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Quasinormal modes of rotating black holes in higher-derivative gravity
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We compute the spectrum of linearized gravitational excitations of black holes with substantial angular
momentum in the presence of higher-derivative corrections to general relativity. We do so perturbatively to
leading order in the higher-derivative couplings and up to order fourteen in the black hole angular
momentum. This allows us to accurately predict quasinormal mode frequencies of black holes with spins
up to about 70% of the extremal value. For some higher-derivative corrections, we find that sizable rotation
enhances the frequency shifts by almost an order of magnitude relative to the static case.
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I. INTRODUCTION

Gravitational wave (GW) observations of binary black
hole (BH) mergers [1-5] probe highly relativistic aspects of
the gravitational two-body problem and of the nature of
BHs [6-14]. To go further and turn this novel observational
window into a powerful tool to test general relativity (GR)
requires a better understanding of the physically plausible
corrections to GR and of their imprint on the patterns of
GWs generated in BH collisions [6,15-17].

Due to the substantial complexity, it is open for debate
how to best approach this problem [18-23]. However, a
robust physical expectation is that a characteristic spectrum
of complex frequencies determine the exponentially
damped sinusoidal quasinormal modes (QNMs) that gov-
ern the relaxation to the coalescence endstate [24,25].
These constitute the basic natural observables of the final
“ringdown” stage of binary BH mergers.

The spectrum of quasinormal modes frequencies is both
experimentally accessible [2-4,26-31] and well-studied
within GR [32-49] and beyond [50-67]. Yet, as a result
of significant technical difficulties, the beyond-GR results
have so far been restricted to static or slowly rotating BHs
whereas most merger remnants have substantial angular
momentum [2-5,68].

In this paper, we report on the very first explicit
computations of QNM frequencies for rotating BHs in a
general class of beyond-GR theories, for BH spins of prime
astrophysical interest. Our results are the culmination of a
large body of work [66,69-73], but specifically deliver on
the promise of the method established and validated at low
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spin in [73]. We refer to this work for the details of the
computational method we employ. Here we concentrate on
the derivation of the values of the QNM frequency shifts for
BHs with relatively large spin. First, however, we briefly
review the effective field theory (EFT) extension of GR that
sets our theoretical framework. Throughout, we work in
geometric units G = ¢ = 1.

II. EFFECTIVE FIELD THEORY OF GRAVITY
The most general EFT extension of GR to eight
derivatives is given by the action [74]

b
~ léx
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where R,,,,, = 1 €,,asR? ,,. The length scale ¢ is related to
the cutoff of the EFT, £ ~ 1/A o> and the coefficients
Aev.odds €123 are dimensionless. Using the scale set by a BH

of mass M, we also introduce the dimensionless couplings
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These couplings characterize the size of the relative
corrections to GR, which thus become larger for
smaller BHs.

Throughout our analysis we assume |ay| < 1, where
q€{ev,odd, 1,2,3}, so that we are well within the EFT
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regime and can work perturbatively in these couplings. The
couplings can be further constrained by considerations
about symmetries or causality [75-78]. However, here we
do not impose those or other constraints but rather present a
general analysis. Finally, we note that the action (1) only
contains terms that are unambiguous under field redefini-
tions. Since QNM frequencies are invariant under field
redefinitions, this theory captures the most general correc-
tions to the QNM frequencies of BHs in vacuum GR up to
eight derivatives.

III. ROTATING BLACK HOLES

The rotating BH solutions of (1) can be described by the
ansatz [69]

M
ds2:—<1—Tr—H1>dt2

4aMrsin0

— (14 H,) dtde

d 2
+(1 +H3)2<Ar+d92)

2a*Mrsin6

+(1+H4)<r2+a2+ >

) sin@d¢?,  (3)

where we have four functions H;(r,6) deforming the Kerr
metric in Boyer-Lindquist coordinates, and where
S=r2+d%cos’0, A=r2=2Mr+d?, and M and a
represent the BH mass and specific angular momentum,
respectively. We only consider first-order corrections in the
a, couplings, and hence we have H; = >  aqHq + O(a).
The functions H , satisfy a system of partial linear differential
equations with no known closed-form analytic solutions.
Nonetheless it is possible to obtain an analytic solution
expressed as a power series in the dimensionless spin y =
a/M [69]. This expansion takes the form

o0 n kmax n)

pi (M
0 9 S S/l (o R
n=0 p=0 k=0

where each term is a finite polynomial in cos(6) and 1/r with
coefficients H 5"qp ) that we determine analytically. In order to
compute BH observables with a given accuracy it suffices to
include only a finite number of terms in the above expansions
[79]. Below we use expansions up to order O(y'#), which we
show to be sufficient to quantify the corrections to the QNMs
for BHs of spins y ~ 0.7 to within a few percent.

