PHYSICAL REVIEW D 108, 124022 (2023)

Accretion of the relativistic Vlasov gas onto a Kerr black hole
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We study the accretion of relativistic Vlasov gas onto a Kerr black hole, regarding the particles as
distributed throughout all of the space, rather than just in the equatorial plane. We solve the relativistic
Liouville equation in the full 3 + 1-dimensional framework of Kerr geometry. For the stationary and axially
symmetric flow, we prove that the distribution function is independent of the conjugate coordinates. For an
explicit distribution that can be approximated as a Maxwell-Jiittner distribution, we further calculate the
particle current density, stress-energy-momentum tensor, and unit accretion rates of mass, energy, and
angular momentum. The analytic results at large distance are shown to be consistent with the limits of the
numerical ones computed at finite distance. In particular, we show that the unit mass accretion rate agrees
with the Schwarzschild result in the case of the low-temperature limit. Furthermore, we find from the
numerical results that the three unit accretion rates vary with the angle in the Kerr metric and the accretion
of Vlasov gas would slow down the Kerr black hole. The closer to the equator, the faster it slows down the

black hole.
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I. INTRODUCTION

An ensemble composed of a large number of massive
particles that only interact with each other through gravi-
tation is called a Vlasov gas. The distribution function of
such an ensemble satisfies the collisionless Liouville
equation, also called the Vlasov equation in mathematics.
Vlasov models have a long history in astrophysics. The
Newtonian systems are often used to model galaxies [1]
and globular clusters [2]. The relativistic Vlasov gas is
often chosen to be the matter when investigating open
problems in general relativity, such as the cosmic censor-
ship hypotheses [3]. In particular, in the strong-gravity
areas, such as the galaxies’ center, the interest in studying
relativistic Vlasov gas is increasing [4,5]. For recent
reviews, we refer to [6].

It is claimed that the gas surrounding M87 or Sgr A*,
both of which are astronomical black holes observed by
the Event Horizon Telescope Collaboration, is also nearly
collisionless and magnetized [7-11]. In Refs. [12,13],
Rioseco and Sarbach performed a detailed study of the
accretion of Vlasov gas onto a Schwarzschild black
hole. They solved the relativistic Liouville equation
in Schwarzschild geometry and obtained the condition
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satisfied by the distribution function with an appropriate
symmetry. In a particular model with a spherical steady-
state flow, they derived the current density and the stress-
energy-momentum tensor. Such a relativistic Vlasov model
is also used to provide a partial explanation for the low
accretion rate problem, also called the Bondi-Hoyle-
Lyttleton (BHL) accretion problem [14—17].

Since then, numerous works have extended such a model
to more general situations. Cie$lik and Mach generalized
Rioseco and Sarbach’s results to Reissner-Nordstrom
black holes [18]. In Refs. [19-21], the authors calculated
the accretion of relativistic Vlasov gas onto a moving
Schwarzschild black hole and tried to resolve the BHL
accretion problem. The accretion of Vlasov gas onto a
Schwarzschild black hole at a sphere of finite radius
was also studied by Gamboa et al. [22]. Except for
Schwarzschild black holes, Rioseco and Sarbach’s results
have also been extended to black holes in modified
gravities. Liao and Liu investigated the accretion of a
collisionless Vlasov gas onto a Bardeen regular black
hole [23]. Cai and Yang studied the accretion of Vlasov
gas onto black holes in bumblebee gravity [24]. There are
also many studies of accretion onto Kerr black holes.
Reference [25] showed that a collisionless, relativistic
kinetic gas configuration propagating in the equatorial
plane of a Kerr black hole would eventually settle down
to a stationary, axisymmetric configuration surrounding the
black hole. In the slowly rotating case, Ref. [26] proved the
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decay of a bounded energy and integrated energy for
massless Vlasov gas in Kerr spacetime. More recently,
Cieslik et al. performed a detailed study of the accretion
of Vlasov gas onto a Kerr black hole, occurring in the
equatorial plane [27]. In Ref. [28], Mach er al. studied
equatorial accretion on a moving Kerr black hole.

However, the studies of Vlasov gas accreting onto
Kerr black holes so far have utilized the result of the dis-
tribution function of Vlasov gas obtained in Ref. [12],
which is one of the solutions of the collisionless Liouville
equation in Schwarzschild geometry. When considering
the accretion onto a Kerr black hole, it is reasonable that
the distribution function is the solution of the Liouville
equation in Kerr geometry. In this paper, we solve the rela-
tivistic Liouville equation in the full 3 + 1-dimensional
frame of Kerr geometry and show that the general solution
of the Liouville equation in Kerr geometry is different
from the axisymmetric case in Schwarzschild geometry.
On the other hand, since the total angular momentum L%is
conserved in Schwarzschild geometry, it is reasonable to
consider the time-like geodesic bounded to a single plane.
However, things become different when working in Kerr
geometry where the conserved quantity is the Carter
constant D rather the total angular momentum LZ2. It is
not enough to work in the 2 + 1 framework when talking
about the accretion of Vlasov gas in Kerr geometry. In this
paper, we discuss this issue in a full 3 + 1 framework.
Then, the particle current density J,, and the stress-energy-
momentum tensor 7, depend on both the radius r and
angle 6. Therefore, when talking about the accretion of
Vlasov gas in Kerr geometry, it is more complete to work
in a full 3+ 1 framework than to consider only the
equatorial plane.

