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Accelerating and charged type I black holes
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A new, exact and analytical class of accelerating and charged black holes is built, in the Einstein-
Maxwell theory, thanks to the Harrison transformation. The diagonal metric does not belong to the Petrov
type D classification, therefore it is not part of the Plebanski-Demianski spacetimes. The simplest subcase
of this family recovers the Reissner-Nordstrom black hole in the vanishing acceleration limit and the
standard C-metric in the limit of null electric charge. More general cases can have two independent electric
charges, which can be tuned as desired, even to remain with an uncharged black hole, such as Petrov type I
Schwarzschild, embedded in an accelerating charged Rindler background. These accelerating black holes
can be considered as a limit of charged binary systems. Conical singularities can be possibly removed in
extremal configurations. The entropy of the conformal field theory model dual to the extreme black hole is
obtained from near horizon analysis. Magnetic, dyonic, NUTty and Kerr-like extensions are also discussed.
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I. INTRODUCTION

Accelerating black holes usually are considered to fall
into the Plebanski-Demianski family of solutions [1], thus
they belong to the type D in the Petrov classification.' Only
recently it has been shown that accelerating Taub-NUT
black holes, first found in [5], are of type I [6]. Then in [7] it
has been shown that actually all the black holes of the
Plebanski-Demianski class can be generalized to type I and
endowed with a NUT charge thanks to the Ehlers trans-
formation. From a physical point of view, it seems that the
Ehlers map also affects the accelerating horizon embedding
the initial black hole into a Rindler-NUT background.
It is worth noting that a subclass of Plebanski-Demianski
metrics can simultaneously have acceleration and NUT
charge; these are the solutions with non-null angular
momentum. However, as shown in [7], NUTTy solutions
with angular momentum and acceleration generated by the
Ehlers transformation are of a different kind with respect to
the usual ones, indeed they differ even on the Petrov type.
This fact does not happen without the accelerating horizon;
for instance, the Harrison transformation maps the Kerr
metric into the Kerr-NUT or maps the Kerr-NUT in itself.

A transformation similar to the Ehlers for axisymmetric
and stationary spacetimes is known, the Harrison trans-
formation. Both transformations are nontrivial Lie-point
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'An accelerating black hole embedded in external gravitational
[2] or electromagnetic [3] backgrounds or multi-black-hole
configurations [4] were already known to be of more general
type with respect to the D type, however here we are referring
only to accelerating metrics that model a black hole with a
Rindler horizon.
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symmetries of the Ernst equation, which give an alternative
(and equivalent to the Einstein-Maxwell equations)
description of fields for the theory of general relativity
in the presence of two commuting Killing vectors. These
symmetries of the Ernst equations allow one to generate
basically all solutions of the theory by applying them to an
initial given solution, which is denominated as seed. The
Ehlers transformation is known to rotate the seed mass
into the gravitomagnetic mass [7-9], basically adding the
NUT charge to a massive solution. On the other hand, the
Harrison transformation is known to add the electromag-
netic charge to the seed. It is well known that it can generate
from the Schwarzschild seed the Reissner-Nordstrom black
hole or to charge the double static black hole to get a
charged Bach-Weyl solution [10].

Because of the similarities between the Ehlers and the
Harrison transformation and since the nontrivial and non-
intuitive behavior the former transformation has in the
presence of an accelerating horizon, a natural question
arises: What is the effect of the Harrison transformation on
accelerating metrics? What one naively expects is that the
Harrison symmetry acting on the C-metric should generate
the well-known charged C-metric. Nevertheless, if the
analogy with the Ehlers transformation is strong, we
may encounter some nonintuitive and novel results. This
matter is discussed in detail in Sec. III, for a simple case in
the presence of electrical charge only; also the possible
removal of the conical singularity typically affecting the
accelerating black holes is discussed. For the dyonic case
see appendix A, which also contains some details on the
nature of the Harrison transformation and a proposal for
an enhanced version of it. In Sec. IV we combine both the
Ehlers and the Harrison maps to build more general
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solutions, looking for possible connections with the
charged and NUTty type I black hole of [7]. We start, in
the next section, with a very brief review of the Ernst
equations and the Harrison transformation.

II. ERNST EQUATIONS AND THE HARRISON
TRANSFORMATION

A. Electrovacuum Ernst equations

Consider general relativity coupled with a Maxwell
electromagnetic field in four spacetime dimensions. The
theory is governed by the Einstein-Hilbert action

1
=- d*x\/=g(R — F,,,F"
1671'G/,M X g( Hv )’

19, A,]

whose variation with respect to the metric g,, and electro-
magnetic vector potential A, gives the Einstein-Maxwell
field equations

R 1 )
R;w _Eg/w = F/l/)Fl/p __g/wF/me , (21)

4

0,(y=GF™) = 0.

The electromagnetic potential A, defines, as usual, the
Faraday tensor such that ¥, = d,A, —d,A,. We focus on
gauge fields which preserve the axisymmetric and sta-
tionary symmetry of the metric, therefore we pick the
vector potential as follows:

(2.2)

A, = [A4,(p.2).0.0.4,(p. ). (23)
For the theory under consideration, the most general four-
dimensional axisymmetric and stationary spacetime, which
thus possesses two commuting Killing vector fields
(0,.9,), is the Lewis-Weyl-Papapetrou metric

ds* = —f(dt — wd)* + f~'[e* (dp* + dz*) + p*d¢?].
(2.4)

All of the functions of the metric f, w, y, of the electric and
magnetic potentials A,, A, depend only on the non-Killing
coordinates (p, z), in order to respect the above symmetry
requirements. Ernst has shown in [11] that Einstein-
Maxwell field equations (2.1) and (2.2) are essentially
equivalent to the complex equations,

(Re £ + |DP)V2E = (VE +20°VD) - VE,  (2.5)

(Re £ + |®P)V2D = (VE + 20'VdD) - Vb.  (2.6)

The electromagnetic and gravitational Ernst potentials,
related to the metric (2.4) and electromagnetic potential

(2.3), are complex functions of p and z, respectively,
defined by

®:=A, +iA, E=f—-dD* +ih, (2.7)
where A,(p,z) and h(p,z) stem from the following defi-
nitions:

— . f. — —
VA, = ;e(/) x(VA, +oVA,), (2.8)
— f2 — —
Vhi=-"—¢,x Vo -2Im(®*" VD). (2.9)
P

In principle, an extra couple of differential equations should
be taken into account to determine y(p, z). These are not
included in the Ernst equations (2.1) and (2.2), because
they are completely decoupled from the main system, so
they can be subsequently considered after the functions
f.o,A; A, are established. Then these equations reduce to
a pair of integrals, which can be solved to obtain the
remaining unknown y(p, z), see [9] for details. In any case,
in the case under consideration in this article, the y function
remains fixed, thus it has not to be found. More generally it
can be proven that under a continuous symmetry trans-
formation of the Ernst system also the integral equations for
y remain invariant, so also y does not change.

B. Harrison transformation

The Ernst equations (2.5) and (2.6) enjoy the invariance
of the SO(2,1) group of Lie-point symmetries. The
symmetry transformation we will mainly focus on in this
article is the Harrison map,

- E - D+ af
E-E=—- " | PoP=— .
- 1-2a*®—-aa*& - 1 -20*®—aa*E
(2.10)

It is easy to check that this transformation leaves the Ernst
equations invariant. The fundamental property of symmetry
transformations of Ernst equations is that they are able to
bring a given solution of the Einstein and Maxwell
equations (2.1) and (2.2), which is called seed, into another
solution, possibly physically inequivalent to the initial one.
In practice, the Harrison transformation (2.10) acts on an
initial seed written in terms of the complex Ernst potentials
(€, @) and maps it into another couple of Ernst potentials
(E,®). This process is able to generate new solutions
without integrating the field equations, which is a nontrivial
fact because they are a set of coupled partial differential
equations.

*The following ordering (¢,, €, €,) of the three-dimensional
basis has been chosen.
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Actually Hauser and Ernst have proven the Geroch
conjecture, which states that any axisymmetric and station-
ery solution of general relativity can be generated from the
symmetries of the Ernst equations [12].

In particular, the Harrison transformation is able to add
an electromagnetic field to a seed spacetime. For instance,
it can add monopolar electric charge to the Schwarzschild
black hole to transform it into the Reissner-Nordstrom
solution.”

Also Ernst in [3] applied the Harrison transformation to
the accelerating Reissner-Nordstrom black hole to obtain a
charged C-metric in a Melvin fluxtube. The difference with
respect to the present work is that Ernst did not act with the
Harrison transformation on the charged C-metric cast in the
Lewis-Weyl-Papapetrou metric (2.4), but on its conjugate
version, obtaining a completely different action of the
Harrison transformation. For more information about the
relation between the Lewis-Weyl-Papapetrou metric and its
conjugate (or double Wick rotation) in the context of Ernst
generating technique, see [14].

ITI. REISSNER-NORDSTROM BLACK HOLE IN A
CHARGED RINDLER BACKGROUND

A. Generation of the new solution through the Harrison
transformation

Our objective is to build a black hole solution in an
electromagnetic Rindler background, a generalization of the
C-metric, where the accelerating horizon carries some extra
features. In order to do so we start choosing, as initial seed,
the accelerating Reissner-Nordstrom black hole which can be
written in terms of the Lewis-Weyl-Papapetrou metric in
spherical-like coordinates (z, r, x = cos 6, qo)4 as

ds® = —f(r, x)[dt — w(r, x)dg]?

1 o2(r) dr’ dx? 2(r Vo>
| Gl v PR ) RV
(3.1)
where’
Flr.x) = rfg’y, (3.2)
o(r,x) =0, (3.3)

3See Sec. NI D and Appendix B of [10] for more details and for
the proof that Harrison includes the Kramer-Neugebauer trans-
formation. The Harrison transformation can be used also, but in a
different setting, to embed the seed spacetime in the electromag-
netic Melvin universe [13].
“The range of angular coordinates is x € [1, 1] and ¢ € [0, 27].
The y function considered here does not correspond exactly
with the one in (2.4). In these coordinates it is more concise if y
absorbs also part of the coordinate transformation (p, z) — (r, x).

y(r,x) = %log (gi), (3.4)

prx) = VEBY (5)

A (r) = (1 =A%) (r* = 2mr + e* + p?), (3.6)
Ac(x) = (1 = x))[1 +2mAx + A2x%(e* + p?)],  (3.7)
Q(r,x) =1+ Arx, (3.8)

and with the dyonic electromagnetic potential of the form

e
A, = <—;,0,0,px>.

