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Strong-field scattering of two spinning black holes:
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Highly accurate models of the gravitational wave signal from coalescing compact binaries are built by
completing analytical computations of the binary dynamics with nonperturbative information from
numerical relativity (NR) simulations. In this paper we present four sets of NR simulations of equal-mass
black hole binaries that undergo strong-field scattering: (i) we reproduce and extend the nonspinning
simulations first presented in [Damour et al., Strong-field scattering of two black holes: Numerics versus
analytics, Phys. Rev. D 89, 081503 (2014).]; (ii) we compute two suites of nonspinning simulations at
higher energies, probing stronger field interactions; (iii) we present a series of spinning simulations
including, for the first time, unequal-spin configurations. When comparing the NR scattering angles
to analytical predictions based on state-of-the-art post-Minkowskian (PM) calculations, we find that
PM-expanded scattering angles show poor convergence towards NR data. By contrast, a resummed
computation of scattering angles via a spin-dependent, radiation-reacted, effective-one-body potential
shows excellent agreement for both nonspinning and spinning configurations.
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I. INTRODUCTION

The detection and characterisation of gravitational
wave (GW) observations [1-5] from compact binary
coalescences relies on theoretical predictions of the
emitted signal. Highly accurate models of coalescing
compact binaries are a crucial requirement to perform
precise measurements of the properties of black holes
(BHs) and neutron stars, to determine their underlying
astrophysical distributions and to perform tests of General
Relativity in the strong-field regime. Such waveform
models are generally built using both analytical and
numerical approximations to Einstein’s equations for a
binary system in quasicircular orbits.

Numerical Relativity (NR) simulations of quasi-circular
binaries [6—13] provide the most accurate representation of
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the emitted waveform, especially during the plunge, merger
and ringdown phases. Such simulations can be used to
build NR surrogates [14—16], whose main limitation is their
restricted parameter space coverage.

Semianalytical GW approximants, such as effective-
one-body (EOB) [17-21] and phenomenological models
[22-26], use a combination of numerical and analytical
information. These approximants generally make use of
the post-Newtonian (PN) expansion [27-41], which
assumes small velocities (v/c < 1) together with weak
fields [GM/(rc?) < 1], making it apt to describe
quasicircular inspirals. However, with the improving
sensitivity of current detectors and ongoing development
of a third generation of GW detectors [42-44], the
possibility of detecting eccentric binaries and hyperbolic
encounters has risen in prominence [45-48]. The detec-
tion and characterization of binaries on noncircular
orbits is thought to be a powerful tracer for constraining
the formation and evolution channels of astrophysical
BHs [49-56].

Analytical models of noncircular binaries cannot
solely rely on the PN approximation, as the two bodies
could already possess high velocities at large separations.
In these situations, the post-Minkowskian (PM) approxi-
mation [57,58], which only assumes weak fields
[GM/(rc?) < 1] while allowing for large velocities, is
more appropriate. PM contributions have been computed

Published by the American Physical Society
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using various approaches to gravitational scattering,
such as scattering amplitudes (see, e.g., [59-70]),
eikonalization (e.g., [71-74]), effective field theory (e.g.,
[75-81]), and worldline (classical or quantum) field theory
(e.g., [82—88]). The resulting terms can be incorporated
into semianalytic models to improve their accuracy for
binaries on eccentric and hyperbolic orbits [89-95].
At the same time, numerical results are necessary to
determine the accuracy and validity of these approxima-
tions. Whilst a large suite of numerical simulations of
binary black holes (BBHs) on eccentric orbits have been
performed [47,96—103], there are comparatively few sim-
ulations regarding BBH scattering [104-108].

The aims of this paper are (i) to extend the results of
Ref. [106] by performing higher-initial-energy NR simu-
lations of equal-mass nonspinning BBH scatten'ng;1 (ii) to
perform NR simulations of the scattering of equal-mass
spinning BBHs, both for equal and unequal spins, aligned
with the angular momentum; and (iii) to compare the so-
obtained strong-field numerical scattering angles to ana-
Iytical predictions based on state-of-the-art PM results.’

We denote the masses of the two objects as m; and m,,
and the individual dimensionless spins as y; =S;/(Gm?) =
a;/(Gm;), i = 1,2. In addition, we denote M = m; + m,,
po=mumy/(my +my), v=p/M=mmy/(my+my).
All our simulations will have m; = m,, so that v = 1/4.
Throughout this paper, we denote the canonical orbital
angular momentum simply as L. It is related to the total
Arnowitt-Deser-Misner (ADM) angular momentum of the
system, J, by

Unless otherwise stated, we take G = ¢ = 1 and generally
work with dimensionless quantities.

II. NUMERICAL RELATIVITY (NR)
SIMULATIONS

We performed several sequences of nonspinning and
spin-aligned NR simulations modelling the scattering of
two equal mass BHs. The numerical simulations were
performed using the EINSTEIN TOOLKIT (ETK) [109], an
open source numerical relativity code built on the Cactus
framework. The numerical setup of our simulations is
broadly similar to that used in [106], though we present
the details here for completeness.

'As a check, we have also performed simulations with the
same initial energy as [106].

We do not compare here numerical scattering angles to state-
of-the-art post-Newtonian predictions. Reference [106] made
such comparisons in the nonspinning case and found that PN-
expanded angles performed badly, compared to corresponding
PN-based EOB-defined ones.

We use Bowen-York initial data [110,111] computed
using the TWOPUNCTURES thorn [112]. As in [106], the BHs
are initially placed on the x-axis at a separation of +X and
with initial ADM linear momenta

- bae \2 b
P:(PX,Py,PZ):j:PADM<— 1- (%) ,%,0),

(2.1)

where Papy = |f’| and byr denotes an impact parameter.
As in [106], we use X = 50 M. The Bowen-York initial
data determine both the initial total ADM energy EAPM of
the system, and the total initial ADM angular momentum of
the system. The latter is given by the simple formula
JQIDM — Lin + S] + Sz, (22)

where the initial canonical orbital angular momentum L;, is
related to byg and Papy by [106]

Li, = 2X|P,| = PAppbng- (2.3)
We adopt as initial lapse profile @ = ywg?, where wg
denotes the Brill-Lindquist conformal factor [7,111,113].
In Appendix A, we present a check that the uncertainty
linked to the choice of initial lapse profile has a subdomi-
nant effect on the inferred scattering angle fyr compared to
the errors in the polynomial fits used to measure the
scattering angle.

Time evolution is performed using the W-variant [114]
of the BSSNOK formulation [115-117] of the Einstein
field equations as implemented by the McLachlan [118]
thorn. We evolve the BHs using moving punctures gauge
conditions [7,119], the lapse is evolved using the 1 + log
condition [120], and the shift is evolved using the
hyperbolic I-driver equation [113]. We use eighth-order
accurate finite differencing stencils with Kreiss-Oliger
dissipation [121]. Adaptive mesh refinement is provided
by Carpet, with the near zone being computed with
high-resolution Cartesian grids that track the motion of
the BHs and the wave extraction zone being computed on
spherical grids using the L1ama multipatch infrastructure
[122]. The apparent horizons are computed using
AHFinderDirect [123] and the spin angular momenta
are calculated using the dynamical horizon formalism
provided by the QuasilLocalMeasures thorn [124].

Similarly to [106], we found that the total energy and
angular momentum of the system left after the release of the
burst of spurious radiation present in the initial data differ
from the corresponding ADM quantities computed from
the initial data only by negligible fractions of order 107>,

All ETK simulations were managed using Simulation
Factory [125] and postprocessing of NR data has made
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used of the open source Mathematica package SIMULATION
TOOLS [126].

A. Extracting the scattering angle

In order to calculate the scattering angle, we follow the
prescription detailed in [106]. The motion of the BHs is
tracked by the Cartesian coordinates of the punctures in the
center-of-mass frame. We convert the tracks to polar
coordinates (r, @) (in the x-y plane of motion) for each
BH and treat the incoming ¢;, ;(r) and outgoing @y ;(7)
paths for the ith BH separately. We fit each of the paths to a
polynomial of order n in terms of u = 1/r and extrapolate
to find the asymptotic angle ¢, ;- The resulting scatter-

ing angle for the ith particle is given by

0 = Poui — P =T (2.4)

Our choice of fitting window for (u, ¢) follows [106], and
we assume r € [14, 80]M and r € [20, 100]M for the incom-
ing and outgoing trajectories respectively. We implement a
least-squares fitting method that uses a singular value
decomposition (SVD) to drop singular values smaller than
10713 times the maximum singular value, as was used
in [106]. In order to gauge the errors on the scattering angle,
we perform a number of sanity checks. The first check is to
gauge the impact of the polynomial order n on the resulting
scattering angle. As in [106], the preferred polynomial
order is taken to be the lowest order for which the SVD
method allows for variation in the constant term. The
extrapolation error is then estimated by finding the maxi-
mum and minimum scattering angle inferred over all
polynomial orders between 2 and n — 1. This generally
leads to dissymmetric error bounds on the scattering angle:

9:{;* A value of 0 in 6, or 6_ occurs when the preferred

polynomial is setting the bound. More precisely, 6_ = 0
(respectively 6, = 0) occurs when the lower order poly-
nomial fits over-estimate (respectively, under-estimate) the
scattering angle relative to the preferred order. When least-
square fitting our numerical results to analytical templates,
we shall use a symmetrized version of the error bounds,
namely +71 (5, +45_).