This paper is organized as follows. In Sec. II we review
the Hamiltonian description of time-like geodesics in Kerr
geometry. In Sec. III we solve the relativistic Liouville
equation in a Kerr background and prove that the distri-
bution function only depends on the canonical momentum
P,. Furthermore, we simplify the volume element in both
the nonequatorial and equatorial plane. In the special case
that the 2-surface is a spherical surface, we obtain the
expressions for the three accretion rates per unit surface.
In Sec. IV we consider an explicit collisionless flow in a
stationary state and with axial symmetry that can be
approximated as a Maxwell-Jiittner distribution at infinity.
The expressions for the particle current density J,, and the
stress-energy-momentum tensor 7, are computed. The
limits of integration are discussed. In Sec. V we analytically
examine the asymptotic behavior at large distances where
the corresponding quantities are all independent of the
angle 6. Using a Taylor expansion of 1, the leading terms
and second terms of the unit accretion rates are computed.
In Sec. VI we numerically compute the corresponding
quantities in finite ranges. The last section is a detailed
conclusion. In this paper, we use the units G = ¢ = 1.

II. REVIEW OF GEODESIC MOTION
IN KERR SPACETIME

A. Hamilton formulas of geodesic motion
in Kerr spacetime

The geodesic motion in Kerr spacetime has been widely
discussed in many papers and books. In this section, we give
a brief review. This is done in Boyer-Lindquist coordinates
(1,r,0, @), where the Kerr metric can be written as

2M 4M 20
5 o Sin 9 2de?.,
- p?d0? — ——X*dg (1)
where
p? = r* + a®cos’ b, (2)
A= -2Mr+d, (3)
2 (}’2 + 02)2 — a®Asin?6. (4)

The inverse Kerr metric can be expressed as

2 2Mar
a 00 v
0 —% 0 0
gl = .6
L IS )
2Mar A—a?sin%0
A/)% 0 0 - /)ZZsiqulgﬂ

which satisfies ¢#%g,, = &),. The metric (1) is characterized
by the black hole’s mass M and angular momentum J = Ma.
In this paper, we are only concerned with the range r > r_,

where . = M + VM? — a? is the outer horizon.
The geodesic motion in Kerr spacetime can be written as
decoupled, first-order equations:

Pt (£2E = 2aMrL.), (6)

l>|'—

1
Po= L amrs (2 —2mnLesce). ()

p*i* =R = E*r* + (a’E* — L2 — D)r* — a’D + 2Mr(D
+ (L, — aE)?) — m?rA, (8)

p*0* =@ = D + (a*E? — L? csc? 0) cos? 0 — m*a? cos? 0,

©)

where a dot stands for a derivative with respect to the proper
time s. These equations involve four constants of motion:
the rest mass m, energy E, angular momentum L, in the
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z direction, and Carter constant D. The rest mass m is
defined by

m? = g, i (10)

Equations with m = 0 stand for null geodesics, and those
with m # 0 stand for time-like geodesics. In this paper, we
are only concerned with the case of m # 0. The energy E
and z-axis angular momentum L, are defined by

2Mr\. 2Marsin®6
E:<1— 2)z+ e, (1)
p p
2Marsin®6 .  sin%6
L, =- p i+ s 9. (12)

The Carter constant D is defined by
LN oo P o, 2
D:Z(At—aAsm 0p) —xmmr —(L,—aE)*. (13)

Because the angular momentum L2 is no longer a con-
served quantity, the geodesic cannot travel in the same
plane. This is the main difference between geodesic motion
in a Kerr background and in a Schwarzschild background.

The Hamilton formulas can be used to describe the
particle motion in Kerr spacetime. The Hamiltonian

2 . . .
H = % guwP" p* =5 of geodesic motion is expressed as

1 2Mr\ ., 4Marsin’6. p?
H=—[[1- i tp——i’
2 << P’ ) - N

. sin®0 _, .
- p*6* — 7 22(p2>. (14)

The corresponding canonical momenta (p,. p,. pg. p,))
can be calculated by

oH
=_—=E, 15
Pt of ( )
oH
e 16
oH 2 R
p=—2r P :ii’ (17)
Jor A A
o0H .

Since the Hamiltonian does not contain ¢ and ¢, the
Hamilton formulas show that E and L, are constants,
which are

oH oH
— 0 —

y, = 2 0, s o
P o Py P

The symplectic variables (x*, p,) are understood as phase-
space coordinates.

B. r motion

As p*i? =R, the function £ can be understood as

the equivalent kinetic energy in the radial direction,
whose properties are mainly determined by the function
R. Simplifying Eq. (8), we obtain

R=(E*—m?)r* +2m*Mr’ + (a*>(E* —m?) — L2 — D)r?

Z

+2M (D + (L, - aE)*)r —a*D. (19)

Particles in a Kerr background appear with non-negative
kinetic energy, implying R > 0. Notice that R only depends
on r and not on 0, therefore, the properties of r motion are
independent of 6.