The physical parameters m, A, e, p are related to the mass,
acceleration, electric and magnetic charge, respectively. The
transformation that has been used to pass from the Weyl
cylindrical coordinates (p, z) to the spherical ones (r, x) is
determined by (3.5) above and the remaining coordinate,

(3.9)

(Ar +x)[r —m(1 — Arx) — Ax(e? + p?)]
QZ

z(r,x) =

+ Z0-
(3.10)

Thanks to the definitions of the Emst complex potentials
(2.7~(2.9) we can derive®

A,(r.x) = —% (3.11)
h(r,x) = hy, (3.12)
®(r,x) = -1 (3.13)
r
A, et +p?
S(r,x) = r2§22 —T. (314)

The action of the Harrison transformation (2.10) on the seed
potentials (3.13) and (3.14) generates the new solution,
which can be explicitly written in terms of the Ernst complex
fields (5’, ®), as follows:

2002
- q-Q° — A,
E(r.x) = RNERE
(r.) $2A, — [s2q> + 2s(e + ip)r + r?]Q? (3.15)

(i)( ) [Sq2 + r(e + lp)}gz - SAr
r,x) = .
s2A, — [s2q> + 2s(e + ip)r + r?]Q?

(3.16)

®We recall the form of the gradient in these spherical-like
—
coordinates (r,x): Vf o /A.€,0,.f + /Aé.0.f.
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Note that for simplicity we have chosen a real parameter to
label the Harrison transformation (2.10), that is &« = s and
that the integrating constant /i, can be fixed to zero without
losing physical generality, while ¢ := \/e* + p®. An imagi-
nary component in @ would add a further magnetic field.
The above Ernst potentials already represent the sought
solution, the accelerating Reissner-Nordstrom black hole
endowed with a dyonic electromagnetic field and an addi-
tional electromagnetic charge encoded in s. By construction
|

f(r,x)de?

W =R T )

A(r,x)? ’ ’
+| (r,x)| |:eZy(r.x)< dr 4 dx >+p2(r,x)d(ﬂ2]-

they fulfill all of the Ernstequations (2.5) and (2.6). However,
in order to express the new solution in the metric and
potential form, one has to appeal again to the definitions
(2.7-(2.9). To keep the model as simple as possible, we
chose to set the seed magnetic charge to zero, i.e. p = 0, in
any case the general solution for p # 0 can be found in
Appendix A. Vanishing p also has the advantage of removing
issues related with the Dirac string and magnetic monopoles.
The line element after the transformation reads

(3.17)

A (r) - Au(x)

So basically in the metric only f changes by rescaling by a factor |A|> = |1 — 2s® — s?£|?; while the only non-null
component of the electromagnetic vector potential is the electric one,

@+ sE
4, =20

s(r=2m)(1 =A%) —e(1 + Arx)? — Ase?[2x + Ar(1 + x?)]

The metric remains diagonal in this case, but as can be seen
in Appendix A, when the intrinsic magnetic charge of the
seed black hole is non-null, for p # 0, it couples with the
electric charge of the charged Rindler background gen-
erating a stationary rotation, thus w(r,x) # 0 after the
Harrison transformation. That is a manifestation of the
Lorentz force: the generalized Reissner-Nordstrom black
hole rotates, but with zero angular momentum. The rotation
is therefore not encoded in the angular dipole, but in the
subsequent angular multipole moments, which in general
do not necessarily contribute to the angular momentum.’
This kind of behavior resembles what happens with
magnetized (accelerating) black holes [13,15], where we
can have a rotating (accelerating) Reissner-Nordstrom
black hole which rotates because of the interaction with
the electromagnetic background.

The greatest peculiarity of this spacetime described in
Egs. (3.17) and (3.18) is that it has two independent electric
charges: e and s. In the limit of vanishing s we recover
the seed, which is the standard accelerating Reissner-
Nordstrom black hole, but for s # 0 (even if e = 0) we
have a novel spacetime, which still represents an accel-
erating and charged black hole. First of all, to prove that the
novel metric is inequivalent with respect to the known
accelerating Reissner-Nordstrom one, it is sufficient to

It may seem counterintuitive because the most famous
rotating solution is probably the Kerr metric, where the angular
multipole moments are all determined as functions of the angular
momentum, therefore switching off one angular multipole is
sufficient to switch all of them. However, this is not the case for
more general solutions: multipole moments of different orders
can be independent.

A r+s2e+ A2se?r — s(r—2m)(1 — A%r?)] + Ax(2 + rAx)(se + r)?

(3.18)

check if it does not belong to the same type according to the
Petrov classification.

B. Petrov type I

It is well known that the standard accelerating Reissner-
Nordstrom black hole, s = 0, in our solution [(3.17) and
(3.18)] is part of the Plebanski-Demianski family of
spacetimes, therefore it has to belong to the type D of
the Petrov classification.

If the new accelerating and charged Reissner-Nordstrom
black hole does not fall into the D type, then the generated
metric cannot be just a diffeomorphism of the standard
case. So we compute the scalar invariants related to the
Weyl tensor to check the algebraic class of the solution
(3.17) and (3.18). In particular, we focus on the scalar
invariant,

P =217, (3.19)
where
Yy ¥ ¥
1= “POlP4 - 4“1"1“}‘3 + 3‘1‘2, J =det lPl Lpz “Pg
Y, ¥, ¥,
(3.20)

If the quantity in (3.19) is null the spacetime is algebraically
special. After evaluating the scalar invariant, we conclude
that the spacetime generated in this section is, generically,
not of type D, but algebraically general, that is of Petrov
type L. In fact, apart from the seed case, for s = 0, and some
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other known subcases (such as the nonaccelerating spe-
cialization A = 0), the full solution is not of type D, neither
for e = 0 (and p = 0). On the other hand, the accelerating
s-charged background, defined by the absence of the black
hole m =0 (and e = 0 = p), remains of type D, that is
because the scalar invariant in Eq. (3.19) is null and also®

I1#J=0, (3.21)
K=Y ¥ -3¥,9;¥, +2¥i=0, N=12L>-¥I=0,
(3.22)

with
L=VY,%,—V¥3. (3.23)

The definitions of the Newman-Penrose scalars ¥; neces-
sary to compute the above scalar invariants can be found
below:

Wy = Cppopktm’kom?,

Y, == Cppkt IVkm?

W, = Cppopkm’m?lP,

Vs = CppplM k¥ 107,

Y, = Cppppl'm? 17" . (3.24)

These five complex scalar functions characterize the Weyl
tensor. They can be explicitly computed after defining a null
Newman-Penrose tetrad. We have chosen the following
tetrad:

1 1
k = 0, + ax>, 3.25
(\/ _2gtt ' Vv 2gxx ( )
1= ( P ) (3.26)
Vv _2gtt ' Vv 2gxx Y ‘

9, + g"a,p), (3.27)

_ G
<V 2Dgtt \/ 2grr

where

D = 91t99p — grz(p

The non-null scalar products between these vectors are just
k" = —1 and m,m* = 1.

SIf 1 = J =0, the vanishing of the scalar invariant in (3.19)
could imply a metric of type III or N, while if / = J = 0 does not
hold [but (3.19) holds] the spacetime could be II (if K = N = 0)
or else D, see Fig. 9.1 of [16] for details.

C. Conical singularities

It is well known that accelerating black hole metrics
generically present conical singularities on the symmetry
axis. We inspect possible conicity by taking the ratio between
the small circumference around the azimuthal semiaxes z
(along both north and south directions, i.e. # = 7 and 6 = 0),
and its radius. If this ratio is equal to 2z the spacetime is free
from angular deficit or excess. In the set of coordinates’ we
are using here this quantity can be computed by the following
limits:

north circumference . / | e
, = lim 5 do
radius =1 Jo 1=x"V gy
=2x(1 + A%e* + 2Am), (3.28)
th ci f 2r 1
sou c1rc1-1m erence . i Yoo do
radius ==l Jo 1=x"V\ gy
= 21(1 + A%e? — 2Am). (3.29)

Even though the parametrization could be improved and we
have a certain freedom in the range of the azimuthal angle ¢,
we can already appreciate from Eqgs. (3.28) and (3.29) how
the only way both of the above limits are equal to 2z is for the
trivial nonaccelerating case A = 0, or the equally trivial no
black hole seed mass case m = 0. Therefore, as the standard
C-metric these exotic C-metrics described in (3.17) and
(3.18) still seem plagued by nonremovable conical singu-
larities. Anyway we will come back to this computation
afterwards, when in possession of a better physical para-
metrization, in Secs. III E and III G. As for the standard case,
by properly rescaling the coordinate ¢, we can surely remove
the north pole nodal singularity or alternatively the one on the
south. Eventually the introduction of external fields, as done
in [3,17] or [18], can provide a source for the acceleration and
so it can cure both conicity simultaneously to remain with a
regular metric and a completely smooth manifold, outside the
event horizon.

Of course the spacetime considered in this section is
diagonal, therefore this subcase with p = 0 is not plagued
with NUTty singularity or Misner strings. However, the
more general case of the full solution in Appendix A can be
affected both by Misner and Dirac strings.

D. Reparametrization

Usually, after the Harrison transformation, a reparamet-
rization of the solution in order to better appreciate its
physical characteristics is useful. As discussed above, in the
case of no acceleration, the solution remains of type D,
therefore, because of the black hole uniqueness theorems,
cannot be anything different from the only asymptotically

°For further details about the conical singularity in these
coordinates, see [17].
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flat charged black hole of the Einstein-Maxwell theory:
Reissner-Nordstrom (RN). To see it explicitly we can do, in
the solution (3.17) and (3.18), the following change of
radial coordinate, a time rescaling and some reparametri-
zation of the integrating constant as follows:

F(1—s5%) + 2s(sm — &) m(1 + s?) — 2se

r —

(1-s2)? ’ (I-s2)
(3.30)
t— (1 —s%), eﬁw (3.31)

(1—s2)?
The nonaccelerating solution then becomes precisely the

electric RN black hole, whose metric and electric potential
are, respectively,

277 52 4
w122 B
r

a (1-2+5)
—2d 2
+ lr S P Y (3.32)
— X
A ( ¢ 0,0 0) (3.33)
=\s—=,U, U, . .
s 7

Thus the Harrison transformation, in this nonaccelerating
case, acts practically as an identity, mapping RN in itself.
The electric field brought by s is not independent of the
seed one: the two charges are basically the same. Note,
however, that in case the seed would be uncharged, that is if
we would have applied the Harrison to the Schwarzschild
black hole, i.e. ¢ = 0, we would still have obtained the RN
solution, in that case the parameter introduced by the
Harrison transformation would have been the only and total
electric charge, hence nontrivial; see Sec. IIIT for more
details. In that case (for ¢ = 0) the Harrison would not have
been an identity. We will see as, in the presence of the
acceleration, the charge parameter s is, in general, inde-
pendent on the seed one (e).

