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Waveform models are essential for gravitational-wave (GW) detection and parameter estimation of
coalescing compact-object binaries. More accurate models are required for the increasing sensitivity of
current and future GW detectors. The effective-one-body (EOB) formalism combines the post-Newtonian
(PN) and small mass-ratio approximations with numerical-relativity results, and produces highly accurate
inspiral-merger-ringdown waveforms. In this paper, we derive the analytical precessing-spin two-body
dynamics for the SEOBNRv5 waveform model, which has been developed for the upcoming LIGO-Virgo-
KAGRA observing run. We obtain an EOB Hamiltonian that reduces to the exact Kerr Hamiltonian in the
test-mass limit. It includes the full 4PN precessing-spin information, and is valid for generic compact
objects (i.e., for black holes or neutron stars). We also build an efficient and accurate EOB Hamiltonian that
includes partial precessional effects, notably orbit-averaged in-plane spin effects for circular orbits, and
derive 4PN-expanded precessing-spin equations of motion, consistent with such an EOB Hamiltonian. The
results were used to build the computationally efficient precessing-spin multipolar SEOBNRv5PHM

waveform model.
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I. INTRODUCTION

Since 2015, gravitational-wave (GW) observations [1-3]
by the LIGO and Virgo detectors [4,5] have significantly
improved our understanding of binary black holes (BHs)
and neutron stars (NSs), and their astrophysical formation
channels [6-8]. Making these detections and inferring the
properties of GW sources require accurate waveform
models, and the accuracy requirements for these models
will increase significantly [9] with upgrades to current GW
detectors [10], and with future detectors in space and on the
ground, such as LISA [11], the Einstein Telescope [12], and
Cosmic Explorer [13,14].

Numerical relativity (NR) simulations [15—17] provide
very accurate waveforms, but they are computationally
expensive, which makes it important to develop waveform
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models that combine analytical approximation methods
with NR results to produce longer waveforms and to cover
the entire parameter space of binary systems. The most
commonly used approaches for GW sources of ground-
based detectors are post-Newtonian (PN), NR surrogate,
phenomenological, and effective-one-body (EOB) wave-
form models.

The PN approximation is a small-velocity and weak-field
expansion (see, e.g., Refs. [18-24] for reviews), and PN-
based Taylor-expanded waveform models [25—-45] produce
fast-to-evaluate waveforms, but are only accurate for the
early inspiral. NR surrogate models [46—54] interpolate NR
waveforms, which is possible with the recent increase in the
number of NR catalogs [55-63]; hence, they are very
accurate, but they are limited to regions of the parameter
space for which NR simulations exist. Phenomenological
models [64—-81] combine PN and EOB waveforms for the
inspiral with fits to NR results for the late inspiral and
merger-ringdown parts of the waveform.

The EOB formalism [82—86] combines information from
several analytical approximation methods with NR results.
It maps the dynamics of a compact binary to that of a test
mass or test spin in a deformed Schwarzschild or Kerr
background, with the deformation parameter being the
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symmetric mass ratio, implying that it contains the exact
strong-field test-body limit. EOB waveform models
have been constructed for nonspinning [84,87-94], spin-
ning [85,86,95-115], and eccentric binaries [116-121]. In
addition, tidal effects [122-126] and information from
the post-Minkowskian [127-132] and small mass-ratio
approximations [133-139] have been incorporated in
EOB models. To reduce the computational cost of EOB
waveforms, surrogate or reduced-order frequency-domain
models have been developed in Refs. [140-149].

EOB waveform models consist of three main compo-
nents: (i) the Hamiltonian, which describes the conservative
binary dynamics, and from which one obtains the equations
of motion (EOMs); (ii) the inspiral-merger-ringdown wave-
form, which resums PN information for the inspiral and
includes functional fits to NR results for the plunge and
merger-ringdown parts; and (iii) the radiation reaction (RR)
force, which is computed from the inspiral waveform
modes and is added to the EOMs to account for the energy
and angular momentum losses due to the emitted GWs.

Two main families of EOB waveform models exist:
SEOBNR (e.g., see Refs. [107,108,111]) and TEOBResumS
(e.g., see Refs. [113,115,150]). In this paper, we derive the
analytical precessing-spin two-body dynamics of the
SEOBNRvS waveform model,' which has been developed
for the upcoming LIGO-Virgo-KAGRA observing run (04)
[151]. This waveform model has been built in Python
language and is publicly available. Details of the model are
provided in Ref. [152] for the software (pySEOBNR), in
Ref. [153] for the aligned-spin model (SEOBNRv5HM), in
Ref. [154] for the precessing-spin model (SEOBNRvSPHM),
and in Ref. [155] for the inclusion of second-order gravita-
tional self-force results in the nonspinning dissipative sector of
the SEOBNRvS dynamics.

This paper is organized as follows. In Sec. II, we derive
a Hamiltonian, H5qp, that includes the full 4PN precessing-
spin information, and reduces in the test-mass limit to
the exact Hamiltonian of a nonspinning point particle in
Kerr background. The Hamiltonian is valid for generic
orbits (inclined, circular, or eccentric), and for generic
compact objects (BHs or NSs), since we include the spin-
multipole constants, which account for the tidal deform-
ability of the compact object due to its spin. As realized in
Refs. [109-111,156,157], solving the EOMs when using
the full precessing-spin EOB Hamiltonian can be computa-
tionally expensive. Therefore, to develop a more efficient
model, we first build a simpler EOB Hamiltonian that
includes partial precessional effects, Hhgy . Notably, we
incorporate in such Hamiltonian in-plane spin effects only
for circular orbits, and average them over an orbit, while
neglecting fourth order spin terms.

'SEOBNRvS is publicly available through the Python package
PySEOBNR git.ligo.org/waveforms/software/pyseobnr. Stable ver-
sions of pySEOBNR are published through the Python Package Index
(PyPI), and can be installed via pip install pyseobnr.

Then, building on previous studies [79,114,115,158],
which employed an aligned-spin orbital dynamics in the
coprecessing frame [31,159-161] and PN-expanded pre-
cessing-spin equations, we derive in Sec. Il PN-expanded,
orbit-averaged, precessing-spin equations for quasicircular
orbits, and couple them consistently with Hpgy', which is
not restricted to aligned spins. We include in the PN-
expanded EOMs, the spin-orbit (SO) and spin-spin (SS)
couplings to next-to-next-to-leading order (NNLO), which
generalizes some results in the literature [39,114,158,162]
to higher PN orders for the SS coupling. Furthermore, even
for the SO contributions, our results for the EOMs employ a
different gauge and spin-supplementary condition (SSC), to
be consistent with the Hamiltonian, which leads to some
differences compared with previous results in the literature.

We summarize our results in Sec. IV, and include a few
Appendixes with more details about some aspects of the
calculations. We provide our results as Mathematica
files in the Supplemental Material [163].

A. Notation

We use geometric units in which ¢ = G = 1.

We consider a binary with masses m; and m,, with
m; > m,, and define the total mass M, reduced mass g,
symmetric mass ratio v, antisymmetric mass ratio 6, and
relative masses X; as follows:

M =m; + m,, U= , V=

el
M 9
my; —mp
El ’ 1

— (1)
where 1 = 1, 2.

We denote the spin vector of each body by S;, and define
the dimensionless spins y; as

)

1
o<
1

ZiE;E—z, (2)

along with the intermediate definition for a;. The spin
magnitudes y; vary between —1 and 1, with positive spins
being in the direction of the orbital angular momentum. We
define the following combinations of a;:

a.=a, +a,. (3)

The spin quadrupole, octupole, and hexadecapole con-
stants are denoted as Cigg2, Cipg3, and Cigg4, respectively.
These constants equal 1 for BHs, but are greater than 1 for
NSs. We define

CiESZ = CiE52 - 1,
CiBS3 = Ciggs — 1,
éiES“ = Cigst — 1, (4)

such that expressions for BHs can be easily recovered by
setting C_ — 0. To simplify some expressions, we define
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the following combinations of spins and multipole
constants:

@’ — 2 s 2
CL = Cipsa) £ Copsr a3,

@ _ 7 24¢ 2
1= Crgse(n - ay)” &+ Copge(n - a3)”,
C4 = Cipga; + Copg a3

+ = Cips3d 2BS* 42>

C’f = CIES“I? + CzEsW‘zt’ (5)

which are zero for BHs (see below the definition of n).
In the binary’s center of mass, we denote the relative
position and momentum vectors, r and p, with

2
pzzp%+%7 pPr=n-p, L=rxp, (6)
where n =r/r, L is the orbital angular momentum with
magnitude L, and J =L+ S; + 5, is the total angular
momentum. For precessing spins, we use the spherical-
coordinates phase-space variables {r,6,¢,p,.pg.py},
where 6 is the polar angle, ¢ is the azimuthal angle, and
Py and py are their conjugate momenta. For equatorial
orbits (aligned spins), the angular momentum reduces

For precessing spins, we use two orthonormal frames:
{l,n,A} and {ly, n, Ax}. In both frames, n is the unit vector
in the direction of . The vector [ is the direction of L, while
Iy is the direction of Ly = ur x v, where v=7F is the
velocity with * = d/d¢ being the time derivative. The other
unit vectors are defined by A =1 x n and Ay = Iy X n.