IV. CORRECTED RADIAL

TEUKOLSKY EQUATIONS

Gravitational perturbations of rotating BHs (3) in the
theory (1) can be characterized in terms of the perturbed

Weyl scalars 6%, 6¥,, 0¥, and 6¥; [80], which satisfy
modified Teukolsky equations [71-73]. As shown in [73],
one can reduce these general Teukolsky equations to a
system of four radial equations for four master variables
R™(r), R:™(r) by decomposing the Weyl scalars into spin-
weighted spheroidal harmonics. Here, (I, m) are the angular
mode harmonic numbers and s = +£2 is the spin weight of
each variable. At first order in the higher-derivative
corrections, these variables satisfy decoupled modified
radial Teukolsky equations, which read

d dR
A—s+l A“'Jfl R V. OVIR,. = O, 5
dr[ dr]+( s +OVoR, (5)

where we have suppressed the Im labels for clarity. In
addition we have two equations for the conjugate variables
R that take the same form, except with a different 6V (but
the same V).

In (5), V, is the usual Teukolsky potential—which we
review in the Appendix—and the effect of the higher-
derivative terms is encoded in the correction to the
potential, 6V, which in general involves a linear combi-
nation of all the corrections, 6V, = Y-, a;6V, 4 + O(ag).
Interestingly, we find that for the theories under consid-
eration it can always be expressed in the simple form

A, &
SV, ="+ A (6)

Thus, the entire correction to the Teukolsky equation is
determined by the six coefficients A,. These coefficients
depend on the quantum numbers s, /, and m, and they are
functions of M, a, the frequency w, and two additional sets
of parameters ¢, and C,. The former, ¢, are related to
the polarization of the perturbation and hence they are
physical. On the other hand, C,, are Starobinsky-
Teukolsky (ST) constants that relate the Hertz potentials
with spins s = =£2 in the metric perturbation. They roughly
represent different ways in which one can reconstruct the
metric perturbation from the Teukolsky variables [81,82].
Therefore, they arise from a redundancy in our description
of the perturbations and hence physical quantities like
QNM frequencies should be independent of them. We
exploit this to test our methods and to estimate the accuracy
of our results.

Our approach allows us to obtain the coefficients A,
analytically as a power series in the BH’s dimensionless
spin,

A, = ZAn,(k))(k- (7)
k=0

For the present work, we obtain the expansion of 6V to
order O(y'#) for the (I,m) = (2,2) modes and to order
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O(y'?) for the (3, 3) modes of all theories in (1). Additional
details on the form of the A,, coefficients are provided in the
Appendix.

V. QUASINORMAL MODES

Quasinormal modes are the solutions of Eq. (5) with
outgoing boundary conditions at infinity and at the horizon.
Thus they represent the relaxation of the BH after a local
perturbation. This provides an eigenvalue problem for the
frequency w, whose solutions are the QNM frequencies. An
additional feature in the case of higher-derivative gravity
theories is that the Teukolsky equations depend on the
polarization of the perturbation, and this must be deter-
mined alongside with the frequency. Therefore, one must
find the values of w and ¢, by solving the different
Teukolsky equations simultaneously. Concretely, given
some values of the polarization parameters ¢.,, we first
solve the four different radial equations independently. We
therefore obtain four (possible) values for the QNM
frequencies. We denote these, respectively, by @,(g1,)
and @} (g4,). Next we demand that

015(q12) = wiz(*‘]ﬁ) =w0_5(q12) = 0*5(q12).  (8)

This provides a system of equations for the polarization
parameters ¢.,.

We now consider parity-preserving and parity-breaking
theories as two separate cases, and then move on to general
theories containing both types of corrections.

In parity-preserving theories—like the extensions of GR
with the terms R3, C2, and C? in (1)—the modes of odd and
even parity decouple. This allows us to fix the polarization
parameters to ¢, = g_, = £1, where the “+” sign cor-
responds to polar perturbations and the “—" sign to axial
ones. With each of these choices, the equations for the
conjugate variables R become identical to those of R, (i.e.,
oV = oVy). The QNM frequencies w are then obtained by
solving any of the radial equations, either s = 2 or s = —2.
Crucially, both equations give the same result and the latter
is independent of the ST constants C,, [73]. Since our
approach computes QNM frequencies that are linearly
corrected with respect to the Kerr values, we write

wg:arity preserving — @Kerr + 5wi’ (9)
where the label = refers to the polarization. Generically we
observe that Sw* # dw™, implying that the isospectrality of
axial and polar modes is broken.