Other sanity checks on the robustness of the derived
scattering angle include testing the impact of the fitting
window, testing the resolution of our numerical simula-
tions, and varying gauge choices in the numerical evolu-
tion. We find that the inferred errors on the scattering angle
remain subdominant to the choice of polynomial order, in
agreement with the conclusions in [106]. See Appendix A
for further details.

B. Nonspinning scattering simulations

Though the main aim of the present work is to simulate
the scattering of spinning BBHs, we also performed

systematic sequences of nonspinning simulations of
BBHs with fixed initial energy and varying initial angular
momenta in order to be able to extract direct numerical
estimates of the EOB interaction potential (see Sec. V
below). For the first sequence, we reproduced and extended
the results of Ref. [106], with an initial (adimensionalized)
ADM energy EAPM = EAPM/M equal to EfSM ~ 1.02264
and varying initial (rescaled) orbital angular momentum
Liy = L;,/M?. This allowed us both to cross-check the
accuracy of our computations and to probe more precisely
the boundary between scattering and plunge. We also
performed two more sequences at the higher incoming
energies, E4OM ~1.04033 and EfBM ~ 1.05548. These
explore a stronger-field region of the parameter space,
with NR impact parameters going down to BNR =
bnr/M ~ 6 (with corresponding minimum isotropic
EOB radial coordinate 7™ ~ 2, see below).

We report the results of all our nonspinning simulations
in Table I. In Fig. 1 we show the scattering angles versus the
impact parameter byg for all three series of nonspinning
systems. For the nonspinning simulations, we have that
HNR - 91 - 92.

TABLE 1. Equal-mass, nonspinning NR simulations. The
scattering angles have been replaced by dots where the black
holes have plunged. An asterisk denotes simulations where there
is uncertainty on an eventual plunge. Longer simulations are
required to determine whether the system becomes bound after
the first encounter.

bar EADM LiPM Onr [deg]
9.40 1.02264 1.07690 -

9.50 1.02264 1.08840 376.27510.228%
9.55 1.02264 1.09410 329.057-09%;
9.56 1.02264 1.09520 323.42270000
9.57 1.02264 1.09640 318.394100%
9.58 1.02264 1.09750 313.764109%
9.60 1.02264 1.09980 305.73410:45
9.70 1.02264 1.11130 27436870074
9.90 1.02264 1.13420 235.44750012
10.00 1.02264 1.14560 221.8231008%
10.20 1.02264 1.16860 200.8107 0620
10.40 1.02264 1.19150 184.684 10221
11.00 1.02264 1.26020 152.10610:953
12.00 1.02264 1.37480 120.80470503
13.00 1.02264 1.48930 101.61610%53
14.00 1.02264 1.60390 88.26010337
15.00 1.02264 1.71850 78.2961 0500
16.00 1.02264 1.83300 70.4041 0527

(Table continued)
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TABLE 1. (Continued)

b B £ O [deg]
7.67 1.04032 1.15050
7.73 1.04032 1.15950 392.81512:9%
7.77 1.04032 1.16550 33897310136
7.80 1.04032 1.17000 31763710182
7.87 1.04032 1.18050 283.3591 0343
7.93 1.04032 1.18950 262.8255 008
8.00 1.04032 1.20000 24421071220
8.40 1.04033 1.26000 184.13810037
8.80 1.04033 1.32000 153.11970:238
9.00 1.04033 1.35000 141.986°02H
9.40 1.04033 1.41000 124.8057013¢
9.50 1.04033 1.42500 121.233701%0
9.60 1.04033 1.44000 117.897 40457
10.00 1.04033 1.50000 106.459027
12.00 1.04033 1.80000 73.0951 )38
14.00 1.04033 2.10000 56.489" 1242
16.00 1.04033 2.40000 459821530
6.00 1.05548 1.05000 o
7.00 1.05548 1.22500 354.118103%7
7.20 1.05548 1.26000 248.9501):203
7.40 1.05548 1.29500 206.064- 147
7.60 1.05548 1.33000 179.8151 0484
8.00 1.05548 1.40000 146.51670354
9.00 1.05548 1.57500 104.166 0361
10.00 1.05548 1.75000 82.275+ 9924
11.00 1.05548 1.92500 68.3511 )48
wob ' ' ' ' ' ' + B ~ 1022611
4 By, ~ 1.04033
350F —3— E, ~ 1.05548|1
300 F ]
%D 250 F ]
Z 200f ]
150 F ]
100 F ]
50 F ]
% E; é 1‘0 l‘l N 1‘2 13 1‘4 1‘5 1‘6
byr
FIG. 1. NR scattering angles against impact parameter for the

(equal-mass) nonspinning simulations. Higher-energy systems
are able to probe stronger fields (smaller separations) without

plunging.

C. Spinning scattering simulations

We present here the results of 35 NR simulations of
hyperbolic encounters of (equal-mass) spinning BBHs. As
far as we know, it is the first time unequal-spin simulations
have been published. In particular, we compute a suite of
simulations at fixed energy and (canonical) orbital angular
momentum and various spin magnitudes. The main param-
eters of these simulations are reported in Table II, while
the scattering angles, as a function of the rescaled spin
variables y; are shown in Fig. 2.

When unequal spins are considered, the system ceases
to be symmetric, inducing a nonzero recoil on the system
center-of-mass. The effect of recoil on the scattering has
been investigated in Ref. [86]. As a consequence of
Eq. (3.33) there, the scattering angles measured using
the individual trajectories of the two bodies will be differ-
ent. In the following, we will denote by Oy\r the relative
scattering angle, which, for equal-mass binaries, is simply
given (to linear order in the recoil) by

0, +6
HNR: l_; 2.

(2.5)

III. NR-DEDUCED PHYSICAL OBSERVABLES

In this section, we discuss some observables that can be
directly extracted from the NR simulations presented in
Sec. II above by using only minimal analytical assumptions.

A. Critical orbital angular momentum L,
in nonspinning scattering

We define the critical (canonical) angular momentum
Lo of nonspinning binaries as the value marking the
boundary between scattering and plunging systems.
Several works (both analytical [58,127-130] and numerical
[104,105,131-133]) have investigated the value of L, (and
the subtleties in defining it in view of the importance of
radiation losses).

Here we follow Ref. [133] in estimating L, by fitting the
sequence of NR scattering angles at fixed energy using
a template expected to capture the singular behavior of
O(L) as L — Lg. Namely, we use (recalling the notation

L=L/M?

L L 1
1-Ly/L

) [)?3PM(L§L0) +2% . (3.1)
where 73py(L;Lg) is a third order polynomial in 1/L
defined so as to ensure a correct PM expansion up to 3PM,
and where a, is a 4PM-level fitting parameter (see
Sec. VI A of Ref. [133] for details).

For the lower-energy simulations (£, = 1.02264), we
could improve the estimate of L, computed in Ref. [133]
and get
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TABLE II. NR equal-mass, spinning simulations with (approx-
A

imately) fixed incoming energy EAPM ~1.02264 and fixed
orbital angular momentum lA,ﬁDM = 1.14560. The columns, from
left to right, represent the individual spins, the incoming
(rescaled) ADM energy, the incoming (rescaled) orbital ADM
angular momentum, the scattering angle of the two individual
objects (replaced by dots when the objects plunge), and the
average scattering angle fyg with its two-sided uncertainty.