The orbital angular frequency is denoted €, and we
define the velocity parameter v = (MQ)'/3. We also often
use u = M/r instead of r.

II. HAMILTONIAN

In the EOB formalism, the Hamiltonian Hggg, describ-
ing the conservative binary dynamics, is related to an
effective Hamiltonian H,g, describing the dynamics of a
test body in a deformed BH background, with v being the
deformation, via the energy map [82]

H
Heop :M\/1+2y(—eff—1>. (7)
]

For nonspinning binaries, in the v — 0 limit, H.y
reduces to the Hamiltonian of a (nonspinning) test mass
in a Schwarzschild background. The nonspinning EOB
Hamiltonian was first derived in Refs. [82,83] with 2PN
information, and then extended to 3PN [84] and 4PN [93],
with partial information at 5PN [164-166] and 6PN
[167,168].

For spinning binaries, one can follow two strategies:
either map the spinning binary dynamics into that of a test

mass or a test spin in a deformed Kerr background. Indeed,
the first spinning EOB Hamiltonian [85] was constructed
based on the Hamiltonian for the geodesic motion of a test
mass in Kerr spacetime, while including leading-order (LO)
SO and SS effects. This was later extended to the next-to-
leading order (NLO) [96] and NNLO [101] SO levels, in
addition to the NLO SS level for aligned [102,169,170] and
precessing spins [103], then to NNLO SS for aligned spins
and circular orbits [112], which was used to build the
(publicly available) TEOBResumS waveform model
[114,115]. The complete 4PN conservative dynamics for
precessing spins and generic orbits was incorporated in
EOB Hamiltonians in Ref. [104], and the 4.5PN SO
dynamics in Refs. [171,172].

The second strategy, which maps the spinning binary
dynamics into that of a test spin, was first developed in
Ref. [173] (to pole-dipole order) with NLO SO and LO SS
corrections [99], and then extended to NNLO SO in
Ref. [100]. Such a Hamiltonian is applicable for generic
(precessing) spins, and reproduces (resums) spin-orbit
couplings at all PN orders in the test-body limit, which
makes it more complicated than Hamiltonians based on the
dynamics of a test mass. The test-spin dynamics was
augmented to quadrupolar order in Ref. [174], and the
EOB Hamiltonian was extended to 4PN order in Ref. [104].

The first SEOBNR waveform model developed for aligned-
spin BHs [97] used an effective Hamiltonian for a test mass
in a deformed Kerr spacetime. Subsequently, the SEOBNRv1
[105], SEOBNRv2 [106], SEOBNRv3 [109,110], and
SEOBNRv4 [107,108,111] models, publicly available in the
LIGO Algorithm Library [175], employed an effective
Hamiltonian for a test spin in a deformed Kerr background.
Here, to build the SEOBNRvS5 model [153,154], we take the
effective Hamiltonian to be a deformation of the test-mass Kerr
Hamiltonian. The masses of the background BH and test mass
are identified to be M =m; +m, and p = mym,/M,
respectively, while the Kerr spin @ is mapped to be

a=a, +ta,=a,. (8)

An advantage of this map, besides its simplicity, is that the Kerr
Hamiltonian reproduces all even-in-spin leading PN orders for
binary BHs [176].

To include PN information in the EOB Hamiltonian, we
write an ansatz for the coefficients of H. and solve for the
unknowns such that Hgop is related to a PN-expanded
Hamiltonian Hpy in another gauge by a canonical trans-
formation. To obtain that transformation, we write an ansatz
for a generating function G, perform the transformation
using Poisson brackets, such that

1
Hgop :HPN+{g,HpN}+2—!{g, {Q,HPN}}+..., (9)

where each bracket introduces a factor of 1/¢?, and finally
match the right- and left-hand sides of the above equation to
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TABLE L.
EOB Hamiltonian is obtained via the energy map in Eq. (7).

Summary of the Hamiltonians and their relations to each other. For each of the effective Hamiltonians, the corresponding

Symbol Equation

Description

align

HKerr (13)  Kerr Hamiltonian for a (nonspinning) test mass in a generic orbit

HXered (16)  Kerr Hamiltonian for a (nonspinning) test mass in an equatorial orbit

HSchw (18) Schwarzschild Hamiltonian for a test mass

HS (19)  Effective Hamiltonian for nonspinning binaries; it reduces to H5™ when v — 0

Hz'fifg“ (26)  Effective Hamiltonian for aligned-spin binaries; it reduces to H S?fs in the zero-spin limit and to H¥°™ ®d when v — 0
HYES (35)

eff

HEE™ (47)

Effective Hamiltonian for precessing-spin binaries with full precessional (prec) effects; it reduces to H_g
for aligned spins and to HX®™ when v — 0
Effective Hamiltonian for precessing-spin binaries with partial precessional (pprec) effects; it reduces to H g

align

for aligned spins and, when PN expanded, agrees with H* to O(S%) (included), with orbit-averaged
in-plane-spin effects for circular orbits (p, = 0)

solve for the unknown coefficients in H ¢ and the generating
function (see, e.g., Refs. [103,104] for more details).

We include in the Hamiltonian all 4PN information for
precessing spins, in addition to most of the SPN nonspinning
contributions [164-166]. Many studies have contributed
to deriving the 4PN conservative dynamics, for nonspin-
ning binaries [93,177-190], at the SO level [191-204], SS
[205-217], and at higher orders in the spins [176,218,219].
We start from the 4PN precessing-spin Hamiltonian in the
gauge of Ref. [219], then perform a canonical transformation
to EOB coordinates. Thus, our EOB Hamiltonian includes
the NNLO SO and SS information, as well as the LO cubic-
and quartic-in-spin contributions.

In the following subsections, we begin by reviewing
the Kerr Hamiltonian, and by building on it, we construct
the effective Hamiltonian, which we first present for non-
spinning binaries, then for aligned and precessing spins. We
end this section by describing the differences between our
EOB Hamiltonian and others in the literature. In Sec. IIT A,
we obtain a more computationally efficient precessing-spin
Hamiltonian, albeit with partial precession effects. More
specifically, when PN is expanded, such a simplified
Hamiltonian reduces to the (PN-expanded) precessing-spin
Hamiltonian at cubic-in-spin order, with orbit-averaged in-
plane-spin effects for circular orbits. For convenience, Table I
summarizes the Hamiltonians used in this paper.

A. Kerr Hamiltonian

In Boyer-Lindquist coordinates (7, r, 6, ¢), the (inverse)
Kerr metric ¢i,,. can be expressed by the line element (see,
e.g., Refs. [174,220])

ds? = gien0,0,
A A 1

“Tasd At

where M is the mass of the BH, a is its spin, and

¥ =12 + a%cos?l, A=r2-2Mr+ a?,
A= (r? + a?)? — a*Asin®0. (11)

The Kerr Hamiltonian for a nonspinning test mass HXe™
can be obtained by solving the mass-shell constraint
P PuPy = —p* for HX™, where y is the mass of the test
mass and p, = (—H**", p,, ps, ps).

Instead of using components to express the Kerr
Hamiltonian, we transform to a three-vector notation,
following Ref. [103], by treating the Boyer-Lindquist
coordinates as spherical coordinates, with r = r(sin @ cos ¢,
sin@sin ¢, cosP) and a = (0,0, a), in addition to writing
the momentum components in terms of the momentum
vector p using

pr=n-p, ptﬁ:LZ:(rXp)z’

2 2
@ —p2 _ p2 _ p¢ 12
2P TP g0 (12)

The Kerr Hamiltonian can then be written as [103,104]

oM
HKer = 2L a4 [AST (2 + BT(n - p)?

np

+ BXerp? + B (n x p - a)?)]'/2. (13)

The first term in Eq. (13) only contains odd-in-spin
contributions, while the square root is the even-in-spin
part, with

AKerr_AZ BKBH_LZ é_]
A " |2 '
2 r2
B =L ke — T (3 omy). (14)

and
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L=r+(n-a)? A=r=2Mr+ a2,
A= (r?+d*)?-Ad®>+ An-a)?, (15)

where we used acos =n-a, a’sin’6 = a’> — (n-a)?,

and a*p;/r* = (n xp-a)*.
For equatorial orbits, the Kerr Hamiltonian reduces to
2Mpga
HKerreq — p AKerr eq 2 2
r3+a2(r+2M)+[ (ﬂ tp
2 (12 1/2
ol B i) ae)
r
where
AKereq _ 1 =2M/r+ a*/r?
1+ (1+2M/r)a®/r*’
BEEH eq _ a72 _ 27M
b oo
1+2M
Bipi 4 = + 2 (17)

r2+a2(1 +2M/r)’

In the zero-spin limit, we obtain the Schwarzschild
Hamiltonian

M oM Py
HSY = \/<1 —r> {uz + <1 —r>p3 +r‘2’5} (18)

B. Effective Hamiltonian for nonspinning binaries

The effective Hamiltonian for nonspinning (noS) bina-
ries can be expressed as

2
_ P
HSS = \/ Apos [Mz + AuosDpos P2 + r—f + Qms} , (19)

where Q,s(r, p,) is at least quartic in p,. In the test-mass
limit, we have
J

=0 2M — =0
AnoS( )D_> l-—, l)noS(r)D—> L,

v=0
QnoS(rv pr) - 07

and the effective Hamiltonian reduces to Eq. (18). For the
potentials A,.s, D5, and Q,.s, we use the results of
Ref. [165] (see Table IV there), which are missing two
quadratic-in-v coefficients in A,,g and D, at SPN.