When the theory contains higher-derivative terms that
break parity—in our case the terms R> and CC in (1)—
modes of odd and even parity intermingle. As a conse-
quence, the parameters g.,, which determine the relative
weight of each mode, must be determined by actually
solving (8). We find that these equations indeed possess

two solutions for the parameters ¢,,, giving rise to two
QNMs of different polarization. More details on the
structure of these equations are in the Appendix. The
associated frequencies take the form

+ —
wpan'ty breaking — WKerr + 5a)break7 (10)

i.e., the shift in one of the frequencies is the opposite of the
other. This behavior is characteristic of parity-violating
corrections [66]. We also remark that, even though we still
use the labels =, these no longer refer to the parity of the
mode, as neither of these modes has a definite parity.

A general higher-derivative theory may contain both
parity-preserving and parity-violating higher-derivative
terms. In that case, the total correction to the QNM
frequencies is not simply given by a linear superposition
of the corrections. Instead, one must again solve the Eq. (8)
and include all terms in these. Doing so yields the following
“combination rule,”

st + 60 | [(bwt — 607 )?
By = 20 i\/(‘" ) st (1)

4

where dw* are the shifts in the frequency if only parity-
preserving corrections were present—as in (9)—while
OWpeak 1S the shift coming from the parity-breaking
corrections if only those were present—as in (10).

VI. COMPUTATION OF QUASINORMAL
MODE FREQUENCIES

Following the previous discussion, QNM frequencies are
labeled by the numbers (/,m,n)—n being the overtone
number—and by the polarization type “+.” In order to find
these frequencies, we can either solve the s =42 ors = -2
equations, since they give the same results—this was
already checked in [73]. However, they do not perform
equally well under the spin expansion on which our method
relies. Specifically, the s = —2 equations show greater
stability and faster convergence in the slow-rotation expan-
sion than their s = +2 counterparts. Therefore, we con-
sider the s = —2 equations in what follows.

Now, these equations depend on the undetermined ST
constant C_,, which is useful to estimate the accuracy of
our results. The QNM frequencies should be independent
of this constant, but this is only exactly true when we
include the full series in the spin. Since we are truncating
the series expansion at some finite order n, the result is
independent of C_, only up to terms of order O(y"*!).
Thus, in order to estimate the error in our results on account
of the truncation of the spin expansion, we compute the
QNM frequencies for C_, = 0 and C_, — oo. The differ-

ence between the two estimates, denoted by 6w® and

5w respectively, informs us about the accuracy we are
achieving.
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FIG. 1. Shift in the (2, 2, 0) polar QNM frequency due to the
cubic term R3. We show the real part of dw, as a function of the
angular momentum computed at several orders in the spin
expansion. Blue and orange points correspond to the two different
estimates, 6w® and Sw(™®), calculated with C,=0 and
C_, — oo, respectively. The dashed black line represents a
weighted polynomial fit of order 12.

We illustrate this in Fig. 1, where we show, for the two
different choices of C_,, the shift in the (I, m,n) = (2,2,0)
polar mode due to the cubic correction R computed at
different orders in the spin expansion. In this plot, and in all
of the subsequent results, we report the value of the
correction dwy to the frequency defined by

a
O = Wgey + Mqéa)q, (12)

for each of the corrections. Figure 1 clearly shows that, as
we increase the order of the expansion, 6w® and Sw(*)
remain close for larger values of the angular momentum,
hence indicating that the spin expansion is convergent. We
observe a similar behavior in all the other QNM frequencies
we have computed. We also see that, in the domain where
our results are accurate, 5w, is a very smooth function of y.
This allows us to extrapolate the results to slightly larger
spins by fitting the numerical results to a polynomial (black
dashed line in Fig. 1),

N
S () = ZCHJA (13)
n=0

where we weight each data point by the inverse of the
variance between the two estimates, w = (60®) — 5(*))~2.

We have performed this analysis and computed these
polynomial fits for the (2, 2, 0) and (3, 3, 0) modes for all
the theories in (1). The coefficients for these fits are
provided in the Appendix, and they represent the key
output of our work.

These polynomials provide an approximation that is
practically indistinguishable from the numerical results in
the region where these are accurate, which, depending on the
case, goes up to y ~ 0.5-0.6. However, the fits allow us to
extrapolate the results to somewhat larger spins, up to the
desired value of y = 0.7 and even beyond. One can check
the accuracy of this extrapolation by comparing the fits
obtained from a lower-order spin expansion. As we show in
the Appendix, this leads to the conclusion that our results for
dwg have an accuracy of at least 5% for y = 0.7, and they
should also provide a reasonable estimation even for y ~ 0.8.

We offer a visualization of our results in Fig. 2, where we
show the trajectories in the complex plane of the correction
coefficients éw, for the (2, 2, 0) and (3, 3, 0) modes for the
two different polarizations—which are no longer isospec-
tral. This figure demonstrates that the behavior of these
coefficients is highly nonlinear in y and that the shifts in the
QNM frequencies can completely change, in both magni-
tude and sign, for BHs of different spins.