X2

1

0.8

0.6 |

04r

021

0

400

300

2 2 EPM 0 [deg] 6, [deg]  Ong [deg]
-0.30 -030 1.02269 -

—025 —0.25 1.02268 367.529 367.562 367.545"00%
—0.23 —023 1.02267 334.344 334346 334.345+00%
—-0.22 -0.22 1.02267 322.693 322.693  322.693+00%
—021 —0.21 1.02267 312.795 312795 31279570187
-020 —0.20 1.02266 303.910 303.858 303.8841022
—0.17 —0.17 1.02266 286.603 286.604 286.60310 %
—0.16 —0.16 1.02266 277.848 277.850 277.849+023%
—0.15 —0.15 1.02265 272.602 272.603 272.603102
-0.10 —0.10 1.02265 251.027 251.029  251.0287033
—0.05 —-0.05 1.02264 234747 234389 23456870543
000 000 102264 221.822 221.823 22]1.823107%
005 005 102264 211.195 211195 211.195%38)9
005 —0.05 1.02264 221.950 221.782 221.866705
0.10  0.10 1.02265 202.763 202.453  202.608703%
015 0.5 1.02265 194.542 194.542 19454210183
015 —0.15 102265 222.141 221.632 221.887:0¢)
020  —0.20 1.02266 222.148 221.490 221.819708%
020 020 1.02266 187.839 187.838 187.83810020
030 030 1.02269 176.588 176.585 176.586") %
040  —-040 102274 222488 221206 221.84708%
040  0.00 1.02269 188.456 187.819 188.138:00%
040 040 1.02274 167.545 167.544 167.545100%
050 =030 1.02275 203.759 202.484 203.121:047
060 —0.60 102288 223.008 221.153 222.080*08%
060 000 102276 178.087 177.170  177.629+3%!
060  0.60 102288 154.139 154.139 1541390003
070 -030 1.02284 191.175 189.640 190.407+09!3
070 030 1.02284 161.186 160.685 160.935+09%
080  —0.80 1.02309 222.855 220.504 221.679704%
080  —0.50 1.02294 199.960 198.026 198.993*02%
080 000 1.02287 170.873 169.914 170.394700%3
080 020 1.02288 162421 161.716 162.0699%%
080 050 1.02295 152464 152.143  152.303100%
0.80  0.80 1.02309 145467 145248  145.357+0%

oNR [deg]

0.2 &
04 F

-0.6
150

08 r

1 s s s s s s s s s 100

FIG. 2. NR scattering angles for equal-mass simulations with
E,, ~1.02264 and L;, ~ 1.1456 against individual spin variables.
This figure shows (see the color code) that the angles essentially
depend only on the sum of the spins.

LEY(E,) = 1.0787 4 0.00028,

al'(E,) = 6.78 +0.50. (3.2)
The corresponding estimate of LI'(E;) in [133] is
LiYE)) =1.0773.

Instead, for the higher-energy ones (E, = 1.04033 and
E5 = 1.05548, respectively corresponding to center-of-
mass velocities vy, >~ 0.2757 and v, 3 ~ 0.3199), we got

LEY(E,) = 1.15305 + 0.00029,

al'(E,) = 12.83 +0.81, (3.3)
and

LEY(E5) = 1.21431 £ 0.00036,

al'(E5) =202+ 1.8, (3.4)

In Fig. 3 we display these numerical estimates against
Vem- Note that the two new values L(E,) and LEY(E5) fill a
gap in the previous knowledge of the critical L, for
intermediate energies. Figure 3 also displays the critical
angular momentum estimates obtained through the high-
velocity simulations of Refs. [104,105]. We compare these
to analytical estimates based on using the EOB tran-
scription of PM scattering results (w*® nPM). For more
details on these, see Sec. IV of Ref. [133].

We can also compare the fitted values aff'(E,),
n=1,2,3, or more precisely the corresponding 4PM
scattering coefficient, 85(E,), to the recently determined
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3

—w* 3PM
weob 4PM
25r1 § NR

05 B

0 0.1 02 03 04 05 06 07 08 09 1

Vem

FIG. 3. Comparison between the critical (rescaled) orbital
angular momentum L,/E? extracted from NR simulations and
various analytical predictions. The three leftmost NR data points
correspond to our fitted estimates [Eqs. (3.2)—(3.4)]. The first
point updates the estimate of Ref. [106], while the other two
(highlighted by a vertical gray line) explore a new velocity
interval. The five points on the right correspond to the high-
energy simulations of Refs. [104,105]. We also display, for
comparison, some EOB-PM predictions.

(radiation-reacted) analytical value of the function 6,(E)
[67,78,81,88]. We find Hff‘(El) ~ 60.66 [to be compared to
0" (E)) = 58.16), as well as 07'(F,) ~84.93 [to be
compared to 63"V (E,) =77.07] and 6%(E5) ~109.23
[to be compared to 65" (E5) = 94.34].

When considering spinning systems, the critical curve
Ly/E* = F(E) becomes a critical surface Ly/E> =

F(E.y1.y,). In the following subsection we show how
to obtain one point on this critical surface.

B. Spin dependence of the scattering angle

We now focus on the spinning simulations and try to
determine from our NR results (with minimal analytical
assumptions) the spin dependence of the scattering angle
at fixed initial energy and angular momentum. The color
coding of Fig. 2 makes it apparent that the scattering angle
mainly depends on the sum of the spins, i.e., is nearly
constant along the lines y; 4+ y, = const. In particular, the
simulations with opposite spins (y; = —y», i.e., the second
diagonal in Fig. 2) all lead to scattering angles Oyr
very close (within the percent level) to the nonspinning
one at the center. This numerical result corresponds to
the well-known analytical fact (see, e.g., [134]) that the
leading-PN value of the linear-in-spin interaction potential
(spin-orbit) depends on the effective spin Sy =
[1 + 3m2/(4m1)]S] + [1 + 3m1/(4m2)]82, while the
leading-PN value of the spin-spin interaction potential
depends on Sy = (1 +my/m;)S; + (1 +m;/m,)S,. In
the equal-mass case considered here, this means that the

two leading-order spin-dependent interactions only
depend on the total spin S,,; = S| + S,, and therefore only
on y; + y, in the spin-aligned case. We have found that this
property remains true to a very good approximation, much
beyond the leading-order PN approximation. As we will
describe below, we have derived a high-PM-accuracy
Hamiltonian incorporating the state of the art analytical
knowledge of PM gravity, and we found (as displayed
in Table V in Appendix C) that the averaged scattering
angle of two (equal-mass) spinning BHs is analytically
predicted to depend essentially only on the average spin
X+ =301 +x2)
Let us also recall that the spin-orbit interaction term

2G
Hgo = +—5L - Se
cr

(3.5)
is repulsive (respectively, attractive) for spins parallel
(respectively, antiparallel) to the orbital angular momentum
L. This fact has a strong effect on the last stable orbits of
quasicircular spinning binaries (e.g., [134,135]). In the
present, scattering situation, it implies that the leading-
order spin-dependent contribution to the scattering angle
is negative (positive) when L - Sgy > 0 (I - Sgip < 0), see
e.g., [31]. This leading-order PN analytical prediction holds
also true for the predictions from the PM-accurate EOB
Hamiltonian derived below, as can be seen in the results
displayed in Table VI in Appendix C.

Our numerical results (displayed in Fig. 2) agree
remarkably well with the analytical expectation that the
(average) scattering angle depends essentially on the
average spin,

X+ E%(Zl +12)s (3.6)

with only a weak dependence on the antisymmetric spin
combination

1= 3~ 12). (.7

In particular, the numerical results displayed in Table II
show that, for most of the (half) spin differences explored
by our simulations, the dependence of Oyg = % (6, + 6,) on
x_ stays within the numerical uncertainty with which we
could determine Oy . For instance, even when y_ = 0.80,
Table II reports that the difference between Oyr(y; =0,
2> =0) =221.823*0762 and Oxg(y; =0.80,y, =—0.80 =
221.6797 048 is only 0.144 £0.454. In view of this finding,
the present limited precision of our numerical results does
not allow us to meaningfully extract any reliable estimate
of the dependence of the function Oyg (y,,y_) on y_. [We
note in passing that, for the equal-mass systems we are
considering, the relative (i.e., average) scattering angle
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Ore1 = 3 (0) + 6,) is a symmetric function of y; and y,, and
therefore an even function of y_.]

On the other hand, if we focus (for maximum accuracy)
on the equal-spin subset of our numerical results (y; = y»,
sothat y, = y; = y,, and y_ = 0), we can fit our results to
various possible analytical templates so as to extract a
numerical estimate of the univariate function Og ¢q(1+) =
Onr (1. x— = 0). Removing the (y; =y, = —0.17) data
point (which stood out as an outlier compared to its
neighboring data points in all our fits; see also Fig. 6),
we found that we could fit within numerical errors® the
remaining 18 equal-spin data points to the following simple
five-parameter template:

1= 1In (ry =25
1 _ ln ( crlt)
X (0o + O + O + 0317 ).

gf\iltR,eq ()(-‘r)
(3.8)

Note that this template incorporates a logarithmic singu-
larity at some critical spin y<i. This singularity models
the image on the y, axis of the logarithmic singularity
generically expected when crossing the border between
scattering and coalescence [133]. We find the best-fit values
(when measuring angles in radians) to be

0, = 3.8748 +0.0017,
0, = 1.881 £0.018,
0, = 0.43 £ 0.10,

0; = 1.07 £0.13,

2 = —0.2932 £ 0.0013, (3.9)

leading to a reduced
72/ (18 =5) ~0.63.