The 5PN Taylor-expanded potential A,.g is given by

4 4]
9 7Z'>u4

3 32
n 22757% 4237 n 128y, n 2561n2
D —_—
512 60 5 5

(M 221, 6
2 6 )" s

. _ 144y+7004 In 6
vag — v 5 105 ulu®,

(20)

AT — 1 — 2u + 2vi® +1/<

vin u] u

(1)

where u = M/r, yp ~ 0.5772 is the Euler gamma constant,
and we replaced the coefficient of u® in A, except for the
log part, by the parameter ag, which is calibrated to
quasicircular NR simulations. Note that we pull out a
factor of v from a compared with its definition in
Ref. [165]. Then, we perform a (1,5) Padé resummation

of A™ (1), while treating In u as a constant, i.e., we use

P3[A o3 (u)].

noS

AnoS (22)

The Padé resummation of A,,q was first introduced in
Ref. [84] at 3PN order to ensure the presence of an
innermost stable circular orbit in the EOB dynamics for
any mass ratio. It was then adopted in the initial non-
spinning and spinning EOBNR models (e.g., see
Refs. [87,91,97]), and in all TEOBResumS models (e.g.,
see Refs. [88,96,113,115,150]).
The 5PN potential D, g reads as

533 23761z%2 1184 6496In2 29161n3
Tay _ 000 YVE _
D, =1+ 6vu® + (52v — 60°)u? {v( 15 1536 + 15 15 + 5 >

12372 592 3392, 1420

+< 16ﬂ —26O>u2+?ylnu]u4+<— ISU - y)uslnu
204464 2840y 637072 . 1206481In2 196831n3 . 1069 20572 5
v - - - - %
175 7 512 35 7 3 16

67736 n 58320In3  3266561n2

6784y
ds -
+< 3 5 105 7

2 5
21 >”}”

(23)

where we set the remaining unknown coefficient dgz to zero, but it can be determined in the future from PN calculations, or
replaced by a calibration parameter to NR results for eccentric orbits. To improve agreement with NR, we perform a (2,3)

Padé resummation of D% (), i.c.,

Dyos = P%[DIEK(M)]

(24)
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The 5.5PN contributions to A,,s and D, are known [93,165]; however, since we Padé resum these potentials, we find it

more convenient to stop at SPN.

For Q,.s, We use the full 5.5PN expansion, which is also expanded in eccentricity to O(p?), and it reads as [165,168]

5308 n 496256In2 33048In3

Ohos _Pr{2(4 3v)vu® + ud {101/3—831/2+1/<—
u?

61572
— 4 _ 3
15 5 >] +u [(640 n >1/

15
2 (3 163327 1184y 150683  33693536In2 6396489In3 _9765625In 5)
512 5 105 105 70 126
<1295219 _ 93031 10856y, 40979464, | 14203593103 | 97656251n 5) (5428 ~ 592y> u]
350 1536 105 315 280 504 105 5
N 887037zyu9/2} L { [6 27 U(_g _ 2358912 o 1399437In3 390625 lnS)]
1890 ut 5 3 25 50 18
159089 4998308864In2 26171875In5 454091671n3
+ [_14”4 + 1162 +”2< 75 1575 18 350 )
2613083  68757455361n2 23132628In3 10168750015\ 272347 1zvu’/?
< 1050 4725 175 189 >] 756000 }
o {W< 35772 21668992In2  65918611n3 27734375 ln5> e {_ 6t L 2
46 175 45 350 126 7
, (870976 7031894977281n2  3320674030891n3 138412872011n7 468490234375 In 5)
525 33075 39200 4320 42336
5790381 16175693888In2 875090984375In5 13841287201In7 3937865454091n3
”< 2450 1575 169344 17280 B 156800 )]
599446171’1/1/!5/2} (25)
12700800

C. Effective Hamiltonian for aligned spins

For aligned spins, the effective Hamiltonian reduces to
the equatorial Kerr Hamiltonian (16) in the test-mass limit.
To include PN information for arbitrary mass ratios, we use
the following ansatz:

Mp¢ (ga+a+ + Ya_ ba_ ) + S()cahb + Gdhgn
P+ a(r+2M)

align
Heff -

=+ |:Adllg[1 (:“ 422 p¢ + (1 +Ballgn)pr

+ B T

1/2
Qahgn>:| , (26)

where the gyrogravitomagnetic factors’ ga, and g, include
the SO corrections, SOy, is a calibration term to NR

The SO part of EOB Hamiltonians is often expressed in
terms of S= Sl —+ S2 and S* = Slmz/ml —+ S2m1/m2, i.e.,
Hso o (9sS + gs,5.)py/ 7. The relation between the gyrogravi-
tomagnetic factors in this case and our definition in Eq. (26) is that

1 1
9o, =5(9s +95.).  9a =595~ 9s.)- (27)

dhg

results, and G ;= contains cubic-in-spin corrections. The

nonspinning and SS contributions are included in Adlign,
Bi’,l},g“, and Q2" while the quartic-in-spin corrections are
added in A¥2", The potential B, ;IaT I is kept the same as in
the Kerr Hamiltonian for equatorial orbits.

In some papers [96,101], the gyrogravitomagnetic fac-
tors in the SO part of the Hamiltonian were chosen to be in
a gauge such that they are functions of 1/r and p? only,
but other papers [99,100] made different choices. For
SEOBNRv5, we find better results when using a gauge
in which g, and g, depend on 1/r and L?/r?, but not on

p2Z, such that

7 T, 450 15 By 3
35PN _ L (PP 22 or_ 2
i =3+ [ ! ( 32 32> T (32 32)}
o (452 T5v 105
" 75y 105
256 ' 128 ' 256
15912 2670 59
L2 31 _ I
R ( 768 128 +256>

5 10922 177v 5
“\ 792 " 32 Tea)|

_|_

(28a)
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1 [y, (15 9 1y 3
35PN _ © L2 2012 _ 77 _ _
4+[“Q2 w>+”(n_bny

4 [os (132 450 _105
256 128 256

72,3 61302 350 59
+ ( 768 128 256)
L 10322 v " S

“\2 T
where the square brackets collect different PN orders, and
we defined L =L/(Mu). These PN expressions were
obtained by canonically transforming the 3.5PN results
of, e.g., Ref. [203].

The 45PN SO coupling was derived in
Refs. [171,172,221,222], and can be included in the
effective Hamiltonian. However, we found that using a
calibration term at 5.5PN had a small effect on the

dynamics, and thus only included the 3.5PN information
with a 4.5PN calibration term of the form

(28b)

4

SOcaip = vdso —3 Pyl (29)
For completeness, we write the 4.5PN part in terms of
L?/r? instead of pZ, which we obtained by canonically

transforming Eq. (5.6) of Ref. [172], leading to

g 45PN __ g3 SPN
122543

76,6( —
+’{ ! ( 4096
4,5 26491.°

u
20480
) 9549,3
2.4 _ _
L ( 5120

J[1823,° 1025/
2048 3072

n 175
2048 |-

For the cubic-in-spin term G ;

4 52512
2048

48012
10240

1777
7680

(=,
384

17850 1575
T 209% +4096)
4843v 1023
__20480_F4096>
28883y 209
5120 _'1024>
50215
iéZEE)”

(30b)

allgn

in Eq. (26), we obtain

. M 5
GUien # {_%+4a_a+ + C”

a

Za_C"

(31)

3 2
JrgCi (6a_ +3a+)],

where only the first two terms contribute for BHs. The
coefficients C;. are defined in Eq. (5).

As mentioned, we include SS and S* PN information in
the effective Hamiltonian (26) through the following ansatz

g™ = g™ [cf. Eq. (17)]:
L foys 54250 1785.2 17150 1575
u | — _ _ _
4096 2048 4096 4096 /r +A S + Adhgn + Adhgn
ali + no.
_. s (751870 376032 3717y 1023 AlEN = ;
i4us _ 1+ (1 +2M/r)a3 /r?
R ( 20480 | 10240 © 4096 4096) - ’
align I align
e < 209 150933  80189.2 130591/) By = =1+~ + AnosDnos + Bs:
u — —
1024 5120 7680 1024 ien align
OUEn = Qo5+ O™ (32)
5 [107903 B 2413112 48777 525331
2048 3072 384 18432 _
175 where the nonspinning contributions A, s, Dyos. and Qpos
- ] }, (30a) are given by Egs. (22), (24), and (25), respectively.
2048 For the SS contributions, we obtain
|
dien  MCT M?[94% 5 v o1 o o] M 1750 225
Assg = — r3 7 T-zéd_CL', +Cl% §+§ —5C_ — C+ +F Cl%L — 64 64
117 39 212 81y 9 51 207y 51 >
1) — () s+ —-—|Cce, 33
+ a‘“*(32 16> “‘( 16 64 64> 28 ( 28 28> *] (33a)
; M 45 21 3v 3 M? 1171y 861
align _ " = 2 (= _ = _ a’ 42 = -
Bnp,SS_r3 { <3 +16> 86a_a++a_<4 16>+(31/ 3)C+]+ r4 {a+< < 64)
13v 449 , (V* 1150 37 19 . v 3\ .
+6a_a+<]6 +—>+a_<ﬁ+ a1 —6—4> (6 ——)5C < 7 _Z)CJ’ (33b)

124036-7



MOHAMMED KHALIL et al.