The choice of the new parameters /7 and e is significant
also when the acceleration is non-null as we will see below
computing the electric charge of the black hole and
inspecting the position of the horizons.

It is easy to realize that the reparametrization [(3.30) and
(3.31)] consistently reduces to the old one for vanishing
s:m—m,7—r,.... Moreover, it does not change a
possible regularization of the conical singularity, as found
in (3.28) and (3.29), for real values of the constants and
under the requirement of preserving the event horizon,
which means /m > ée. For instance, the constraint for having
a symmetric conicity on the axis (necessary prerequisite to
regularize the both conical excesses or defects thanks also
to the freedom in the ¢ angle range) gives

e+ Ve —m?

: 3.34
= (3.34)

S =

which is incompatible with the presence of an nonextremal
event horizon. Indeed, in the presence of acceleration, the
horizons are determined by the loci of the function A,.
In the new parametrization it means the inner and outer
horizons and the accelerating horizons are

2 2

Foo=m+ Vm®—e?,
+1 £ 5% F 2452 F 25*(1 + Am)

A(l = s?)

(3.35)

Tpatr =

A proper reparametrization of s, as below, better clarifies
also the position of the accelerating horizon. Anyway it
depends on the case under consideration.

E. e=0: Discharged seed

It is illustrative to write the complete metric in the new
parametrization. In order to keep the procedure as simple as
possible, for the moment, we leave the initial charge of the
black hole e = p = 0. In this way the formal analogy with
the Ehlers transformation and the accelerating NUT case is
even more apparentlo [6,7].

When the intrinsic charge of the seed is zero, the
parametrization (3.30) and (3.31) becomes

raw, m—>r—+ A—><1—T_>A,
I3 7o

(3.36)

Note that now s is not free but is fixed in terms of the
electric charge e. In particular, when the electric charge
vanishes, s = 0 as expected, and we come back to the seed.
Also we added a convenient rescaling of the acceleration
parameter A. Thanks to this coordinate and parameters
modification, the metric takes the following simple form'":

1 [ A, R? _ dx?
ds* = o —@cﬁz +A—rdr2 +R2<Ax + Axd¢2>},
(3.37)
where
Q(F,x) =1—-A(F—7_)x, (3.38)

"“That is because the seed used to generate accelerating
Taub-NUT or the accelerating Reissner-Nordstrom black hole
cannot carry NUT charge.

A Mathematica file containing this solution is available
between the sources of the arXiv files, for the readers’ convenience.
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|

A(F)=(F=7)(F=T)[1 =A(F-T_)], (3.39)
A(x) = (1 =x)[1 = A(FL —7_)x], (3.40)
F—T_)F F_A
Ry =T A 5 (3.41)
Fo—7r. (F=T_)(Fy—T_)Q
The electric field that supports the above metric stems from the potential
(= ) (F— 7)1 — A2 — )2
S VA YL oot 13 | Ul | o Uil 0 o R W Y 1§ (3.42)
F(r_—7) = 2(F =7 ) FyxA+ (F=7_)*[F 7_(1 + x*) = F(7_ + 7.x%)]A
For vanishing acceleration parameter, A = 0, the solution becomes the Reissner-Nordstrom black hole
F—r ) (F—T dr? 72 dx?
dst = =TT =7 o P(1 - x2)dg?, 3.43
’ 7 +(?—?+)(?—?_) e =Xy (3.43)
A, = <cost— £=.0.0, 0). (3.44)

For vanishing the electric charge parameter ¢ =0 (or equivalently 7_ and 7, = 2m), we have the accelerating

Schwarzschild black hole, i.e. the standard C-metric

(1=19(1 = A2P)dr? + — 20

72dx®

ds? — (1-25)(1-A%7

Tty T (= 2)(1+ A7, x)dg?

Interestingly enough the full solution is not the charged
C-metric but still represents an accelerating Reissner-
Nordstrom black hole. The difference between the two
can be easily verified computing the scalar invariant which
characterizes the Petrov type. While the charged C-metric
is type D, this black hole is of type 1.

From a physical perspective, we expect this solution to
be a limit of a charged black hole binary system, as the
one described in [10].12 In fact, on one hand, the standard
C-metric is a limit of the Bach-Weyl binary system, for a
limit where one of the black hole pair grows to infinity,
while maintaining their distance unvaried [19]. On the other
hand, the Harrison transformation is known to equally
charge to both of the sources of a black hole Bach-Weyl
binary [10]. When on top of this picture we act on the
C-metric with the Harrison transformation, we get the
above solution, which therefore models a charged Reissner-
Nordstrom black hole in a charged accelerating back-
ground. Actually it can be demonstrated, see Sec. IIIJ,
that this picture represents the zooming in the proximity of

“However the gravitational external fields in Ref. [10] have to
be considered null, by switching off the parameters related to the
external field.

)
(1-

A7x)?

the event horizon of a binary system, where one of the two
black holes is much larger with respect to the other.
According to this perspective the near horizon limit focuses
on just a portion of the black hole, which is encoded
mathematically in the metric into the Rindler horizon.
Obviously since both of the black holes are charged, also
the accelerating background must carry some information
about that new charge, introduced by the Lie-point trans-
formation, which is responsible for switching the solution
to the general I type.

Note that, in the particular case under consideration in this
subsection, the charge parameter is just one, so the electric
charges of the background and of the black hole are
dependent. However, in the more general solutions in
Egs. (3.17), (3.18) and (3.48)—(3.51) we have two electric
charges, one for the black hole and the other for the
accelerating background. The standard charged C-metric
therefore is a subcase of the solution (3.17) and (3.18) [the
standard type-D dyonic C-metric version is a subcase of
(A1)—(A3) instead]. To verify this point it is sufficient to
vanish the electric charge of the accelerating background,
which trivially means setting s = 0, so we retrieve the
accelerating Reissner-Nordstrom seed, as in Egs. (3.1)—(3.9).

The fact that the charged binary system has a special
case, the Majumdar-Papapetrou solution [20], where it is
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possible to find an equilibrium configuration between the
two black holes without introducing other external fields,
suggests to us to give another look to the conical singularity
of the solution in this new parametrization. Indeed when
the binary sources are at equilibrium there are no conical
excess or defects in the spacetime, that is because the
gravitational attraction is balanced by the electromagnetic
repulsion. If our physical interpretation is correct, we
should encounter a similar equilibrium configuration also
in the type I accelerating and charged black hole. In the new
parametrization (3.36) the conical singularities on the north
and the south pole are, respectively,

rth ci fi r ] y
no c1rcgm erence lim / : Yoo d
radius =1 Jo 1=x"V g
=2x[l —A(r, —7_)], (3.45)
south circ1.1mference ~ lim 2z ] 999 dp
radius =1 Jo 1=x*\ g
=2x[l +A(F, — 7). (3.46)

It is clear that both conical singularities are not present
when the accelerating black hole is extreme, that is when
7, =7_. That is not a case, indeed the extremality
condition is the one which characterizes the Majumdar-
Papapetrou binary system. This point further strengthens
the interpretation of these novel accelerating metrics as a
part of a binary system. Anyway, one has to be cautious
regarding how to take this limit and its interpretation
because it represents an extremal point also of the new
barred coordinates and parameters.

Similar considerations will be done in the more general
case where the seed is electrically charged e # 0. Mapping
the conical deficits or excess (3.28) and (3.29) thanks to the
new parametrization (3.30) and (3.31), we still formally
obtain the extremality condition m = e.!

Curvature scalar invariants for this spacetime display a
divergent behavior near the axis of symmetry, close to the
conformal boundary, as observed for these kinds of metrics
built in [5], so in general their physical interpretation
as black holes is considered dubious. Note, however, that
the generalization constructed, by a combination of the
Harrison and the Ehlers transformations, in Sec. IV are free
from this issue.

F. Black hole electric charge

We want to compute the black hole electric charge Q for
the general accelerating case (3.17) and (3.18). According
to the Stokes theorem the charge passing through the

13Although in this case m and e depends also on the seed initial
charge e.

boundary 0X of a spacelike hypersurface ¥ which sur-
rounds the collapsed star' is given by

0=~ /02 dpdx /G 9 ppn,0,F" = e,

where n and o are, respectively, two timelike and spacelike
unitary vectors normal to the boundary of X, whose chosen
normalization is n,n* = —1 and 6,6* = 1. With g;; we call
the induced metric on the bidimensional surface, for time
and radial coordinate constant. Thus the considered hyper-
surface contains both the electric charge e of the seed and
the one introduced by the Harrison transformation s. These
two electric charges combine and contribute to the full
electric charge, e, of the newly generated accelerating black
hole. This computation confirms the validity of the para-
metrization, substantially borrowed from the nonaccelerat-
ing case (3.31), to describe the physical properties of the
black hole.

We stress that this is the electric charge of the black hole
only, not of the whole spacetime containing also the
(charged) accelerating background.

This specialization, for p = 0, of the solution we are
considering here has no magnetic field, clearly it has no
magnetic charges, but the dyonic extension reported in
Appendix A carries magnetic charges.

(3.47)

G. e # 0: Two independent electric charges

When we leave nonzero electric charge in the seed
spacetime, the generated solution (3.1)—(3.9) is endowed
with two independent electric charges, the one of the seed e
and the one brought by the Harrison transformation,
encoded in e (or alternatively s). According to the new
coordinates (3.30) and (3.31) the spacetime can still be
written as in Eq. (3.37) where the metric functions are'

Q(F,x) =1+ Ax(F —7_), (3.48)

TG e

and the Harrison parameter s is fixed as function 7, 7_ as
follows:

"In order to have a well defined integral we consider that the
hypersurface X does not exceed the accelerating horizon and the
conformal boundary.

