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Diffeomorphism-invariant action principles for trace-free Einstein gravity
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Trace-free Einstein gravity is a theory of gravity that is an alternative to general relativity, wherein the
cosmological constant arises as an integration constant. However, there are no fully diffeomorphism-
invariant action principles available that lead to the equations of motion of this theory. Unimodular gravity
comes close to this idea, but it relies on action principles that are invariant only under volume-preserving
diffeomorphisms. We present a real BF-type action principle for trace-free Einstein gravity that is fully
diffeomorphism-invariant and does not require any unimodular condition or nondynamical fields. We

generalize this action principle by giving another one involving a free parameter.
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I. INTRODUCTION

After formulating general relativity, Einstein himself
proposed an alternative theory of gravity [1,2] in which
the equations of general relativity are replaced by their
trace-free part [3]

1 8 1
R/w - ZRg;w = 374(; <T/w - Z Tg/u/) . (1)
Here, the Ricci tensor R, and the scalar curvature R are
constructed out of the Levi-Civita connection compatible
with the metric g, and T, is the energy-momentum tensor.
These equations, supplemented with the assumption of the
conservation of the energy-momentum, yield the same
consistent results of Finstein’s general relativity [4,5];
however, with the advantage that the cosmological constant
now naturally emerges as an integration constant implied
by the second Bianchi identity, thus solving the funda-
mental issue of vacuum energy [6]. Despite this remarkable
property, there is no completely diffeomorphism-invariant
action principle that leads to the trace-free Einstein equa-
tions (1). An approach that almost realizes this idea is
unimodular gravity [7,8]. In this theory, equations (1) are
obtained from an action principle that is not totally diffeo-
morphism-invariant, but only invariant under volume-
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preserving diffeomorphisms due to a unimodular condition
that fixes the determinant of the metric. Another related
action principle is that of Ref. [9]. However, while such an
action is diffeomorphism-invariant, it does not yield the
trace-free Einstein equations; instead, it gives the equations
of general relativity with a generalized version of the
unimodular condition [10] and a cosmological constant
that arises as an integration constant via a Lagrange
multiplier [9,11]. Furthermore, in this case, the origin of
the cosmological constant is unrelated to the second
Bianchi identity.

The goal of this paper is to address this longstanding
problem by providing the first fully diffeomorphism-
invariant action principle for trace-free Einstein gravity.
Our action principle expresses trace-free Einstein gravity
as a real constrained BF theory, without involving the
unimodular condition or requiring any nondynamical fields,
thus preserving the full diffeomorphism invariance while
retaining the spirit of Einstein’s proposal [1-3] in the sense
that the cosmological constant arises from the second
Bianchi identity. We also present a generalization of this
BF-type action that introduces a free parameter without
modifying the equations of motion. A characteristic feature
of our action principles is that they not only describe trace-
free Einstein gravity, but also contain a gravitational sector
corresponding to Einstein’s general relativity. Thus, our work
opens a new research avenue to study the quantum aspects of
trace-free Einstein gravity, in particular in the approach to
quantum gravity known as spinfoam models [12—14], where
BF-type theories [15,16] play a fundamental role. This can
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provide an opportunity for comparison with previous results
on quantum unimodular gravity [17,18].

We will first introduce a first-order formulation of (1) in
terms of 2-forms and then prove that the equations of
motion arising from our action principles are equivalent to
the trace-free Einstein equations in the first-order formal-
ism. Finally, we present a discussion of our results, drawing
out some implications and outlining future work.

II. TRACE-FREE EINSTEIN GRAVITY IN THE
TETRAD AND CONNECTION FORMALISM

In the first-order formalism of gravity, the fundamental
variables are an orthonormal frame of 1 forms e, where
I =0,1, 2,3, and a spacetime connection ! J compatlble
with the metric (;;) = diag(s,1,1,1) (6 = —1 for the
Lorenzian case and ¢ = 1 for the Euclidean one) and
torsion-free, i.e., Dny;; = dn;; — o% g, — 0% ;nx = 0 and

De' :=de' + w'; A el =0, (2)

where d is the exterior derivative and A is the wedge product.
The connection @' is referred to as the torsion-free spin
connection and its curvature is given by R/, = do',+
o' ¢ A @* ;. Furthermore, we take T';; as the components of
the energy-momentum tensor in the orthonormal frame, from
which we introduce the object T; = T;,¢’. Additionally,
;71 1s the totally antisymmetric SO(3, 1) invariant tensor if
o = —1 [respectively, SO(4) if o = 1] with g3 = 1.
Capital indices from the middle of the alphabet 1, J, K, ...
are raised (lowered) with '/ (31;)).