PHYS. REV. D 108, 124036 (2023)

4

i M 25 165 45 5
align _ Pr Sy v S v -
ST 2,3 [“ <32 Jr32>+“‘+ 8 16
The quartic-in-spin contribution in A is given by

align M 3 at 3 a3 3 a3
As4g :?{—ZC+ 3 a, Cy —|—2a ce
9 , 5d% 9
— - T Ca Cll
* ( 8§78 —g ()
9 9 2
+§(c0f)2 —|——a_a+C“_}, (34)

which vanishes for BHs since the Kerr Hamiltonian with
the mapping (8) reproduces it [176].

D. Effective Hamiltonian for precessing spins

For precessing spins, we derive an effective Hamiltonian
that reduces to the Kerr Hamiltonian in Eq. (13), and
includes higher PN information through the following
ansatz:
|

’ P
wrr

-0

W27
2
ay
-+
4

o —roaf

|

- - 3 -
a%(4C2BS3 —3Cops26) — 3 (a)-ay)(Cigs2 (6 -3

Sna)ma)-

M
2

5
+ (n-a,) +5ﬁ<a+"’—)

W | W

—_—

+

oo

(n-a;)(n 'a2)(ClESZ(25 =7)

.a_{P

- - 3 -
a3(3C s — 4Cops) — 3 (@) -a,)(Cigs2 (6 - 3)

+

1w

o(n-a,)’
4,uzr

L*5(n-a.)?
4/127'3

M [sa*
+— 2 3

~

+

+

o0 | =—

+

W

(n-a_

— Cops2(26+ 7)) +

(n-ay)(n-ay)(Cigs2(26 —7) + Cops2 (26 + 7)) +

1502 750 15 35v 2
2= =_= — =54 CY . 33
)ra (-5 on) - (F-e)e] e
[
Mr

H(Etr‘?c = T {L ’ (ga+a+ + ga_éa—) + SOcalib + ngeC]

+ [AP¢(u? + By p? + By (n - p)?

+B§;g(n X p _a+)2 4 Qprec)]l/Z'
Similarly to the aligned-spin case, g,, and g, include the
SO corrections, SOy, is an NR calibration term, and G*5

(35)

contains S* corrections. The nonspinning and SS contri-
butions are included in AP, BN, By, and QP™¢, while
the S* corrections are added in AP™. The potential Bfsq is
the same as in the Kerr Hamiltonian.

The gyrogravitomagnetic factors g, and g, are given
by Eq. (28), the same as in the aligned-spin case, since they
are independent of spin. The calibration term is also similar,
except for adding a dot product

4

M
SOcarip = vdso —3L a,. (36)

For the cubic-in-spin term G"5° o o we obtain

|

1 - -
J(n-a,)+ ga%(?’éClESZ +4Cpg?)

5 ) 3
L_l(n ‘a,) —5§(n ca_)(n-a,)

)= Ca(0-43) + (-0 (-5

: (n ’a2)2(62E32(65 -9) - 2062353)} }

oo |

2
0

1 -
3 a )’ + ga% (4Cpss

( - 3CIESZ )

SCIBS3

- 3.
 Cars (6 3) + (n- a1 ( =5 Cres (6-6) =

oo )

)

SCZBS3
2

3.

~3 Cops2 (6 +6) (37)

We include SS and S* PN information in the effective Hamiltonian (35) through the following ansatz for the potentials

[cf. Eq. (14)]:

[0 /7 + Auos + ATSS + AT

1+ (n.a ) /}" +Am plane+A1n plane]

Aprec — ,
l+a2/rP+2Md% /P + (n-a.)?/r* =2M(n-a,)*/r + d%(n-a.)?*/r
BPrec 1
P 2/.2 in plane ’
l+(n-a.)’/r + B,
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TABLE 1I.

Summary of the main differences of the SEOBNRvS5 Hamiltonian derived here, which builds on the results of

Refs. [103,104], compared with that of SEOBNRv4 and TEOBResumsS.

SEOBNRv4 [99,100,107,111] TEOBResumsS [102,112,113]

SEOBNRV5

Nonspinning part

Apos Tesummation

D, s resummation

Hamiltonian in the v — 0 limit

Spin-orbit part
Higher-order spin information

Precessing-spin Hamiltonian
Spin-multipole constants included

4PN in A, 3PN in D,g

4PN with partial 5PN 4PN with partial SPN in A,g, 3PN

in A, and D,s, 5.5PN and Qs in D,,g and Q,s
in Ohos
(1,5) Padé Horizon factorization and log (1,5) Padé
resummation
(2,3) Padé Log Taylor expanded (Dyos = 1/Dj0s

is inverse-Taylor resummed)
The A potential reduces to Kerr,
but not the full Hamiltonian

Reduces to Kerr Hamiltonian

for a test spin, to linear order
in spin, in a generic orbit

3.5PN, added in the spin map

Reduces to Kerr
Hamiltonian for a test
mass in a generic orbit

3.5PN, in (r, L?) gauge,
Taylor expanded

3.5PN, in (r, p%) gauge,
inverse-Taylor resummed

NNLO SS (4PN), LO S3 LO SS (2PN) NNLO SS (4PN) for circular orbits
(3.5PN), LO S* (4PN)
Yes Yes No
Yes No Yes (in the SS contributions

for circular orbits)

P rec in plane
pBPree _ -1+ a2+/r2 + AnosDros + Bl:lp,SS + Bnpf,)SS
" 1+ (n-a,)*/r? '

Qprec — QnoS + QISH;?C + Qisnsplane’ (38)
where the nonspinning contributions A, g, D,os, and Q, s are given by Egs. (22), (24), and (25), respectively, while ALSS,
B, and QF are the same as in Eq. (33) except for replacing a, a_ by a.. - a_. The other terms Ags" ", B} &', B K&,

e and Ag plane nly contain in-plane spin components, which vanish in the aligned-spin case.
The spin-spin contributions read as
e MCY M?[94% 5 (v 1 e | M|, 1750 225
A =Tt {7‘1 S Uy B Il e STy
117 39y 212 8lv 9 51 2 207v 51 2
sa_-a,(—o—r) a2 (2 ) _ 2 see 2 e, 39
Toa “*(32 16>+a <16 64 64) 28 +(28 28) *} (39a)
ol 3mMcre M2 [33 v 3 2 /Ty 15 2
AT = r3+ T gé(n-a_)(n-mr)—i- ~57% (n-a_| + T (n-a,
1 M 412 5510 219 2
+36C™ + (3v + 6)C1"2} + = [5(171/ +8)(n-a_)(n-a,)+ (_T +55 - a) (n -a_)
1771y 112 293 2 8lv 1245 (3555 13,2 5150 2
e e [CX 5( 2+ cne - e, 39
+< % 8 64>(" “*) * (16+224> +<224 6 56) +] (39)
in plane M 3 31/ 3 2 71/ 15 2 )
B)ss :F{—Zé(n-a_)(n-mr)—k 216 (n-a_) + ZJFR (n-a.) +Q@Bv-3)Ct
+%2 5 @+£ P 5450 1912 g (n-a 2+ 8050 112 E (n-a 2
rt 4 8 - 32 8 64 B 9% 8 64 -
8lv 189 1302 203v 51 2
D) ety F o R -5, 39
+<16 32> +< 6 78 32)*] (39¢)
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M 45 21 3v 3 ) M? 1171y 861
g _=L ) 2 (V2 | M o _ ool
npss = 3 [ (3 +16) 8&1_ a+—|—a_(4 16>+(3v 3)C+}+r4 [a+( o 64)

13v 449 2 1150 37 19 2 111y 3 2
sa_-a 2+ 2)+a2(Z _2L ——)sce ~2)¢a d
+ da_ a+<16+32)+a_<16+ o 64>+<6v 4> C_+( 2 4>C+}, (39d)
B M |45 150 45 2 M? 1290 17
nnppéélsnezﬁ[?ﬁ (n-a,)+ (—T—§>(n-a+> ]+7[5(T_§>("'a—)(”'a+>
L (L3 9Bl 165 N (I 190l 199y N2 (9 TS
4 16 16 - 2 48 16 + 4 8)°
13,2 371/ 39\
(82,3 P o

M p? 1650 25 450 5 1502 750 15
prec T Ir 2 5,2 = . o 2( _ =" o
ST 27 [“*( W +32>+5"‘ ”*( 8 16)”‘( 3 3 32)

35
+ (;—5 )Cf} (391)
wowe  MpE[ (35 2730 1051/ 525y 105 2
' = P\jgm g ) mra)mra) & MY A

1192 28490 175 L, 2450\
+< 4 —T—3—2> n- a+) <35V — >C :|

P oS- o e + (- g ea)

