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Nonpropagating ghost in covariant f(Q) gravity
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f(Q) gravity is an extension of the symmetric teleparallel equivalent to general relativity (STEGR).
This work shows that based on the scalar-nonmetricity formulation, a scalar mode in f(Q) gravity has a

negative kinetic energy. This conclusion holds regardless of the coincident gauge frequently used in
STEGR and f(Q) gravity. To study the scalar mode, we further consider the covariant f(Q) gravity as a
special class in higher-order scalar tensor (HOST) theory and rewrite the four scalar fields, which play a

role of the Stiieckelberg fields associated with the diffeomorphism, by vector fields. Applying the standard
Arnowitt-Deser-Misner (ADM) formulation to the new formulation of the f(Q) gravity, we demonstrate
that the ghost scalar mode can be eliminated by the second-class constraints, thus ensuring that f(Q)

gravity is a healthy theory.

DOI: 10.1103/PhysRevD.108.124030

I. INTRODUCTION

In recent years, gravitational theories with nonmetricity
have been actively discussed [1-5]. These theories are
written by the nonmetricity scalar Q as the fundamental
geometrical quantity and in Palatini formalism, where the
connection is an independent variable in addition to the
metric. Imposing that the Riemann tensor and torsion
tensor vanish for the connection, one finds that the
connection is written by the four scalar fields [6-9].
Moreover, one can choose specific scalar fields so that
the connection vanishes, which is called the coincident
gauge, and then the metric is only a dynamical variable in
theory. It is known that in the coincident gauge, the theory
with action linear to Q is equivalent to general relativity
(GR), and we call it symmetric teleparallel equivalent to
general relativity (STEGR) [10,11].

Teleparallelism is another well-known concept in the
gravitational theory that does not rely on curvature, where
the torsion scalar T is the fundamental quantity [12—14].
By choosing the Weitzenbock connection, which corre-
sponds to the coincident gauge in STEGR, the spin
connection vanishes, and the tetrad is only a dynamical
variable. The theory with action linear to 7" is equivalent to
GR, and we call it teleparallel equivalent to general
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relativity (TEGR) [12,15]. Compared with teleparallelism,
we utilize symmetric teleparallelism in nonmetricity gravity
to reflect the torsionless condition, that is, symmetric affine
connection. Moreover, as in the way of extending GR to
f(R) gravity characterized by the function of the curvature
scalar, TEGR, and STEGR have been extended to f(7') and
f(Q) gravity whose actions include the arbitrary function
of T and Q respectively [4,5,14-22]. Those theories have
been intensively examined as one of the modified gravity
theories, and new degrees of freedom (DOF) introduced by
the torsion or nonmetricity show various interesting phe-
nomena; for instance, cosmological models [23-40], black
hole solutions [41-45], and gravitational waves [46—49].

Recently, the number of DOF in f(Q) gravity has come
into the spotlight [9,50-54]. In our previous work [50], we
have shown there are eight DOFs in coincident f( Q) gravity,
and the scalar mode cannot propagate.1 However, the
existing works on the Hamiltonian analysis rely on the
specific gauge, the so-called coincident gauge. It is signifi-
cant to confirm that there are no ghost modes with negative
kinetic energy in the physical DOF without gauge fixing.
This work mainly discusses the ghost scalar mode in the
f(Q) gravity. Moreover, we investigate the ADM formu-
lation of f(Q) gravity in the arbitrary gauge to consider the
origin of the negative kinetic energy.

This paper is organized as follows: We introduce the
underlying geometrical background of the f(Q) gravity in

'"The conclusion in Ref. [50] have been controversial and under
active discussion recently. For example, see Refs. [9,51] for details.
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TABLE I. Conventions and notations.

{,,} Levi-Civita connection

I'%, General affine Connection

V, Covariant derivative with respect to Levi-Civita
connection

Covariant derivative with respect to general affine
connection.

D; Three dimensional covariant derivative with respect to h;;

R Curvature scalar with respect to general affine connection

R Curvature scalar with respect to Levi-Civita connection

O  Nonmetricity scalar in coincident gauge

Sec. II. We apply the conformal rescaling to the action and
discuss the ghost scalar mode in the f(Q) gravity by the
scalar-nonmetricity formulation in Sec. III. In Sec. IV, we
propose a new formulation of the f(Q) gravity as the
higher-order scalar-tensor theory. Finally, we conclude this
paper and discuss the implications of ghost mode in Sec. V.
Some mathematical details of the paper are given in the
Appendices.