The trace-free Einstein equations with matter fields (1) in
the orthonormal frame are

872G
Ry —*Ryy = =S (T 1y = *T 1), 3)
T; A ep),stands for the internal

RKL and 7, = 511 TKL,

where T ;=% (T; A e; —
dual and so xR, =1g,X
and * is the Hodge dual.

In fact, expanding the curvature in the orthonormal
frame, R;; =1R;xreX A el, and using x(ef A el) =
Tel g eX A el to compute xR, and %7, it is easy to
show that (3) is equivalent to

1 1
Ry, ZRWIJ 876 <TU ZTWIJ>’ (4)
which are the equations (1) in the orthonormal frame.
Tensor equations (3) hold in any frame, of course.

The trace-free Einstein equations (3) carry a deep geo-
metric and algebraic meaning: they reveal a remarkable
equality between the internal and Hodge duals of
Ry — S”G T;;. In this sense, it is remarkable that the

formulatlon (3)—expressed in terms of 2-forms—can only

be defined in four-dimensional spacetimes. This is in contrast
to the definition of the theory in the metric formalism (1),
which can be extended to n-dimensional spacetimes.
Equations (2) and (3) must be supplemented with the
equations for the matter fields. Additionally, we need to
specify whether the energy-momentum is conserved or not
(see Refs. [4,5,19] for some analyses in the metric
formalism). Here, we assume that the energy-momentum
is conserved. Therefore, using the second Bianchi identity,
the conservation of the energy-momentum, and (4), the
cosmological constant A emerges as an integration constant

872G
R+Z2T = 4A. (5)
C

Additionally, we can construct out another version of trace-
free Einstein gravity in the first-order formalism, in which
the conservation of the energy-momentum is not assumed.
This alternative version, which allows for the violation of
the energy-momentum, differs from the one of Ref. [19] in
the metric formalism because it does not involve the
unimodular condition.

It is also important to remark that trace-free Einstein
gravity in the first-order formalism, given by (2) and (3), is
totally diffeomorphism-covariant and also covariant under
SO(3,1) [or SO(4)] transformations of the frame and the
connection. This is because no condition on the volume
(i.e., on the tetrad field e’) is imposed, as is the case in
unimodular gravity in the first-order formalism [20], mean-
ing that in the formulation (2) and (3) the orthonormal
frame e/ involves sixteen independent components.
Incidentally, an action principle totally diffeomorphism-
invariant involving the sixteen independent components of
the tetrad e/, the connection @', and the matter fields that
leads to (2) and (3), and to the equations of the matter fields,
is still missing.

III. ACTION PRINCIPLE

We now turn to the BF-type action for trace-free Einstein
gravity, which is the central result of this paper. The fully
diffeomorphism-invariant action principle S[A, B, ¢, u] is
given by

1
S= / [B” NF— 5 (*¢prsxr + d* k) B A BXE
- MWIJ] ) (6)

where B!/ is a 2-form fulfilling BY = —B’/!, F!, = dA!, +
Al A AKX is the curvature of the connection A’ satisfying
Al = —A’1] the field ¢k, has the symmetries ¢;,x; =
-k = =Lk = Pk, and pis a4-form. Furthermore,
*PrxrL = %EUMN(ﬁMNKL and ¢xpyxp = %(bIJMNgMNKL are
the left and right internal duals of ¢;;x; , respectively.
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We now show that the trace-free Einstein equations come
from this action principle. The variation of (6) with respect
to ¢ k1. Ay, BY, and u yields, respectively, the equations
of motion:

*B” A BKL + BIJ A *BKL +/«t(7]1KI’['/L _],[IL],[JK) — 0’

(7a)

DBY =0, (7b)

Fu1s = (xrxr + d*1x0) B, (7c)

¢”11 =0. (7d)
After getting rid of p, (7a) has the only solutions

BY = kel A€, (8)

BY =k, x (e! A €7), 9)

where e’ is a set of four linearly independent 1-forms and
k, and k, are real nonvanishing constants. Then, (7b) and
either (8) or (9) imply that A, is the torsion-free spin
connection.