'u2r3 8
#o(% =20 anma+ (-4 B ) a0
T (350 = 200%) (Cpse (1 - @) (p - 1) + Copga (- a2)(p -az>>] , (39)

while the quartic-in-spin contributions in AP*¢ are given by

rec M 1 = = ~ 3 p p p p
Ag‘* -3 {_Za%a%[CIESZ (3Cops> +2) +2Cops] — 3 (@) - a,)*[Cips2Cops2 + Cips? + Coggr]
- - 1 - -
+a}(a; -ay)(Cips2 —3C pg3) + Za‘l‘(ZCIESz —3Cgst) + 1 < 2}, (40a)

in plane M 21& ’ 356 ¢
Aypla —ﬁ{("'al)‘l( 21ES B 4IES > + (n-ay)(n-a)’ (21cn~:s2 —35C113$‘)

105 - - -
+ (n ‘al)z [(" '02)2 <——Cu~:SZC2Es2 - 21C1E52 - 21C2Es > (@) -ay)(15C g — 12C gs2)

3612 C1E32

15C > 15 ,~ = C
a; <%S4 - 9C1E52> + Z“%Cmy Cops? + + 3“§C2ESZ]

1SCIESZ€2ESZ
4

. 3C
+3C1Es2+ 2ESZ)

+ (n-ay)a}(n-ay)(15C,pg: — 6C gs2) + af(n '02)2(

. 27C 27C g
a0 -0 (15€,e5: G + 70 T8 g 2 (400)

which are zero for BHs.
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E. Hamiltonian in tortoise coordinates

EOB waveform models often use the tortoise coordinate
p,, instead of p,, since it improves stability of the EOMs
near the event horizon [97,223]. In the nonspinning case,
the tortoise coordinate r, is defined by

dr, 1
&

and the conjugate momentum p, is given by

5(7‘) EAnoS(r) DnoS(r)’ (41)

pr. = pE(r). (42)

The nonspinning effective Hamiltonian in Eq. (19) can
be written in terms of p, as

HS = /92 + Awos (D12 + 03/ + Quos (712 )]. (43)

where we obtain Q,,s(7, p,.) from Eq. (25) by converting
pr to p, using Eq. (42); then PN expands to 5.5PN.

For both aligned and precessing spins, a convenient
choice for &(r) is

V DnoS(AnOS + a2+/r2)
=" (44)
which is similar to what was used for £ in SEOBNRv4
[97,105] except for the different resummation and PN
orders in A, and D,g. In the v — 0 limit, £ reduces to the
Kerr value (dr/dr,)ger = (r* = 2Mr +a2)/(r* + a2).

The PN expansion of &(r) is given by

2M  3uM?  2Ma?
]l -t —F—+ .., 45
&(r) s et (45)
which equals 1 at LO, while the spin contribution enters at

3PN. Hence, we can directly replace p, by p, in the 3.5PN
S3 and 4PN SS contributions in the Hamiltonian.

F. Comparison with other models

In this section, we obtained an EOB Hamiltonian that
reduces in the v — 0 limit to the Kerr Hamiltonian for a
nonspinning test mass in a generic orbit. The nonspinning
part of the Hamiltonian contains 4PN and partial 5PN
results, which are Padé resummed. The Hamiltonian also
includes the full 4PN precessing-spin contributions, which
are the same PN information included in the Hamiltonians
derived in Ref. [104], which extended the results of
Ref. [103] to higher orders; however, we use different
resummations/factorizations from those employed in the
above references.

Table II summarizes the main features of the
SEOBNRvS5 Hamiltonian, and compares it to two other
waveform models: SEOBNRv4 [99,100,107,111] and
TEOBResumsS [102,112,113].

III. COMPUTATIONALLY EFFICIENT
PRECESSING-SPIN DYNAMICS

In Sec. IID, we derived an effective Hamiltonian for
precessing spins that reduces to the Kerr Hamiltonian for
generic orbits. The EOMs from that Hamiltonian read as

9 Hprec 0 Hprec
i = —a;OB . p=- —aliOB +F,

) a Hprec .

S, = ﬁOB x S; + SRR, (46)

where F is the RR force, and SRR is the RR contribution to
the spin-evolution equations, which starts at O(v''S?)
[224,225] and is thus neglected in the order we con-
sider here.

These equations are computationally expensive to
evolve numerically. Therefore, we simplify them such that
we can solve the two-body dynamics more efficiently
without losing much accuracy when describing the preces-
sional effects. It was shown in Refs. [31,159-161] that
precessing-spin  waveforms can be built starting from
aligned-spin waveforms in the coprecessing frame, in
which the z axis remains perpendicular to the instantane-
ous orbital plane, and then applying a suitable rotation to
the inertial frame. The precessing-spin SEOBNRv3 and
SEOBNRv4 models employed the full EOB precessing-
spin Hamiltonian [99,100] to evolve the dynamics in
the coprecessing frame. To build the precessing-spin
TEOBResumS model and speed up the computational
time, Refs. [114,115] wused an aligned-spin EOB
Hamiltonian when evolving the EOMs in the coprecessing
frame. Also, the IMRPhenomT model [79] is built using a
purely aligned-spin dynamics in the coprecessing frame.

Here, to improve the accuracy in describing preces-
sion effects, we find it important to incorporate at least
partial precessing-spin information in the Hamiltonian used
in the coprecessing frame, as studies in Ref. [154] have
demonstrated. To do that, we first obtain a precessing-spin
Hamiltonian simpler than the full one derived in Sec. II D,
such that it reduces to H*=" for aligned spins, and only
includes the in-plane spin components for circular orbits
(p, = 0). Then, we orbit average the in-plane spin com-
ponents in the Hamiltonian, and use it to evolve the EOMs
for the dynamical variables r, p,,¢, and p,, while the
evolution equations for the spin and angular momentum
vectors are computed in a PN-expanded, orbit-averaged
form for quasicircular orbits. The procedure to obtain the PN-
expanded EOMs, and the appropriate dynamical variables, is
similar to what was used in Refs. [79,114,115,158], but we
include higher PN orders in the EOMs, and derive them from
the SEOBNRv5 EOB Hamiltonian, employing a different
gauge and SSC. Other differences in the waveform model
from previous work are described in Ref. [154].

In the following subsections, we present the
Hamiltonian, then derive the PN-expanded EOMs for

124036-11



MOHAMMED KHALIL et al.

PHYS. REV. D 108, 124036 (2023)

precessing spins, in EOB coordinates, up to NNLO SO
(3.5PN) and NNLO SS (4PN).

A. Hamiltonian with partial precessing-spin dynamics

The precessing-spin Hamiltonian presented in Sec. II D
reduces to the exact Kerr Hamiltonian in Eq. (13) for
generic orbits. Here, we consider a simpler Hamiltonian
that starts with an ansatz similar to the aligned-spin
Hamiltonian in Egs. (26) and (32), then complement it
with precessing-spin corrections for circular orbits only
(i.e., we do not include in-plane spin terms proportional to
p,). Thus, this Hamiltonian reduces to H*i£" from Sec. 11 C
for aligned spins, and to HX*" ¢ for v — 0, but does not
reduce to the full precessing-spin Hamiltonian H%;“ and the
Kerr Hamiltonian for generic orbits.

We use the following ansatz for the pprec effective
Hamiltonian [cf. Egs. (26) and (35)]

ML - (g, a; + g, 0a_) + SOcy, + (G22™)

prreC _
P+ ai(r +2M)

eff

rec L2 rec
+ {Apprec <,L42 + B = +(1+ BEI;, )(n -p)2
Kerr e (L : a+)2 rec 172 7
+Bnpa qT+Qpp ):| ) (4 )

where the gyrogravitomagnetic factors and SO calibration
term are the same as in Egs. (28) and (36), with the same
value of dgg as the aligned-spin model.

M M? [33
Alsnspane:_

3 2(n-a,)? +3C1] Ta R

The SS corrections are added such that [cf. Egs. (32)
and (38)]

ai/r2 +AnoS _’_Agrsec +Ag£ec + <Aisnsplane>
1+ (1 +2M/r)a% /r? ’
B;I))prec =14+ <Bin plane>

Apprec —

p.SS
Bg[]g)rec = -1+ ai/ﬂ + AnOSDHOS + Bil;css,
0P = Qo5 + Ok (48)

where the nonspinning contributions are given by

Egs. (21)-(25), the SS corrections A%, B) s, and
prec

Qgs are the same as in Eq. (39), and the S* term A,
is given by Eq. (40a). The purely in-plane SS contributions

. . ~inopl
are included in A"

and B;]’é);ane, which are obtained by
writing an ansatz with unknown coefficients and matching
it to a 4PN-expanded precessing-spin Hamiltonian with
p, = 0. We indicate with (..) the result of orbit averaging
the in-plane spin components, as explained in Sec. III B
below. We do not include in-plane S* corrections for
simplicity, and because it is not straightforward to con-
sistently orbit average the S* terms in the Hamiltonian.
Thus, the partial precessing-spin Hamiltonian agrees with
the full precessing-spin Hamiltonian H;° from Sec. IID
when PN expanded to 4PN and to O(S?) (included) for
circular orbits.
in plane

_ - _
For the terms Agg and Bl; &, we obtain

)

8

na? wa| M 1 412 583 171 2
+36CEY 4+ 3uCTt ]+7{5<17V—Z>n-a+n-a_+<——+ 2 ed (n-a_

187 112
64 8

14350 2 (8l o
+T>("'“+> +5<1—6‘ﬂ>c— *

867 132 179\
- — n-a 4
(224 16 56 )C+ } (49a)