VII. DISCUSSION

We have obtained the QNM frequency shifts of rotating
BHs in a general EFT extension of vacuum GR. Specifically,
we have presented explicit results for the (2,2,0) and (3, 3, 0)
modes up to spins y ~0.7. In this regime of angular
momentum—in the relevant range for postcoalescence
BH ringdowns—our results for the frequency shifts have
an accuracy of around 5%, which is more than enough for
observational purposes. For instance, if the frequency shiftis
a 2% relative to the Kerr value (consistent with current data,
but potentially observable with future GW detectors), then
the error in the total frequency is merely a 0.1%. This is
smaller than the expected experimental uncertainties for
future experiments. Therefore, our results allow for preci-
sion tests of higher-derivative corrections in ringdown
signals and should be valuable input for the phenomeno-
logical spectroscopy of BHs with gravitational waves in the
coming years and decades.

Looking ahead, it will be important to compute the
spectral shifts for other harmonics as well as for overtones,
and to extend our results to even higher BH spins. The latter
could be achieved by increasing the order of the spin
expansion. Although entirely algorithmic, this poses a
significant computational challenge that likely requires
further optimization to resolve. Also a complementary,
complete numerical approach could prove useful to study
the regime of even higher spins, if only as an independent
cross-check of the results we have presented.

From a phenomenological viewpoint it would be of great
interest to identify configurations in which, perhaps in
certain models, the corrections to the QNM spectrum
become exceptionally large. In this respect we note that
the near-extremal limit y — 1 may amplify the effects of
higher-derivative corrections [83]. Although our current
results are only valid far from extremality, they do hint

124032-4



QUASINORMAL MODES OF ROTATING BLACK HOLES IN ...

PHYS. REV. D 108, 124032 (2023)

(220) modes: parity-preserving corrections
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FIG. 2. Corrections to the (2, 2, 0) and (3, 3, 0) QNM frequencies. We show the running of the coefficients 6w, [defined in (12)] in the
complex plane as a function of the angular momentum y. The red dots correspond to static BHs and the blue dots to rotating BHs of spin
x = 0.7. The intermediate black dots represent an increase in spin of 0.05. Left: frequency shifts for parity-preserving theories. We
observe that the shifts of different polarization dw™ are independent. Right: parity-violating theories. In this case, the shift for one

polarization is the opposite of the other, so™ = —5w™.

indeed at a significant growth of the shifts with the spin. For
instance, in the quartic theories the shifts rapidly increase
along the negative real axis for increasing angular momen-
tum, changing by an order of magnitude from static BHs to
x ~ 0.7 (see Fig. 2). Moreover, causality constraints impose
€1, >0 [75,76] and therefore preclude a cancellation
between terms. This suggests that in due course, detailed
GW observations of BH mergers involving large spins may
well provide an arena for some of the strongest tests of
beyond-GR physics in BH spectroscopy.
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APPENDIX

1. Quasinormal mode frequencies: Polynomial fits

Here we provide our results for the correction to the
QNM frequencies, dwg (1), defined by (12) in the main text.
We present 5w (x) in the form of polynomial fits, which we
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TABLE L.

Best-fit coefficients for the polynomial fits (A1) of

the shifts in the (2, 2, 0) QNM frequencies for cubic higher
derivative corrections.

dwg, dwy, Swly
Co —-0.144 4+ 0.162i +0.246 —0.132i +0.197 — 0.151:
cy 4+0.572 +0.411i —-0.256 —0.590i —-0.422 —0.512i
(e +1.389 —0.858{ —1.407 +0.253i —1.431+0.561i
c3 —0.361 —2.254i -0.422+2.007i —0.059 4 2.183i
cy —-2.378 = 0.321i +1.718 +1.052i  +42.065 + 0.759i
Cs —0.931 4+ 1.869i +1.065—-0.976i +1.045 —1.376i
Ce +0.640 4+ 1.103; —-0.286 —0.621i  —0.420 — 0.843i
cq 4+0.305 +0.419i —-0.040 —0.075i —0.138 —0.243i
cg +0.279 + 0.521i —0.022 -0.276i —0.128 — 0.407i
Co +0.301 +0.249i —-0.133 —-0.108; —0.207 —0.196i
co  +0.112+40.212i -0.007 —0.105;  —0.058 — 0.182{
¢y +0.118 +0.164i —-0.063 —0.119¢  —0.099 — 0.174i
c;p +0.003 +0.021i —0.006 —0.008; —0.018 — 0.040i

obtain as follows. First, given a higher-derivative theory, we
numerically compute the shifts in the QNM frequencies
6w®) and sw(*) (obtained by setting C_, = 0 or C_, — o)
for —0.7 < y < 0.7 with steps of 0.01. Then, for each y we
take the average value of both estimations, dw,, = (5&)(0) +
5a)(°°)) /2 and we perform a weighted polynomial fit,