We consider the particles incident from infinity towards
the black hole. The requirement that R > O(r — o) indi-
cates that the energy satisfies £ > m. Generally speaking,
the function R(r) has four zero points including both real
and imaginary roots. For physical reasons, we only discuss
positive real points. Let us define ry as the biggest real
root of the equation R = 0. A test particle coming from
infinity can travel to r = ry. Once it arrives at r = ry, its
radial kinetic energy becomes zero. There exist three cases
to discuss.

(1) rg < ro: The test particle falls into the black hole.

(2) ro>ry, and R <0 for r < ry: The test particle

cannot enter the range r < r. It will be scattered by
the black hole and travel to infinity. In this case, the
position r = ry is the closest location, also known as
the perihelion r, = ry.

(3) ro>ry, and R > 0 for r < ry: The test particle

cannot travel to r < ry, i.e., it keeps getting closer
to r = ry but never reaches it. The position r = r
stands for an unstable orbit r. = r.
Case 3 is a critical situation lying between case 1 and
case 2. Since R(r) > 0 is true for both r > ry and r < ry,
R(rg) =0 is the minimum of the function R(r). Then,
case 3 satisfies

R(re,D.) =0, (20)
0,R(r..D,) = 0. (21)

The critical Carter constant parameter D, = D, (E i,
L, m) determines whether there is a perihelion along the
geodesic motion, where E.;, is the minimum energy
possessed by a particle that can escape from the black hole.
For geodesic motion with the parameter D > D, the
perihelion exists and the particle should be scattered to
infinity by the black hole; otherwise, the perihelion does
not exist and the particle should be captured by the
black hole. The numerical results are shown in Fig. 1.

124022-3



PING LI, YONG-QIANG LIU, and XIANG-HUA ZHAI

PHYS. REV. D 108, 124022 (2023)

40t -
a=0
— a=0.5
35 a=0.9
— a=0.99
é)
30F o\
2\
\
N b S~ ~ — -
25F ¢ ———
1 2 3 4 5 1 2 3 4 5
Emln Emm

FIG. 1.
be M =1, m=0.01, and L, = 0.

The perihelion r, only appears in the geodesic motion with
the parameter D > D,. Besides, the perihelion r, lies in the
range r, > 7.

C. 6 motion
The behavior of & motion is similar to that of r motion.
As p*0> = O, we take as the equivalent kinetic energy

in the @ direction, Wthh is mainly influenced by the
function ©(0). Defining y = cos?> 8 €0, 1], one simplifies
Eq. (9) to

L2

),
y

. (22)

=D+ <a2(E2 -m?) —
The root y, of €~)|y:y0 = 0 determines the range of 0 in
geodesic motion. We are only concerned with the physical
situation where the zero point y, lies in yy, € [0, 1]. It is
further divided into two cases.
(1) L, = 0: One obtains
© =D + a*(E?

—m?)y. (23)

which is monotonically increasing if £ > m. For the
parameter D > 0, the result ©|,_, - ©|,_; = D(D +
a*(E? — m?)) > 0 indicates that no zero points exist
in the range [0, 1]. That is to say, the kinetic energy
in the @ direction is always positive and the test
particle can travel throughout the range of 6 € [0, z].
L, #0: It can be proven that there is only one
zero point in the interval [0, 1]. Denoting y = y, as
the root, the particle can move in the range
0 € [0y, m — 6], where 6, = arccos /y, € [0,5].

III. VLASOV GAS IN KERR GEOMETRY

@

A. Distribution function of Vlasov gas

A Vlasov gas is a collection of relativistic, free, and
collisionless kinetic particles moving along geodesic
lines. Unlike accretion onto a Schwarzschild black hole,

Critical parameter /D, (left) and the unstable orbit r. (right) as functions of the energy E;,. Other parameters are chosen to

accretion onto a Kerr black hole is no longer spherically
symmetric, and considering the situation in only one plane
is not enough. The distribution function f(x*, p,) satisfies
the collisionless Liouville equation

f={f.H} =0,

where the bracket {.,.} stands for the Poisson bracket.
The spherically symmetric solution of Eq. (24) has been
discussed in detail in Ref. [12]. Similar to this, we seek
the axisymmetric solution based on the transformation of
symplectic variables (x*, p,) = (Q*,P,).

