enhanced quantification method to precisely determine
the amount of exotic matter present in a specific spacetime.
Consequently, numerous arguments have been presented to
substantiate the breach of energy conditions. In this context,
the use of the phantom energy equation of state (EoS) has
been employed to maintain traversable WHs, as demon-
strated in Refs. [53–56]. An interpretation of half-wormholes
in the bulk with gauge field was also investigated in [57].
One intriguing aspect to contemplate is that within the

phantom regime, the energy density grows over time,
offering a conceptual basis for the existence of WHs.
The stability analysis of a phantom WH geometry has been
explored in Ref. [58]. An array of WH solutions has been
identified for the generalized Chaplygin gas [59,60],
changing cosmological constants [61], polytropic phantom
energy [62], and ghost scalar fields [63]. Subsequently, the
phantom energy EoS was employed to formulate precise,
evolving WH structures in Ref. [64]. In this theoretical
framework, it was determined that phantom energy can
facilitate the existence of evolving WHs.
Nonetheless, physicists consistently strive to evade

energy condition violations or provide appropriate justifi-
cations for them. However, up to the present time, con-
structing a static WH geometry that complies with the
energy conditions remains an unattained goal. Conse-
quently, scientists are exploring various strategies to
address this challenge. This observation prompted consid-
eration of the potential existence of WH solutions within
alternative theories of gravity. Examples include higher-
order gravity theories [65,66], cosmological WHs in
higher dimensions [67], and the Einstein-Gauss-Bonnet
theory [37,68–70]. When examining fðRÞ gravity, it is
conceivable to theoretically create traversable WHs with-
out the necessity of exotic matter [71,72] or by utilizing
dark matter as a source [73]. Alternatively, researchers can
explore the quest for WHs within the framework of third-
order Lovelock gravity [38,74], hybrid metric-Palatini
gravity [75,76], fðQÞ gravity [77–79], and extended
theories of gravity [80,81]. The investigation of traversable

WHs within the realm of fðR; TÞ gravity was conducted in
Refs. [82–84]. Simultaneously, in Refs. [85,86], authors
identified precise WH solutions in fðR; TÞ gravity without
the need for exotic matter. It is the aim of the present study
to derive WH in the frame of Einstein’s gravity coupled
with two scalar fields.
In [87], a general formulation to construct a model that

admits arbitrarily given spherically symmetric and time-
dependent geometry as a solution has been given in the
framework of Einstein’s gravity coupled with two scalar
fields. We apply the formulation to the static wormhole
formulation. As expected, the model includes ghost mode.
The ghost mode often plays the role of the phantom and is
consistent with the breakdown of the energy conditions.
The ghost mode has, however, negative kinetic energy
classically and generates negative norm states as a quantum
theory. Therefore, the existence of the ghost mode tells
that the model is physically inconsistent. In this paper, we
eliminate such ghosts using the mimetic constraint and
make the ghost mode nondynamical. We show that there
does not appear an unstable mode corresponding to the
ghost mode although the energy conditions are still broken.
This may tell that the breakdown of the energy conditions
does not always imply physical inconsistency.
The organization of this paper is as follows: In the next

section, based on the formulation in [87], we construct a
model whose solutions include a well-known wormhole
geometry. We show that there appears a ghost in the model.
In Sec. III, we show that one of the two scalar fields can be
canonical and not a ghost. Because another one is a ghost
in general, we propose a model to make the scalar field
nondynamical by imposing the mimetic constraint and, as a
result, unstable modes corresponding to the existence of the
ghost disappear. In Sec. IV, we confirm the absence of the
ghost mode by using the perturbation from the wormhole
geometry although the energy conditions are broken. The
breakdown of the energy conditions may not always imply
any physical inconsistency. The last section is devoted to
the summary and discussion.