Throughout this paper, we use the leading letters of the
Latin alphabet (a, b, ¢) running from 0 to 3 to label the
tangent space-time coordinates. The Latin indices (i, j, k)
running from 1 to 3 represent the ADM spatial indices, and
the Greek indices (a, f3, - - -) running from 0 to 3 does the
space-time indices. For clarity of notation, we define
symbols as in Table 1.

IL. BASICS OF f(Q) GRAVITY
AND COINCIDENT GAUGE

We briefly review the basic structure of the f(Q) gravity
and symmetries. We discuss the four scalar fields in the
affine connection and their role as the Stiieckelberg fields.

A. Geometrical foundations

A general affine connection I'y, can be decomposed into
three parts:

a
F(l — K(l L(l . 1
w {/“/} nv % ( )

Here, {7} is Levi-Civita connection

a 1
(2} =300+ oi-0g). @
K¢, is contortion
1
Kj, = EQM(TMD + T +Th). 3)

and Ly, is disformation

1
LZL/ = Ega/{(Q/luv - Q;Mw - Qu&y)' (4)

Torsion tensor wa and nonmetricity tensor Q,, are
defined as

7%, =TI*"

uw = - rauﬂ ’ (5)

v
Qo = Vol = 009y = 9o e = 9o %0a (6)

Using two types of trace of nonmetricity tensor
0:=00/  Qu=0" (7)

we define the nonmetricity conjugate
Py — _l Qa/u/ 4 l Q(ﬂb)a T l (Qa _ Qa)g;w
4 2 4

1
_ Z qaupyv)
R (8)

and nonmetricity scalar

Q:Qa;wp(wy

00, 4500 100,00, (9)
- 4 auv 2 auy 4 a 2 a

The action of STEGR is

S= / d4x(\/__gQaﬂuPa”U + A’aﬁﬂbRa/}uv + ’la”UT{lﬂu)' ( 1 O)

Variation of the action (10) with respect to Lagrange
multipliers 1,/ and 1,/ generates the torsion-free con-
dition

7%, =0

(11)
and vanishing curvature
R (T) = 0,15 = 0,15 + T 1 5 =TT 5

=0. (12)

The former demands the general affine connection to be
symmetric to its lowered two indices, as the latter implies that
the connection must have the formI', = (A1) 0,47, [55].

B. Coincident gauge

Combining two conditions on the affine connection as in
Egs. (11) and (12), we find that the matrix A%; = d3&%, and
the affine connection consequently takes the following form:

. 70xl 02505

=——2 13
M OE% gx# ox¥ (13)
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Here, four scalar fields £*(x) are the arbitrary functions of
coordinates. Note that the connection is symmetric with
respect to two lower indices because two partial derivatives
of & commute each other. Moreover, one finds Aj corre-
sponds to the tetrad e;; for Weitzenbdck connection in the
teleparallel gravity.

A special choice &*(x) = x* makes the connection
vanish I} w = 0. This choice is called the coincident gauge.
Under the coincident gauge, the covariant derivative is
replaced by the partial derivative V, — d,, and the non-

metricity tensor Q,,,, deformation tensor L{,, nonmetricity
scalar Q, and the traces Q,, Qa reduce to
Qa;w = Q(Xﬂl/ = aaguw (14)
Le, e ig = -4 (15)
7% uv v ’

0~ 0

P Ly = L0l 7)
(Lo o)~ o L) 19

07— 0% > 0" = 0" = gvis, — git,
S 9 e O S ()

nv 1%

Writing the Finstein-Hilbert action as follows
Sgn = /d4x\/——99””73,w<{:;}>
- [awmr (G H - (i)

+ [ @[t -] o9

we find that the Ricci scalar can be expressed by the
nonmetricity scalar and divergence of two independent
traces of the nonmetricity tensor, where the divergence term
is reduced to the boundary term after the integration. This
result indicates the equivalence between GR and STEGR
up to the boundary term. Moreover, for general connection,
we find the relation between R:

R =0-V,(0"-0% (19)

C. Symmetry and Stiieckelberg field

Under the general coordinate transformation {X*} —
{x#}, the connection is transformed as

oxt 92X«
0X% ox*ox¥”

_ 0x* 0X? 0X°
~ 0X® OxF oxY

I (x) I,0(X) + (20)

Provided that the connection vanishes in the coordinate
system {X*}, the first term vanishes in Eq. (20), and the

second term reproduces Eq. (13). Thus, we can identify a
set of scalar fields {&} as such a special coordinate system
{X*}. Note that the above argument partially includes the
definition of the local Lorentz frame, although the space-
time is not necessarily flat in the current setup.

Equation (13) also suggests that the index of the scalar
fields is contracted within the connection, and it does not
show up as a free index. Therefore, one can expect that the
index a in &% is related to the inertial symmetry rather than
the space-time index. To distinguish it from the space-time
index, hereafter, we denote the scalar field as &“:

. :aix,l 02511
M 0% oxtox¥

(1)

We can find that Eq. (21) is invariant under the following
transformation for £%:

£(x) = &(x) = ME (x) + 7. (22)

Here, M*“, is a 4 x 4 nondegenerate constant matrix, and
£ is a constant vector. In the coincident gauge £ = x“, the
above transformation leads to the linear transformation
between two coordinate systems,

X4 = Myxb 4 ga, (23)

Equation (23) represents the affine transformation, and the
connection (21) is purely inertial, which always can
transform to zero under Eq. (23). By imposing on the flat
space-time, the Minkowski metric is invariant under the
transformation, we find that matrix M¢“, corresponds to
the Lorentz transformation, and Eq. (23) is reduced to the
Poincaré transformation in the coincident gauge.

Thus, any two different frames under the coincident
gauge are related by transformation (23), naturally to
introduce the metric f,,(x) in the coincident gauge.
Under the coordinate transformation {&4} — {x*}, the
space-time metric is transformed as f,,(x) = g, (x) writ-
ten in terms of the Jacobi matrix:

0E® 0gb
= c i,/fab‘ (24)

Iiw = o0k o

We present an explicit example in Appendix A to better
demonstrate how f,, transforms under Eq. (24). It is
apparent that £ plays a role in restoring the general
covariance while fixing £ breaks the diffeomorphism
explicitly. A similar structure can be found in the relation
between the tetrad and metric if we read 9,{% = e and
fab = Nap- Moreover, Eq. (24) shows up in the mass term of
the de Rham-Gabadadze-Tolley (dRGT) massive gravity
[56-60], and &% = x“ is called the unitary gauge therein.
The above arguments suggest that we can treat four scalar
fields & as the Stiieckelberg fields associated with the
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diffeomorphism as discussed in the dRGT massive gravity.
Hereafter we will handle the generic £ to investigate the
f(Q) gravity in a covariant way.

III. GHOST SCALAR FIELD IN f(Q) GRAVITY

In this section, we recall the scalar-nonmetricity formu-
lation of f(Q) gravity and apply the conformal re-scaling
transformation to the action. We suggest that the scalar field
is a ghost mode in the scalar-nonmetricity formulation.

A. f(Q) gravity and scalar-nonmetricity formulation
Let us consider the f(Q) gravity by replacing Q with a
function of Q:
Sro) = / d*x\/=9f(Q). (25)
By introducing an auxiliary scalar field ¢, one can consider
the following action

S0 = [ Ewr e - B @) - @) 20

By varying the above action with respect to ¢, one gets
() (Q — ¢) = 0. Provided that f”(¢) # 0, this equation
implies ¢p = Q and restores the original action. Moreover,
we can redefine the scalar field ¢ = f'(¢p) and V(@) =
@f'(¢) — f(¢). The Lagrangian density of our interest then
takes the following form

S = [ dxmdee-vie) @)

Using Eq. (19), we obtain

S0 = / de/HoR = V(g) + oV, (0" — 01, (28)

The third term includes the covariant derivative with respect
to the Levi-Civita connection Vﬂ, and we can utilize the
ordinary formula for the divergence,