Following Carter’s study [29], the abbreviated action S in
Kerr geometry can be written as

(24)

1
Szim T—Et—l—LZ(p—i—/—dr—f—/\/@dG, (25)

where the integral bounds are the intervals of the geodesic
motion. The new momenta P, are defined by the conserved
quantities

Py =2H = m, (26)
P, =EFE, (27)
Py,=-L, (28)
Py =/D. (29)
The corresponding conjugate coordinates Q* are obtained
as follows:
2
Qozg_i:mG_[r /acos&dg) (30)
o' — aS . / Er* + a’Er* —2Mar(L, — aE) i
OE , AVR
< 7‘1215;%52%9, (31)
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. /Ler—Z(LZ—aE)Mr
¢ _a(_Lz)_ v r A\/I_Q dr
Lcot*d
< do, 32
A )
o9 _ <_/L /L )
0 i VD r\/l_?dr—i— H@de. (33)

The canonical transformations (x*, p,) — (Q*, P,) keep
the Poisson bracket (24) covariant,

0H 0

op,, ox*

OH 0 _oH 0 _oH 0 .
ox* dp,  oP,00Q" 0Q" 0P,

In the new canonical variables (Q*, P,), the Hamiltonian
2

becomes H = %. Therefore, the collisionless Liouville

equation (24) is simplified to

9
500/ =0 (35)

The general solution is given by

f=rf(Q" 0% Q% Py, PPy, P3). (36)

Besides, there exist more symmetry conditions to restrict the
distribution function (24) from Kerr geometry. The Kerr
metric is independent of # and ¢ which appear in Q! and Q2.
Then, the distribution function f can be simplified to a more
simple form f = f(Q?, Py, Py, P,, P3). Moreover, as D is a
constant, one has 95 = 0 [30] which further leads to 0 = 0.
At last, it is indicated that the distribution function f in Kerr
geometry depends only on the new momenta P,

f = f(Po, Py, Py, P3). (37)

B. Observable quantities

The observable quantities we are concerned with are
the particle current density J, and the stress-energy-
momentum tensor 7,,, which are defined at a spacetime
point x of Kerr spacetime .# by

Il = / Puf7. p )y —det(g®)d'p.  (38)

T,l, = / pupuf (¥, p,)\/—det(g)d*p,  (39)

where the integral range x is the subset of the cotangent
space Ti.Z, which will be determined according to the
properties of the geodesic. Using Eq. (24), one can
show that the particle current density J, and the energy-
momentum tensor 7, satisfy the conservation laws

V,Jh =0, (40)
v, T =0, (41)

The particle number density 7, is defined by J,, through the
relationship

ng =+/g¢"J,J,. (42)

In the actual calculation, the momentum variables
(Pis Prs Po> p(/,) transform to the variables (m?, E, L. D),
which can be reexpressed as follows:

m* = ¢*pt +20%pp, + g7 Py + 9" p7 + 9705 (43)

E = pt? (44)
2+ a?)? 2a(a* + r? a?
k= A )p%+ (A )p,p¢+Kpi
— Ap? —m?r?, (45)
L,=-p,. (46)

Using the above equations, we obtain the Jacobian deter-
minant

o(m?,E,L..D) 4/RO
o AmEL.D) AVRO (47)
(ps, Prs Do Py) p

and simplify the volume element as

dm?*dEdL.dD
\/ —det(¢")dp,dp.dpedp, = WT;G (48)

Next, we further simplify the volume element in two
different cases.
(1) Nonequatorial plane 6 # 7
In a nonequatorial plane 6 # 7, there exist con-
straints on L, to ensure that ® > 0. Let us define

X? = 7sin®0 + (E? — m?)a’sin’0,  (49)

P (50)

~ cos?h’
Inserting these expressions into Eq. (9), one obtains
Bsin’g = cos?0(X? — L?). (51)

Thus, the integral range of L, is L,€[-X, X].
Furthermore, we make the substitution

L, = Xsino (52)
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and obtain

dL,  do
V@sin?g  |cosf|’

(53)

The integral range of ¢ is 6 €[—7,5]. At last, the
volume element is reexpressed as

0
/= det(¢")dp,dp,dpydp, = % dm?dEdzdo.

(54)

Notice that the definition (50) becomes divergent
when 6 = /2, and thus the above expression for the
volume element is not applicable to the case of the
equatorial plane. Therefore, for the case of 0 = 7/2
we have to do the calculations separately.

(2) Equatorial plane 6 = 7:

In the equatorial plane 6 = 7, © degenerates to D.
There is no constraint on L. The integral range of L,
is simply L. € (—o0, o0) and the volume element is
expressed as

dm*dEdL.dD
v/ —det(¢")dp,dp.dpydp, :m- (55)

In Sec. II, the geodesic motion coming from infinity,
also named the unbounded orbit and satisfying E > m,
was divided into three classifications. The key of the
classification is based on the values of the parameters (m?,
E,L., D) or, equivalently, the parameters (m?, E, ¢, 7). For
particles absorbed by the black hole, there is no perihelion
along their trajectories, which indicates that the parameter 7
lies in the range 7 < z... For particles scattered by the black
hole, the perihelion r, exits and the parameter 7 is in the
range 7 > 7,.. In the critical case between them, particles are
neither absorbed nor scattered by the black hole, but get
infinitely close to the unstable orbit r,.. In this case, the value
of the parameter 7 is 7 = z.. According to the classification
of the orbit, the observable quantity J, or T,, consists of
three parts: the absorbed part, the scattered part, and the
critical part. That is,

Jﬂ — le;bs +J;Stcat+‘];ri7 (56)
T, =T% + T3 + TS, (57)

where the critical part does not have a substantial contribu-
tion and attracts no attention in most cases. Notice that the
observable quantities (38) and (39) depend on both » and 6.
If the distribution function f(x*, p, ) is given, J, and T, can
be calculated.