A Mathematica file containing this solution is available
between the sources of the arXiv files, for the readers’ convenience.
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~>

while the electric potential that generalizes the one in (3.42) is

- = , 3.52
FVF_ =) (F =) + P 532
A,(Fx) = s(1=5*)A, + (F—s/F7)[s(Fo —7y) — (1 + 52>\/’_”+—F—}92. (3.53)

In case we want to express the solution in terms of the
physical parameters e, e, /11, we just need the expression for
the position of the inner and outer horizon 7., which
remains formally defined as in (3.35), even though now the
seed charge e modifies e, and it is convenient to define a
new quantity16

Po=im—mP -2+ el

On the other hand, the accelerating horizon in the new
parametrization takes a clearer form with respect to (3.35):

(3.54)

tr (3.55)

:>I| p—

?A:

Note that this location of the accelerating horizon holds
also for the uncharged seed case, ¢ = 0, of (3.37)—(3.42),
but there 7_ — 7_. From the general case, the specific
requirement |e| = |e| means that the total charge of the
back hole after the Harrison transformation coincides with
the initial charge of the seed, hence the charging trans-
formation has left unchanged the electric charge, so the
Harrison transformation becomes the identity map. In fact,

A, = [1 + e*A* + 4A% (% — &%) + 4A Vm? — & + e* +8e?A%(3 =2/ im? — & + eZ)],

A, = {1 + At +4A%(m* — &%) — 4AV M — & 4 2 +82AX(3 -2V m? — & + ez)} .

When A, # 27, the manifold becomes singular for the
presence of conical excesses or deficits. In general, usual
C-metrics, whether charged or not, cannot avoid axial
singularities in both the north and south hemisphere of the
event horizon. Nevertheless, as can be seen from (3.56) and
(3.57), the double charged accelerating black hole has the

"“The similitude with the accelerating black hole with two
NUT charges of [7] is apparent also in the parametrization. In that
case the seed charge was ¢, the charge introduced by the Lie-
point transformation was n and the total charge was n — ¢. These
quantities correspond to e, & — e and e, respectively. In this sense
7_ has the same parametrization of the double nutty one of [7].

in that case, it is easy to infer from (3.54) and (3.52) that
s = 0, thus we remain with the type-D seed, as indicated
also by the fact that the accelerating horizon is not shifted
by a factor 7_, since 7_ vanishes.

On the other end, for vanishing the acceleration param-
eter A, the solution becomes just the standard Reissner-
Nordstrom (with electric charge shifted e), as in (3.32)
and (3.33).

When the acceleration is nonzero, the fact that e # e
determines the switch of the Petrov to the general type I.
Hence if e = 0, we still remain outside the type D, even
though the metric describes a Schwarzschild black hole, but
embedded in a charged accelerating background, as
described below.

An interesting feature which comes with the presence of
a double electric charge comes from the possibility of
equilibrium configurations due to the interplay between the
black hole charge and the electromagnetic field of the
background, which might balance gravity. Actually in this
case the analysis of the conicities, as defined in Eqs. (3.45)
and (3.46), on the north and on the south poles gives,
respectively,

(3.56)

(3.57)

notable property that both the conical defects can be
removed from its geometry, as announced in the e =0
case, because of the interaction between the charged black
hole and the electrical background. A necessary condition
for eliminating both conical singularities simultaneously is
that A, = A, , which means

m* — & + e?A(1 + ¢?A%) = 0. (3.58)
Apart from the trivial cases, when there is no black hole or
no acceleration, which are naturally regular, conical sin-
gularities can be removed for m? — &2 + ¢ = 0. However,
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because the event horizon condition requires || > e and
because by construction |e| > |e|, this constraint (3.58) can
be accomplished only at extremality for uncharged seed
(e = 0), as we have already seen in Sec. Il E.

From the careful analysis of scalar invariants we noticed
that the curvature can become unbounded between the
outer and the accelerating horizons, when the Harrison
charge is present. Nevertheless, the generalizations of
Sec. IV and Appendix B cure this defect, because there
the NUT parameter is also introduced.

H. Extremal near horizon metric and CFT entropy
It is worth studying the near horizon behavior of the
above metric in particular to clarify some basic character-
istics of the new accelerating black hole of the above
section. In fact in zooming near the horizon we focus more
on the black hole properties with respect to the background.
As explained in [21] to describe the metric close by the
extremal event horizon r, we adapt the coordinates (¢, 7) as
follows:
/- - Ty~
7(F) = r, + eryF, 1(7) = 21,
€
where the constant 7 is needed to compensate the overall
scale of the near-horizon geometry. Also the electric
potential has to be adjusted by a proper constant ®, =
—x"A,|;—7, before the near horizon limit, in this way
A=A+ D, (3.59)
The near horizon limit for the extremal metric is obtained

for e » 0. As expected by the results of [22], it can be
written as a warped product of AdS, x S,

2 =2 7.2 dr 2 dx’ 2
ds® = T(x) |=Pde* + = + & (x) ;5 + 1’ (x)dg
(3.60)
where
_2 _
F(x): 226 2 r():;’
(1 —A2e?)(1 + Aex) V1= e?A?
(3.61)

VI—AZE
x) =V 1-x2V1-e?A%(1 +exA), -

a(x) =

1+Aex ~
(3.62)

The near horizon electric potential goes as
A = €Fdt, (3.63)

with

e

m. (3.64)

€ =

This is a typical near horizon behavior for an extremal
charged accelerating black hole, as described in [23]. This
behavior in proximity of the event horizon allows us to use
the tool provided by the Kerr/CFT correspondence
[21,24,25] to estimate the entropy of the black hole through
the mapping with a dual conformal model living on the
boundary of the near horizon metric.

We briefly present here the relevant results for the metric
under consideration, for more details about the relation
between extremal accelerating black holes and CFT, see [23].

First of all, from the asymptotic symmetries of the near
horizon metric, it is possible to extract one central charge of
the conformal field theory living on the boundary of (3.60):

1 X e’
co= 36/_ d 2l“(x)oc(x)}/(x) :“_6%17262)2. (3.65)

1vV1—x

The microscopic entropy of the conformal field theory
system living on the boundary of the extremal near horizon
metric can be computed, from the Cardy formula, as
follows:

2
SCFT = ?CQTLa (366)
where 7; is the chemical potential of the asymptotic
conformal model, associated to the Frolov-Thorne vac-
uum,"” which for the metric of Sec. III G is

T 1
T; = lim "
For, @ —®,  27e

(3.67)
Finally using Eq. (3.66) we obtain the microscopic entropy
of the boundary conformal field theory,

er

m. (3.68)

SCFT =

We confirm that this precisely corresponds with the
Bekenstein-Hawking entropy of the extremal black hole
of Sec. III G, which is a quarter of its event horizon area,

4627T

T (369)

27
Are _/ d(p/ vV gx,\g(pgodx

"The standard Hawking temperature cannot be taken in
consideration at this purpose because at extremality it vanishes.
Also note that we have fixed for simplicity to 2z the period of the
compact extra dimension y necessary to export the Kerr/CFT
analysis from a rotational five-dimensional model to an electro-
magnetic four-dimensional one.
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I. Schwarzschild black hole in a charged
accelerating Rindler background

A remarkable subcase we can extract from the double
electrically charged solution of Sec. III G consists in tuning
the electric integration constants to vanish the net electric
charge of the black hole: ¢ = 0, or equivalently in the old
pa.rametrization18

—m+ Vm? — 2

e

(3.70)

S =

without turning off the electric field in the full spacetime.
This fine-tune of the two electric charges implies that the
inner and the outer horizon coincides. Thus, we get a
Schwarzschild-like black hole, immersed in an accelerating
and charged Rindler-like background. The fact that  is null
does not mean that the full electric field of the spacetime is
null, but just that the charge parameter s introduced by the
Harrison transformation is not free, but instead it is a fine-
tuned function of the seed RN black hole physical
parameters. This particular constraint (3.70) implies that
the Harrison transformation has discharged the black hole
part of the seed (the accelerating charged black hole), while
at the same time it has added an electric field to the Rindler
background, which had no intrinsic electric charge before
the transformation. In fact, if we turn down the mass and
electromagnetic charges of the seed we remain with a
neutral Rindler spacetime. On the other hand, in case we
turn off only the remaining electric charge e we recover the
standard C-metric, that is the accelerating Schwarzschild
black hole.

It can be noted that, for small accelerations, the con-
straint (3.70) also eliminates the characteristic monopole
divergent term for » = 0 of the Coulomb central potential.
The small acceleration limit indeed means pushing the
accelerating horizon to spatial infinity, thus we remain only
with the standard Schwarzschild black hole.

J. Charged C-metric in charged Rindler background as
limit of a charged black hole binary system

We would like here to provide some more elements on
the interpretation, as announced in Sec. III E, of the new
parameter, s or e, introduced by the Harrison transforma-
tion as an electric charge which affects also the Rindler
background. Specifically, we would like to obtain the type I
charged C-metric as a limit of a charged binary system.

Consider a black hole binary system, such as the Bach-
Weyl solution, which describes the simplest metric con-
taining a couple of black holes in general relativity. In Weyl
coordinates, which are much more economical for this
setting, that metric takes the form

"®In terms of the new parametrization s = + (i — vin> + €2)/e.

16C i o (dp* + dz?)

d82 _ _/’tlﬂ3 dft\z +

Moy Hiok1atosza W Wa, W W Wiz Wy
g P2 e (3.71)
Hi1H3

where the fundamental blocks of the metric, as in Weyl or
in the inverse scattering methods [26] are the solitons,
defined as

pilp,2) =wi—z 4/ + (Wi —2)%,  (3.72)

while

Hij = (i — ), Wij=p* + ;. (3.73)
The physical quantities of the spacetime are encoded in the
four w; parameters, which for instance to describe two
Schwarschild black holes of mass m; and m, centered on
the axis of symmetry at z; and z, are chosen as w; =
T =My, Wy = Z) + My, W3 = Zp — My, Wy = 25 +my. Cris
just a gauge constant that can be adjusted at will, often to
remove a conical singularity, whether it is present.