/ d*x =gV ,AF = / d*x9,(y/=gA"),  (29)

and ignore the surface integration. The integration by parts
reduces the original action (25) to the following form:

S0 = [ /TR = Vi) = 0,0+(0 = 0. (0

B. Conformal rescaling of f(Q) gravity
We further deform Eq. (30), following the frame trans-
formation established in f(R) gravity. We consider the
following conformal transformation of the metric:

®=-Ingp. (31

e
gm/ - gﬂl/ =e g/un

It is worth mentioning that the affine connection is invariant
under the transformation (31) since the connection is
written in Eq. (21) by the Stiieckelberg field, which is
independent of the metric. By the conformal transformation
of metric, the Ricci scalar R with respect to the Levi-Civita
connection is transformed as

3
R = | R/ =3¢"V,0,0 -3 ¢"(3,0)(0,@)|.  (32)

Here, we denote by V' the covariant derivative with respect
to the Levi-Civita connection after the transformation.

Moreover, by the transformation, the nonmetricity ten-
sor Qus and its traces Q% and 0" are transformed as
below:

N

Q(l/)’y - Qlaﬂy = vag/ﬂy
= va<e_q>gﬂy)

= e %0y, — g5 0, P, (33)

Q' — Q" =g"g" Q.
= ¢ (e7® Qpp, — gpe™ 0, P)
= e®QF — 4% g0, @, (34)
Ot - Q" = gmag/ﬁrQ;} »
= * ¢ (e Qpoy — Guye P9 ®)

= ePOH — e® g9, D. (35)

In Eq. (33), the general affine connection in the covariant

derivative V are not transformed. From the above, we can
rewrite the original nonmetricity tensor Q by new ones Q’
and scalar field @ after the conformal transformation,

O = e~ PQ% +4¢'0,®

= e PQM + 4¢P gH9, D, (36)
Q}l — e—lI)Q/y 4 g;alaaq)
= e ®Q* + e, . (37)
Thus, the third term in Eq. (30) is given as
- (Q" = 0) = =9, @ e~ (Q¥ + 40, P
- Q" - g9, ®)

= —¢2® [0,@ - (Q* - Q') + 30°®9, D).
(38)
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By substituting Eqgs. (32) and (38) into Eq. (30), the action of f(Q) gravity is written by the Einstein gravity with the

minimally coupled scalar field:

S = / d*x —g’ezq’{e_w [R’ - 3¢"V,0,® — ;gﬂ”’(a”d))(afb)} —V(®) + e®[0,®- (Q" - Q") + 30%1)@,@}}

= / d*x\/~g {R + ga%aacb — U(®) + 9, (0" — Q’”)} .

Here, we defined U(®)=e?*V(®) and ignored the
divergence term.

In Eq. (39), the sign of the kinetic term of scalar
field @ is positive, indicating that it is ghost mode. The
conformal transformation of the first and second terms in
Eq. (30) reproduces the minimally coupled scalar field @,
which is the well-known result in f(R) gravity. However,
since the third term, the nonmetricity tensor, in Eq. (30)
gives rise to a new kinetic term with the opposite sign,
the sign of the kinetic term of the scalar field is finally
reversed.

As a classical theory, the ghost fields have negative
kinetic energy and generate the instability of the system.
In a quantum context, the energy is bounded below by the
vacuum, even if there is a ghost. The ghosts, however,
generate negative norm states, which give the negative
probability; therefore, the existence of the ghosts con-
flicts with the Copenhagen interpretation of the quantum
theory, and the theory is not physically acceptable. In the
case of the gauge theory, if we quantize the system by
using the BRS symmetry [61], the ghosts appear in the
combinations of zero norm states in the physical states,
which satisfy the constraints coming from the BRS
symmetry or gauge symmetry, and therefore the negative
norm states are eliminated [62,63]. The situation in
f(Q) gravity could be similar. Although there appear
to be ghosts even in f(Q) gravity, the propagation of
the ghost fields is excluded as the physical degrees of
freedom by the constraints, as we will see in the next
section.

o) = [ alVHGR = V) = Vi (0 -

(39)

|
IV. REFORMULATION OF f(Q) GRAVITY

In this section, we reformulate the action of f(Q) gravity.
Regarding the f(Q) gravity as a higher-derivative scalar-
tensor theories [64-69], we develop ADM formulation of
the covariant action and discuss the origin of the ghost
scalar mode.