C. Accretion rates

Because the geodesic motion is not in a single plane, the
collisionless particles are no longer in a single plane, too.
We suppose that they are distributed throughout all of the
space outside the black hole. Since the flow is stationary
and axisymmetric, the equation V,J* = 0 becomes

(p*sin@J") . + (p*sin6J?) 4, = 0. (58)

Let V be a region in Kerr spacetime and S be a 2-surface
boundary of V. The above equation shows that the integral
of the left side in V is a constant, which is called the mass
accretion rate. Consider that a vector it = (n,, ny, 0) is the
unit normal field of S that is directed outside. Using Stokes’
theorem, the mass accretion rate is expressed as

am
- / (0% sin6J7) , + (P sin0J%) )dV.  (59)
\4

=— /S (Jh, + J0hy)p2dQ, (60)

where dQ = sinfdfdp and the current flux J# traverses
through S. On the other hand, T, are also divergence free,
so there exist two more accretion rates besides the mass
accretion rate in Kerr geometry. They are the energy and
angular momentum accretion rates and are expressed as
follows:

d€ . A
—=- ﬁ (T" 71, + T?,i1g)p?dQ, (61)
dr . A
a ‘ﬂ (" pfiy + T?, i) pd2. (62)

As considered by other authors, we are only concerned
with the fact that the 2-surface § is a spherical surface with
the surface element dS = r2dQ, where the unit external
normal vector is chosen as 72 = (1,0, 0). The correspond-
ing accretion rates through a unit surface are expressed as

&M A

asar R (63)
d*E A

M = Trt p N (64)
2L A
asdi = Tro 2 (65)

IV. EXPLICIT EXAMPLE AND LIMITS
OF INTEGRATION

We consider a stationary, axially symmetric, collisionless
gas distributed throughout all of the Kerr spacetime. Notice
that it is no longer a disk confined to a constant 8, plane.

124022-6



ACCRETION OF THE RELATIVISTIC VLASOV GAS ONTO A ...

PHYS. REV. D 108, 124022 (2023)

At infinity, the Kerr metric is asymptotically flat and we
suppose that the gas satisfies the same asymptotic condition
as in a spherically symmetric spacetime. As an explicit
example, we choose the distribution function

f=206(Py— mO)foo(Pl)|P|:E
= A5(P0 - mo)e_ﬁpl . (66)

where m, is the mass of the particles and A is the
normalization factor. The variable f = o7 T, where k,, is the
Boltzmann constant and 7 is the asymptotic temperature.
The distribution function (66) fulfills the conclusion (37) of a

Vlasov gas in Kerr geometry.

A. Nonequatorial plane 0 #

Using dimensionless variables, we redefine

E = mye, (67)
T = m3z, (68)
X2 =m3X>, (69)
R = m3R, (70)

where X is expressed as in Eq. (49) and R is expressed as in
Eq. (19). Therefore, we have

X? = (7 + (&* — 1)a®)sin?0), (71)
20

© = m2X’cos’ o, 72

msX*cos*e — 5 (72)

R=(-1)r* +2Mr* + (a*(e* - 1) 2

+2M (zcos’0 + (X sino — ag)?)r — a*zcos>6. (73)

— X?sin’c — 7cos’0)r

Next, we discuss the upper and lower limits of the integral
element corresponding to the absorption part and the
scattering part.

We solve the simultaneous equations

0,R =0, (74)
R =0, (75)

and obtain the solutions
r=r.(g0;0), (76)
7=17.(¢,0,0). (77)
For the absorption part, as we have stated, there is no
perihelion on these geodesic orbits. Thus, the interval of the

element 7 is in the range 7 €0,7.]. From Eq. (72), © is
always positive, and no additional conditions are provided

for constraining ¢ from @. So the range of ¢ is 6 € [-5.5].
The limits of the element ¢ are related to the energy
condition of the Vlasov gas. In this paper, we are only
concerned with the fact that the black hole accretes par-
ticles traveling from infinity and the parameter e satisfies
e €|l, ). Plugging the distribution function (66) into the
observable quantities (38) and (39), we obtain the absorp-
tion part as follows:

ee ﬁg|cos€|

Jab‘rH Amo/ da/ de/ ,
—pe 0
J5(r, 0) Amo/ da/ de/ 7 |C°S eleostl (79
Js(r, 0) Amo/ da/ de/
(80)

3 © . X —Pe g 0
szs(r’ 0) _ —Amé /2 dG/ dé‘/ di e Sln(i| Cos | ’
4 N 0 2VR

(81)

(78)

_Xe P cos 6cos?0
2\/1_3 sin @

where f = mp. Notice that T,
we list them in the Appendix.
By evaluating the integrals through new coordinates
x=Ver—1sino, y=Ve?—1lcoso, and z =5, we
can prove that Jy=0,T,y=0,Tp;, =0,T,p=0 and
Jy #0,T,; #0. Since we consider the fluid passing
through a 2-sphere, and as is shown in Eq. (58), the
accretion rates are defined by two Killing vectors 0, and d.

have ten components and

Thus, J and T* 4 would not appear in the accretion rates.
On the other hand, to compare with the accretion of an
isotropic perfect fluid is also an interesting topic [13] but it
is not within the scope of this paper. We will do a more
detailed study in the future to compare our model with the
accretion of a perfect fluid.