II. WORMHOLE BASED ON EINSTEIN’S THEORY
WITH TWO SCALAR FIELDS

Einstein’s GR with two scalar fields ϕ and χ is described
by the action as follows [87]:

SGRϕχ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R
2κ2

−
1

2
Aðϕ; χÞ∂μϕ∂μϕ

− Bðϕ; χÞ∂μϕ∂μχ −
1

2
Cðϕ; χÞ∂μχ∂μχ − Vðϕ; χÞ

�
:

ð1Þ

In this context, g represents the determinant of the metric
tensor gμν, R denotes the Ricci scalar, and Vðϕ; χÞ

SHIN’ICHI NOJIRI and G. G. L. NASHED PHYS. REV. D 108, 124049 (2023)

124049-2



represents the potential of the scalar doublet. The values of the coefficients A, B, andC are contingent upon the properties of
the scalars. Upon varying the action (1) with respect to the metric gμν, we derive the ensuing Einstein equation:

1

κ2

�
Rμν −

1

2
gμνR

�
¼ Aðϕ; χÞ∂μϕ∂νϕþ Bðϕ; χÞð∂μϕ∂νχ þ ∂νϕ∂μχÞ þ Cðϕ; χÞ∂μχ∂νχ

− gμν

�
1

2
Aðϕ; χÞ∂ρϕ∂ρϕþ Bðϕ; χÞ∂ρϕ∂ρχ þ

1

2
Cðϕ; χÞ∂ρχ∂ρχ þ Vðϕ; χÞ

�
: ð2Þ

Through the variation of action (1) concerning the scalar
fields ϕ and χ, we acquire the following expressions:

0 ¼ Aϕ

2
∂μϕ∂

μϕþ A∇μ
∂μϕþ Aχ∂μϕ∂

μχ

þ
�
Bχ −

1

2
Cϕ

�
∂μχ∂

μχ þ B∇μ
∂μχ − Vϕ; ð3Þ

0 ¼
�
−
1

2
Aχ þ Bϕ

�
∂μϕ∂

μϕþ B∇μ
∂μϕþ 1

2
Cχ∂μχ∂

μχ

þ C∇μ
∂μχ þ Cϕ∂μϕ∂

μχ − Vχ : ð4Þ

Here, let us define Aϕ as ∂Aðϕ; χÞ=∂ϕ, and similarly for
other derivatives. It is worth noting that Eqs. (3) and (4)
can be derived from the Bianchi identity in conjunction
with Eq. (2).
In the following, we identify

ϕ ¼ t; χ ¼ r: ð5Þ
As explained in Ref. [87], making the assumption (5)
does not result in any loss of generality. In the case of a
spacetime with a general spherically symmetric yet time-
dependent solution, the scalar fields ϕ and χ exhibit
dependencies on both the time coordinate, denoted as t,
and the radial coordinate, denoted as r. In the context of
a given solution, the specific dependencies of ϕ and χ
on both the time variable t and the radial variable r are
determined as functions: ϕ ¼ ϕðt; rÞ and χ ¼ χðt; rÞ. We
may redefine the scalar fields to replace t and r with new
scalar fields, ϕ̃ and χ̃, ϕðϕ̃; χ̃Þ≡ ϕðt ¼ ϕ̃; r ¼ χ̃Þ and
χðϕ̃; χ̃Þ≡ χðt ¼ ϕ̃; r ¼ χ̃Þ. Subsequently, we can associate
the new scalar fields with the time and radial coordinates

in (5). The transformation of variables from ðϕ; χÞ to ðϕ̃; χ̃Þ
can be integrated into the redefinitions of A, B, C, and V
within the action (1). This demonstrates that making the
assumption (5) does not lead to any loss of generality.
Furthermore, as we will observe later, even when ϕ is
identified with t, a static spacetime can still be achieved.
Now we consider the following spherically symmetric

line element

ds2 ¼ −e2ΦðrÞdt2 þ
�
1 −

bðrÞ
r

�
−1
dr2

þ r2
�
dθ2 þ sin2θdϕ2

�
: ð6Þ

Here, ΦðrÞ and bðrÞ represent arbitrary functions of the
radial coordinate, and they are referred to as the redshift
and shape functions, respectively. At the minimum worm-
hole throat, denoted as r0 with the condition bðr0Þ ¼ r0,
the wormhole serves as a connection between two distinct
universes, and the radial coordinate range follows the in-
equality 0 < r0 ≤ r ≤ ∞. To prevent the formation of an
event horizon or any singularities at the wormhole throat r0,
the redshift function should remain well defined across all
points. To ensure the traversability of the wormhole, two