The successful fit of our numerical results to the
template (3.8) allows us to meaningfully extract from
our NR results an estimate of the critical value of y, (at
least in the equal-spin case) leading to immediate plunge
rather than scattering. Indeed, the value y<t = —0.2932 +
0.0013 formally corresponds to an infinite scattering angle.
This result completes the critical values of L, displayed
in Fig. 3 by yielding the numerical estimate of one point
on the surface L§"/E* = F(E, y,,,) describing the criti-
cal initial data for spinning BBHs leading to immediate
coalescence, namely the point

satisfactory chi-squared:

= —0.2932.
(3.10)

L&t/E? = 1.0953, E=102264, y, =

*Note that we are neglecting here the additional source of error
linked to the fact that the initial energies of our simulations varies
by £0(1073) from the averaged energy E2 = 1.0227.

The computations above have been based on the relative
scattering angle 6,,; = % (6, + 6,). We leave to future work
a NR-based study of the dissymmetry between 8, and 0,
linked to asymmetric-spin recoil effects.

IV. PM-BASED ANALYTICAL PREDICTIONS

In this section, we compare the NR data presented in
Sec. II to analytical PM results for the scattering angle of a
BBH system on hyperbolic orbits. For nonspinning BHs,
these terms are known up to 4PM, including radiation-
reaction effects [66,67,69,79,81,88]. The PM formalism
has also been extended to include spinning objects, with
PM accuracies depending on the order in spin [136-150].

A. Post-Minkowskian expanded scattering angles

In the nonspinning limit, the PM approximation (which
is a power series in the gravitational constant G) translates
to a power series in 1/¢, where ¢ denotes the rescaled
orbital angular momentum,

L

= Guti (4.1)

The total (nonspinning) scattering angle up to nPM order
(included) can then be written as

. eorb
O (r Zz

(4.2)

where y denotes the Lorentz factor between the two
incoming worldlines. We recall that y is equal to the
eob

rescaled EOB effective energy, y = ESP/p, which is
related to the (real) total energy of the system by

E* —m3 — mj3
y = i (4.3)

When considering spinning BHs, the PM expansion is
modified because of the spin-induced multipolar structure
of BHs. More precisely, the multipolar structure of Kerr
BHs is polynomial in the Kerr parameters a; = S;/m; (with
dimension of length), so that each spin-order, O(S™)
involves a mth order polynomial in a; and a,. In the
current PM literature on spinning bodies, it is usual to
consider the Kerr parameters (or “ring radii”) a;, as
expansion parameters independent of the basic
PM expansion parameters Gm;, Gm,. In other words,
one uses a double expansion in powers of Gm; (PM
expansion), and in powers of a; (spin expansion). This
leads to a double counting (n, m), in which the PM order n
counts the (sum of the) powers of Gm;, while m counts the
(sum of the) powers of a;,. However, one must remember
that we are interested in the dynamics of spinning BH’s for
which we have the inequality a; < Gm;. Therefore, a term
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of order (Gm)"a™ is of real PM order n + m. This issue
must be kept in mind, and will come back in our discussion
below, but, for compatibility with the literature, we will
continue to refer to a term of order (Gm)"a™ as being
formally of n-PM order.

The natural dimensionless expansion parameters asso-
ciated with the PM and spin expansions are Gm;/b
and a;/b where b denotes the impact parameter. We will,
instead of b, use the (rescaled) angular momentum
¢ =L/(Gmym,), with L = P.,b. We also utilize S; =
m;a; as spin variables, so that each spin order will be
identified by a corresponding power of S;/Z. One then
writes the combined PM, and spin, expansion of the
scattering angle as (in the spin-aligned case)

“~_0,(r.2.S;
Oupm(7.2.8:) = 22%’ (44)
k=1

with the kPM contribution to the scattering angle,
0,(y. 7, S;), being further expanded in spin powers, namely

esln
Oy, 2, S;) = Z kfn(j/) :

m>0

(4.5)

Here, 6¢" (y) denotes a homogeneous polynomial in the two
spins of order m. For instance

03 (r) = 02 (v)S1 + 0, (1)S2. (4.6)

52 ST 2 o SIS 830, q2
O (r) =0,/ (n)ST+ 6 (1)S1S2 + 0,2 (r) S5 (4.7)
As several theoretical papers on spinning scattering use
as basic variables covariantly defined impact parameters,
spins and orbital angular momentum (say L., ), while
we work here with the canonically defined orbital angular
momentum (L = L,,), we need to recall the connection
between L.,, and L = L,,. In the spin-aligned case, it is
simply given by using the relation [138]

J = Loy +mya; + mya, = Loy + Eyay + Eya;,  (4.8)

where a; = S;/m; and E; =+/m?+ P2,,. In order to
obtain the coefficients 63" of the double PM- and spin-
expansion as functions of the canonical orbital angular
momentum, we transform L, into L,, using Eq. (4.8),
reexpand in powers of spin, and neglect higher-order
contributions.

In the following, when considering spinning systems,
we include: (i) nonspinning contributions up to 4PM
(including radiation-reaction effects) [65,66,69,81,86,87];
(i1) quadratic-in-spin terms up to the 3PM order (including
radiation-reaction effects) [145]; (iii) cubic and fourth order

in spin effects up to the 2PM order [60]. In addition, as
during the development of this work the conservative [151],
and radiative [152], linear-in-spin contributions have
been computed at the 4PM level, we also incorporated
these new analytical results. Their impact is separately
discussed below.

B. w®° resummed scattering angles

In addition to PM-expanded scattering angles, we also
compute w*-resummed PM angles, as introduced in
Ref. [133] and generalized here to spinning bodies.

Let us briefly introduce the EOB formalism (see,
e.g., Sec. II B of Ref. [133] for more details). The EOB
framework [17,18,153] is a way of mapping the general-
relativistic dynamics of two masses m;, m, (considered in
the center-of-mass system) onto the effective relativistic
dynamics of a single body of mass p=mm,/
(my + my) = vM. The “real” center-of-mass Hamiltonian
is related to the “effective” one through

H
Hpo = M\/l +2y(—eff— 1).
H

For scattering motions, the value of the effective energy
Es = Hy is simply related to the Lorentz factor
y = —u; - u, between the two incoming worldlines by
E = py. This implies that the total ADM energy of the
system is related to y via

:%:\/14—21/(;/—1).

The effective Hamiltonian H is obtained by solving (in
Py = —Hy) some relativisticlike mass-shell condition of
the general form

(4.9)

9

(4.10)

0= + 4P, P +O(R.P,).  (411)
where Q(R, P,) gathers terms more than quadratic in P,.
When considering scattering problems, it is convenient to
use a mass-shell condition where the effective metric is the
Schwarzschild metric, and where Q(R, P,) is expressed as
a function of the effective energy —P, = py. Using iso-
tropic coordinates, and rescaled variables, 7= R/M,
Po = P,/u, the PM-expansion of the EOB mass-shell
condition formally takes the form of a nonrelativistic
energy-conservation law, namely [58,154]

2

¢
PPt =5 = poo W

717), (4.12)
where p,, = /7> — 1 and where the Newtonian-looking

potential w*(7;y) [more precisely, —w°®(7)] encapsulates
the (relativistic, energy-dependent) attractive gravitational
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interaction. For nonspinning systems, the PM expansion of
the w®® potential reads

_ ()
wopnm(7,7) = k_—k,
= T

(4.13)

1
7
(e.g., the first term, W?ﬂ_;(y), with wo™®(y) = 2(2y* - 1),
describes the 1PM gravitational interaction [57]).

For aligned-spin binaries we can generalize Eq. (4.13)
simply by considering a spin-dependent radial potential of
the form (up to fourth order in the spins)

where each order in = corresponds to the same PM order

— 2 —
fW;SzPM(r’ 7) WEPM(r’ 7)
2 =)

Wupm (7,7, €.8;) = wo™(F,7) +

WS (7 WS (7,
+ nP;/fl( 7) nPl\;g 7) . (4.14)
Here each wip\(7,7) is a polynomial of order m in spins,
whose coefficients admit an expansion in powers of % up
to the order ri included. For instance, we have (at spin
orders m = 1 and m = 2)

n S] SZ
_ wi (¥)S1 + w2 (y)S
WrSlPM(r’y):E e )51 )5

4.15)
— . (
=1 r
no St 2 SiSy S3 2
, w.' (V)ST + W (1) 8152 +wi (1)

(o) = 3OS U088 v (S

=1

(4.16)

The energy-dependent w;(y) coefficients entering the
EOB potentials are in 1-to-1 correspondence with the &5 (y)
coefficients of the scattering angle expansion. These
relations can be found by expanding, and solving, at each
order in G and in spin, the following equation:

+oo — ap?(?v Vs f7 St)
7

0(y.2,5;) = =2
”+ (}/9 7Sl) / d af

Fmin

B /+oo£ 20 —wS(F,7) —wS (7, 7)) P
Fonin 2 \/p%<> -2/ +w(r,y. . x:) )
(4.17)

Here 7, denotes the turning point radius. The explicit
equations linking the 0;(y) coefficients and the wi(y)
ones are given in Appendix B. When using the existing
PM-expanded results for the scattering angle, the rela-
tions of Appendix B allow one to compute the explicit
values of the PM-expansion coefficients wj(y) describing
the spin interactions within the EOB formalism. These
values will be found in the ancillary file of this paper
[155]. Note that the so-constructed EOB potential is a

function of the incoming energy and angular momentum
of the system that incorporates both conservative and
radiation-reaction effects.