A. Scalar-vector-tensor formulation

The nonmetricity scalar Q includes the metric and its
first derivative as in Eqgs. (6) and (9), while the connection
includes the first and second derivatives of Stiieckelberg
fields as in Eq. (21). Thus, the Lagrangian density of f(Q)
gravity (27) is symbolically given as

V—9£(0,6". 0,0

To handle the higher-order derivatives in the Lagrangian
density, we can introduce new variables into the f(Q)
theory in a way that does not alter the theory [70]. By
introducing four space-time vectors A“,, as new variables,
we can rewrite the Lagrangian density (40) as’

VgL = \Yam £<Aaw g wgﬂlﬂaﬂgﬂb)
+ o a(apéa - al/)‘

v§a7 g;wa aﬂg/u/>' (40)

(41)

We note that by rewriting d,£% = A¢,, the affine connection
Eq. (21) goes back the original form suggested by Eq. (12).

Using Eq. (41), we can reformulation the action Eq. (30)
into following form,

Qa) + wya (auga - Aau)}

~ S, (/fﬂv’9¢W% e, — g (ATN)Y] VA9, — oty (0,6 — A%,))

= Siw) / d*x[\/=GCH" 0,9V A%, — w0, (9,6% — A%,)).

To simplify the expression in Eq. (42), we defined a tensor
Co” as
Ccl" = ¢*B*,

— ¢"*BY, where B, = (A7) . (43)

(42)

2Taking the variation of (41) with respect to @”,, we can get
d,& = A“,. By inserting this relation back into the equation of
motion, it is easy to check that the Lagrangian (41) is equivalent
to (40).

gWe present the detail calculation in Appendix B.
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Where the term Sy in action (42) is the scalar-tensor
description of f(R) gravity,

Sy = / By TGoR - V().  (44)

We note that the nonmetricity tensor in Eq. (30) induces
the coupling between the scalar field ¢ and vector field A¢,
in Eq. (42). This term corresponds to the origin of the ghost
scalar mode after the conformal transformation of metric,
as we observed in the previous section.

B. 3+1 decomposition of the action

In this subsection, we investigate the origin of the ghost
mode under the Lagrangian formulation by performing the
3 + 1 decomposition of the action (42) in terms of ADM
variables. We decompose space-time into 3-dimensional
spacelike hypersurfaces X, and their normal vector n*,

which satisfies the normalization condition nn, = -1

n, = (=N,0,0,0), n* = (1/N,—N'/N).  (45)

N is the lapse function and N’ is the shift vector lying on the
2,. We also introduce the three-dimensional induced metric
h,, defined by

N,N' N, )

hyu_gyy+ ;41/_(0 0)
= n‘n® — Ohij'

ij

(46)

Inversely, we can express the metric in terms of N, N',

and hij?

—N? 4+ N;N' N,
I = N; hij ’

» —N"2  N7ZNI
g = N-2Ni hij_%l;ﬂ :

Moreover, we can decompose the space-time vector Ay
into tangent A; and normal part A¢ separately:

(47)

A4 = A% — Afn, with A? = Ain®. (48)
For the tangent part, we have A4 =A% +A%N and A¢ = A¢.
Provided by these two relations, the normal component of
Aj; can be expressed by

A = A§ - n" 4+ Aln

1 - -
= (Af + AN = N'AY).

(49)
from which we get the relation Ag =N ’A?. After straight-
forward calculations presented in Appendix C, one can

obtain the different components of the covariant derivative
of four vectors Ajy:

VoA§ = NA¢ — K;;j(ASN'N/ + NAN/ + NAJN')

— N'AYD;N — N'AYD,N/ — NA“D,N + N'A},
V.A§ = —K;;(AYN/ + NA/*) + ND;A¢ 4+ N'D;A4,
VoA¢ = A} — Kij(ASN/ + NA#) — ASD,N — A4DN/,
ViAY = DAY — AU, (50)

Subsequently, by using the same approach, the 3 + 1
decomposition of B¢ is given by

N
Bl = Bl + B} —.