conditions must be met: bðrÞ − rb0ðrÞ > 0 and 1 − bðrÞ
r > 0

(the second condition is required except the throat at
r ¼ r0, where 0 represents the derivative with respect to r).
Additionally, for asymptotically flat wormhole solu-

tions, the condition bðrÞ
r → 0 as r → ∞ is imposed, as out-

lined in [88].
Applying the field equation (1) to the line element (6),

we obtain,

b0ðrÞ
r2

¼ ðððr − bðrÞÞCðrÞ þ 2VðrÞrÞe2ΦðrÞ þ AðrÞrÞκ2
2e2ΦðrÞr

;

BðrÞ ¼ 0;

2rðr − bðrÞÞΦ0ðrÞ − bðrÞ
r3

¼ ðððr − bðrÞÞCðrÞ − 2VðrÞrÞe2ΦðrÞ þ AðrÞrÞκ2
2e2ΦðrÞr

;

1

r3

	
2r2ðr − bðrÞÞΦ00ðrÞ þ 2

�
rðr − bðrÞÞΦ0ðrÞ − b0ðrÞr

2
þ bðrÞ

2

�
ð1þΦ0ðrÞrÞ




¼ ððð−rþ bðrÞÞCðrÞ − 2VðrÞrÞe2ΦðrÞ þ AðrÞrÞκ2
e2ΦðrÞr

: ð7Þ
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Assuming the WH geometry to has the form [89,90]

ΦðrÞ ¼ r0
2r

; bðrÞ ¼ re−γðr−r0Þ; ð8Þ

with positive constants r0 and γ and substituting these expressions into Eq. (7), we obtain

AðrÞ ¼ e
r0
r

4κ2r4eγr
�
−2r0reγr0 þ 4r2eγr0 þ 2r0reγr − 2γr3eγr0 − r02eγr0 − γr0r2eγr0 þ r02eγr

�
;

BðrÞ ¼ 0;

CðrÞ ¼ −
4r2eγr0 − 6r0reγr0 þ 6r0reγr þ 2γr3eγr0 − r02eγr0 − γr0r2eγr0 þ r02eγr

4κ2r4ðeγr − eγr0Þ ;

VðrÞ ¼ −r0eγr0 þ 2reγr0 þ r0eγr − γr2eγr0

2κ2r3eγr
: ð9Þ

We are assuming r ≥ r0. Equation (9) tells us that if we consider the model,

AðχÞ ¼ e
r0
χ

4κ2χ4eγχ
�
−2r0χeγr0 þ 4χ2eγr0 þ 2r0χeγχ − 2γχ3eγr0 − r02eγr0 − γr0χ2eγr0 þ r02eγχ

�
;

BðχÞ ¼ 0;

CðχÞ ¼ −
4χ2eγr0 − 6r0χeγr0 þ 6r0χeγχ þ 2γχ3eγr0 − r02eγr0 − γr0χ2eγr0 þ r02eγχ

4κ2χ4ðeγχ − eγr0Þ ;

VðχÞ ¼ −r0eγr0 þ 2reγr0 þ r0eγχ − γχ2eγr0

2κ2χ3eγχ
; ð10Þ

the wormhole spacetime given by (6) with (8) and (5) is an exact solution of the model.
We should note both AðrÞ and CðrÞ become negative in some region of r, as shown in Fig. 1(a); for example, when

r → r0, we obtain

AðrÞ → e
r0
r

4κ2r02
ð4 − 3γr0Þ; CðrÞ → −

4þ γr0
4κ2γr02ðr − r0Þ

: ð11Þ

Therefore, CðrÞ is negative, and AðrÞ becomes negative if 4 − 3γr0 < 0.
When AðrÞ or CðrÞ is negative, the scalar field ϕ or χ becomes a ghost, which generates the breakdown of the energy

conditions in general. Using Eq. (10), we obtain the form of the energy density ρ and the radial and tangential components
of the pressure, pr and pt as follows,