Following Ref. [133], we then define spin-dependent
we-resummed scattering angles 65y (7,7, S;) by substi-
tuting the nPM-accurate, spin-dependent, EOB potentials
wem (7,7, ¢, S;) in Eq. (4.17), without performing any
expansion (in G or in spin), i.e.,

i S S3 =2
T+ gwe"b — /umax dii 27 - WipM — Wapm¥
nPM — ’
2 22
0 \/poo —ru + WnPM

(4.18)

where we introduced it = 1/7 and @iy, = 1/Fpin-

V. COMPARING NUMERICAL RESULTS
TO ANALYTICAL PREDICTIONS

A. Numerics/analytics comparison
for nonspinning simulations

We start by comparing, in Fig. 4, the results of the
nonspinning NR simulations at fixed energy to both the
PM-expanded, perturbative, predictions, Eq. (4.4), and their
EOB-resummed versions, defined by Eq. (4.18). This
comparison extends the one considered in Refs. [95,133],
which corresponded to the lower initial energy E, used
in [106] (see also Appendix C). The main findings of the
latter comparison when considering the PM-expanded per-
turbative predictions remain true for the new, higher energies
considered in this paper, £, = 1.04033 and E; = 1.05548.
The sequence of PM-expanded results (dashed lines) mono-
tonically approach, in an increasingly accurate way, the
NR results in the high angular momenta domain (i.e., for
relatively large impact parameters fields). However, they
perform less and less well as the angular momentum
decreases. Note, in particular, that, for our minimum L,
even the 4PM-accurate prediction differs by a factor 22
from the NR result.

On the other hand, the sequence of weP_resummed
(PM-based) predicted angles (solid lines) perform much
better than their perturbative counterparts. While the
1PM-based w®P-resummed prediction is not better
(and even slightly worse) than its perturbative analog,
the 2PM-based w°’-resummed fares as well as the 4PM
perturbative one, and the 3PM and, especially, 4PM
EOB-resummed results exhibit a remarkable agreement
with NR data for essentially all orbital angular momenta.
It should, however, be noted that the 4PM-based
EOB-resummed predicted angles start to show visible
discrepancies with NR results for the lowest L’s, espe-
cially for the highest energy E; = 1.05548. More pre-
cisely, w2}, somewhat overestimates the scattering angle,
while w52}, underestimates it. We discuss below how
these findings can lead to NR-based ways of improving
the knowledge of the exact w(7,y) potential.
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FIG. 4. Comparison between NR scattering angles of nonspinning BBH systems and analytical PM predictions, both
PM-expanded (dashed lines) and w*°P-resummed (solid lines). Left panel: Intermediate energy E;, ~ 1.04033. Right panel: Higher

energy i, ~ 1.05548. The we*"-resummed 3PM and 4PM results show a remarkable agreement with numerical down to strong-field

regimes.

B. Extracting from NR results the gravitational
interaction potential between nonspinning black holes

Having computed new suites of numerical simulations
with higher initial energies, we can extend the strategy
used in Sec. VIC of Ref. [133] and directly extract from
the sequence of NR scattering angles (at a given energy)
the NR radial potential wyg(7) (in our chosen EOB
coordinates). This extraction is done by iteratively using
Firsov’s inversion formula [156,157] to invert the func-
tional relation w(7,y) = 6(¢,7), Eq. (4.17) (for non-
spinning systems), i.e. to deduce the function wyg(7)
leading to the function Oy (¢), tabulated in Table T (for
each fixed value of y).

The so-extracted NR radial potential for the lower
value y,(E;) ~ 1.09188 has been displayed in Fig. 7 of
Ref. [133]. See Appendix C for an updated determination
of wyr(7,71). We focus here on the determination of the
NR potentials wyg (7, 7,) and wyg (7, 73) corresponding to
the two higher-energy sequences of simulations reported
in the present work. In addition, we compare the so-
extracted NR gravitational potentials to their analytical
counterparts, as defined by the PM-based EOB radial
potential we®(7,y) defined in Eq. (4.13) above (for the
nonspinning case).

Instead of plotting the various energy-dependent radial
potentials w*(7,y), it is useful to plot the corresponding
“effective radial potentials”, completed by the additional

centrifugal potential + ’“;422. In other words, we shall compare
the (Newtonian-like) effective potentials

made by adding the (repulsive) centrifugal barrier term
£?77% to the (attractive) gravitational radial potential
—w*(7,7).

The comparison between VNR(7,y, £) and VeR, (7,7, £)
(for n =3 and n = 4) is displayed in the two panels of
Fig. 5. The left panel corresponds to the intermediate
energy 7,(E,) ~ 1.16456, and uses the smallest NR orbital
angular momentum leading to scattering, namely L ~
1.15950 (corresponding to l;NR = 7.73). The right panel
corresponds to the higher energy y3(E3) ~ 1.22808, and
uses the smallest NR orbital angular momentum leading
to scattering for that energy, namely L ~ 1.22500 (corre-
sponding to byg = 7.00). The NR-extracted potentials are
determined only for (isotropic) radii larger than about 1.95
(for E,) and about 1.85 (for E3).

Note that, for both energies, the NR-extracted potential is
very close to the 4PM-based EOB potential down to radii
7~ 2.8. However, in the interval 2 < 7 < 2.8 V%, (7) starts
to exhibit visible differences with VNR(7). For the inter-
mediate energy E, the peak of Vi, lies just below the pZ
line, meaning that the EOB-4PM potential predicts a
plunge instead of a scattering for this angular momentum
and this energy. By contrast, the (less attractive) EOB-3PM
potential still predicts scattering for this angular momentum
and this energy. The situation is similar for the highest
energy, E;. In this case, the NR potential seems to
interpolate between VR (7) and VR, (7).

These results suggest that it would be useful to resum the
EOB-PM potentials,4 S0 as to improve their performances

“We recall that we use here PM-expanded EOB radial
potentials w(F) ~ L4+ ...
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FIG. 5. Comparison between the gravitational potential V extracted from NR simulations and its EOB-PM equivalent. The
Schwarzschild potential is plotted as a reference. Left panel: Intermediate energy Ein ~ 1.04033. Right panel: Higher energy
Ein ~ 1.05548. In both cases, the angular momentum is set to the smallest values of angular momentum for which the system scattered.
The horizontal lines mark the values of p2, for each energy, determining the maximum point up to which it is possible to extract
information about the numerical potential.

at small radii. Leaving such an investigation to future work, C. Comparing spinning simulations to analytical
we shall content ourselves here by exploring the effect of predictions (without 4PM spin-orbit terms)
adding a formal, additional 5PM-level contribution —I—WS_TY) We now shift our attention to the suite of 35 NR

to the analytically predicted 4PM EOB potential. We can  simulations which computed the scattering angles of
use our determination of WNR(7'> to extract a best-fit value systems having many different SpiIIS, but with fixed initial
for the (energy-dependent) coefficient ws(y). Fitting (for  energy (E;, ~1.02264) and orbital angular momentum
our three energies) WNR(?, y) to wi%t])v[(?) + W;_g}’) yields the (f,in = 1.14560). As we have already seen in Sec. III that
following results: the scattering angle mainly depends on the average spin y ,,
we actually focus on the 19 simulations with equal spins
_ (varying between y; = y, = —0.30 and y; = y, = +0.80)

ws'(r1) = =1.00 £ 0.17, liste}cll if Table II.
wit(y,) = =2.16 +0.13, In Fig. 6, we compare the equal-mass, equal-spin
simulations to two types of PM-informed predictions:
—3.47+£0.23. (5.2) (i) standard PM-expanded angles, of the type of
Eq. (4.4); and (ii) w-resummed ones [see Eq. (4.18)].
Here the errors are indicative estimates obtained by In this section, we do not take into account the recently
applying the parametric inversion formulas to the confi-  derived linear-in-spin (spin-orbit) 4PM results of
dence intervals defined by Eqs (3.2)—~(3.4). Refs. [151,152]. In other words, we only use at the 4PM
The negative sign (present at all energies) reflects the level (conservative and radiative) orbital effects. Since the
fact that the EOB-4PM potential is slightly too attractive  analytical PM knowledge of the spin-dependent couplings
at small radii (while the EOB-3PM potential is too varies with the spin order, we shall consider, for simplicity,
only the following cases: (i) 1PM accuracy in all couplings
s up to quartic-in-spin terms (labelled as 1PM); (ii) 2PM
VeR(7) — ws;s(y) at small radii, for the highest energy (right  accuracy in all couplings up to $* (labeled as 2PM);
panel of Fig. 5) indicates that the addition of a (repulsive)  (iii) 3PM accuracy in the (S, S',$?) couplings and
5PM term is only physically valid in a small range of radii 2PM accuracy in the (53, S4) ones (labeled as 3PM);
(say in the range 2 <7 < 2.8). Indeed, when one uses a  and (iv) respectively (4PM,3PM,3PM,2PM,2PM) accuracy