We now prove that sector (8) is trace-free Einstein gravity.
Expanding the curvature as F'; =1F/ ;K Ael
and using (8), (7c¢) amounts to Fjx; = 2k (*¢xr+
¢*15x). This relation and the first Bianchi identity,
F'; A el =0, imply

Fry = kyx¢®Egpnyy, (10)

with F;; = FX ;. Getting rid of *¢X* ¢, in this relation, it
becomes

1
FIJ_ZFWIJ:Oa (11)

with F = F!/,,. Equations (11) are precisely the trace-free
Einstein equations (4) in the absence of matter fields.

Along the same lines, we can show that sector (9)
corresponds to general relativity without cosmological
constant. In fact, from (7c) and (9) we have Fjjx; =
2ky (*¢pxyxr + orykr), which together with the first
Bianchi identity imply F;; = ck,¢** g, n;;. Then, using
(7d), it follows that

F[]ZO. (12)

These are Einstein’s equations for general relativity without
cosmological constant.

Thus, we have shown that the action principle (6)
involves two distinct gravitational sectors, one of which
is trace-free Einstein gravity. In fact, our analysis
shows that sector (8) gives rise to trace-free Einstein

equations (11). Therefore, the formulation (6) is in total
agreement with the (diffeomorphism-covariant) trace-free
Einstein equations in the sense that the action principle (6)
is totally diffeomorphism-invariant. On the other hand,
Einstein’s general relativity without cosmological constant
emerges from sector (9). Action principles having different
sectors are not new. Among them one has, for instance, the
BF-type action of Ref. [21], which includes Einstein’s
general relativity and a topological sector.

Note that by performing the transformation ¢;;x; —
o+ and 4 — 2ou in the action (6), it acquires the
equivalent form

1
S = / [B” ANFr— 3 (kL + oxd*1yx1)BY A BEE

- M€”KL¢1JKL] ) (13)
where «gkj;x; = ianNﬁbMNPQfPQKL-

IV. GENERALIZED ACTION INVOLVING
A PARAMETER

A totally diffeomorphism-invariant action principle
S[A, B, ¢, u] that generalizes (6) is given by

S = /|:(BIJ +]/*BIJ) AN F”
1 17 KL
) (k. + ¢*1yk)BY A B

—u((L+orH)p" 1y —ve " )|, (14)

where 7 is a real parameter. Note that in the case y = 0 this
action simply reduces to (6). Remarkably, trace-free
Einstein gravity also emerges from (14) when y # 0, which
is another important result of this paper.

We now show that (14) is indeed an action principle for
trace-free Einstein gravity when y # 0. The equation of
motion coming from the variation of (14) with respect to
&1k, implies that B has the solutions

BY =ki(e! Nl —yx (el A €T)), (15)

BY = k2<e’ Ael =2k (el A ej)>, (16)

/4

with k; and k, real parameters. Then, the equation of
motion for A;; and either (15) or (16) state that A is the
torsion-free spin connection, provided that 7y #o.

We now focus on sector (15). The use of (15), the
equation of motion obtained from the variation of (14) with
respect to B/, and the first Bianchi identity imply
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(1-07?)

F, =k
o 1(1—1—07/2)

*¢KLKL7711- (17)

After getting rid of x¢%*y, in (17), it becomes the trace-
free Einstein equations (11). Therefore, we conclude that
sector (15) is trace-free Einstein gravity. Following an
analogous procedure, it can be shown that sector (16) leads
to Einstein’s equations for general relativity (12).

Thus, it is noteworthy that the presence of the terms
containing the parameter y in (14) does not modify the
equations of motion (11) or (12), but allows the introduc-
tion of y as a free parameter into the action (14). In this
sense, the action (14) resembles the BF-type action for
general relativity of Ref. [22] (see also [16]), which is
equivalent to the Holst action [23], where the addition of
the so-called Holst term to the Palatini action does not
change the equations of motion, but introduces a free
parameter into the Lagrangian for general relativity.