1

ρ ¼ −eγr0 þ eγr0γrþ e−γðr−2r0Þ − e−γðr−2r0Þrγ
r2ðeγr − eγr0Þ ;

pr ¼ −
reγr0 þ r0eγr − 2r0eγr0 − e−γðr−2r0Þrþ e−γðr−2r0Þr0

r3ðeγr − eγr0Þ ;

pt ¼
ðr02 þ ðγr2 þ 2rÞr0 − 2γr3Þe−γðr−2r0Þ þ ð2γr3 − 2r02 − ðγr2 þ 4rÞr0Þeγr0 þ r0ð2rþ r0Þeγr

4r4ðeγr − eγr0Þ : ð12Þ

Then we find the energy conditions are broken when r≳ r0 as shown in Figs. 1(b) and 1(c).

1We may express Eq. (2) as Gμν ¼ κ2Tsc
μν by using the Einstein tensor Gμν ≔ Rμν − gμνR=2 and the energy-momentum tensor of the

scalar field Tsc
μν. By writing the energy-momentum tensor as Tscν

μ ¼ diagð−ρ; pr; pt; ptÞ, we can extend the energy conditions to
Einstein’s gravity with scalar two fields as follows:
(1) ρþ pr > 0, ρþ pt > 0, and ρ ≥ 0, which is the weak energy condition.
(2) ρþ pt ≥ 0, and ρþ pr ≥ 0, which is the null energy condition.
(3) ρþ pr ≥ 0, ρþ pt ≥ 0, and ρþ pr þ 2pt ≥ 0, which is the strong energy condition.
(4) ρ − pr ≥ 0, ρ − pt ≥ 0, and ρ ≥ 0, which is the dominant energy conditions.
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III. ELIMINATING GHOSTS

We consider the conditions that AðrÞ becomes non-

negative. We define a function NðrÞ by AðrÞ ¼ e
r0
r NðrÞ

4κ2r4eγr;
that is

NðrÞ≡ −2r0reγr0 þ 4r2eγr0 þ 2r0reγr − 2γr3eγr0 − r02eγr0

− γr0r2eγr0 þ r02eγr: ð13Þ

Then we find

N0000ðrÞ ¼ 8γ3r0eγr þ 2γ4r0reγr þ γ4r02eγr > 0; ð14Þ

and

Nðr0Þ ¼ ð4− 3γr0Þr02eγr0 ; N0ðr0Þ ¼ ð8− 5γr0Þr0eγr0 ;
N00ðr0Þ ¼ ð8− 10γr0þ 3γ2r02Þeγr0 ;
N000ðr0Þ ¼ γð−12þ 6γr0þ 3γ2r02Þeγr0 : ð15Þ

The conditions Nðr0Þ ≥ 0, N0ðr0Þ ≥ 0, N00ðr0Þ ≥ 0, and
N000ðr0Þ ≥ 0 give γr0 ≤ 4

3
≈ 1.33, γr0 ≤ 8

5
¼ 1.6, γr0 ≤ 4

3
or

γr0 ≥ 2, and γr0 ≤ −1 −
ffiffiffi
5

p
or γr0 ≥ −1þ ffiffiffi

5
p

≈ 1.236,
respectively. Therefore, if

4

3
≥ γr0 ≥ −1þ

ffiffiffi
5

p
; ð16Þ

NðrÞ and therefore AðrÞ are not negative, which tells us that
ϕ is not ghost but canonical scalar field. For the WH to be
traversable, r0 should be large enough. Such r0 can be

FIG. 1. (a) The general behaviors of the two functions A and C as r → r0; (b) The behavior of the density, radial, and tangential
pressure; (c) Representation of some components of the energy conditions.
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realized by choosing γ small enough to satisfy the con-
dition (16).
On the other hand, χ is a ghost in general. In order to

avoid the ghost, we propose a model where the scalar field
χ becomes nondynamical by imposing the mimetic con-
straint on χ as follows2:

�
1 −

bðχÞ
χ

�
gμν∂μχ∂νχ ¼ 1; ð17Þ

whose solution is consistently χ ¼ r. The constraint can
be realized by introducing a multiplier field λ and adding
the following term Smim to the action (1), SGRϕχ →
SGRϕχ þ Smim,