w5'(r3)

repulsive for all radii). The strange behaviour of Vit(7) =

nonresummed potential, w(7) ==+ +--- 3¢, the last  in the (8°, S, 82, 5%, 5*) couplings (labeled as 4PM).
term determines the strong-field behavior. In particular, a A first conclusion one can draw from Fig. 6 is that PM-
negative SPM term entails a (probably unphysical) repul-  expanded results are rather unsatisfactory. Both the spin-

sive core at very small radii. The use of suitably resummed  averaged baseline and the spin-dependence are inaccurate,
versions of the EOB-PM potentials would probably avoid  even for the highest PM accuracy. The agreement becomes,
such undesirable features. however, more satisfactory in the high-positive-spin
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FIG. 6. Scattering angle comparison between NR data and both
the perturbative, and the EOB-transcribed, PM-based predictions
for equal-mass, equal-spin simulations. The x-axis represents
Xeit = X1 = X2- As in Fig. 4, we use dashed lines for the PM-
expanded scattering angles, while the solid lines correspond to
the we-resummed ones. Similarly to the nonspinning case, the
we_resummed predictions are markedly more accurate, espe-
cially the 4PM-informed ones.

domain, which involves (because of the repulsive effect of
parallel spins) weaker-field interactions.

By contrast, the w*°-resummed angles show, at each
PM order, a systematically better agreement with NR data
points, especially for the 4PM accuracy which exhibits a
remarkable agreement.

D. Inclusion of 4PM spin-orbit terms

As already mentioned, conservative and radiative
4PM-level linear-in-spin  contributions have been
computed [151,152] during the development of this work.
We transformed the latter scattering-angle results into
additional contributions to the 4PM EOB potential wipy,.

In Fig. 7 we compare the effect of incorporating the
radiatively corrected 4PM spin-orbit terms (“4PM so”),
to the 4PM-level angles computed in the previous
section which only included orbital effects at 4PM
(“4PM no so”). For simplicity, we do not separately
consider here the conservative contribution to the 4PM
spin-orbit terms.

Though the inclusion of 4PM spin-orbit terms has a
relatively minor effect in the PM-expanded scattering
angles (see dashed lines), their inclusion in wﬁPM leads to
much larger differences with respect to the corresponding
4PM-level EOB-resummed angles displayed in Fig. 6.

Looking at Fig. 7, it is clear that PM-expanded results
remain rather unsatisfactory, and are significantly less
accurate than w-resummed ones. However, the inclusion
of 4PM-level spin-orbit effects in w*® worsens the
EOB-NR agreement that was obtained when only including
4PM-level orbital coefficients.

400 T T
—$—NR
——4PM no so
350 4PM so ]
——4PM so + ws + wO
300 B
5 By ~ 1.02264
<. 250r Ly, ~ 1.1456
=)

150 F

100 I 1 I I I I

FIG. 7. Effects due to the inclusion of the 4PM spin-orbit
contributions [151,152] to the scattering angle comparison of
Fig. 6. Dashed lines correspond to PM-expanded scattering
angles, while solid lines represent wP-resummed predictions.
The blue curves contain spin-dependent terms up to 3PM
and nonspinning contributions at 4PM (as in Fig. 6 above).
The orange curves also incorporate (radiation-reacted) spin-orbit
effects at 4PM level. Finally, the red line includes the two
additional parameters ws and wi© of Eqgs. (5.3) and (5.4).

It is possible that the worsening due to the inclusion of
4PM spin-orbit terms is a signal pointing out the need
to introduce some resummation of the spin-dependent
wS,, potential. [We recall that we are using here PM-
expanded wS, potentials, as indicated in Eq. (4.14).]
However, the main cause of the worsening effect of the
inclusion of 4PM spin-orbit terms might be the fact,
recalled in Sec. IV above, that the nomenclature used in
current spin-dependent PM works is physically inappro-
priate when dealing with spinning BHs. Indeed, because
of the Kerr BH limit a; < Gm;, a term of formal n-PM
order including the mth power of spins is actually of
(n 4+ m)-PM order. Therefore, the additional spin-orbit
contributions computed in [151,152] are actually at the
physical 5SPM order. Similarly, the formally 2PM-level
terms quartic in spins [140] are actually at the physical
6PM order.

In view of the latter remark, we have explored the effect
of including an additional spin-dependent term in we®
belonging to the formal SPM level, but to the physical 6PM
level. For simplicity, we only considered a term involving a
linear-in-spin contribution of the form

SO
Ws W5 lert

7.5 ;.7

Aweod = (5.3)

This additional term contains two dimensionless parameters:
(i) ws, parametrizing an orbital SPM-level contribution; and
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P
FIG. 8. Comparison of various EOB-PM gravitational poten-

tials V% in the most negative spin case (y.; = —0.25), i.e., the
leftmost NR point in previous figures. The displayed analytical
potentials correspond to the solid lines in Fig. 7. The horizontal
line marks the “energy level” p2, defining the turning point of the
EOB mass-shell condition, Eq. (4.12).

(i) wi©, parametrizing a spin-orbit contribution at the
physical 6PM level.’

In view of our above finding that the purely orbital part
of the EOB potential is slightly too attractive and needs to
be completed by a W;—E” term, where ws(y) is an energy-
dependent negative coefficient, we fix its value to wi(y,),
Eq. (5.2), as the incoming energy of our spinning simu-
lations corresponds to £, = E(y,). Concerning the second,
spin-orbit-related, parameter wi© in Eq. (5.3), we deter-
mine it by imposing that the corresponding effective
Newtonian-like potential V¢°°, Eq. (5.1), predicts immedi-
ate coalescence for the critical value y; = —0.2932+
0.0013, Eq. (3.9), obtained above by fitting numerical
results to the simple template of Eq. (3.8). This fixes the
two parameters entering Eq. (5.3) to the approximate values

ws = —1.00+£0.17,

w0 = +17.3 £0.6. (5.4)

The corresponding w®P-resummed scattering angles
computed using the (central) values of Eq. (5.4) are
displayed in Fig. 7 as a red curve (labelled “4PM
so+ws +ws%”). The addition of the term Aw®®,
Eq. (5.3), leads to a better visual agreement between NR
and EOB, at least for negative spins (on the large positive
spin side, it slightly worsens the NR-EOB difference).

In order to better understand the physical origin of
the differences between the various 4PM-level curves
displayed in Fig. 7, we plot in Fig. 8 the corresponding

>For simplicity, we do not include here a purely orbital
6PM-level contribution wg/79.

Newtonian-like effective potentials V°°*, Eq. (5.1). Let us
recall the meaning of the labels in Fig. 7: (i) “4PM no so”
refers to a potential including (radiation-reacted) 4PM
orbital effects without including any spin-orbit contribu-
tions at 4PM; (i) “4PM so” additionally includes 4PM
radiatively-corrected spin-orbit terms [152]; and finally
(iii) “4PM so + ws + w307 differs from “4PM so” by
including the potential Aw®®, Eq. (5.3), with the (central)
values of Eq. (5.4). The dash-dotted horizontal line
corresponds to the value of p2, which defines the turning
point of the EOB mass-shell condition, Eq. (4.12).

The vertical distance between “4PM no so” (blue line)
and “4PM so” (orange line) measures the effect of the
(radiation-reacted) 4PM spin-orbit contribution. The inclu-
sion of these terms leads to a more attractive potential.
Actually, the corresponding potential is now below the p2;
“energy level” which means that the system is predicted to
no longer scatter but to plunge (in agreement in Fig. 7).

The Aw®® correction makes the potential (red line) more
repulsive. This leads to a turning point around 7=~2.5
and to a finite scattering angle. This corrected potential
also includes a (probably unphysical) repulsive core
around 7~ 1.

At this stage, the meaning of these results is unclear.
One will need to explore more values of the incoming
energy, of the incoming angular momentum, and of the
spins to assess whether it is indeed necessary to add
(energy-dependent) terms, such as Eq. (5.3), to the current
best analytical knowledge of the EOB potential.

VI. DISCUSSION

In this paper we presented numerical simulations of
the scattering of equal-mass BBHs using the EINSTEIN
TOOLKIT [109].

We first computed three sequences of equal-mass,
nonspinning BBHs at fixed initial energy and varying
angular momentum. The first sequence, with initial energy
Ein’l ~ 1.02264, reproduces and extends the results of
Ref. [106]. These served as a useful cross-check against
previous simulations performed with different numerical
codes. They were also used to improve the estimate of the
critical angular momentum L,, marking the boundary
between scattering and plunging systems. We then com-
puted two other sequences of simulations at higher
energies, Ej,,~1.04033 and Ej, 5~ 1.05548, probing
stronger-field regimes. These two series allowed us to
compute the critical angular momentum L in previously
unexplored regions of center-of-mass velocities, vy, =
0.2757 and vy, 3 = 0.3199. This leaves as regions not yet
covered by NR simulations of nonspinning BHs the low
velocity regime, v, < 0.2, and the intermediate velocity
one, vy, =~ 0.3-0.6.