N
o) =Y cut", (A1)
n=0

where as weight for each data point we use the inverse of the
variance between the two estimates, w = (60®) — 5a(*))~2.
This creates a bias towards the data points of smaller y, since
they have much smaller errors. In order to determine the
optimum order of the polynomial, N, we perform these fits
with increasing values of N and look at the sum of weighted
square residuals. This decreases exponentially with N until a

certain Ngpimum» When the error saturates and no longer
decreases. By choosing N = N gipmum We make sure that we
are not overfitting the data and that the result is meaningful.
We find that, with the numeric results obtained at order
O(y'*) for the (2, 2, 0) modes, we typically have
Noptimum = 12. For the (3, 3, 0) modes, computed from a
O(y'?) expansion of Teukolsky equation, we also find
Noptimum = 12, because the results for higher / seem to be
more precise.

The polynomial coefficients are shown in Tables I-IV.
Importantly, we observe that the results up to linear order in
the spin approximately match with those of [66]. We
remark however that the agreement does not need to be
exact since, strictly speaking, our polynomial fits are not
the same as a Taylor expansion.

One may also try to perform a Padé resummation instead
of polynomial fits [67]. However, we found that the Padé
approximants may give rise to singularities due to the
higher-order expansion, and we generally observed that
they do not provide a better convergence than our
polynomials.

Finally, in Tables V and VI we provide an estimate of the
accuracy of these polynomials when extrapolated at
x = 0.7. We do this by comparing the estimate from these
polynomials with the one obtained from a lower-order spin
expansion [of order 12 and 10 for the (2, 2, 0) and (3, 3, 0)
modes, respectively], fitted with a 10th order polynomial.

2. Numerical method

The numerical method used to compute the shifts in the
QNM frequencies is largely based on the approach of [72],
in the spirit of finding the spectral shifts of a perturbed
Hermitian operator. We implement a Leaver solver with the
Cook-Zalutskiy spectral approach to the angular sector [44]
to find the Kerr QNM frequencies and radial functions. As
we are interested in the first-order effect of the corrections

TABLEII. Best-fit coefficients for the polynomial fits (A1) of the shifts in the (2, 2, 0) QNM frequencies for quartic higher derivative

corrections.
Sw| Sy Swy S35 Swy

Co —0.166 — 0.244i —-0.079 — 0.058i +0.000 + 0.000¢ —-0.199 — 0.352i +0.074 4 0.136i
c —0.715 - 0.451i —-0.209 + 0.321: —0.100 + 0.415i —0.556 — 0.885i +0.252 + 0.527i
cy —2.145 + 0.176i +1.082 4 0.303i +1.104 + 0.019i —1.982 —0.955i +1.625 + 0.280i
c3 —1.751 +3.219i +1.434 —2.793i +0.165 — 3.041i —2.587 + 1.879i +1.552 —2.790i
Cy +3.221 + 2.870i —3.187 — 4.046i —5.216 — 2.409i +1.814 + 3.167i —3.366 — 3.239i
Cs +3.064 — 3.563i —5.012 4+ 1.128i —5.350 + 3.968i +3.585 -2.121i —4.353 4 2.633i
Ceo —3.236 — 3.820i —0.339 4 2.750i +0.515 + 4.329i —1.323 = 3.754i +1.089 + 3.691i
cq —3.529 + 0.407i +0.422 — 0.587i +0.645 + 0.091: -2.120 - 0.378i +1.623 - 0.076i
cg —1.918 +0.081: —1.261 — 0.346i —1.293 + 0.370i —0.607 — 0.666i —0.042 + 0.219i
Cy —2.732 +0.117i —0.463 — 0.053i —0.602 + 0.338i —1.492 — 0.863i +0.780 + 0.328i
Clo —-2.197 4+ 0.707i —0.940 — 0.749i —1.414 — 0.366i —1.162 — 0.224i +0.253 — 0.341i
cy —2.284 +0.321i —1.175 — 0.320i —1.669 + 0.067i —1.228 = 0.610i +0.174 + 0.075i
C1a —1.918 + 0.754i —0.639 — 0.645i —1.081 —0.443i —1.248 — 0.035: +0.383 — 0.375i
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TABLE III.