1
B = -B;—, v

N (51)
the calculation details of Eq. (51) and the 3 + 1 decom-
position of the interaction term C#" have also shown
explicitly in Appendix C. It is worth mentioning that since
the A% and B/ are not independent space-time vectors, they
are related by the B4A¢% = &, which lead to the following
important relations:

AB} = Aln®Bing = & nny = —1, (52)

and

BiAY = BYAG + BLA¢ = BiAY — B,AY =4, (53)

from which, one concludes that the tangent parts of those
vectors also enjoy the relation B;A% = &). In particular,
we have

AaR* _ Aa(Ra _ () VA
A4B;, = A4(B%n,) = —69N = 0. (54)

It shows the tangent part of A% and the normal part of B}, are
orthogonal to each other and vice versa, i.e., AYB!, = 0.
Putting together all our results and utilizing relation
(52)—(54), we finally obtain the full 3 4+ 1 decomposition
of the action (42),

124030-6
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L£5%0) = Lyir) = Lin + 040, — AY)

N 1
—N\/_(p< R + KK — K2 - Vie )>+\/_ (—BIA +B*DA’“+NBJDA”+ DN’>+\/_A“B’D€0
@

. N _. -,
+ VhD,¢D'N +Vh ~ (BLAS

— VhN'(B;D;AD,p + BiD,AYD;¢) + ol (&

where K;; is extrinsic curvature of the hypersurface,

1
K =

i = 55 (hij = DiN; = D;N;). (56)

In the Lagrangian formulation, the field equations
obtained from (55) involve only first-order time derivatives
of ¢ and A¢. However, wave functions require second-order
derivatives. In other words, the action (55) strongly
indicates these scalar fields cannot propagate as physical
DOF. Furthermore, we can glimpse the prospect of the
Hamiltonian formulation. The canonical momentum vari-
able with respect to the scalar field ¢ is given as

| - Ni_. _ 1 .
p=vh —NB;A?—i—B;D,-A’“—kﬁBLD,»A;? +5 D'
(57)

Moreover, we consider the constraint from the Lagrange
multiplier ”,. We obtain V,A¢, =V A, after we use the
constraint A, = 9,£% [65]. Since the dummy indices u, v
are symmetric, we find that V;A§ equals to VyA¢, which
. If we use Af = D;A% and

DJA?, Eq. (57) is reduced to the following form:

induces a relation A = D;A¢
DAY =

p ~Vh(BiD;A" — BiD,A%), (58)
which generates constraints between phase space variables
on the hypersurfaces X,. In other words, we can eliminate
the phase space variables ¢ and its corresponding conjugate
momentum p by using Eq. (58) and other constraints. It
indicates that the ghost scalar mode discussed in Sec. III is

nonphysical; thus, we can conclude that the covariant f(Q)
gravity theory is free from the ghosts.

V. CONCLUSIONS AND DISCUSSIONS

In this work, we have revisited the theoretical structure of
the f(Q) gravity and discussed the ghost scalar mode in the
physical DOF. Four scalar fields £ in the affine connection
play a role of the Stiieckelberg to restore the diffeomor-
phism, similar to the dRGT massive gravity, and the
coincident gauge in the nonmetricity gravity corresponds
to the unitary gauge in the dRGT massive gravity [71,72].

— NAC

— D;N/ — N'BXD;A{)D,p — VAN (B, D'A¢ + BiD/AY — B, D'A/)Dygp

- N'AY) + w0, (D& — Af). (55)

In the covariant f(Q) gravity, we have considered the
scalar-nonmetricity formulation and conformal re-scaling
of the metric, where this method was well established in
f(R) gravity to study the scalar field in the theory. We have
shown that the scalar field ¢, which stems from the f(Q)
functional DOF, has the negative kinetic energy and is the
ghost mode. This result is consistent with earlier work [73],
and the opposite sign in front of the kinetic term of the
scalar field originates from the nonmetricity tensor when
we rewrite the nonmetricity scalar by the Ricci scalar.