We then presented, for the first time, a suite of numerical
simulations of equal-mass aligned-spins BHs. For these,
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we fixed both initial energy and angular momentum to be
(Ein, Liy) =~ (1.02264, 1.1456) and varied the individual
spins in the range —0.3 < y; < 0.8. We found (as expected
both from NR simulations of coalescing binaries and from
analytical predictions) the spin interaction to depend
mainly on the total spin. We extracted from numerical
data the coefficients of the linear and quadratic spin
dependence of the scattering angle at the considered energy
and angular momentum.

We compared our numerical results to PM-based pre-
dictions for the scattering angles of equal-mass BHs. We
used two types of PM-based analytical predictions: (i) usual,
perturbative PM-expanded results, see Eq. (4.4); and (ii) a
transcription of PM results within the EOB formalism using
a (spin-dependent, radiation-reacted) radial potential in
isotropic (EOB) gauge, w*®(7,L,S;,S,), see Eq. (4.18).
We found that PM-expanded scattering angles exhibit
(both for nonspinning and spinning systems) an acceptable
agreement with NR data only for large impact parameters,
consistently with the PM framework being a weak-field
expansion. On the contrary, a transcription of the PM
information into a corresponding (energy-dependent,
radiation-reacted, spin-dependent) EOB gravitational poten-
tial we (7, L, S, S,) yields remarkable improvements in the
scattering angle comparisons, especially when using the
highest available PM accuracy. See Figs. 4 and 6. In the case
of spinning simulations, we found that the inclusion of
the recently computed 4PM-level spin-orbit contribution
worsened the remarkable agreement (displayed in Fig. 6)
between NR angles and the EOB-resummed 4PM-level ones
(without 4PM spin-orbit terms). See Fig. 7.

Visible discrepancies between NR results and EOB-PM-
predicted ones occur only for the few nonspinning cases
where the impact parameter is close to the critical one
leading to plunge rather than scattering and, for spinning
simulations, when including the 4PM-level spin-orbit
contributions. See Fig. 5, where we compare (for non-
spinning systems) the EOB-PM potential to a correspond-
ing potential directly extracted from the NR scattering data
by inverting the relation: potential — scattering angle. We
could, however, improve the accuracy of the EOB-PM
gravitational potential by adding (an NR-fitted) additional
(energy-dependent) SPM-level contribution wi(y) /7, see
Eq. (5.2). Similarly, in the spinning case, we could improve
the NR-EOB match obtained when incorporating the 4PM-
level radiation-reacted spin-orbit terms by including an
additional (formally) SPM-level contribution including a
spin-orbit term, Eqs. (5.3) and (5.4). The sensitivity of the
dynamics to spin-dependent contributions at the 4PM level
is studied in Fig. 8.

The present work can be extended in several directions.
On the numerical side, a more thorough exploration of
the parameter space is called for, notably by considering
different energies, mass ratios, and spin orientations.
In addition, it would be useful to complete the computation

of the scattering angles by accurately estimating the emitted
waveform, and by numerically estimating the correspond-
ing radiative losses of energy, linear momentum and
angular momentum.

On the analytical side, one should explore possible
resummations of the EOB-PM radial potential, and general-
ize it to the nonaligned-spin case. It would also be interesting
to explore other possible EOB reformulations of perturbative
PM results, e.g., using different EOB gauges. Finally, when
having in hands NR waveforms, one should compare them
to the recent analytical computations of O(G?)-accurate,
PM-expanded waveforms [158-160].

Despite the above-mentioned limitations, we hope that the
results presented here will offer a useful starting point for
constructing accurate waveform models for spinning BHs in
eccentric and hyperbolic motions, by combining information
from NR and PM data within an EOB framework.
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APPENDIX A: NUMERICAL RELATIVITY
SYSTEMATICS

1. Impact of NR resolution

One aspect of our numerical setup that can affect
accuracy is the spatial resolution of the simulations.
In order to test the robustness of the scattering angle to
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FIG. 9. Error on the average scattering angle O\g,, derived
from the numerical relativity simulations for three different
resolutions on the finest grid. Here, N = 80 represents the
highest resolution, and default choice, whereas N = 64 denotes
the lowest resolution. For all three resolutions, the upper errors
are set by lower-order polynomial fits that overestimate the
scattering angle. The lower error bars are set by high-order
polynomials that manifestly agree with the preferred order.

the NR resolution, we choose a fiducial binary and repeat
the scattering simulation at three different resolutions,
N = [64,72,80]. Here N denotes the number of grid points
on the finest level such that the resolution of the smallest
box around the puncture is ~2m, /N, with N = 64 denot-
ing the lowest resolution and N = 80 the highest. Here we
take a nonspinning configuration with P,py = 0.15 and
byr = 10.0. As shown in Fig. 9, we find that the choice of
resolution has a minimal impact on the scattering angle,
with the errors due to finite NR resolution being subdomi-
nant to the errors from the polynomial extrapolation.
A summary is given in Table III.

2. Impact of gauge conditions

In order to help understand the impact of gauge con-
ditions on our calculation of the scattering angle, we rerun
a canonical test simulation, taken to be byg = 10.0 and
P,pyv = 0.11456439, with an alternative lapse profile. The
default lapse profile, as noted in earlier, is @ = wg; . For the
alternative prescription, we adopt the lapse profile proposed
in [161], which makes use of an approximate helical
Killing vector field to minimize the dynamical evolution
of the lapse. Writing the lapse in a precollapsed form, we
have [161]

2 (Al)
1+3-+32

a:

TABLE III. A set of equal-mass, nonspinning simulations with
an initial momentum P,py; = 0.175 and different resolutions.
N bxr ESPM LM Ong [deg]
64 10.00 1.04033 1.50000 106.463705)3
72 10.00 1.04033 1.50000 106.4817033
80 10.00 1.04033 1.50000 10645970307

= a=yp
401 =

Q= Quy

201

y/M
[}

—20 1

—40 1

75 -5 -25 0 2 50 75

FIG. 10. Trajectories of each BH using two different gauge
choices for the initial lapse. The first choice is @ = w7, and the
second the averaged lapse defined in Eq. (A1l). The dots denote
the starting position of each BH.

where m; and r; denote the mass and location of the
ith puncture respectively. The lapse is then averaged,
a= (1+a)/2, to ensure that it lies within a range of
[0, 1]. The initial shift is taken to be f = 0.

For this robustness test, we adopt a nonspinning, equal
mass binary with Papy = 0.11456439 and by, as shown
in Fig. 10. We find that the choice of lapse again has a
minor impact on the calculated scattering angle, finding
Ong.ay = 221.82370762 for the default lapse and Oyg ., =
222.089f8‘88§ for the alternative lapse. The differences
are smaller than the errors arising from the polynomial
fitting procedure.

APPENDIX B: MAPPING BETWEEN
SCATTERING ANGLE AND POTENTIAL
COEFFICIENTS

We here report the relations between the w; coefficients
entering the radial potential w,py, Eq. (4.14), and the 6;
coefficients constituting the scattering angle 6,py,
Eq. (4.4).

We start by recalling the equations linking the various
energy variables to the y factor of the system,

eob
Eeob — E eff
eff = —M =7

.~ E
EEM:\/I—I—ZU(;/—I).

The relations between the nonspinning coefficients are
known, and read

(B1)
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In the following, we list the relations containing spin
terms relevant to this paper; linear relations up to 4PM,
quadratic-in-spin up to 3PM, cubic and quartic-in-spin at
1PM and 2PM. At linear order in spins we get

P
N :—2°°w§,
S =T (2 S orb, S
Z_Z(pooWZ + witwr),
S 1 4 .S 3 2 orb, S orb, .S
03 = — | PooW3 +§Poo<W2 wy + wiws)
o0

3
+ 3 (W(frb)zwﬂ ,

3
05 =3 | Pws + 2% (w30 + gt + witws3)
(WS + 2wg g (B3)
while the quadratic-in-spin terms read
(9?2 = powl,
952_3” 302 (WS)2 4 4p2 WS 4 4wordyS
2 T3 Po(W)” +4pews + 4wy,
95271 4'4 S? IwSwS 1 orb\2,,,S?
5 = o gpoo(% + W2W1)+§(W1 ) 7wy
293 [wgPt w2 + wiows| } (B4)

The cubic-in-spin and quadratic-in-spin contributions at
1PM order are simply

0 = plwi
4
9? gPZoW?4, (BS)

while the 2PM coefficients can be obtained by

3
05 = ?pgo (p%ow§3 + 2wt + 2W?W§2>»
s 157 28t 2.8, 83
92 - 64 P |:2poow2 +5poowlwl

gt + 20w, (B6)
The explicit values of the w; coefficients are given in the
ancillary file of this paper [155].