We can build the charged version of the Bach-Weyl metric
thanks to the Harrison transformation (2.10), where the
electric parameter is &. The resulting solution is given by

ds? — — Mlﬂzegw a2
(Hohs — 0Py p3)?
| lsC rudpopap (pops — 0 pyps ) (dp? + dz?)
Hiopaoatiza Wis W3, Wi Wy Was Wy,
(Hapts — & pipi3)*
HiHap3H4

a
A, = (A,O +”71f’j,o,0,0>.
Moy — 1|3

This kind of solution' contains the Majumdar-Papapetrou

black hole pair at equilibrium, as a special extreme case [10].
To show the relation with the type-I accelerating black

hole, we perform the following change of coordinates:

+ p? do?,

(3.74)

\/r(r —2m)(1 = A%r?)(1 + 2Amx)(1 — x?)
(1 + Arx)?

p—

’

(3.75)

19Actually in [10] a slightly different charging Lie-point
symmetry of the Ernst equations has been used; moreover, it
is embedded in an external multipolar background (which here
we are neglecting). However, in [10] it is shown as the Kramer-
Neugebauer and the Harrison transformations are physically
equivalent, because they differ only on gauge transformations.
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N (Ar 4 x)[r—m(1 — Arx)] R 2wy

- = \/—0.

cTa (1 + Arx)? 7 A’
(3.76)

Then we center one black hole, let us say the left one, with
mass parameterzom inz;,sow; = z; —mandw, = z; + m.
We fix just one physical parameter entering in the remaining
couple of solitons, which will be related to the position of the
accelerating horizon as z3 = z; + 1/(2A), while z, remains
free. Without losing generality we can assume that the origin
of the z axis is at z;, thus we can set z; = 0. We fix also the
arbitrary coefficientin the g,, element of the metric, such that
C; = 2wym?/A3 and we fix & = V/As.

Now if we take the limit for w; — oo, which in the
Weyl representation means make the right black hole
of the binary grow indefinitely bigger, see picture 2 of
[7], we get

ds® = —f(r,x)dr* +f(r1’x)

x [e27<’-X> ( Acfi) +Ad%(i)> + pz(r,x)d(pz], (3.77)
where
flr.x) = %, Q(r,x):=1+Arx,
y(r,x):= %log (g), A (r) = (1 =A%) (r? = 2mr),
()= VAR A ()= (1)1 4+ 2mA),

(3.78)

This coincides precisely with the solution of Eqs. (3.17)
and (3.18) for e = 0. Therefore we conclude that the Petrov
type I charged and accelerating metric is the limit of a
binary system where both black holes are charged. In the
limiting process the black hole horizon of the right black
hole grows so big, compared with the other, that it can be
considered just a Rindler horizon,”' see Fig. 1. Since both
elements of the binary were charged, the electric charge
remains also as a feature of the accelerating background.

“Remember that the mass parameter before the Harrison
transformation does not necessarily coincide with the mass of the
black hole after the transformation.

*Thisis a generalization of the well-known fact that the metric
near a Schwarzschild black hole is the Rindler one.

Wi -0

Binary black hole system

C-metric

FIG. 1. The limit for w; — oo brings a binary black hole system
into an accelerating black hole metric. For bigger values of w, the
right element of the binary grows and its event horizon transforms
into an accelerating horizon. If the right black hole of the binary
carries no charges, then the metric after the limit becomes of
special algebraic type D and the accelerating horizon is a standard
Rindler one. If the right black hole of the binary carries some
charges, such as the electric charge, the resulting accelerating
metric remains of general type I and the Rindler background is
endowed with that charge. Conical singularities here are not
displayed, eventually they can be removed with external electro-
magnetic or gravitational fields in the spirit of [3,10].

Note that when the electric charge s is null, then this limit
still works. In that case the limit for w, — oo of the Bach-
Weyl binary black hole gives the standard type-D C-metric.

On the contrary, applying this limit to a more general
binary black hole solution, such as the ones with two
independent electric charges such as [27] or [28], one can
retrieve also more general accelerating type I black holes
with e # 0, such as the full solution (3.17) and (3.18). In
case we would like to extend this limiting procedure for the
dyonic generalization, when both e # 0 and p # 0, as in
Appendix A, or for NUTty backgrounds such as the ones
described in Sec. IV, it would be necessary even more
general charged and rotating binary metrics, where also off
diagonal terms are switched on. That’s because these
spacetimes are endowed with NUT parameter.

IV. REISSNER-NORDSTROM-NUT IN A CHARGED
RINDLER-NUT BACKGROUND

Recently a large class of type I black holes has been
proposed in [7]. This family consists of a NUTty extension
of the Plebanski-Demianski black hole. A particular sub-
case of this very general spacetime is the accelerating
Reissner-Nordstrom-NUT black hole, first constructed in
[29], which can be obtained from the general class of [7],
by vanishing the angular momentum. We may think that if
we act with the Harrison transformation (2.10) to an
accelerating NUTty black hole we might obtain the same
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solution described in [7]. That is because both spacetimes
represent charged and NUTty accelerating black holes
and because they belong to the same Petrov class I.
Nevertheless these two spacetimes are different. The main
difference consists in the background: the case studied in
[7] represents an accelerating Reissner-Nordstrom-NUT
black hole in a NUTty Rindler background while the
solution we will construct here below, thanks to the extra
Harrison transformation, models an accelerating RN-NUT
black hole but in a NUTty and charged Rindler back-
ground. Let us further clarify this point: when we remove
the black hole (with his charges) from the first case we
remain with a Rindler-NUT spacetime, while in case we
remove the black hole in the second spacetime, we are left
with a electromagnetic Rindler-NUT background. In the
former case we have a stationary rotating background
without an electromagnetic field, in the latter a background
with a non-null electromagnetic field. So these two
solutions cannot be physically equivalent.

A. Harrison and Ehlers transformations commute

We recall that the accelerating RN-NUT black hole built
in [29] and its rotating generalizations [7] were generated
by the Ehlers symmetry of the Ernst equations (2.5) and
(2.6), that is

£ _ @
_c &= .
- 1+ icE

(4.1)

It is a nontrivial fact that the Harrison (2.10) and Ehlers
(II1) transformations commute. That is because these Lie-
point symmetries of the Ernst equations belong to the
noncommutative group SU(2,1). Nevertheless, it is easy to
check that

This observation opens the possibility of generating a
common solution which extends both the one built in this
section and the one of [7]. In fact starting with an
accelerating solution as a seed, for instance the PD class
(without the cosmological constant™), it is possible to build
a large class of accelerating, charged, with NUT parameter
and endowed with angular momentum in an electromag-
netic and NUTty Rindler background. Basically because of
the commutative property (4.2), we have just to apply (V)
to the general metric of [7] to add electromagnetic charge to
the Rindler background.

To keep the construction simple we start below with a
diagonal seed, without gravitomagnetic mass nor angular
momentum.

B. Generation of a Reissner-Nordstrom-NUT black hole
in a charged Rindler-NUT background

The above composition of Harrison and Ehlers trans-
formations will be used to generate the accelerating
Reissner-Nordstrom-NUT black hole in an electromag-
netic Rindler-NUT background, that is the NUTty gen-
eralization of the metric built in Sec. III. We start, as a
seed, with the same accelerating RN black hole in (3.1)-
(3.9) and we apply the map (4.2). The composite trans-
formation (V)o(ZII) in principle is labeled by three real
parameters (¢ and the two components of the complex
parameter a), but for the sake of simplicity we consider
a = s real. In the case of dyonic seeds, an extra imaginary
part for the Lie parameter @ might at most add a further
contribution to the magnetic part of the Maxwell field,
which however can be reabsorbed by an electromagnetic
rotation transformation (A7). Thus, an imaginary compo-
nent for a does not affect the geometry of the spacetime.
The proof that the real choice of a does not affect the
generality of the resulting metric for dyonic solution can
be found in Appendix B.

2 _ £
£ - E-miwewoe The procedure to generate the new metric is very similar
(V)o(III) = (IIT)o(V) = to the one executed in Sec. I1I, the seed Ernst potentials are
d > O= %' the same, so we do not repeat all the steps here but just state
HeEraw et the final results. The new Ernst potentials, generated by the
(4.2)  transformation (V)o(I1I), are™
|
f(r.x) _ |A(r, x)|? dr? dx?
ds* = — =" [dt — & (r, x)dg]* + e () +—— )+ (r.x)dy?|, (4.3)
A(r.x)? f(r.x) A (r) A

where

It is well known that the symmetries of the Ernst equations in the presence of the cosmological constant are not effective to generate

new solutions [30].

BA Mathematica file containing this solution is available between the sources of the arXiv files, for the readers’ convenience.
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A(r.x)? =

[s2A, — (r? 4 2ers + ¢*s2)Q2) + 4p2r2s2Q% + 4eprsQ? (A, — ¢*Q2) + (A, — ¢*Q?)?

r4 Q4 k)

(r,x) = b {4Aps[x(s2 — 1)+ 2A[r(s*> = x%) — ms?(1 = x?)] + A%x[r? (s> — x*) — ¢*s*(1 — x?)]]

AQ?

+2¢[1 + 2Ax(m + r + es) + A%(r* + des(r —m) + 4mx*(r + es) — ¢*(1 — x?))]

+243x(r?(m + es) — ¢*(r +es)(1 — xz))} + .

The electromagnetic field supporting the metric becomes

(4.4)

i —er’QY + 125sQ2 (A, — 3¢%Q%) + (Bers? — cpr)Q2(A, — ¢?Q?) — s3(A, — ¢*Q?)?
e |A(r, x)|?r*Q?
- px(1 =3s%) — cex + A(ce + 3ps?)(2m + Ag*x)(1 — x*) = Ar(2 + Arx)(ce + p(3s> — x?)) oA

Ay =A, +

9’

Note that the presence of the acceleration in the seed is
fundamental to obtain a new spacetime. Otherwise we
would remain within the Carter-Plebanski class and the
Harrison (or the Ehlers) transformation on an already
charged (or NUTty) seed would act just as an identity,
after a proper reparametrization of the solution. In particu-
lar in the case under consideration, in absence of accel-
eration, we would just find RN-NUT (as can be easily
realized by taking the limit A — O of the above solution).
So the main novelty of this solution comes from having
simultaneously added both the NUT and the electromag-
netic charges also to the accelerating background, and that
is the reason why these metrics go beyond the Plebanski-
Demianski family, but becomes of Petrov type L
Further generalizations may include also in angular
momentum or NUT charge in the seed. In Appendix B
the most general Plebanski-Demianski seed is embedded in

~

QZ
|

this NUTty and charged Rindler background. A detailed
map of the main solutions discussed in this article can be
found in Fig. 2.