Best-fit coefficients for the polynomial fits (A1) of

the shifts in the (3, 3, 0) QNM frequencies for cubic higher
derivative corrections.

dwg, dwy, Swly
Co —0.265 +0.150;  +0.343 —0.134i +0.304 — 0.142i
cy 4+0.554 +0.438; —0.347 —0.463i —0.451 —0.452i
(e +1.440 — 0425 —-1.316+0.274i —1.381 + 0.349{
c3 40.602 — 1.635i —0.718 + 1.490i —0.666 + 1.566i
Cy —1.037 - 1.127i +0.785 + 1.186i  +0.906 + 1.165{
Ccs —1.25340.348{ +1.056—-0.111; +41.153 —=0.219{
Cs —-0.513 4+ 0.845i +0.415-0.570i +0.465 — 0.698i
cq —-0.222 +0.662i  +0.172 -0.407i +0.200 — 0.527i
cg —0.183 +0.608; +0.162 —0.385; +0.176 — 0.491i
Co —0.088 +0.529;  +0.082 —0.350i +0.089 — 0.437i
cio  —0.077+0.415 +40.076 —0.276i  +0.081 — 0.348i
c;p —0.097 +0.388i  +0.104 — 0.264i  +0.104 — 0.325
cip —0.065+0.281i +0.081 —0.191i +40.071 — 0.228i

we can treat each term of 6V [from (5) in the main text] in
(A8) separately. We can thus compute each term of (A12)
(see below) individually. In the analysis we only use the
s = —2 equation and for parity preserving corrections we
set g, = £1, thereby only requiring 6V, while for the
parity breaking corrections we, a priori, have to solve for ¢
requiring both 6V and 6V for solutions in the limits of
C_, going to zero and to infinity. We also cross-checked the
results by employing a direct numerical integration of
Teukolsky equations with a shooting method to find the
QNM frequencies, finding good agreement.

3. The corrected radial Teukolsky equations

Our starting point is the corrected radial Teukolsky
equations as given by [73]. These are a set of four
equations, for R, and R’ , and read

dR
PSS%RS - |:st5 + g s:| =0,

dr
dR*

P;DIR; - {f}‘R}‘ + 95 p S} =0, (A2)
r

where
d d
2 ATSHL | ASHL D A
Dy dr [ dr] Vs (A3)

is the Teukolsky operator, where the Teukolsky potential V
is given by

V= (am)®+@*(a® + r*)? —4amMrw + is(2am(r — M)
—2Mw(r* —a?)) + A(=a*w? + 5 — By, + 2irsw),
(A4)

and B, are the angular separation constants for the usual
spin-weighted spheroidal harmonics, in the conventions
of [73], such that By, (aw = 0) = (I + 1) — s%. In addi-
tion, P, P} are constants that we specify below and f, and
g, are functions of r proportional to the higher-derivative
couplings which take the form

n

£4(r) M2i<r>4_f
s\I') = ar s,
n=0 M

0 =mir=r03 (1) e 9

n=0

and analogously for the conjugates f%, g5. Here f ,, g, , are
coefficients taking the form of a power series in the spin y
and N increases with the order of this expansion, so that

TABLE IV. Best-fit coefficients for the polynomial fits (Al) of the shifts in the (3, 3, 0) QNM frequencies for quartic higher
derivative corrections.

dw! Sy dws Sw3 Swy
Co —0.641 — 0.595i +0.006 — 0.040i +0.000 — 0.0007 —0.634 — 0.706i +0.321 4+ 0.316i
c —1.832 — 0.663i —0.126 + 0.135: —0.246 + 0.173i —1.768 — 1.000¢ +0.810 + 0.494
CH -3.079 — 0.075: +0.196 — 0.024i +0.122 + 0.046i —2.747 — 0.677i +1.544 + 0.195i
c3 —3.680 + 1.525i +0.110 — 1.620: —0.136 — 1.482i —3.265 + 0.766i +1.743 — 1.351i
Cy —1.869 + 2.890i —2.141 — 2.950: —2.871 —2.494; —1.652 + 2.225i —0.357 — 2.650i
Cs +0.157 + 1.042i —-4.510—-1.371i —5.388 — 0.429i +0.454 + 0.716i -2.617 — 0.905i
Co —1.166 — 1.324i -3.917 + 0.866i —4.678 + 2.040i —0.513 — 1.520i —1.725 + 1.422i
cq -3.014 — 0.988: —2.505 + 0.750i —3.186 + 1.883i —2.114 — 1.287i —0.141 + 1.216i
cg —-3.215-0.335; —2.585 + 0.176i —3.306 + 1.239i —2.199 — 0.714i —0.121 + 0.609:
Co —-3.425 -0.351: —2.603 + 0.325i —3.350 + 1.316i —-2.316 — 0.793i —0.054 + 0.698i
C1o —3.822 — 0.088i —2.495 + 0.143i —3.287 + 1.043i —-2.628 — 0.610i +0.158 + 0.484i
c1 —3.628 + 0.034i —2.878 +0.057i —3.520 + 0.861i —2.463 — 0.577i —-0.137 + 0.278i
C12 —-2.033 - 0.169i —2.236 + 0.235i —2.478 4+ 0.724i —1.354 — 0.596i —0.432 +0.182i
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TABLE V. Shift in the (2, 2, 0) QNM frequencies for y = 0.7.
We show the prediction based on the fitting polynomials obtained
from the numerical results at order y'? and order y'* as well as the
relative difference between the two estimations.