APPENDIX C: ADDITIONAL POST-
MINKOWSKIAN DATA POINTS

In this appendix, we complement the PM results pre-
sented in the main paper.
In Figs. 11 and 12, we mimic Figs. 4 and 5 for the

A

nonspinning systems with lower energy, £, ; ~ 1.02264.

450 . . . . . : : ;
- - -1PM ——1PM w*®
400 F 2PM 2PM w |
By ~ 1.02264 - = -3PM ——3PM w"
350 F - - —4PM ——4PM w**|]
—+-NR
300 F

FIG. 11. Scattering angles against initial angular momentum
(as in Fig. 4) for the lower-energy simulations of equal-mass
nonspinning BBHs.

1.5 T T T T T T T
Schwarzschild
—3PM
——4PM
N e 4PM + wgit i
——NR
= 051 .

\

3

4 5 6 7
7

05 - .
0 1 2

FIG. 12. Gravitational potential V as a function of (center-of-
mass, isotropic coordinates) separation (as in Fig. 5) for the lower
energy simulations of equal-mass nonspinning BBHs.
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TABLE IV. NR equal-mass, nonspinning simulations presented
in Table I. The last two columns list the w*°P-resummed scattering
angles at 3PM and 4PM as in Figs. 4 and 11. An asterisk denotes
simulations where there is uncertainty on an eventual plunge.
The scattering angles are replaced by dots when the BHs (are
predicted to) plunge.

ERPM  LE™  Oaeldegl Oy [deg] Oy [deg]
1.02264  1.0769 . 288.979 .
102264 1.0884 37627510026, 266491 379.310
102264  1.0941 3290571000 257257 341.135
102264 1.0952  323.422100% 255589  335.476
102264 1.0964  318.394700% 253808  329.728
102264 1.0975 3137641000 252209 324.803
102264 1.0998 3057347005 248965  315.401
102264 1.1113 27436870574 234475 280.337
102264 1.1342 23544710057 211.830 238507
102264 1.1456 22182310792 202.691  224.179
102264 1.1686  200.810%055 187190 201.991
1.02264 11915 184.6847 022 174.595 185.411
102264 1.2602  152.10610935  147.085  152.231
102264 13748 120804705 118731 120.821
102264 14893 101.6161009  100.654  101.704
1.02264  1.6039  88.260* 03 87.828 88.423
1.02264  1.7185  78.2961 032 78.150 78.515
102264  1.833  70.4047052 70.539 70.777
1.04032  1.1505 e 295.902

1.04032  1.1595  392.815190%x  274.866 e
1.04032  1.1655  338.9731013% 263305 430914
104032 117 317.63710 255591 374716
104032 1.1805  283.3597075;; ~ 240.035 312437
1.04032  1.1895  262.82510710 228777 282.302
104032 12 244210750 217439 257.740
104033 126 184.138705;  173.732  187.734
1.04033 132 15311970220  147.539 154603
1.04033 135 1419861031  137.744  143.09%4
1.04033 141 124.805%0,% 122169 125.487
1.04033 1425 1212337948  118.900  121.880
1.04033  1.44 117.8970057 115.828 118.517
1.04033 15 1064597050, 105174 107.016
1.04033 1.8 73,0953 73.374 73.826
1.04033 2.1 56.4897) 242 56.993 57.160
1.04033 24 45.9827) 508 46.791 46.868
1.05548  1.05
1.05548  1.225  354.1181037 274582 391.281
105548 126 2489507503 222675 280445
1.05548 1295  206.06471479 192055 218732
105548 133 179.815%055 170787 186.552
105548 1.4 1465161034 142049 149418
105548 1.575 10416610360 103.162  105.287
1.05548  1.75  82.275X00% 82.292 83.191
105548 1.925 6835171485 68.882 69.339

TABLE V. NR equal-mass, spinning simulations listed in
Table II. All systems were computed with fixed initial ADM
energy EAPM ~1.02264 and orbital ADM angular momentum
LAPM ~ 1.14560. The last two columns list the w=-resummed
scattering angles at 3PM and 4PM as in Fig. 6.

X X2 Ong [deg] O3py [degl  Ojpy [deg]
-03  -03 . 209.786 494.626
-025 —025 367.545700%%  266.889 351.203
-023 023 3343451008 266305 327.892
-022  -022 32269310007 = 258352 318.528
-021  -021 3127955038  251.257 310.189
02 02 303.8847022  247.895 302.522
-0.17  —0.17  286.603:00%  238.849 283.736
—0.16  —0.16  277.849703%  236.080 278.413
-0.15  -0.15  272.603103%  233.369 273.354
-0.1 -0.1 251.0281059 221.462 252.778
—0.05 —0.05 234568708 211364 236.915
0.00 000  221.823700%  202.691 224.179
0.05 005 2111950819 195.096 213564
005  -0.05  221.86610% 202986 224.175
0.10 0.10  202.608%0565 188.382 204.533
0.15 0.15 19454270050 182.347 196.652
015  -0.15  221.887%057  202.691 224.186
020  —02  221.819708%3  202.698 224.201
0.20 020 187.838707;) 176.910 189.726
0.30 030 176.586109% 167434 177.997
040 04 2218471088 202771 224.357
0.40 000  188.138790% 1776927  189.759
0.40 040 1675457007  159.411 168.358
050  -03  203.121047  188.440 204.657
060  —0.6  222080708% 202912 224.646
0.60 000 177.629000  167.462 178.053
0.60 0.60 154.13970:099 146.410 153.206
0.70 =03 1904071093 177.005 189.915
0.70 030 160935709 152.489 160.234
080  —08  221.679704%  203.145 225.114
0.80 —0.5  198.993705/ 182,518 196.996
0.80 0.00  170.394100% 159.445 168.433
0.80 020  162.06970%05  152.494 160.249
0.80 050 15230310 143.642 150.049
0.80 080 14535709  136.199 141.643
These figures confirm the outstanding agreement

between EOB-PM predictions and NR results found in
Ref. [106].

In Tables IV and Tables V, we list the scattering angles
for the presented NR simulations together with the
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corresponding best-performing analytical predictions (not
considering 4PM spin-orbit terms), @3y, and Opy,.

Finally, we compare the spin dependence of the NR
scattering angles to PM predictions in the small spin
range. Using the simplifying fact that we are considering
equal-mass systems, and the relative scattering angle
Ol = % (6, + 6,), we can write, at quadratic order in spins,
the simple general template

(my=my) . . .
) =00(r. 7)) + 0, (v + 0z (v Dk

+ 0, (7. J)x2 + Ol (C1)

‘9re1(7s JiXi

We can, in principle, determine the 0, coefficients for the
initial energy and angular momentum of our simulations,
(Ep, Lin) = (1.02264,1.1456) by fitting the scattering
angles for configurations with small (absolute) values of
the spins. We decided to focus on the 6 configurations
with |y, <0.1 and to fit them to the template Eq. (C1)
(truncated to quadratic terms). We so obtained the follow-
ing values:

Ot = 3.872 £ 0.048,
9;& =—-4.211+0.031,
0"t = 8.75 £ 0.60,

et

0 =0.6+3.1. (C2)

The reduced chi-squared of this fit is y?/(6 —4) ~1.17
(corresponding to six data points and four degrees of

TABLE VI. Small-spin dependence of the scattering angle for
E,, ~1.02264 and L;, ~ 1.1456. PM predictions for the different
spin-orders (if available) together with values extracted by fitting
NR data [Eq. (C2)].

3PM 4PM WSRr Wy NR
0y 2255 2519 3543 3920  3.872+£0.048
6, —0433 —0.621 -2.895 -4221 —4.211+0.031
0,  0.085 3.898  7.904 8.75 £ 0.60
6, —0.001 0.034  0.198 0.6 £3.1

freedom). This value is probably affected by the fact that
we are assuming constant initial data, while the energy
slightly changes between simulations. Let us emphasize
that we could not extract a meaningful value for the 9;‘%

coefficient, consistently with our finding that these effects
are subdominant (even for higher spin values).

In Table VI we compare these NR-fitting coefficients to
their (PM-expanded and w®"-resummed) analytical ana-
logs. In order to extract wip, and w5, (not including 4PM
spin-orbit terms), we repeat the same fitting procedure
employed for the NR angles (but setting the initial energy to
the constant, average, value). For the considered initial
data, (Ey,, Li,) ~ (1.02264, 1.1456), the PM-expanded pre-
dictions are not satisfactory, as could be deduced from
Fig. 6. The successive PM orders show a slow convergence
towards the numerical results. The EOB-resummed equiv-
alents, instead, are in good agreement with the numerical
estimates, with the wSs?, values mostly agreeing within one
standard deviation with the NR ones.
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