C. Electric accelerating background

When we remove completely the RN-NUT black hole,
which means setting to zero its characteristic parameters
(m, e, p), we remain with a stationary rotating Rindler metric
with an electromagnetic field, not with the usual Rindler
metric, as in the type D accelerating black hole solutions. In
any case the electromagnetic field can be removed thanks to
its parameter s. In an equivalent way we may have just started
from a no black hole spacetime as seed, but only with the
Rindler metric and after the transformation (4.2) we would
have obtained a Rindler background endowed with an
electromagnetic field, whose metric reads

. 2Acr?(1 — x?) 2 1 1 dx?
ds*> = —f(r,x)|dt — | ———> d = dr? 2 AP —— + (1 = x?)d¢?
o ==t o~ (R + n)ao] + g (g [+ - ) (S 0 - eet)
(4.5)
with
. (1=A%2r2)(1 + Arx)?
x) = . 4.6
f(r.x) c2(1—A2r2)2—|—[(1+Arx)2—52(1—A2r2)]2 (4.6)
The electromagnetic field stems from the potential
u 1 — A%r? 2cs|1 + Ar(Ar+2 1 —A%r?)s? — (1 + Arx)?
A, =ls o 1A g o 2ol AArF 201 = A = (L AR (47)
(1+Arx) A(1 + Arx)

*The evaluation of the Petrov class can be found exactly as in Sec. III. However, it is not surprising having a general algebraic type,
since even the ¢ = 0 subcase, as analyzed in the previous sections, or for s = 0 as in [7], was already of type I.
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type I

(B.15)-(B.16)

Plebanski-Demianski-
NUTs in charged ac-
celerating background

no angular

type I type I

[6]

momentum

(4.3)-(4.4) type D

Plebanski-Demianski
with double NUT charges

Dyonic Reissner-Nordstrom-
NUT in charged accel-
erating background

Standard Plebanski-
Demianski

Dyonic Reissner-
Nordsrom-NUT in Rindler

type D

Accelerating Reissner-

(A.1)-(A.3)

Dyonic Reissner-

type 1

Nordstrom in charged
accelerating background

p=20
type I (3.48)-(3.51)

Reissner-Nordstrom

Nordstrém (charged C-metric)

type D

in charged acceler-
ating background

type I (3.70)

Reissner-Nordstrom

Schwarzschild
in charged

accelerating

type D

background

m =0
type 1 (4.16)

Rindler

Charged
accelerating

background

FIG. 2. Map of the family of accelerating solutions in the Einstein-Maxwell theory containing a black hole. The new spacetimes
presented in this article, not yet known in the literature, are emphasized in bold line rectangles. The new family of solutions are of Petrov
type I and carry up to two independent NUT parameters and two independent electric (possibly also two magnetic) charges, when the
acceleration is nonzero. However, note that accelerating black holes in an external electromagnetic field such as [3,15] or in an external
rotational field [18] are not included in this family; they belong to a different branch.

where we just shift the constant wy, - —2¢/A + @, to have a
well-defined zero acceleration limit, the Minkowski space-
time. So, also in this background case, the relevance of the
accelerating parameter and the accelerating horizon in the
novelty of the solution is manifest.

From (4.7) we clearly see that when s — 0 the electro-
magnetic field goes to zero, thus we remain with just the

standard Rindler metric. On the other hand, when the
acceleration is zero also the electromagnetic field vanishes.

Combining the fact that the full solution can be derived
from blowing up one constituent of a charged binary
system, as seen in Sec. IIIJ, and that the background, in
this frame of reference, consists in vanishing the seed black
hole quantities (m, e, p), it is natural to hypothesize that the
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background may be derived from a limit of the Reissner-
Nordstrom black hole itself. This is in agreement with the
uncharged case where the Rindler horizon can be obtained
as a limit of Schwarzschild black hole: indefinitely enlarg-
ing the event horizon. To verify this hypothesis, we
consider the RN black hole written in cylindrical coor-
dinates (p, 2):

(Ri +R_)> —4(m* - ¢*)

ds* = — dr*
* (2m +R.R_)?
2m+ R, + R_)?
( R +R ) (dp2 —|—dZ2)
+ p—

p*(2m + R,.R_)*d¢?
(R +R_)>—4(m* - ¢*)’
2

A — I S
. (2m+ R, R_)?

,0,0, O] , (4.8)

where

R, = \/p2 + [i(z —z1) +/m? - qzr (4.9)

The relation with the usual solution in spherical coordi-
nates, as in (3.32) and (3.33), is given by the following
map:

2 2

p= r2—2mr—q 1 —x*,

z=2z1+ (r—m)x. (4.10)
The constant z; determines the position, on the z axis, of
the black hole. When only one source is present this
constant can be gauged away by the translation invariance
property of the solution, along the z axis, therefore is often
|

A
R/wml R =

64A%s (1 + Arx)12[3(1 — A2r2)2s* +5(1 + Arx)* + 65%(1 — A%r?) (1 + Arx)?]

omitted. However, in our limiting procedure it could be
useful, because we would like to grow the black hole size
avoiding that the whole event horizon runs to spatial
infinity.

Before taking the limit for large mass and electric charge
parameters, we rescale the three parameters of the solution
(m, q,z;) and the coordinate as follows:

1
m — E(Wz —Wl)(l +2W252), q — (Wl —Wz) 2W26,
1
21 —)E(W2+W1)<1—2W252), (411)
p = p(1 =2w,6), 7z = z(1 = 2w,8°),
t VA t VA (4.12)
— — . .
o T e

Now taking the limit for w, — oo and rescaling § — 6v/A
we get precisely the solution (4.5)-(4.7) with ¢ =0.
The similarities with (4.5)—(4.7) can be better appreciated
by the change of coordinates,

B r\/(l - A% (1 = x?) B r(Ar + x)
r= (1+ Arx)? ' Z_Zl—i_(l—l-Ar)c)z'
(4.13)

In case one would like to recover also the ¢ # 0 case, it is
necessary to perform this limit starting from a Reissner-
Nordstrom-NUT spacetime.

This background is free from conical singularities, but
the metric, for ¢ = 0, seems to be not free of curvature
singularity for 0 < r < 1/A, as can be appreciated from the
Kretschmann scalar,

[—(1 = A%2r2)s% + (1 + Arx)?)8

(4.14)

On the other hand, when ¢ # 0 the denominator of the main scalar invariants can never be zero, as can be seen from the

. . 25
Ricci squared

64A%s*(1 + Arx)'6

R, R =

ad {2(1 =A%) + [=(1 = 2A%)s? + (1 + Arx)?)? 3

therefore, in the general case, the solution (4.5)—(4.7) is free
of any singularities, curvature or conical. The only locus
of the spacetime which might seem suspect of bringing

»We write the Ricci squared and not the Kretschmann only for
brevity, anyway the possible divergent loci coincides for both
scalar invariants.

(4.15)

|
curvature singularities, for ¢ # 0, is for x = —1,r = 1 /A,
but a deeper scrutiny of various scalar invariants confirms it
is not a problematic point.

Note that this metric has, for any value of ¢, neither NUT
charge nor Misner string because the Ehlers transformation
rotates mass or electric charge into gravitomagnetic mass.
When we set m = 0, ¢ = 0 and p = 0 we are also shutting
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down the NUT charge. That is also why the Petrov type
remains D.*

In any case possibly this type D solution, where we
switched off the seed physical quantities of the black hole,
may be not the more adequate spacetime to be considered
the background of our solution, because after the Harrison
transformation the characteristic quantities of the black
hole change, as can be seen in Appendix A 2, and a change
of coordinates is necessary. If we eliminate the black hole
after the charging transformation and in the new para-
metrization, then we get a NUTty and charged type I
background, similarly to what happens in the pure NUT
case [7].

We write here a simple case without the ¢ parameter,
because we already have it in the new parametrization.
Indeed this spacetime can be obtained from the solution in
Sec. III G by taking the limit for zero black hole electric
charge & and zero black hole mass®’ parameter 77:

ds* = —f(7,x)dt* +f(71, )

X [ezr(m (Ad,;é)jLAd%(jc)) + pz(?,x)dqoz], (4.16)
where
(7, )=;4[2xi?:i’;)m]2, Q(F,x):==1+A(e+7)x,
7(F.x) = %log (g) . A(F) =Pl (e+T7)2A%,
o) = YAYB A ) (1- ) (1 eAx). (417)

92

The electromagnetic potential supporting this metric is

*One might think it should be a Melvin-like electric universe
in some accelerating coordinates, but contrary to Melvin this
background is not able to help to remove the conical singularity
of the charged accelerating black hole. Furthermore, the zero
acceleration limit removes also the electromagnetic field, which
is not in line with the usual Melvin behavior in accelerating
coordinates, such as the Ernst metrics [3]. Finally note that the
accelerating Melvin universe has not curvature singularities and
can be thought as a couple of RN black holes pushed at spatial
infinity, while in our case we push at most one of the two black
holes asymptotlcally, as described in Secs. IV C and II1J.

"It is not easy to compute the mass for accelerating black
holes with conical singularities, therefore the mass parameter 77 is
surely related with the black hole mass in the nonaccelerating
case. We are aware that a different parametrization might give
different results for the type I background spacetime; this point
deserves further investigation.

s

The limit is quite straightforward, the only care we used, to
assure a convergent result, was to rescale the coordinates
before the limiting procedure: 1 — (ea/m)t, ¢ — @m/(ea).

This solution is diffeomorphic to the extremal case
(m =e) of (4.5), for c =0 and s = —1, up to a radial
shift. Because of the fact that s # 0 the standard Rindler
background cannot be retrieved easily.

When e or A goes to zero the metric became algebrai-
cally special, of type D. When the accelerating28 parameter
A — 0 a cylindrical electric monopole is obtained:

2[1 + 2exA + (e + 7)(ex? — 7)A?]
2rx +Fle + 7)(1 + x%)A - O}
(4.18)

6_]2 ﬁ2
—;dﬁ + ?dﬁz + pA(dx* + dy?),

A, = <—§,0,0,0>.
p

The following change of coordinates has been used to put
the metric, after the A — O limit, in the above form:

ds* = (4.19)

(4.20)

r—\/q2x + %5 + p*/ g, (p—arctan<§>,
p
x = . (4.21)
INTE+ 3+

Hence, the electric field of the background can be inter-
preted as a monopole charge and it is not a surprise that the
metric (4.16) and (4.17) displays curvature singularities.

We expect the more general case, when ¢ # 0, to be more
regular, in particular to be void of curvature singularities, as
happens for the type-D background above.

D. Misner string?

Let us come back to the full solution of Egs. (4.3) and
(4.4). The Ehlers transformation brings into the spacetime
the NUT charge and hence the Misner string, a rotating
deltalike energy-density distribution on the azimuthal axis,
which is not continuous because the (r, x) function has a
jump passing from the sector of the z axis characterized by
x — 1 to x > —1. We can quantify this discontinuity as

—ps(1-57)].