TABLE VI.  Shift in the (3, 3, 0) QNM frequencies for y = 0.7.
We show the prediction based on the fitting polynomials obtained
from the numerical results at order y'° and order y'? as well as the
relative difference between the two estimations.

S O(x'?) O(x') Difference %  dw O O(x'?) Difference %
Swy, +0.217-0.297i  +0.220 — 0.293i 1.23 Swy, +0.481 —0.308; +0.478 —0.291i 3.11
owg, —0.220 +0.253;  —0.221 + 0.251i 0.88 owg, —0.350 +0.315;  —0.345 + 0.301: 3.20
Swl, —0226+0310i  —0.228 +0.306i 1.25 Swl, —0419+0317i  —0415+ 0301 3.09
Swf —-1.979 +0.331i -2.056+0.351i 3.82 S -5.909 4+ 0.030i —6.033 + 0.021i 2.05
0wy —0.932 - 1.191i  —-0.967 — 1.208i 2.49 0wy -2.186 — 1.269i  —2.300 — 1.257i 4.38
Swd —1.645-0.113i —-1.697 - 0.118i 3.09 Swd —2.949 — 0.500i —3.089 — 0.460i 4.67
ow; —1.866 — 0.944 —1.908 — 0.957i 2.08 ow; —5.180 — 1.184i —5.254 — 1.216i 1.50
Swd +0.337 - 0.204i  +0.345 — 0.209{ 2.34 Sw3 +1.510-0.158;  +1.489 —0.143i 1.75

N — oo for the full series but it takes a finite value when we
truncate it at a finite order.
Now, by performing a change of variables of the form

dR,
R, >R, + |a,R; + p,— |,
dr

dR}
Ry = Ry + (a}‘R}‘ +h “), (A6)
r

where the functions a, and S, are linear in the higher-
derivative couplings, we can rewrite (A2) as (5) in the
main text,

d dR,
A-s+1 ASTLZDS Vi+06Vy)R, =0,
dr{ dr]+(s+ s
d dR?
a4 {Am d:] L (V,+8VORI=0. (A7)

To this end, it suffices to consider the a, and f, functions as
polynomials in 1/r with appropriate coefficients. This also
allows us to put 6V, in the form (6) (in the main text),
where, interestingly, the coefficient of »~2 cannot be set to
zero. It must also be noted that in the implementation of the
change of variables (A6) to derive (A7) we only keep terms
up to first order in the higher-derivative couplings and we
make use of the uncorrected Teukolsky equation for R, in
the terms proportional to the corrections in order to reduce
the number of derivatives.

D2 = [(8 + 6Blm + Blzm)2 - 8(_8 + Bl2m(4 +Blm))m7 +4(8 - 2Blm - Blzm + B

4. Structure of the potential and the QNM equations

The potential V, and hence the coefficients A,, have the
following dependence on the ¢, and C, constants [73]:

1

oV, = [5\/&‘) + g5V 4 csv 4 csq_sévﬁ“)] ,

oVi=— [5v:“> + g6V ycsvi® 4 q_scsavi“q :
q,P;

(A8)

where 5VFj ), 5V§(j ) are functions of r that depend on a, M,
and w. We also have

| .
P,= 5+ iK\q., —iK,C.rq ,,

16
1 K, iK,C,,

1
P—2:§_iK1q—2+i

+2(=2+ Byy) (4 + 3By, )m?)y* — 8m(8 — 12B,, + 3B],, +4(=2 + B, )m*)y®
+2(42 = 22B,,, + 3B, + 8(=11 + 3B, )m* + 8m*)y*

- 8”n(?’Blm + 4(_4 + m2))y5 + 4(_7 + Blm + 6m2)y6 - 8m7’7 + y8]1/2’

P, =—+4+
M) qd+2 q+2
1 iK K,C_
R (A9)
2 qo 16q,
where
D, D3 + 144M*w?
' 2aMae’ 2 6Mw » - (AlD)
and
Im
Im
(A11)
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where y = aw. The value of w in these expressions can be set to the Kerr value, since we are only interested in the leading
correction.

Now, the corrections to the frequencies computed from each equation (denoted by dw, and dw?) inherit the same
dependence on the g, and C, constants as the correction to the potential, and hence in general we have

1
b, = [&09) +¢,60% +C50® + qu_séa)§4)] :
1 * * * *
dw’ = = [éwsm + qs&ox(Z) + Cséa)sc) + q_SCS(Sa)xM)], (A12)
qAV s

where 5w§j >, 5@?0 ) are coefficients that we find numerically by solving the QNM equations. Not all of these coefficients are
independent, though, since these equations possess some structure.