For the scattering part, the range of ¢ is also simply in
o €[—%,5]. Particles with energy £ > 1 can escape from
the black hole at a close position r., which is determined
by Egs. (74) and (75), and also illustrated in Fig. 1. For
scattering particles, the radial coordinate is divided into
two segments according to whether r > r.;, where r.; is
determined by 9,R|,_, = 0, R|,_, = 0; see the intersection
point of the r. curve with the E_;, = 1 line in Fig. 1. In
the range r > r,;, the lower energy of scattering particles
iS €min = 1. For those particles that can escape from the
black hole in the range r < r.;, they must have energy
€ > €qin > 1. When performing the actual calculation, we
use the FindRoot command to obtain the inverse function
r.(Emin) appearing in Fig. 1. Therefore, the lower limit of ¢ is
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r < rets

e = {8(”’ (82)

1, r>r..

The upper limit of ¢ is still infinity. For the limits of z, the
scattering part must have a perihelion, and thus 7 > 7. At
the same time, the signature of the function R must be
positive. Solving R = 0, one obtains 7 = 7,,,. Notice that
Tmax depends on both € and o. Thus, the range of 7 satisfies
T, > 7T > Tp. In addition, we have to note that the
trajectory of the scattering part contains both ++/R and
R, and thus

z (o] Tinax 8€_B€|COS9|
J?Cat(r, 9) _ Amg /2 dG/ dﬁ’/ d’f’i_’
; _% Emin %L‘ 2\/E

(83)
—/3& 0
J5%(r, 0) AmOZ/ da/ de/ |COS | ,
(84)
chat(r7 9) — Amgz /5 d6/00 de /Tmax Jr
+ _% €min 7.
y Xe e c<_)sacos29’ (85)
2VRsin6
Jz}cat(r’ 9) — _Améotz /i da/oo de [Tmax d7
+ ) Emin Tc
y Xe ¢ sin 6| cos 6 . (6)

2VR

B. Equatorial plane =7

The calculation in the equatorial plane is very similar to
that in a nonequatorial plane. We define

L, = myl., (87)
D = mgé, (88)
and
Ry= (¢ = 1)r* +2M7r + (a*(e? = 1) = [ = &)r?
+2M(E+ (I, — ae)?)r — a’, (89)

where R = myR,. J 4 in the absorption part are expressed as

0 [ —BE
Jabs ,”):A 4/ dl/ d/é”dge, 90
(n5) = mi [ Zan [ae [Faz = o0
—/}5
Jab*< —):Amg/ dl/ de/ déZA\/_ (91)

i (r2) = amt [ [“ae [Far e o
2 —00 1 0 2 RO

0 © 1 [ e‘ﬁg
Jabs<r’§>:_Am4/ dl/ de/ déE————— (93
o\ ') 0 2\/5\/130()

and in the scattering part they are expressed as

. © o Emax cePe
J.tscat (I‘, _> — Amg / dl / d&'/ dfi_ s
2 zi: —o0 ) Emin & 2\/3 VR

(94)
. 0 © Emax e‘ﬁg
Jicat Zl=A 4 / dl / d / dé——,
(r 2> mog W ) v
(95)
[¢9) o émax e_BS
Jscat(r’z> :Am4 / dl / dE‘/ d‘f—_,
o \"2 Ozi: oo e oo T24/Ry
(96)
5]“3)( l _e
Jscat( )Z_AmOZ/ dl/ d€/ € _ .
(97)

In fact, the values of J,,(r,¢) and T, (r,6) are continuous
as @ increases from § =0 to § =%

V. ASYMPTOTIC BEHAVIOR

Before doing the numerical computation, we analytically
discuss the asymptotic behavior of J,(r,6) and T,,(r,0).
By using Taylor series, the asymptotic behavior can be
calculated at large distance. For brevity, we simply define
Am¢ = Am = 1 and choose f§ = 1.

Far away from the black hole, the absorption part
becomes zero and only contributions of the scattering part
remain. Using a Taylor expansion of 1, the function \/— is
expressed as

where only the first two terms are listed. Since the integrand
is independent of 7, the integral with respect to 7 is simply

/TmaX dr = Tmax — Te» (99)

where 7. does not depend on r. Since 7,,,, is determined by
R =0, it is expressed as
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r2

cos? @ + sin? @sin® ¢

Tmax

((82 _ 1)+ 2Me }) (100)

using a Taylor expansion. The direct calculation of Eq. (83)
gives

z o 7
J,(r—>oo):/2da/ de-"=¢ee¢| cos |
| VR

:Jr<K2(l)—|—(2KO(1)+5K1(l))¥), (101)

where K, (x) is the second Bessel function. The values of
K, (x) can be found in the related books. Thus, the above
expression approximates to

M
J.(r > o0) = 5.104 + 12.100—, (102)
r

which agrees with the numerical computation in the next
section. Notice that the expression for J; is independent of 6

at infinity. If § is an arbitrary constant, the first term of
J,(r = o) is

K.(B
J,(r = o) _ K 0) (103)
p
Thus, the particle density n., at infinity is
Ko7
Mo = nﬁ. (104)

p

This result is proportional to that in Ref. [12]; see also
Appendix B in Ref. [27]. The difference can be eliminated
by choosing the normalized constant A appropriately.
Similar to the calculation of J,(r — o), the values of
other components at infinity can be calculated as follows:
|

- M?(9(3€* + \/€*(9e* — 8) — 4)e? — 81/€*(9¢* — 8) + 8) .