(4.22)

Aa)—hma)(r x)— hm a(r,x)=

x—1 x——1

8[c(m+es)

Spacetime without a Misner string experiences a zero Aw.
For the dyonic Reissner-Nordstrom-NUT black hole in an
accelerating and nutty background this value vanishes for

BAfter the reparametrization and the limit of zero m, e the
constant A may not keep the usual acceleration interpretation.
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1_2
oo psl=s7)

4.23
m—+ es ( )

Moreover, the value of the rotating function w(r, x) can be
made zero on the axis by setting

2ps(1 —s?)

A(m +es) (424)

oy =

Therefore the gravitomagnetic mass introduced by the
coupling between the Harrison transformation and the
magnetic charge (encoded into the term proportional to
ps in Aw) can be fine-tuned with the NUT contribution
brought by the Ehlers parameter c. Indeed without the
Ehlers map, as can be seen in Appendix A, the only way to
regularize the metric is to switch off also the magnetic
charge p.

V. SUMMARY, DISCUSSION AND CONCLUSIONS

In this article we have explored the behavior of the
Harrison transformation on accelerating black holes. We
have discovered that the Lie symmetry map acts on an
accelerating black hole seed adding electromagnetic charge
to the initial solution in a nontrivial way. In fact, it does not
generate the standard charged C-metric from the neutral
one, but an exotic C-metric which is type I instead of type
D, as the standard one. Both charged C-metrics describe
accelerating and charged black holes, but the type I is more
general, it has an extra feature: also the accelerating
background can carry its own electromagnetic charge,
which is independent with respect to the black hole one,
as discussed in Sec. III. The two charges may interact and
combine, for instance to discharge the black hole, trans-
forming a seed accelerating Reissner-Nordstrom solution
(of type D) in an exotic accelerating Schwarzschild (type I),
but the two electric charges cannot completely annihilate
everywhere because of their physical differences: their
distribution within the spacetime and their relative inde-
pendence. While the action of the Harrison transformation
on C-metrics can cause curvature singularities, these are
absent for the combined Ehlers-Harrison transformation,
because of the presence also of the NUT parameter.

This behavior resembles much of what is described in [7]
about the accelerating NUT spacetime and the Ehlers
transformation. Also in that case the NUT charge can be
added to an accelerating black hole and can combine to
elide the Misner string of the seed, if present, but never
remaining with a type-D metric.

These findings about the charging transformation
strengthen the interpretation given in [7] about the action
of these nontrivial Lie-point symmetries and the nature of
accelerating black holes and C-metrics, which we summa-
rize here below: Accelerating black holes can be viewed as
limits of the binary system where one of the collapsed
sources grows indefinitely while maintaining a fixed

distance between the horizons [7,19]. Similarly, one may
think of zooming near the horizon of a big black hole which
has a much smaller companion close by. In both inter-
pretations the big black hole in this limit becomes an
accelerating horizon. On the other hand, the Harrison
transformation acting on a neutral binary system equally
adds electromagnetic charge to both sources; for instance, it
can generate a charged binary system (such as the
Majumdar-Papapetrou) from the neutral Bach-Weyl pair
[10]. In this charged setting the above limit where one
element of the black hole couple grows indefinitely, as
proven in Sec. IIlJ, represents the exotic charged accel-
erating black hole we had described here. The fact that also
the big black hole is endowed with electric charge causes
the background to have nonzero electric field. According to
this interpretation the standard (type-D) charged C-metric
can be thought of as the limit of a binary system where only
the small black hole carries charges (not only electromag-
netic but also NUT charges, as seen in [7]) but the big black
hole is neutral. This is the reason why these exotic
accelerating black hole metrics can have double indepen-
dent charges. One of these charges is reminiscent of the
black hole charge that has been infinitely enlarged. In this
sense, it is not surprising to find for these type I charged
and accelerating black holes that extremal configurations
can be void of conical singularities, such as the Majumdar-
Papapetrou system.

These results open the possibility of building even more
general accelerating black holes in general relativity and
beyond.29 In principle, it is quite direct to apply the
Harrison transformation to a charged and rotating C-metric
seed to obtain an exotic accelerating type I Kerr-Newman
black hole, where the accelerating background is endowed
with electromagnetic field or even with NUT charge using
the combined transformation of Sec. IV. While the result in
terms of the Ernst potential is straightforward, as can seen
in Appendix B, the metric form of the solution could be
quite involuted, in particular in a convenient parametriza-
tion. Another interesting possibility is to add other kinds of
charges to these accelerating backgrounds, for instance
angular momentum; works in this direction are in progress.
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accelerating NUTty black holes with a conformally coupled
scalar field have been recently obtained using these generating
techniques [33].
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APPENDIX A: DYONIC REISSENER-NORDSTROM IN A CHARGED RINDLER BACKGROUND

If we leave p # 0 in the solution generated in Sec. III, we obtain the dyonic version of the charged Reissner-Nordstrom
black hole in the Rindler background. The metric becomes™"

f(r.x)

_ e
|1 —2s® — s2E|?

ds? =
’ A, (%)

[dt — &(r,x)dep)* +

1 —2s® — s2E? [e2r<r~x>( dr?

f(r,x) A (r) ) + p*(r, x>d§02], (A1)

with

4sp{(s® = D)x + 2A[s>(r — m(1 = x?)) — rx?] + A2x[s*(r — ¢*(1 — x*) — r*x?]}

o (A2)

(r,x) = + @y,

where @, is an arbitrary constant that usually defines the angular speed of the asymptotic observer.
The electromagnetic potential, up to an additive constant, takes the form

i er’Qt + $3(Q2q7 — A,)? + 35%erQ2(Q%¢? — A,) + sr?Q2(3¢°Q% — A)

"7 45er QN PV SY(A, — P2 + 457 erQR (P — A,) + 252 P QP3P — A,)

- /3 .
Al/) :A(IJO —2px—a)<£+A,>.

(A3)

As computed in Sec. III, this solution generically belongs to the I class of the Petrov classification.

The metric is not diagonal, as the seed, because there is
an interaction due to the Lorentz force, between the
electrically charged Rindler background and the intrinsic
magnetic charge of the black hole p. From a mathematical
point of view this fact can be directly read in the sp
coupling in the rotating @ function. Indeed if s or p are
switched off the metric becomes diagonal.

1. Misner string and gravitomagnetic mass

While the appearance of Dirac strings is an expected
feature from a complex charging transformation, what is
not completely expected is that the rotation introduced by
the Harrison map is not regular. In fact, the transformation
(2.10) in the presence of a magnetic field switches on also
an axial singularity, which can be associated to the
discontinuity of the w(r,x) function passing through the
equatorial plane on the azimuthal axis, as can be seen from
the difference,

Aw = lim@(r,x) — lim @(r,x) = =8sp(1 —s%).  (A4)

x—1 x——1
This discontinuity physically represents a rotating deltalike
matter distribution on the z axis, often called NUT charge.
In case we would like to remove this defect in the
spacetime, we might act with an extra Ehlers transforma-
tion to rotate the gravitomagnetic mass quantified in
Eq. (A4) into the usual mass, as explained in [9]. Note

YA Mathematica file containing this solution is available
between the sources of the arXiv files, for the readers’ convenience.

also that the gravitomagnetic mass generated by the Harrison
transformation does not depend on the presence of the
acceleration; in fact this can happen also in asymptotically
flat conditions. Hence, it would be desirable to improve the
standard Harrison transformation to avoid this behavior
when the seed carries monopolar magnetic charge.

2. Enhanced Harrison transformation

In order to have a more precise charging transformation,
that is a symmetry of the Ernst equations which just adds
electromagnetic charges on a given seed, but without
messing with other physical parameters of the solution,
we might try to modify the standard Harrison transforma-
tion (2.10). We would like to refine this transformation
composing with other symmetries of the Ernst equations,
because in this way, we are sure that the spacetime it
generates satisfies, by construction, the Einstein-Maxwell
field equations (2.1) and (2.2). We focus here, for sim-
plicity, on relaxed asymptotically flat spacetimes, which
means that the Ernst potential decay for large values of the
radial coordinate to the Minkowski ones (€ = 1,® = 0),
as follows:

2(M—iB 2i 1
El— (M—i )+(Z*+ lJr)zx—Fconst_i_O(;)’ (AS)

r
] D D t 1
NQetlQm_F ( e+l I:Z)X+COHS —|—O<F>’ (A6)

{01

where M,B,J,0,,0,,,D,,D,,, respectively, are associ-
ated with the physical quantities of the solution: mass,
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NUT, angular momentum, electric and magnetic charge,
electric and magnetic dipole moments, on the other and z,
is a constant related to the position of the origin of the
coordinates (r,x). Relaxed is referring to the fact that the
metric can approach asymptotically a little more general
spacetime with respect to the Minkowski one, i.e.
Taub-NUT.

Other symmetries of the Ernst equations (2.5) and (2.6)
which can be useful for improving the Harrison map are

(I): €= E =IE, &> @ =b, (A7)
(IV): E>E =E-2'®-pp', B®>D =D+p,
(A8)

where in general A and f are complex scalars which
parametrize the transformation, see [16] or [9] for details.
We can define an enhanced version of the Harrison trans-
formation (V') thanks to the following composition:

(V) = (IV)o(V)o(l), (A9)

M = M\/1 + 4|al* - 2|0 Re(a) + Q,,Jm(a)] cos v — 2[Q. Im(a) — Q,,Re(a)] sin v,

B =B\/1+4]aP - 2[0,Im(a

z* = z*y/1 + 4]al* + 4|D.Re(a) + D,,Im(a)] cos v + 4[D,Im(a) — D,,Re(a)] sin v,

J=Jy/1+4|a|* +2[D,Im(a) — D,,Re(a)] cos v + 2[D,Re(a) + D,,Im(a)] sin v,

This map between new and old quantities allows one to

with

L —1++/1 +4|af?