V. CONCLUSIONS

In this paper, we have presented the first real BF-type
action principles for trace-free Einstein gravity, which are
fully diffeomorphism-invariant. The main features of our
action principles can be summarized as follows: (i) All the
fundamental variables involved in the actions are dynami-
cal. (ii) The trace-free Einstein equations arise from the
actions without the need to impose any unimodular con-
dition. Note that (i) and (ii) are themselves nontrivial
properties, which are in striking contrast to the current
paradigm that states that a formulation of the trace-free
Einstein equations must necessarily involve a unimodular
condition or a nondynamical field. (iii) The cosmological
constant emerges as an integration constant from the
geometric structure of the theory through the use of
the second Bianchi identity, in perfect agreement with
the theoretical framework of Einstein’s proposal [1-3].
(iv) In addition to trace-free Einstein gravity, the actions
involve a gravitational sector corresponding to Einstein’s
general relativity. There are no topological sectors in our
action principles. (v) The generalized action (14) allows the
inclusion of a free parameter, without modifying the
equations of motion of trace-free Einstein gravity (and
Einstein’s general relativity).

Apart from the action principles previously presented,
we report that, in the Lorentzian case (¢ = —1), the totally
diffeomorphism-invariant action principle S[A, B, ¢, u]
given by

S = /|:(B”—>)<B”) /\]:IJ

1
5 (eprixr + Prrxe)BY A BXE — pe %l e |,

(18)

also has two gravitational sectors: one leading to the trace-
free Einstein equations (11) and one leading to Einstein’s
equations for general relativity (12). Clearly, this action
principle also possesses the aforementioned properties.

The action principles obtained in this paper motivate
applications in a wide range of areas in physics. In the
context of loop-quantum gravity, since our action principles
correspond to a BF theory with constraints on the B field,
they serve as a very suitable starting point for the (path
integral) quantization of trace-free Einstein within the
program of spinfoam models [14]. In this context, the
Hamiltonian formulation of these action principles is crucial
for their canonical quantization, in particular to determine
whether the techniques of loop quantum gravity [12,13] can
be applied, where diffeomorphism invariance is fundamen-
tal. Furthermore, it would be important to investigate
whether the free parameter y, included in the action (14),
plays a relevant role at the quantum level. In the context of
cosmology, trace-free Einstein gravity gives the same
practical results as Einstein’s general relativity, with the
advantage that A is now an integration constant [4,5].

Another noteworthy aspect of our action principles is that
they allow for a variety of generalizations. First, notice that in
our analysis we have only considered nondegenerate sectors
(*B;; A BY #0). It would also be relevant to analyze
degenerate sectors, particularly in the quantum realm where
nontrivial effects could arise. Additionally, since trace-free
Einstein gravity in the metric formalism is not limited to any
specific spacetime dimension, it would also be very valuable
to extend our BF-type formulations to dimensions other than
four. This would open up the possibility of applying the
spinfoam quantization procedure to higher-dimensional
trace-free Einstein gravity. Among other possible general-
izations, a natural one is to extend our action principles to
include the couplings of matter fields to trace-free Einstein
gravity. In particular, it would be interesting to investigate the
role of the free parameter y involved in the action (14) when
matter fields are included. Lastly, notice that if nonvanishing
torsion is allowed within the theoretical framework, the
resulting theory will differ from trace-free Einstein gravity,
in the same sense that the Einstein-Cartan theory differs from
Einstein’s general relativity. In this regard, we also note that
the fully diffeomorphism-invariant action principle S[e, w] =
[ R*n, where n = ek’ A e! A €K A eb is the volume
form, yields both (gravitationally induced) nonvanishing
torsion and the trace-free Einstein equations in the first-order
formalism without involving any unimodular condition [24].

Finally, the action principles presented in this paper can
be modified to obtain only the equations of motion of trace-
free Einstein gravity, eliminating the general relativity
sector. This can be achieved by requiring that the 4-form
u in the action principles is nondynamical (which amounts
to fix the volume). In this case, only the equations of
motion of trace-free Einstein gravity arise but the tetrads
satisfy the unimodular condition. A detailed analysis of this
will appear elsewhere.
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