...........

xxxxxxxxxxxxx

Sdt
2

a=0,r=r,

a2 ng
n., d¢

L L s L L s 1
0 50 100 150 200 250 200

|

FIG. 2. Asymptotic behavior of the unit mass accretion rate in
the low-temperature limit. As f increases, the unit mass accretion

rate coincides with the function \/%

4z 18z M

J.(r—> o00)=—+ (105)
e e r
14 M
T, (r - ) :—”—1-60—71—, (106)
e e
T,,(r = c0)=0. (107)

At large distance, the Kerr metric can be approximated as
the Schwarzschild one and the parameter a has no effect.
This is the main reason that J,, and 7', are independent of ¢
at infinity.

Our results can be approximated by the Schwarzschild
case in the low-temperature limit. The process is as follows.
Near the horizon r, the scattering part is omitted. In the
special case a = 0, the background spacetime is approxi-
mated by the Schwarzschild metric. The critical value of 7,
can be calculated as

108
¢ 2(e? — 1)(sin?8sin’c + cos>6) (108)
We notice that as r — r,, A(r,) turns into 0 and J, becomes infinity. However, the unit accretion mass % is a finite
value. We obtain
M B /00 93¢ + \/€?(9e® — 8) —4)e* — 81/€*(9¢* — 8) + 8 ey (109)
= = e E.
nedSdt|, 16K, () (e —1)
In the low-temperature limit B — oo, Ref. [12] gave a result for mass accretion rate,
1 dM Z
—— = 16\/27:M2\/,;, (110)
N At |1ow

where, compared to Ref. [12], the difference is just due to the normalization we chose, m, = 1. Considering the area of the

horizon surface S = 4712 = 162M?>, we have
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*M
N, dSdt

_ ¥
=1\ (111)

low

The numerical calculation shows that Eqs. (109) and (111)
coincide with each other as f increases; see Fig. 2.

VI. NUMERICAL RESULTS

In doing the numerical computation, without loss of
generality, we choose M = ff = my = A = 1. Similar to
Fig. 1, the numerical relationship between ¢ and r, is
plotted in Fig. 3. In the calculation of the scattering part,
the function &(r.) determines the lower integral bound
of . The common method is to find the inverse function
of r.(&) through FindRoot.

The variations of J, with r are plotted in Fig. 4, which
shows that with increasing r, the absorption part is

(1]
T
1

o
T

w
ol
w

N
(

FIG. 3. Numerical relationship between ¢ and r.. The minimum
value of r. approaches the photon sphere of the Kerr black hole.
The parameters are chosen to be € = ’5’,0 = %’,a =0.1.

20

abs
Ji

scat
Jt

r

FIG. 4. J, as a function of r. The parameters are chosen to be
0 =%,a =0.1. The upper integral bound of ¢ is truncated to
€ = 8. The dotted line stands for the photon sphere r = ry,. In the
range r < ry, there are no scattered particles.

40

abs
Jf
30} : scat 1
Jf
tot
— J
<20
10+
0 L 1 - .|
2 4 6 8 10
r
FIG. 5. J, as a function of r. The parameters are chosen to be
0=%2,a=0.1.

30

monotonically decreasing, and the scattering part and the
total are monotonically increasing. J,, T, and T, have
similar behaviors shown in Figs. 5-7, respectively.

We also consider the variations of the particle current
densities and the stress-energy-momentum with respect
to 6 at the horizon. Since J,, T, and T, approach infinity
at the horizon, we plot J f‘u as a function of 8 in Fig. 8.
It is shown that Jt|,+ increases slightly when 6 changes
from O to 7.

Furthermore, the unit accretion rates of the black hole are
very relevant in physics. In this paper, we are concerned
with the accretion rates changing with 0 at the horizon. We

. . dZM
plot the unit mass accretion rate e dSdi I,

in Fig. 9, which shows a weak growth as @ approaches the
equatorial plane. A similar behavior also appears in the

PE . .
oo dSdi |r+, see Fig. 10. However, as

seen in Fig. 11, the unit momentum accretion rate grows
more rapidly as 6 increases. These behaviors imply that the
unit accretion rates at the horizon surface have different
growth trends. As the accretion goes on, the background

as a function of @

energy accretion rate

120

100 -

80

= 60f
40+
20+
0 L n L P—
2 4 6 8 10
r
FIG. 6. T, as a function of r. The parameters are chosen to be
0=%,a=0.1
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20

abs
15L Tor
scat
Tor
101 tot
. T(Df
5
~
51 ]
0 =
3 4 6 8 10
r
FIG.7. T,, as a function of r. The parameters are chosen to be
0=%,a=01
18.100 T T T T T T T
18.095
18.090
_\V
g
18.085
18.080
18 075 1 1 1 1 '] 1 1
00 02 0.4 06 08 1.0 1.2 14
FIG. 8. J,|, as a function of 0. The parameter is chosen to be

a = 0.1. It increases slightly when @ changes from 0 to 7.