<in vlane (n-a,)> MJ3 3 3 2 v 15 2 o
B)ss :—;+3[45n-a+n-a_+ 67 (m-a_| + 116 (n-a,) +(3-3v)Ct

r r

_f_%z 5 @ ﬁ n-a.n-a -+ 19,2 5451/_,_& (n-a 2+ 112 8051/+g g 2
rt 4 8 B 8 64 - 8 9 | 64 +

189 81\ . . (137 2030 51\ .
+5<———”>cz-“ +< - _ ”+—>C¢a],

16 8 32

and for the cubic-in-spin term G, we get

e L? [6 n-a
G =L ~a+{ﬂ—2r3 [— (n-a_)(n-a,) _n-a)

2

(49b)

N M[ &% 3 5 5
] Tz [—T—Z(""h) +5ﬁ(a+-a_)

5 1 - ~ 1 - .
- 5§ (n-a_)(n-a,)+ ga%(35ClESZ +4Cpg3) + §a§(4C2353 —3Cops26)
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_%(al +a3)(Crs2 (6 = 3) = Cops2 (64 3)) +

Ol = W

3. 5C s
+ (n -al)z(—gclﬁsz@é%) —%) +

(n-a;)(n 'aZ)(ClEsz (26-17) -

Cops2(26+ 7))

(103 (Cons (69 -9) = 200}

Lin-a.)? MI[a® 5 1 1
+ 6L - “—{_% {21 += B (n-a,)+ g4 1(4C ps: —3Cips2) + = 3 a3(3Cyps: — 4Cypg)
3 3. 5Cgs3
g(al a,)(Crps2(6 = 3) + Cops (64 3)) + (n - a)? <_§C1ESZ(5_6) —%>
3 - - ,(5Cps 3 -
+ 1 (n-a;)(n-ay)(Cips2(26 = 7) + Cops (26 + 7)) + (n - a3) 5 T3 Cops2 (6 +6) . (50)
1

B. Orbit averaging the precessing-spin contributions

To simplify the EOMs, we remove the explicit depend-
ence of the Hamiltonian on the n - @; terms by taking their
orbit average. Since the spin-precession timescale (~v73) is
larger than the orbital timescale (~v~3), orbit averaging the
in-plane spin contributions is expected to provide a good
approximation for the dynamics.

We define the unit vectors (Iy,n,Ay) in Cartesian
coordinates such that Iy is aligned with the z axis, and
hence the vector components are given by

lN = (0,0, 1)7
n = (cos ¢, sing,0),
AINElyxn= (—sin¢,COS¢7O>7 (51)

where ¢ is the orbital phase. When neglecting RR effects,
an orbit average yields

) 1 2r i
)= 5z ), o =0= .
(n'nl) = () = %(5”' — k). 2

which lead to the following relations for the spin dot
products:

(- )m) = (Ui Sk = 515, — (- S
(- 502) = (b - $) = 5[5~ (- )]
((m-S1)(n-83)) = ((Ax - S1)(An - S2))

= 2081 Sa =y S-S ()

The Hamiltonian from Sec. IIl A depends on (n -a,)?,
(n-a_)? and (n-a.)(n-a_), and can be made a function

of only a. and Iy using the following orbit-averaged
expressions:

(n 'ai)z 25 [ai - (In 'ai)z]’

—(n-ay)(In-a)]. (54)

When taking the orbit average, we neglect RR since
the Hamiltonian encodes the conservative dynamics, and
the RR timescale (~v~%) is much larger than the spin-
precession timescale. We account for dissipative effects in
the EOMs through the RR force and the orbital-frequency
evolution equation, as described below.

When restricting to binary black holes, the explicit
expression of the partial-precessing Hamiltonian as a
function of @, and Iy is given in Appendix A of Ref. [154].

(n-a,)n-a)=3a, a

C. Equations of motion

The “Newtonian” angular-momentum vector Ly is
perpendicular to the instantaneous orbital plane, since it
is defined by

Ly = pr xv, (55)

where v =7 is the velocity. We use a coprecessing frame
aligned with the orthonormal unit vectors (Iy, n, Ay), with
Iy being the direction of Ly. Since Iy is perpendicular to r
and v, we can write the velocity as

vV = in + rQAy, (56)

which can be considered as a definition for the orbital
frequency Q, implying that Q = |n x v|/r.

The Hamiltonian is expressed in terms of the canonical
angular momentum L = r x p. We denote the L-based unit
vectors by (I,m,A), where I is the direction of L and
A=1xn, and then express the EOMs derived from the
Hamiltonian in terms of Iy.

In the coprecessing frame, the partial precessing-spin
dynamics can be approximated by the following EOMs:

LM ommy

op, opy
' aprrec '
pr:_%—’_f.r’ pqﬁ:fd)? (57)
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where HYOH is related to Hoy - from Eq. (47) through
Eq. (7), and the quantities (G*3""), (AL, and <B;{Spéane)
in HPE® can be expressed in terms of @, a_ and Iy once
we replace the n-a, terms by their orbit average using
Eq. (54). The explicit expressions are given in Appendix A
of Ref. [154].

At each time step, we also evolve the PN-expanded
equations for the spins and angular momentum, given by

Si = QSa X Si’
L= L(lN, v, Si)?
iN = iN(’N: v,8i), (58)

where v = (MQ)'3, and Qg = 0HY,/0S; is the spin-
precession frequency, computed in a PN expansion from
the precessing-spin EOB Hamiltonian. These equations are
derived in the following subsections to NNLO SS in an
orbit average for quasicircular orbits.

Equations (57) and (58) can be solved simultaneously for
the dynamical variables. Alternatively, they can be
decoupled by computing the orbital frequency used in
Eq. (58) in a PN expansion, which can be expressed as

[ E() ]

’ [dE(U)/dU PN—expa.nded’ (59)
where E(v) is the energy of the binary system and £(v) is
the rate of energy loss.

Using the EOB orbital frequency, obtained by solving
Eq. (57), can lead to slightly more accurate results when
solving Eq. (58) than the PN-expanded frequency from
Eq. (59). However, the SEOBNRv5PHM waveform model
[154] uses the PN-expanded frequency since decoupling
Egs. (57) and (58) makes it possible to use the postadiabatic
approximation [92,226-228], which improves the compu-
tational efficiency of the model.

In Sec. IIT F below, we obtain # in a PN-expanded form,
including the NNLO SS contribution that was recently
derived in the flux in Ref. [229]. In all equations derived in
this section, we include PN orders up to NNLO SS, which
implies different powers in v for each quantity depending
on the LO, as summarized in Table III.

Some precessing-spin waveform models, such as
Refs. [109,111,230], considered a coprecessing frame
adapted to the orbital angular momentum L, instead of
Ly. Therefore, for completeness, we also provide in
Appendix C, the EOMs expressed in terms of 1.

D. Angular momentum vector

To obtain the angular momentum unit vector / in terms of
Iy, we first use the EOMs (46), and the definition of Ly
from Eq. (55), to get Iy in a PN expansion, i.e.,

TABLE III.  Orders in v at which the nonspinning, SO, and SS
contributions first enter r, L, Si, iN, and ¥ for quasicircular orbits.
The last column indicates the highest power in v we include in
each quantity.

Quantity LO S° LO SO LO SS Highest order
r 20 3 ot »8
L v v? v’ v’
S v v° !0
Iy 20 V7 oIl
b ) 12 o3 o7
Ly H aH%r(e)?s

INn=—-= X , (60
NS T )

where we use the Hamiltonian before taking the orbit
average of the in-plane spin terms.

Then, we specialize to circular orbits, which are defined
by p, = 0and p, = 0. To obtain r and L as functions of v
for circular orbits, we solve

d
—r-p)=r-p+i-p=0,
dt(rp) r-p+i-p

3

M
v ="—|nxv|, (61)
r

for r(l,A,n,S;,v) and L(l,A,n,S;, v), perturbatively in a
PN expansion, after using the EOMs (46) without RR.

We substitute that solution for r and L in Eq. (60), and
replace A using

Si=m-S)n+ (A-S;)A+ (1-5;)!
= (m-Sj)n+ (An - Si)An + (In - Sy, (62)

which implies that

(A-S)*+(1-8)=(n-S)* +
(A-S1)(A-8S) +(I-S)(I-S)
= (An-S1) (AN S2) + (In-S1)(In - S2). (63)

That way, the right-hand side of Eq. (60) only depends on [,
In, AN, v, and the spins.

To solve Eq. (60) for I(Iy, Ax, S;, v), we expand it in spin,
such that

l = lN + lSO + lss, (643)
since I is in the same direction as Iy for nonspinning
binaries, while I5q and Igg are the SO and SS contributions.
Solving order by order in spin, we obtain
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(Ax - S1)AN v’ s[vr 3v 9
loo = N 2UIN) T 3y AR (N DS
SO M/,{ 2(3 2+U)+U 3 3 + ) +8 2

v 91/2 27v o150 27
+1J[ +— —+<——+—+ )Xz}}+l<—>2,

48 16 2 4 16

U4

MTHQ/,LN[(IN “S1)Ax - S1)(X2 —v) +v(ln - S$1)(An - S2)]

Iss =
6 2 3 2

473

Tl 8))? {—”—2 T (—3—”—?);(2] (i - $1) (0 - 55) <-

v
MTMZ{/IN(IN -S1)(An - $1) {—W—Y—E‘f‘

34502 27w 1502 9v 27
IOy -S)2 |- 2 (P YL 2 x
NG S1) {16 6 16 +< T +16> 2]

1790 92 3 32 3
+AN(IN - S1) (A - S2) {——y—ki——y—k (L—F—V)Xz}

144 32 8 8 2

692 9y
—_—+— 1 2
+ (AN - S1)(An - S2) {16 0 + 8}}+ <2,

21107 412 Y 4791/2_|_2 _’_2 X
144 2

(64b)

”—; {AN(IN 81)(An - 1) {”—2+5—”+ (—”—”—§>x2} + an(ly - S1) (A - S2) (—%”2— 4y>

o

-2}

16

(64c)

which is independent of the spin-quadrupole constants. Substituting I(ly) in the solution of Eq. (61) yields r(Iy, Ax, 12, S;, v)

and L(Iy,Ax,n,S;, v), which are given in Appendix A.