Smim ≡
Z

d4x
ffiffiffiffiffiffi
−g

p
λ

	�
1 −

bðχÞ
χ

�
∂ρχ∂

ρχ − 1



: ð18Þ

By the term (18), Eq. (2) is modified as

1

κ2

�
Rμν −

1

2
gμνR

�
¼ gμν

�
−
1

2
Aðϕ; χÞ∂ρϕ∂ρϕ − Bðϕ; χÞ∂ρϕ∂ρχ −

1

2
Cðϕ; χÞ∂ρχ∂ρχ − Vðϕ; χÞ

�

þ Aðϕ; χÞ∂μϕ∂νϕþ Bðϕ; χÞð∂μϕ∂νχ þ ∂νϕ∂μχÞ þ Cðϕ; χÞ∂μχ∂νχ

þ 1

2
gμνλ

	�
1 −

bðχÞ
χ

�
∂ρχ∂

ρχ − 1



− λ

�
1 −

bðχÞ
χ

�
∂μχ∂νχ; ð19Þ

but we can always consider the solution with λ ¼ 0, and therefore, the spacetime with the wormhole (6) becomes an exact
solution even if we add the term in (18).
We may consider more general models where λ does not vanish. Applying the field equations (19) to the line element (6),

we obtain

b0ðrÞ
r2

¼ ððrðr − bðrÞÞCðrÞ þ 2VðrÞr2 þ bðrÞλðrÞð2r − bðrÞÞÞe2ΦðrÞ þ AðrÞr2Þκ2
2e2ΦðrÞr2

;

BðrÞ ¼ 0;

2rðr − bðrÞÞΦ0ðrÞ − bðrÞ
r3

¼ ððrðr − bðrÞÞCðrÞ − 2VðrÞr2 − λðrÞð2r2 − 2rbðrÞ þ b2ÞÞe2ΦðrÞ þ AðrÞr2Þκ2
2e2ΦðrÞr

;

1

r3

	
2r2ðr − bðrÞÞΦ00ðrÞ þ 2

�
rðr − bðrÞÞΦ0ðrÞ − b0ðrÞr

2
þ bðrÞ

2

�
ð1þΦ0ðrÞrÞ




¼ ððrðbðrÞ − rÞCðrÞ − 2VðrÞr2 þ bðrÞλðrÞð2r − bðrÞÞÞe2ΦðrÞ þ AðrÞr2Þκ2
e2ΦðrÞr

: ð20Þ

The solution of the above system takes the form:

AðrÞ ¼ −
e
r0
r

4eγrκ2r4
ð2eγr0γr3 þ 2r0eγr0r − 4r2eγr0 − 2r0reγr þ r0eγr0γr2 þ r02eγr0 − r02eγrÞ;

BðrÞ ¼ 0;

CðrÞ ¼ ðeγr − eγr0ÞλðrÞ
eγr

−
2eγr0γr3 − 6r0eγr0rþ 4r2eγr0 þ 6r0reγr − r0eγr0γr2 − r02eγr0 þ r02eγr

4κ2r4ðeγr − eγr0Þ ;

VðrÞ ¼ −
λðrÞ
2

−
r0eγr0 − 2eγr0r − r0eγr þ eγr0r2γ

2eγrκ2r3
; ð21Þ

where λ can take any value. Of course, the solution (21) gives the energy density and pressure components with those given
by Eq. (12) because the geometry is not changed. By putting r ¼ χ in (21), we obtain a class of models where the wormhole

2An alternative conceptualization to the concept of cold dark matter emerges through the mimetic modification of GR, as originally
introduced by Chamseddine and Mukhanov [91]. Subsequent investigations into this theoretical framework have been conducted in a
series of works [92–104]. In their paper [91], Chamseddine and Mukhanov isolated the conformal degree of freedom of Einstein-Hilbert
gravity in a covariant way, and in the resulting theory, the physical metric is defined with the account of an auxiliary scalar field, which
appears through its first derivatives. In this sense, the addition of the term (18) to the action (1) may be regarded with a modification of
Einstein’s gravity.
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spacetime given by (6) with (8) and (5) is an exact solution of the models. Because λðχÞ ¼ λðr ¼ χÞ is an arbitrary function,
we may choose λðrÞ so that CðχÞ ¼ 0; that is