2 exp(iv) (A10)
1= /17 4[a]?
ﬁ:aTFM' (A1)
a

(V) preserves the asymptotic form of the Ernst complex
potential (AS) and (A6), in fact by applying (A9) we get

Eo1 _2(M—iB)+(Z* +2i7)2x+cohst+0<i3>’
r r r
(A12)
b~ Qe+lQm (D, +1D2)x+cohst+0<1>’
r r r
(A13)

where the new barred physical quantities are related to the
old ones by the following transformations:

(Al4)

— 0, Re(@)] cos v + 2[0,Re(a) + 0, Im(a)] sin v, (AL5)

(A16)

(A17)

Q.= (Q,cosv—Q,,sin u)m — 2MRe(a) — 2B Im(a), (A18)

Ou = (@ cos v+ Q, sinv)y/1+ 4laf* — 2MIm(a) + 2B Re(a). (A19)

D, = (D, cosv = D,y sinv)/1 + 4laf’ + z'Re(a) - 2/ Im(a). (A20)

D, = (Dl cosv+ D, sinv)y/1 + 4laf* + 2" Im(a) + 2/ Re(a). (A21)
|

Im(a) = Re(q) 208V T QesiNY =)

build the Harrison transformation with the desiderated
features. For instance, if we want not to add additional
NUT charge to the generated solution it is sufficient, by
inspecting (A15), to require an extra constraint on the v or
the a parameters:

Q,cosv—Q,,sinv’

In case we would like to erase the Dirac string of a solution
charged by (V) starting from a seed free of Misner strings
(B = 0) then we may require, from (A19), that
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2 .
Im(a) = + 1+ 4Re(a) (.Qe sinv + Q,, cos v) . (A23)
2\/(M - Q,,cosv—Q,sinv)(M+ Q,,cosv + Q,sinv)

APPENDIX B: PLEBANSKI-DEMIANSKI IN

= —kéy — R A2 A3
NUTTY AND CHARGED RINDLER Axx) = —kd> = 2 + ed” = Zmadox
BACKGROUND +a?d(e? + p? + kir*)xt, (B6)
For the sake of generality we can consider here also the
most general solution of these accelerating type I black Q(r,x) :=1—arx, (B7)
holes with a charged and NUTty Rindler background. We
represent it in detail in terms of the Ernst potentials, since R(r,x) = m (B8)

the metric expression is quite lengthy; however, also the
metric representation is reported below. As seed we
consider the Plebanski-Demianski solution, which includes
black holes with dyonic electromagnetic charges, NUT
charges and angular momentum. This seed can be written

and the non-null components of the electromagnetic vector
potential are

as in Eq. (3.1), with A(r.x) = _%, (BY)
A, — A,
Hrx) == o (B1) elorx? — pxr?
A, (r.x) = L2 2P (B10)

R2
o(r*A, + x*A,)

, B2
Ar— AZAx ( )

o(r.x) = From the definitions of the Ernst potentials (2.7)—(2.9) can

be derived h,A,/, and the seed Ernst complex fields as

A= &)ZAr> (B3) follows:

1
y(r.x) = Elog (T
_ 2nr+ olmx - kr*a — x*a(e* + p* + k®)]}

VAVA, hlrx) = ’ 7
plrx)=—— 5" (B4) o
P (B11)
A(r) = =@ (e + p* + ka®) + 2mar — edr? i exi — pr
+ 2har® + ka*ort, (B5) Aolr ) = R B

oA, 4 i{QPd[—ikrd + x(e? + p* + kd?)] + xA,}

E(r, , B13

(r,) rxQ%&(—ir + @x) (B13)
e+ip

D(r,x) =— . B14

(r,) 7+ idx (B14)

Using the combined Harrison-Ehlers transformation (4.2), we can generate a new pair of complex Ernst potentials (€, ®) as
follows:

_ —ir®A, + xA, + &O[—ikrd + x)(q* + k®?)]|Q?
E(r,x) = SN A : ) ; T2 1 2\~ 2 _ 2 ~2\O2’ (B15)
(c +is*)(rdA, + ixA,) — d[r*x + 2(ip + e)rsx + ir(x* + ikc — ks*)& + (s* — icx)(q* + kd®*)|Q

- —irs@A, + sxA, + &|[(ip + e)rx + (¢* + k@?*)sx — ikrs®|Q?
(I)(}",)C): ) ~ . T2 . ) . N A~ D 2 ~D 2" (B16)
(¢ +is?)(rdA, + ixA,) — d[r*x + 2(ip + e)rsx + ir(x* + ikc — ks*)& + (s* — icx)(g* + kd»*)|Q
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These complex functions represent the new solution,
inequivalent with respect to the seed, of the Einstein-
Maxwell theory. It includes basically all the accelerating
type I black holes described in this article and more. In
particular, these solutions can describe black holes of the
Kerr-Newman family.

In case one wants to write the solution in terms of the
metric fields and electromagnetic potential, it is sufficient

1

to exploit again the definitions (2.7)—(2.9). The new
function f(r,x) can be easily written as

f

I ey

(B17)

while the transformed rotating function @(r,x) and the
magnetic part of the gauge potential A, are more involved.
However, for completeness we explicitly write

o(r,x) = o {A(Q = 1D)[FPA (A, + k@Q2)? + X2A (A, + &(q* + k@*)Q?)?]

rPxto(@*A, — A)(1 - Q)

—2erxQ2[PP A (Q — 1) (A, + k@Q?) + 2r(mx’d(A, — *A)Q% + esA,(Q — 1)(A, + kdQ?))
+ x(=xA2Q + @*(q? + k@?) A Q% (x@* — 2ps + 2psQ) + A, (x(q* + kd?)(Q — 2)Q?

+ A, (2(ps + x®)Q = 2ps — xd)))] + (Q = 1)[x*®

2(r* + der’s + 6q*r*s* + ders®(¢* + ka?)) A, Q

+ s* P AZA L+ A (s A2 + 253 (krPsé — 2psrix + (2er + ¢2s)x*@ + ksx?@) A Q2

+ rPw(4psx® — dkpsix + K2s*d + x*@)QM)] 1.

(B18)

The above expressions of the rotational function (B18) with (B17) and (B3)-(B6) completely determine the new generated

metric, which can be written, similarly to (3.1), as

1

ds* = —f(r,x)[dt — @(r,x)dg]?> + =

dr*
2y(r.x)
7o) [ y (Arm *

dx?
A, (x)

) + p?(r, x)d(pz}. (B19)

Actually the electromagnetic field supporting the metric can be conveniently derived from the electromagnetic Ernst
potential, without the need of integrating explicitly A, from (2.8). In fact, the Faraday tensor for axisymmetric and

stationary spacetime in the form of (B19) can be written as

d,A,
—0,A, 0

Fo=1 54, 0
0o - g—;p"{W—a)a,A,

where, from definition (2.7), A,(r,x) = Re(®) and A, (r,x) =
Im(®). In case p can be written similarly to (B4) the
Faraday tensor can be further simplified. This solution is
available, as a Mathematica notebook, between the arXiv
files.

We observe that the metric built in this section represents
the most general Plebanski-Demianski metric that can be
built by the composition of the Ehlers and the Harrison
transformation (4.2), even though we have considered just a
real parameter labeling the Harrison transformation. As
said in the above sections, this restriction just eases the
computation and thus simplifies the resulting metric
without compromising the generality of the spacetime.

0,4, 0
0 o 1 20,4,
0 e a0, | (B20)
;”"}f‘w — @0,A, 0

The main reason is that, when an Ehlers-Harrison trans-
formation is applied to a dyonic metric, the electromagnetic
Ernst potential is already complex; therefore the imaginary
part of the Ehlers-Harrison parameter can be reabsorbed
just in a relabeling of the electromagnetic parameter of the
seed Ernst potential. Alternatively, it can be understood as
the phase space degree of freedom is already completely
saturated by a real-parameter Ehlers-Harrison transforma-
tion for dyonic seeds. We can easily prove this fact
considering a real parameters Ehlers-Harrison transforma-
tion, i.e. (4.2) with a =s, with f and h, for a dyonic
electromagnetic seed field as described in (B13). The
gravitational Ernst potential takes the form
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é:

—ile® + p* — (r* + x*@*)(f — ih)]

c(e®+ p*) +i[r* +2(e+ip)rs + (e* + p?)s* + 2(p —ie)sxd + x*@°] — (¢ + is?)(r* + x*@*)(f + ih) "

Then we relabel’" the electric and magnetic charge such as

e - +e cosa+ p sina

Re(a)
I ]
(B22)

) with a = arccos
p — —e sina + p cosa

3 .
and we rename the real parameter a = 5™ of the Harrison
transformation

s — |al.

(B23)

Hence, the gravitational Ernst potential (B21) becomes

(B21)

exp(ib)[=(p —ie)(ir + ps + ies + x®) + s(r* + x*@*)(f + ih)]

- £
8 b - bl
(rX) = e E — e

(B24)

which exactly corresponds to the Ehlers-Harrison trans-
formed gravitational Ernst potential with @ € C, as in (4.2).
Similarly also the electromagnetic Ernst potential of a
dyonic seed under a real parameter (s) Harrison trans-
formation coincides with the one of a complex parameter
(&) Harrison map, up to a unitary electromagnetic duality
rotation (A7), with A = exp(ib). In fact, acting with the (1)
transformation on the seed electromagnetic Ernst potential
we get

(_b:

—ic(e? +p?) +r* +2(ip+e)rs + (&% + p*)s® + 2(p —ie)sx& + x*@* + i(c + is*)(r? + x2&*)(f + ih)’

Then considering the redefinitions in (B22) and (B23) and

Im(a
b = arctan m(?) ,

Re(a)
we precisely recover the full complex Ehlers-Harrison trans-
formation for the Ernst electromagnetic potential, as in (4.2):

(B26)

*!This relabeling of electromagnetic charges can be alterna-
tively interpreted as a unitary electromagnetic rotation trans-
formation (I) as in (A7) with 1 =exp(ia) (a €R), which in
general is always an identity transformation for the gravitational
Ernst potential, and a rotation of the Ernst electromagnetic
potential. But in the case of a dyonic electromagnetic field, such
as the one we are working with, the (I) transformation trivializes
into the identity operator also for @ because it can be reabsorbed
in a redefinition of the electromagnetic parameters.

*The symbol & is used to point to a full complex quantity and
to distinguish it from the above real choice @ = s.

(B25)

i @+ af
d(r.x) = .
() = e —an 20 ®

(B27)

Note that the extra unitary (/) transformation leaves &€
invariant.

Therefore we have proven that for a dyonic seed, such as
the one we are considering in this section, the Ehlers-
Harrison transformation (4.2) with real parameters is
sufficient to generate the most general metric. Actually a
complex & parameter does not provide an extended
physical spacetime, but eventually only a more involved
solution with fictitious parameters, which should be better
to be reabsorbed to pursue a physical interpretation of the
novel metric. The same observation, about the unnecessary
complex parametrization, when dealing with dyonic
seeds, holds when ¢ = 0, i.e. for the standard Harrison
symmetry (2.10).
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