Finally, we use these relations to obtain L = LI and take its orbit average using Eq. (53), leading to

M _ _ _ _ _
L= MT (Lgo + Lso + L 5, + Ly + Lg2¢),

[ R 2 190 27\ 71/3+311/2+ 4172
0 =N 6 2 2478 " 8)7 T 1296 " 24 24

144

8| _ — _ —
v { 31104~ 1728 T (3456 576 5760 3

n 2835
128 | J°

- 1]3 71/ 7X2 V 3X2

v 112 55v S55v 33 v 150
+M—ﬂ{<’N'Sl>’N[m‘1—6+(ﬁ‘16) ] 81{48 6"

7 27507 4 2507 1 1
—I—ﬂ—{(lN Sl)lN[SV N 50 051/+<_ S5v N 951/_&)){2}

Mu 96 32 32 32 8 32

552 8lv 50 39v 27
+Sl[—+———+< 324—?—32)){2}}%-1(—)2,
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3X, 3v v X
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144

21y
32
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503
8 . 2 =
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+Sl<144

147502 1350
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N 6512
48

147502
336

L 45
16

For aligned spins, L(v) is gauge invariant, and our result
agrees with the literature (e.g., with Refs. [202,219,229,231]).
However, for precessing spins, L is gauge dependent, and
our result disagrees with Refs. [114,158,202], even at LO SO,
because these references used the covariant (Tulczyjew-
Dixon) SSC [191,232], while we use the canonical
Newton-Wigner (NW) SSC [233,234], since we are work-
ing in a Hamiltonian formalism [173,174]. Appendix B
shows how to transform between our result and that of
Refs. [114,158,202] at LO SO.

+§> +8,(Ix - S) (-

- {IN {(zN -81)2(Xy —v) +s§<%_7>] +(x-S)S, <%_

11y 35 2 v
+ 7—§ Xo| + 57 —g—v—i—

283312

16

SELNLCA T GV
48 16)°? '

|

2

+M] +Sz(,N.sl)<§_%> + 81y &)G-%)}

15 502 2450 5
+Z>+<‘ﬁ‘7‘z><sl'52>}

223

3 349y
288"

64

2 (65d)

)}
)}

2

(-5
2

32

288

4—15 X
16)°2

21

+ (v 1)x2>}

16 )72

55v

(65f)

E. Spin-evolution equations

We obtain the spin-precession frequency Qg by differ-
entiating the Hamiltonian with respect to the spin vector.
Then, we take the circular-orbit limit by setting p, = 0
and replacing r and L by Egs. (Al) and (A2). Finally,
averaging the spin components over an orbit using Eq. (53)
yields

S, =Qg xS, (66a)
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Iy 3X, v 9 Sv v 150 9 502 39y 27 v 552 8l
QS‘_M{”(Z +2)+ [(g Z)X ﬁ*ﬂ*” 6 4 T16) w8 16 Te
6 3X
+”—{1N (- —2> iy Sz]+ sz}
u 2

V8 71/ 9 15v o 2
| Sl( +(G-3)0) s (-5)] -5
1

91/
+1110 il 1213 911/ 27w (385.° o 27
A A Y 16 48 16 16

IS 1031/ 39.2 91/ " 1/3+491/ +31/ S
NP2\ 144 48 4 48" 16 ' 8)°?
C1E52 v 3X, 3 31/ v 9 9
-2 AT A D ‘¢
e Il - Sl){ (2 A R Y

3 2 2
0lv 8851 81v 3904 33v 81
L SV (P Sy b
Tty {16 112 T 16 T\ 16 " 16 16/ [ (66b)

and similarly S, = Qg x S,, with Qg given by Eq. (66b) after exchanging the two bodies’ labels 1 <> 2. The SO and LO
SS parts of the spin-precession frequency agree with the orbit-averaged results given by Egs. (1)—(5) of Ref. [114], but the
NLO and NNLO SS terms do not agree with Refs. [158,235] because of the different gauge.

F. Evolution of the orbital frequency

The evolution equation for the orbital frequency is given by Eq. (59) in terms of the energy loss and the derivative of the
binding energy. The circular-orbit binding energy can be obtained from the Hamiltonian (minus the rest mass) by setting
p, = 0; replacing r, L, and I by Egs. (A1), (A2), and (64); and then taking the orbit average. This leads to

2

E(v) = -’% (B + Eso + Es,s, + Eg + Ege), (67a)
_ vo3 2 19y 27 3503 1552 (34445 20577\ 675
Eo=1+(-2-2)24+ (L 4220t g | =22 - — 2208 67b
$ +< 12 4>”+< 24773 8>”+[ 5184 96 +(576 96 )” 64}”’ (670)
- In- S 2u v? 10v v 552 8l 507 27
Ego = 324 ox s|1-2 - x SEANEEL S X

112, (67¢)

ESISZ:(M—I;)z{v4[—3(lN-Sl)(lN-Sz)+(Sl~S2)]+v6 {(1N~S1)(IN sz)Gg 2) —5—6”(51-52)]
{(IN S (Iy - sz)<7jllg +9;;” 221) + (S, - Sy) (77”22+3§”+%>H, (67d)

B = g [0 (3 52) i (23]

v° 5 8502 15v 15 25v Sv S5v 25v 5
— . _— X 2 — ———]X
| s[5 -5 (-5 v F+ (B D))

V8 5 _7L_385V +& _4131/24_6371/_%
(Mu)? 144 48 16 144 48 16

847,° 6372 63u (26957 619 63
Iy-8))? _WT W (P X 2, 67
I ‘)[432 48 16+<144 48 +16> 2}}+ g (67¢)

+
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Boe = o Lt s (2-22) +si(B-4)
oo (50 (5 ) o (52
2
[SZ<_Z4 294%_% <91u 77y+16 X2>
+_UN‘SQZ<%%__2ii?Z 1?z”+-<9;g —Zgg 189 xg)]}-+1 <2, (67f)

Note that we did not include the 4PN nonspinning
contribution in the binding energy to keep it at the same
order as the energy flux, which is known to the 3.5PN order
[236]. The nonspinning and SO parts agree with Egs. (233)
and (415) of Ref. [19], while the SS part agrees in the
aligned-spin limit with, e.g., Refs. [219,231].

The NNLO SO contribution to the energy flux was
derived in Ref. [162], while the NNLO SS (4PN beyond the

LO) contribution was derived in Ref. [229], though the
SS tail contribution at 3.5PN was obtained for aligned
spins only. The result in Ref. [229] is expressed in terms
of gauge-dependent quantities. Therefore, we use their
EOMs to obtain the circular-orbit energy flux as a function
of v, and orbit average the in-plane spin components,
leading to

. 321/2 10 = = = - K
E e (ES() + ESO + ESISZ + ESZ + ESZ€), (683)
. 350 1247 6502 9271y 44711 5830 8191
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where the SS tail part [O(v”) beyond the LO] is only known for aligned spins, so we expressed it in terms of Iy - S; as an
approximation for the precessing case, which would also depend on S? and S - S,.
Inserting £ and E in Eq. (59) and PN expanding yield

(Vg0 + Vg0 + Vs,s, + Vg2 + Ug2), (69a)
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The SO and LO SS parts of ¥ agree with, e.g., Eq. (Al)
of Ref. [39].

G. Evolution of the angular momentum vector

To obtain the PN expansion for Iy, we start from
the equation for the total angular momentum J =
L+S,+8S,. We first neglect RR, and in the following
subsection compute the RR contribution. Setting J = 0
yields

L+8$ +8,=0, (70)

where S, is given by Eq. (66), while L can be computed by
taking the time derivative of Eq. (65).
Solving Eq. (70) for Iy yields®

Iy =80 + 155 415 + 15 (71a)

3To solve Eq. (70), we split Iy and $; into SO and SS con-
tributions, such that Iy = I3° + I35 and §; = $5° + $75, and then
solve order by order in spin for I}° and I3°. When performing
this calculation, several simplifications can be done: S is
perpendicular to S;, leading to S, -S; =0=35,-$,, and since
§50 is perpendicular to Iy, we get Iy - S3° = 0.
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which agrees up to NLO SO [i.e., to O(v?)] with Eq. (4¢) of
Ref. [114] provided that one uses the coefficients of L(ly)
from Eq. (65), instead of those in Ref. [114] because of the
different SSC. Note that Iy has a component parallel to Iy,
which enters at NLO and NNLO S;S,, and is given by
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iy Iy = (72)
H. Radiation-reaction contribution to Iy

When computing Iy, RR enters through @, which is given
by Eq. (69), and from the nonzero J, which is given by

J=L+S8 +5,
:i*xp+rxp+S1+Sz

=rx F + SRR 4 SRR (73)
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MRS
where we used the EOMs (46) to relate J to the RR force
F. Since we are working to NNLO SS [i.e. to O(v'%)]in L
and S;, we only need J to O(?) beyond its LO, which is
O(v"), and we can neglect the RR contribution to S;
because it starts at O(v'!S?) [224,225].
The RR force F for circular orbits in the SEOBNR

waveform models is chosen to be in a gauge such that
[86,111]*

(71e)

E

(74)

“This relation was derived in Ref. [86] for precessing spins,
and is given at LO SO by Eq. (3.27) there, which includes an
extra term depending on (p - S;)L that averages to zero over
an orbit.