λðrÞ ¼ 2eγr0γr3 − 6r0eγr0rþ 4r2eγr0 þ 6r0reγr − r0eγr0γr2 − r02eγr0 þ r02eγr

4κ2r4ðeγr − eγr0Þ2e−γr ; ð22Þ

or so that VðχÞ ¼ 0,

λðrÞ ¼ r0eγr0 − 2eγr0r − r0eγr þ eγr0r2γ
eγrκ2r3

: ð23Þ

We should note that the ghost can be eliminated regardless
of the choice (22) or (23) as confirmed in the next section,
and therefore, the wormhole geometry in the model could
be stable.

IV. ABSENCE OF GHOST

In order to investigate the (in)stability of the wormhole
geometry, we focus on the model where λ ¼ 0 is a solution.
We now consider the perturbation around the solution (6)
with (8) and (5) as follows:

gμν → gμν þ hμν; ϕ → ϕþ τ; χ → χ þ ξ;

λ → λþ ζ: ð24Þ

Then Eq. (19) in the background where A ¼ AðχÞ, B ¼ 0,
C ¼ CðχÞ, V ¼ VðχÞ, and λ ¼ 0 gives

1

κ2

�
1

2
f∇μ∇ρhνρ þ∇ν∇ρhμρ −∇2hμν −∇μ∇νðgρσhρσÞ − 2Rσ

ν
ρ
μhσρ þ Rρ

μhρν þ Rρ
νhρμg

−
1

2
hμνR −

1

2
gμνf−hρσRρσ þ∇ρ∇σhρσ −∇2ðgρσhρσÞg

�

¼ hμν

�
−
1

2
AðχÞ∂ρϕ∂ρϕ −

1

2
CðχÞ∂ρχ∂ρχ − VðχÞ

�
− gμν

�
−
1

2
AðχÞ∂ρϕ∂σϕ −

1

2
CðχÞ∂ρχ∂σχ

�
hρσ

− gμνAðχÞ∂ρϕ∂ρτ þ AðχÞð∂μτ∂νϕþ ∂μϕ∂ντÞ − gμνCðχÞ∂ρχ∂ρξþ CðχÞð∂μξ∂νχ þ ∂μχ∂νξÞ

þ
�
gμν

	
−
1

2
A0ðχÞ∂ρϕ∂ρϕ −

1

2
C0ðχÞ∂ρχ∂ρχ − V 0ðχÞ



þ A0ðχÞ∂μϕ∂νϕþ C0ðχÞ∂μχ∂νχ

�
ξ − ζ

�
1 −

bðχÞ
χ

�
∂μχ∂νχ: ð25Þ

Here, we also used the constraint (17). Under the pertur-
bation (24), the constraint (17) has the following form:

0 ¼
�
1 −

bðχÞ
χ

�
gμν∂μχ∂νξ: ð26Þ

By using the background solution (6) with (8) and (5), the
constraint (26) gives

0 ¼ ∂rξ; ð27Þ

whose solution is ξ ¼ ξðt; θ;ϕÞ, and ξ does not depend on
r. Therefore, if we put the boundary condition that ξ → 0

when r → ∞, we find ξ identically vanishes,

ξ ¼ 0: ð28Þ

This is because χ is not dynamical due to the mimetic
constraint (17). We now choose a condition to fix the gauge
as follows:

0 ¼ ∇μhμν: ð29Þ

Then Eq. (25) with (28) has the following form:

1

κ2

�
1

2

�
−∇2hμν −∇μ∇νðgρσhρσÞ − 2Rσ

ν
ρ
μhσρ þ Rρ

μhρν þ Rρ
νhρμ

�
−
1

2
hμνR −

1

2
gμν

�
−hρσRρσ −∇2ðgρσhρσÞ

��

¼ hμν

�
−
1

2
AðχÞ∂ρϕ∂ρϕ −

1

2
CðχÞ∂ρχ∂ρχ − VðχÞ

�
− gμν

�
−
1

2
AðχÞ∂ρϕ∂σϕ −

1

2
CðχÞ∂ρχ∂σχ

�
hρσ

− gμνAðχÞ∂ρϕ∂ρτ þ AðχÞð∂μτ∂νϕþ ∂μϕ∂ντÞ − ζ

�
1 −

bðχÞ
χ

�
∂μχ∂νχ: ð30Þ
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By multiplying Eq. (30) with gμν and using the mimetic
constraint (17), we obtain