To further investigate the ghost mode, we have devel-
oped a new formulation of the f(Q) gravity, inspired by the
technique to address the higher derivative of the scalar field
of the HOST theory. Introducing the vector field Ay to
rewrite the derivative of the four Stiieckelberg field d,&¢,
we have shown that the covariant f(Q) gravity written by
the scalar field ¢, vector fields Ay, and the tensor field g,
can be equivalent to the HOST theory. The structure of the
corresponding Lagrangian is relatively simple and explicit,
equals to f(R) term plus an interaction term, which might
be reminiscent of a special class of Horndeski theories in
four dimensions, i.e., LY [74,75]. However, it is worth
mentioning that the nonquadratic interacting term in
Lagrangian (42) might indicate that the vectors Aj are
nonpropagating modes. The coupling between the scalar
and vector fields in the new formulation rephrases the
opposite sign of the scalar field from the nonmetricity
tensor. Moreover, we have also applied 3 + 1 decomposi-
tion to the new formulation of the f(Q) gravity. By using
ADM variables, we are able to write the full Lagrangian
(42) in a relatively compact form, which significantly
simplifies the computation of the Hamiltonian for further
study. At last, we found that in the context of canonical
structure, the ghost scalar mode can be removed by using
constraints; thus, it ceases to propagate, and the theory is
free from the ghost.

We make several remarks on the ghost scalar field in
f(Q) gravity. The ghost is a dynamical DOF with a
negative norm and often cancels the physical DOF in
quantum theory. Even in classical theory, if we consider the
trace or determinant of the coefficients of the kinetic term,
ghosts may lower the rank of the kinetic matrix. Therefore,
if we incorrectly assume all the DOFs have the positive
norm, the number of the DOFs looks different from what it
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really is. It is mandatory to handle the Hamiltonian analysis
and to evaluate the physical DOF, assuming that ghost
mode can exist in the theory. The new formulation we
developed will be helpful to understand the theoretical
structure of the covariant f(Q) gravity. In the future, it
would be necessary to confirm the conjecture that whether
it suffers from Ostrogradsky instability brought by higher-
order derivatives [75,76], and we need to check the DOF of
covariant f(Q) gravity by performing complete
Hamiltonian analysis. Finally, we comment on the ghost
mode at the quantum level. Although we have confirmed
that the ghost scalar is not propagating at the classical level,
such a ghost might propagate at the quantum level.
Nonpropagation of the ghost scalar at the classical level
relies on the symmetry V,A¢, =V, A?, after we use the
constraint A“, = 9,&. It is intriguing to investigate the
relation between the propagation of the ghost scalar and
the symmetry induced by the constraint in terms of the
quantum field theory.

Qa,uy = = aag;w - gl/{FF(;ﬂ(l
ox° ach

6—<§C o0x*0x

ag,uu

= aag;w - gv(f(
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APPENDIX A: THE GENERAL COORDINATE
TRANSFORMATION: AN EXAMPLE

One can use Eq. (24) to freely transform from tangent
space-time coordinates to arbitrary space-time coordinates.
In order to better illustrate this point, we consider the
nonmetricity tensor.

(o3
- grmr va

ox° 5250
a Gon aéc oxY ox“

0E® 0EP ox° agc 0E® 0P ox° o€
=0 — .0 = .0, —
aGuv (0 v Oy gfab> 0§C P ﬂ 0x° Ot fab 6(,“ % oV
o oz og S
=0 - .
a9 oY fac @ Gt dx” fac axy
aéc aéa aga gc
=9, - 0y
a9 — <ax @ G + ax/‘ a fac
9E° ag 0E° ag”
= 0 — Oy | —— Onfuc) - ==
a9 a(a v oxk fac> + ( afac) o OxH
¢ 9E O d
5 é 5 dac . (Al )
0x oxH ox*

We have used the condition Qabc = 0,fp. in the last step.
One may notice Eq. (A1) is nothing but the transformation
of nonmetricity tensor between arbitrary gauge and coinci-
dent gauge.