21



MOHAMMED KHALIL et al.

PHYS. REV. D 108, 124036 (2023)

Using the energy loss from Eq. (68) and expanding to LO
SO for circular orbits, we get

2 1 1247
F o~ —%vzvgl{l +0? <—2——> + 4z’

4 336
v’ 4v  3X,

where we did not write the » component of F since it does
not contribute to J and is proportional to p,. Then, from
Eq. (73), and using Eq. (64) to replace I = n x A by Iy, we
obtain

. 32 35v 1247
J= —?MU2117{IN {1 + 22 <——V ——) —|—47w3}

12 336
v? 5 1
+M_/,l |:IN(lN'Sl)<_Zl/_§X2>
12 3X2

Following similar steps as in the previous subsection,
except for including J and ¥, we obtain the following RR
contribution to Iy:

. 64 18 37v 1751
RR — >y {I/lN [1 + 22 (—U - ) + 4711)3}

5SM 12 336
V3 92 19 25
+ M_,Lt |:lN(lN . Sl) <? - E + 5X2l/ - §X2>
23X
+Sl<y—+ - 2>+1ez]}. (77)
8 8
We do not include this RR contribution in the

SEOBNRv5PHM waveform model [154], but we checked
that it has a negligible effect on the dynamics.

IV. CONCLUSIONS

In this paper, we derived an aligned-spin Hamiltonian
(Sec. I C), which is used in the SEOBNRv5HM waveform
model [153], and a full precessing-spin Hamiltonian
(Sec. II D) that reduces in the test-mass limit to the exact
Kerr Hamiltonian for generic orbits. The Hamiltonians
include the nonspinning part at 4PN order, with partial 5PN
and 5.5PN results, in addition to the full 4PN spin
information (NNLO SO, NNLO SS, LO S3, LO S%).
The full 5PN spin contributions (NNNLO SO and SS,
NLO S* and S*) to the conservative dynamics are known
from the recent work in Refs. [171,172,221,222,237-242],
but we leave their inclusion in the Hamiltonian for future
work. Our results include the spin-multipole constants, and
are thus valid for NSs, though one also needs to include

dynamical tidal effects, which can be included as was done
in SEOBNRvAT [124].

Furthermore, we derived (in Sec. III) a simpler precess-
ing-spin Hamiltonian, Hpgy', and PN-expanded EOMs,
which orbit average the in-plane spin components, and are
used in the computationally efficient SEOBNRv5PHM
waveform model [154]. We included in the EOMs the
NNLO SO and SS contributions in a gauge consistent with
our EOB Hamiltonian and the NW (canonical) SSC.
Extending the precessing-spin EOMs to include LO S3
and LO S* is straightforward, but the equations become
lengthy, and would likely have a smaller effect than the
error introduced due to orbit averaging the SS contribu-
tions. It would still be interesting to compute those higher-
order spin contributions and quantify their effect on the
dynamics. It is also important to extend the RR force and
waveform modes for precessing spins beyond the LO SO
and SS contributions derived in Refs. [243,244].

The results obtained in this paper have contributed
to improving the accuracy of SEOBNRv5 waveform
models, as detailed in Refs. [153,154]. For example,
Ref. [154] demonstrated that using the partially precessing
Hamiltonian Hypyp , and comparing the waveforms to a set
of highly precessing NR simulations, led to 100% (86.4%)
of cases with a maximum unfaithfulness below 3% (1%),
while using the aligned-spin Hamiltonian Hsn led to
95.8% (75.4%) of cases below 3% (1%). Furthermore, we
generally find that SEOBNRv5 waveform models provide
noticeable improvements in accuracy compared with the
previous version of the model, SEOBNRv4, and to other
IMRPhenom and TEOBResumS models (see for example
Fig. 9 of Ref. [153] and Fig. 4 of Ref. [154]). These results
highlight the importance of including and resumming
analytical PN information in waveform models.
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APPENDIX A: ANGULAR MOMENTUM AND SEPARATION FOR CIRCULAR ORBITS

In this Appendix, we write r and L for circular orbits and precessing spins, which are obtained by solving Eq. (61) and
replacing I by I(ly) from Eq. (64).
For L(ly,n, Ay, S;, v), we get

My, o
LET'M(LSO—|—LSO+LSISZ—|—L32—|—L326), (Ala)

Lo =140 (Lad) pot (L1 2T) | o] IV 312 (4ln7 6889 | 139
o= 62 24778 8 1296 " 24 "\ 24 144 16

¢ 2835 98869 128y; 64557> 256In2 128Inw 356035 225577\ ,
+ v v - - v

128 5760 3 1536 3 3 3456 576
21502 5504
1728 _31104]’ (Alb)
= IS 5 Sv 5X, 571/2 35v 350 21
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3 2 2
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which agrees for aligned spins with, e.g., Eq. (8.24) of Ref. [231] and Eq. (5.2) of Ref. [219].
For r(Iy,n, Ay, S;, v), we obtain

M _ _ _ _ _
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APPENDIX B: SSC TRANSFORMATION
FOR THE ANGULAR MOMENTUM

The transformation from the canonical NW SSC to the
covariant SSC is given by the center-of-mass shift [247]

where x; and v; = X; are the position and velocity vectors of
each body, with i =1, 2.

In the NW SSC, the vector Lynw) = #F(nw) X V(Nw)»
where r = x; — x, and v = v; — v, are the relative position
and velocity, respectively. Transforming to the covariant
SSC leads to

L nw) = HF (cov) X V(cov)
X2 /M M
+72 K——kvz)Sl —(Vv-S)v——(n -Sl)n}
r r

+X?% {(%—f—vz)Sz - (V-Sz)v—g(n 'Sz)”},

(B2)

where all quantities on the right-hand side are in the
covariant SSC, but we dropped the label in the SO part
to simplify the notation. Dividing Ly nw) by its magnitude,
usingr = rnand v = rQAy = rv*Ay/M for circular orbits,
and taking an orbit average yields

3
v
Ivonw) = INeov) + m{X%[sl — (I S1)IN]

+ X7[S2 = (I - S2)In]}- (B3)

Our result for L(ly) in Eq. (65) is in the NW SSC, while
Eq. (AS) of Ref. [114] is in the covariant SSC; the
difference up to LO SO is given by

Sv 32517 Sv
+ (—21/2 —g)Xz) + (/’LN . Sl)z( 84 + <—2IJ2 —€>X2>

43y 69
|
2
. # v
oy = L) = = (X381 = (- S)I]
+ X3[S: — (Ix - S2)IN]}
+ O(v?). (B4)

The leading PN order of L(ly) in Eq. (65) is uMly/v,
and v is invariant under an SSC transformation; hence, the
difference is due to the SSC transformation of l. Indeed,
we see from Eqgs. (B4) and (B3) that accounting for that
transformation cancels the difference between our result
and that of Ref. [114].

APPENDIX C: EQUATIONS
OF MOTION IN TERMS OF [

In Sec. III, we derived the PN-expanded EOMs for
precessing spins by using a frame adapted to the vector
Ly = pr x v. In this Appendix, we include the correspond-
ing equations in a frame adapted to the orbital angular
momentum L = r X p, since one can define a coprecessing
frame to be aligned with I, as in the SEOBNRv4PHM
waveform model [111] for example.

The EOMs in this case are given by Eq. (57) and

S, = Qg X S;,
1=1(18;v),
E(v)
)= ——— . 1
v dE(v)/dv (1)

The effective Hamiltonian is the same as in Sec. IIT A,
except that we replace the n -a, terms by the following
orbit average

(a5~ (0-as)?),

(n-a)n-a)~3la, a~(-a)l-a). (C2)
i.e., in terms of /, instead of Iy as in Eq. (54).

The spin-precession frequency g can be directly
computed by taking the derivative of the Hamiltonian with
respect to the spin vector, then orbit averaging the in-plane
spin components, leading to
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and similarly for Qg .
To compute the equation for I, we first need the orbit-averaged angular momentum, which can be obtained by solving
Eq. (61) for r and L, leading to

My -w - - L
L= 7” (L + Lso + Ls,s, + Ly + Lge), (C4a)
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where the nonspinning part is the same as in Eq. (Al). Taking the time derivative of L = LI, and then solving
J=L+8,+8, for I yields
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The evolution of the orbital frequency can be obtained by replacing Iy in Eq. (69) by its PN expansion in terms of /,
resulting in
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where the nonspinning part is the same as in Eq. (69b).
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