ζ ¼ −
1

κ2

�
∇2ðgμνhμνÞ −

1

2
ðgμνhμνÞRþ 2hμνRμν

�

þ ðgμνhμνÞ
�
−
1

2
AðχÞ∂ρϕ∂ρϕ −

1

2
CðχÞ∂ρχ∂ρχ − VðχÞ

�

− 4

�
−
1

2
AðχÞ∂ρϕ∂σϕ −

1

2
CðχÞ∂ρχ∂σχ

�
hρσ

− 2AðχÞ∂ρϕ∂ρτ: ð31Þ
This tells that ζ is not an independently propagating mode.
We may consider the perturbation of (3)

0 ¼ AðχÞ∇2τ − AðχÞhμν∇μ∇νϕ −
1

2
AðχÞ∇ρðgμνhμνÞ∂ρϕ

þ Aχ∂μτ∂
μχ: ð32Þ

Therefore, τ behaves as a massless mode. And as long
as the condition (16) is satisfied, which tells us that A is
positive, the scalar mode τ is not a ghost but a canonical
scalar.
The remaining mode could be only massless spin-two

mode corresponding to the standard graviton. Therefore,
there is no mode generating ghost instability. This result is
valid whether λ ¼ 0 or λ ≠ 0 because the constraint (17)
or (26) is always obtained regardless of the background
value of λ.
In order to investigate the causality, we often use the

speed of sound in a fluid. The radial and tangential speeds
of sound could be defined by

v2r ¼
dpr

dρ
¼ p0

r

ρ0
; v2t ¼

dpt

dρ
¼ p0

t

ρ0
: ð33Þ

As we have seen, however, nothing corresponds to the
sound wave. The existing waves are gravitational waves
and massless scalar waves, whose propagating speeds are
different from the above sound speeds. Therefore, the
arguments of the sound speed are not applicable here. In
other words, the dynamics of the fields cannot be approxi-
mated by the dynamics of the fluid, in general. Even if we

can approximate the field(s) by any fluid, the EoS would
not be so simple. In the simple case, the pressure p only
depends on the energy density ρ, but in general, p depends
on other parameters, and therefore, the expressions in (33)
are not approved for the general cases. Even in our model,
because pr ≠ pt, the pressure depends on the direction, and
therefore, the field cannot be expressed by the perfect fluid,
which has no direction dependence.

V. SUMMARY AND DISCUSSIONS

Studying stable wormholes in the context of Einstein’s
theory of GR with two scalar fields is a complex and
challenging endeavor. Such research would likely involve a
deep dive into theoretical physics, differential geometry,
and advanced mathematical techniques.
Stable wormholes have been a popular subject in science

fiction, often depicted as portals to other parts of the
Universe or alternate dimensions. While these portrayals
are speculative, the idea of traversable wormholes has
captured the imagination of both scientists and the general
public. Investigating the theoretical possibility of stable
wormholes can be seen as a step toward understanding the
Universe’s potential intricacies.
In this study, we constructed the model where the standard

and traversable wormhole geometries are included in the
exact solutions. We have used the formulation in [87], where
it has been shown how the model reproducing general
spherically symmetric and even time-dependent solutions
can be constructed. The model based on the original
formulation in [87], however, includes ghosts.
In order to eliminate the ghosts, we have imposed the

mimetic constraint on the scalar field so that the ghost fields
become nondynamical. As a result, although the energy
conditions are broken, we have obtained models without
the instability due to the ghosts. This could tell us that there
are stable models even if the energy conditions are broken.
In this study, we succeeded in constructing realistic a

stable wormhole using Einstein GR with two scaler fields.
Can this procedure be applied in the frame of fðRÞ
gravitational theory with two scalar fields or in the frame
of Gauss-Bonnet theory with two scalar fields? All these
questions may be answered elsewhere.
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