APPENDIX B: SCALAR-VECTOR-TENSOR
REPRESENTATION OF f(Q) GRAVITY

We show the calculation detail in Eq. (42) up to Sk and
Lagrange multiplier w”,(9,&% — A?,):

/ el Goup - (0% — 0], (B1)

|
Computing the integrand, we find the traces of the non-
metricity tensor are written by metric g,, and vector field

A?, as follows:
0" = 0 = ¢ (9 — 9u9p)
+[g" (A, — g (A7) Jo, A% (B2)
Using the following two relations
o = 9u{ )} +oud )
9w = G g >
P T )
a
V, Al = 0,A% - {W}Aa, (B3)
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we can compute the first term in Eq. (B2) as

79" (0pgu = 0u9p) = (9 — 9“9 )0pGyu
= (9" = ¢*9") (ggu {/j/}} + gﬁ,,{fﬂ})
(-l -

and the second term in Eq. (B2) as

[gw/(A—1>aa _ g/m(A—l)l/a] . aﬂAa [g/w< ) g/wt( ) a] . (V”Aav + {/jy}Aaﬁ)

-1\ A a al A-1\v A a v(A—-1\a al A—1\v a
= [y A% = A { ) JA% AT = g A ] 9,
=g { o ) T a9 A (3)
Finally, we obtain
0" = 0" = (A7), — (A7), VA0 (B6)
and thus
/ d*x[\/=gu - (Q* — Q%)) = / d*x[\/=g0.0(g" (A7), = ¢* (A7) ] - V,A% ] (B7)

APPENDIX C: ADM DECOMPOSITION OF THE ACTION

This appendix aims to apply ADM decomposition to the action (42). In order to facilitate the calculation, we will divide
our goal into two parts V,A¢, C7*, and compute them separately.

1. 3+1 decomposition of V,AJ
Utilizing the expressions of the Christoffel symbols (2) in terms of ADM quantities (47), we have

0 1 o
— iNVIC. . iD.
{00} ~ (NN + N + N'D,N).

NN 2k —
foor = (

0 1
N
N

N* . Nk , . NN
5 >l€i,~+N’<—NN+NlD,.N’<+N<hkl— V2 )DiN,

(N/KC;; + DiN),

NNk
(e =25 )+ DV =D

O

l

0
Lj
k
Ly

e
w i

=
tor)
o)
it
i =+

g+ { k} (1)
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where [C;; is extrinsic curvature of the hypersurface
defined by Eq. (56). From these expressions, we com-

pute each component of the covariant derivative of vector
V,Aj:

VoAl = NAY — K;j(ASN'N/ + NA“N/ + NA/“N')
— N'ASD;N — N'AD;N/ — NA“D;N + NiAS

VA§ = —K;j(AYN/ + NA/*) + ND;A¢ + N/D;A4,

VoA? = Al = Ky(AINY + NAW) - ASDN - ADNJ,

ViAj = DiAj - ALK (C2)

2. 3+1 decomposition of B* and C;"*

First, we apply 3 + 1 decomposition to vector field BY.
From the property B¢ = B% — B:n% we find

CWO = "B — B} = 0,

_ 1
o N?
m:m+%ﬁ. (C3)

The norm part of the vector Bj is given as

_ _ no
BZ - ana - Ban()

_ N <Bg _B. l)
N
— _NBY + B, (C4)

from which we can conclude BY = 0. Thus, we obtain

1 . N?

BS:—BZN, B;:B;+Bzﬁ. (C5)

Inserting Eq. (C5) into Eq. (43), we can compute each
component of Cg":

CO0i — ig0 _ 0 —MBO—f— 1 1 s
a a a N2 N2 N2
CgiO — giOBg _ giOBg =0,
. . ) N? . 1
szoo — gOOBIa _ 90132 — _WBO N2 Bl N2 Bl
. B . NN/ N/ hii N/
0 __ _jopi ip0d __ i 0 i _ * i
Ci' = ¢i'Bi — ¢/iBY = —<h~’ - >B + 33 B = Ba 33 B
0 o .. N/ N’ 1 y
C;O/ :ngBiz_gOtBé _th _WBJ _N2 (NjBl NIB{/;),
. B o . NIN/J Nt hii Ni
Co = gIB) - g°B} = (h” - )BS N Bl= Bl — Bl
iy . . . N/NK .. NN/
R e S N

1 . o NINKN - o NINJ -
= N(thN’ — hIN¥)B: + (h/k Y )B; - (h’f - >B’;.
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