In the case of parity-preserving corrections we observe 5(0&’ ) = 50)27(’ ) (because the conjugate equations are identical to
the nonconjugate ones), while the coefficients 5a)§’ ) satisfy

3 (4 4 . (3
{5a)(j) }4 _ 16K15w<_2) — 8150)(_2) 16K15w<_2) — 8[50)(_2) 1660 —1650Y
+2Jj=1 K2 ’ K2 ’ -2 -2 (>
3 (4 4 . (3
{5&)“)}4 _J_ 16K15w(_2) + 815(0(_2) B 16K15a}(_2) + 815(0(_2) 50}(3) 50)(4) (A13)
-2Jj=1 K2 ’ K2 s _2> 2 (
These relations imply that the total shift in the QNM frequencies is given by
16i(+503) _, + s _
8w oy g st =00 | g =~ ( 2 2) = Sw*, (A14)

K

so that QNMs indeed correspond to modes of definite parity (¢,, = g_, = %1) and the result is independent of the ST
constants C,.

The coefficients &ogj ), 560:“ ) for parity-violating theories have a more complicated structure, but we find that all of them
can again be written in terms of only two parameters, for instance —5(0@2) and —5a)(_32)

3) o (4) 4) s (3)
; 16K,0 8id 16K,6 8id
(50} | = 100 + 81005 10R1005 91005 _16500) 165w b,
J= K2 K2
*) s (3) ©)) s (4)
“( 16K 6 8id 16K 0 8id
(5P, = {_ ! “’—[2<+ 0o, _ O “’—IZ’(“L 0022 1660 16&0(_32)},
2 2
()14 16K,60°) + 8idw") 16K,60%) +8id0?) _ ) .
{50)—2}/:1 = - ’ ) 560_25 6 -2 (>
K, K,
) s (3) 3) s (4)
“( 16K 0 8id 16K 6 8id
(6’ yi, = {_ 1005 + 8100 10R100; 1 0100, ,—5w<_‘2,—5w<_32>}, (A15)
K, K,
These relations imply that the system of equations
0wy = dw', = bw_p = dw?, (A16)
has indeed two solutions which furthermore are independent of the ST constants. These solutions satisfy g,,g_, = —1, with
. \/ (3))2 (4))2
ow 5 i/ (6w ) — (dw’
G = 2 ( (;)) ( 2) i (A17)
0w’

resulting in a total shift in the frequency
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N 16,/ (50))” - (s04)?
K

2

ow, = dw; = = +0Wpreqk-

(A18)

We remark that the structure of these coefficients is crucial in
order to observe these properties. Additionally, our numeri-

cal results also indicate that d»'> = 0. Although we do

not know the origin of this result, assuming 5w§2) = (0 leads
to an interesting consequence. If we use this condition in

the relations (A1l5) above, then we find that 560(_42> =
—i6a)(_32) /(2K ), obtaining that the g_, parameter is given by

2iK,
4y = ——F——,
P £ AR+ 1

and thus implying that the polarization of QNMs in these
parity-violating theories is actually theory independent.

In principle it would be possible to obtain the relations
(A13) and (A15) directly from the form of the equations,
e.g., by observing that the potential itself (A8) satisfies the
same relations. However, the potential may not show these
relations explicitly, since it depends on the choice of
variables. It should always be possible, via changes of
variables, to write the potential in a way that these relations
are explicit, but we find this to be a very difficult and not
useful exercise in the rotating case. The frequencies on the
other hand always exhibit these relations since they are
independent of changes of variables. In practice, we

(A19)

compute the coefficients 50)? ), 5(0270 ) numerically and
check that the relations (A13) and (A15) above are satisfied
up to terms of order O(y" 1) on account of the truncation in
the spin expansion. The fact that the relations are not
satisfied exactly introduces a mild dependence on C., in
the correction to the QNM frequencies (A14) and (A18)
which we use to estimate our error, as explained in the
main text.

Finally, if the action contains both parity-preserving and
parity-violating terms, then the coefficients 5a)§j ), 6a)}‘(j ) are
a linear combination of (A13) and (A15). Then, one can
again solve Eq. (A16) and check that they admit for two
solutions with associated frequencies given by

St +dw™ Swt —dw™)?
6w£tal: @ 2 @ i\/( @ 4 @ ) +5a)l§rea_k’ (A20)

which is (11) in the main text. In addition, if we use that

6w§2) = 0 for the parity-breaking theory, we can find a
closed formula for the polarization parameters g, for each
of these modes,

o EVART T 0" =60 450 = 36011
s 4K% + 1(6w™ = 6w™) + 4iK | 5wprear

’

(A21)

with s = £2.
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