would deviate from the Kerr one, depending on the total
mass of particles falling into the black hole. Figure 9 also
shows that the unit mass accretion rate increases non-
linearly as a grows, which would further alleviate the BHL

@

[=2]
T
o
1l

o

©

d*Mi(ndSd)| ,,

0.0 0.2 0.4 06 08 10 1.2 14

FIG. 9. Unit mass accretion rate % |,, as a function of 6.
The range of 6 is throughout the northern hemisphere 6 € [0,5].
The behavior in the southern hemisphere is symmetric to that

in the northern hemisphere.

35
30 j—’////d
— a=0
»\'
z 25 — a=0.5
(2]
i a=0.7
o 20 a=0.9
N‘c
— a=0.99
151 N -
10 n Ll - PR 1 T PR S S S S 1
0.0 02 0.4 06 038 1.0 1.2 1.4
. . d2E .
FIG. 10.  Unit energy accretion rate <7< |, as a function of 6.
70f
60 | — a=0
o 50 F S a=0.5
=1 a=0.7
@ 40f
3 a=0.9
S0 a=0.99
o —
I 20F
10
0 L L 1 1 1 L 1
0.0 0.2 0.4 06 038 1.0 1.2 1.4
FIG. 11.  Unit angular momentum accretion rate — —-£— |, asa
ne,dSdr 'ry

function of 6.

accretion problem. From Fig. 11, we also know that for
larger a, the black hole is slowed down more quickly by
accretion.

VII. CONCLUSION

In this paper, we studied the accretion of Vlasov gas
onto a Kerr black hole, where particles are distributed
throughout all of the spacetime. The main conclusions are
as follows.

We solved the relativistic Liouville equation in the Kerr
background. We proved that the distribution function is
independent of Q* if the flow is stationary and axisymmetric.

We derived the expression of the volume element
corresponding to the equatorial plane and nonequatorial
plane. We also obtained the expressions of three unit
accretion rates surrounded by a sphere.

In an example of a Maxwell-Jiittner distribution at
infinity, we further calculated the particle current density
J,, stress-energy-momentum tensor 7, and three unit
accretion rates. At large distance, we first gave a convenient
analytical computing method, which shows that all quan-
tities are independent on 6, and the correlative results are
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approximated by those in the Schwarzschild case. In the
nonrotating case a — 0, the unit mass accretion rate is
computed by numerical methods and is coincident to the
result in the Schwarzschild case. In the finite range, the
corresponding calculation results were obtained by numeri-
cal methods.

The numerical results show growths of the accretion
rates as € approaches the equatorial plane. If the mass of
particles falling into the black hole is much less than the
mass of the black hole, that is, my,, << M, the background
metric remains unchanged. However, as the Vlasov par-
ticles keep flowing into the black hole, mg, increases
continuously, and the background metric may change
inevitably.

The numerical results also show nonlinear growth of
the accretion rates as a approaches M, which implies the
possibility of alleviating the BHL accretion problem if the
black hole is rotating.

As is known, a realistic accretion flow will involve
magnetic fields, which will mediate the effective collision-
ality between the particles. To consider the effect of
magnetic fields will be an interesting topic worth studying
in the future.

APPENDIX: COMPONENTS OF T,

The components of T, are

_ﬁg 9
Ti(r.0) = Am} /// |C°S e oSOl ieaz. (A1)
. | cos @
Ti (r.0) = Am} / / / %d&d&di’, (A2)
7
. XeePe 20
Tl (r.0) = Am} / / /V 862\/%’2;;05 dodedz, (A3)

. KePe 0
Ti, (r.0) =—Am) / / /V i ;;‘;lcos dodedz,  (A4)

. RePe
Tin(r.0) = Am} / / %dadsdﬁ (AS)
Vi

. XeP¢ cos 6 cos 62

T! =Am) T A
(1. 0) my ////, A Sind dodedz, (A6)
. XePesi 0

Ti,(r.0) = —Am} / / / 2¢ 7 SMOCNY jodedz, (AT)

v 2A

) X2 —fe nyo2 30

Ti(r,0) =Am} / / / e eos ol oS Ol iedz. (AS)

v, 2v/Rsin6

. X2ePesi 20
Ti, (r.0) = —Am} / / / ¢ SMOCOSOCOS ¥ irdeds,
v, 2VRsin6

(A9)

X2e e 2
Ti(r.0) = Am} / / / sin "' S deds,
(A10)

where i stands for absorption or scattering. The domain V;
of integration is determined by the case of absorption
or scattering. For the absorption part, the intervals are
c€[-%.5.e€[l, ), and 7€[0,7.]. For the scattering
part, the intervals are o€ [-75.5]. €€ [gy,. ), and
7€ [Te, Tmax)-
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