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We consider the explicit analytic behavior of photon escape cones in generic static spherically symmetric
spacetimes, emphasizing the interplay between the physical spacetime metric and the optical metric, and
the interplay between large-distance asymptotic and near-horizon physics. The circular photon orbits
(photon spheres) are shown to be given by wormhole throats in the optical metric, (not the physical metric),
and the escape cone solid angle is easily calculable in terms of the capture cross section σcapture, the area
of the spherical 2-surfaces, and the norm of the timelike Killing vector. Under appropriate circumstances,
for near-horizon photon emission the escape cone solid angle can be related to the surface gravity κH. We
provide a number of illustrative examples, involving both black holes and wormholes, including situations
with multiple photon spheres.
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I. INTRODUCTION

The study of escape cones for photons isotropically
emitted from various locations in spacetime has a long
history, dating back almost 60 years to early work by Synge
in the mid 1960s [1]. Synge was able to show that, for
photons emitted from some radius r� in the standard Hilbert
form of the Schwarzschild spacetime,1 only those emitted
within an escape cone, θ < θ�, close to the local vertical
could actually escape to spatial infinity.
Specifically, Synge showed the equivalent of [1]

sin θ� ¼
ffiffiffiffiffi
27

p m
r�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m
r�

s
; ð1:1Þ

whence

cos θ� ¼ −
�
1 −

3m
r�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

r�

s
: ð1:2Þ

If, instead of considering the opening angle of the escape
cone, one works with the solid angle subtended by the
escape cone then (see for instance [2])

ΔΩðr�Þ ¼
Z

θ�

0

sin θdθ
Z

2π

0

dϕ ¼ 2πð1 − cos θ�Þ: ð1:3Þ

Thence for Schwarzschild spacetime (see for instance [2])

ΔΩðr�Þ ¼ 2π

�
1þ

�
1 −

3m
r�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

r�

s �
: ð1:4Þ

See Figs. 1–4, the reason for preferring to work with solid
angle instead of opening angle is purely pragmatic: P� ¼
1
4πΔΩðr�Þ has the direct physical interpretation of being
the escape probability of an isotropically emitted photon.
Quantitatively understanding the escape probability P� is
of central importance when analyzing near-horizon energy
fluxes [3,4] and assessing the physical observability of
horizons [5].

FIG. 1. Qualitative escape cone for photons emitted at r�.
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Over the last 60 years considerable effort has been put
into the study of escape cones, in Schwarzschild, Kerr, and
various other phenomenologically inspired model space-
times. The complement of the escape cone is the capture
cone, ΔΩcapture ¼ 4π − ΔΩ�, which is intimately related to
the silhouette (often called the “shadow”) of the object in
question. See for instance the recent review articles [6,7],
the analyses in [8,9], and the recent observational results in
references [10,11]. Quite a lot can be said for generic static

spherically symmetric spacetimes—but herein we shall see
that there are still a few interesting nuggets of information
that can be extracted. Wherever possible, we emphasize
analytic insight over numerics.

II. THE PHYSICAL METRIC

Adopting (with only minor modifications) the notation
of reference [6], any static spherically symmetric spacetime
can (without loss of generality) be cast into the manifestly
static form,

ds2 ¼ −AðrÞdt2 þ BðrÞdr2 þDðrÞfdθ2 þ sin2 θdϕ2g:
ð2:1Þ

This has the advantage that one is not a priori enforcing
unnecessary co-ordinate choices. Now define

HðrÞ ¼ DðrÞ
AðrÞ : ð2:2Þ

(i) A brief calculation (see [6]) shows that the location
of the photon spheres rγ (circular photon orbits) are
defined by solutions of

rγ∶
dHðrÞ
dr

¼ 0: ð2:3Þ

(ii) In typical situations there will only be one (unstable)
photon sphere between the outermost horizon and
spatial infinity, or only one (unstable) photon sphere

FIG. 2. Synge’s sin θ� as a function of 2m=r�.

FIG. 3. Synge’s (implicit) cos θ� as a function of 2m=r�.

FIG. 4. Synge’s (implicit) escape probability P� ¼ ΔΩ�
4π as a

function of 2m=r�.
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between the two asymptotic regions of a traversable
wormhole, corresponding to a global minimum of
HðrÞ. We put aside for now the complications due to
possible multiple photon spheres.

(iii) A brief calculation (see Ref. [6]) shows that the
opening angle θ� of the escape cone (for light
emitted from r� and escaping out to spatial infinity)
is given by

sin θ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
HðrγÞ
Hðr�Þ

s
: ð2:4Þ

Thence,

cos θ� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

HðrγÞ
Hðr�Þ

s
: ð2:5Þ

Here the − sign is to be used for r� > rγ, [implying
θ� ∈ ðπ=2; πÞ], and theþ sign for r� < rγ, [implying
θ� ∈ ð0; π=2Þ]. For light emitted from the photon
sphere itself, r� ¼ rγ , we have θ� ¼ π=2, hence both
sin θ ¼ 1 and cos θ� ¼ 0. We can summarize the
general situation as

cos θ� ¼ −signðr� − rγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

HðrγÞ
Hðr�Þ

s
: ð2:6Þ

(iv) A brief calculation, (see the Introduction, and/or
Ref. [2]), now shows that the solid angle ΔΩ�
subtended by the escape cone (for light emitted
from r� and escaping to spatial infinity) is given (in
steradians) by

ΔΩ� ¼ 2π½1 − cos θ��

¼ 2π

"
1þ signðr� − rγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

HðrγÞ
Hðr�Þ

s #
: ð2:7Þ

As r� → rγ we seeΔΩ� → 2π; so exactly half of that
light will escape. For an emission point located
above the photon sphere more than half of the
emitted light escapes, while for an emission point
located below the photon sphere less than half of the
emitted light escapes.

III. OPTICAL METRIC

The so-called “optical metric” is defined (for static space-
times presented in manifestly static form) by taking [12]

½goptical�ab ¼
gab
jgttj

: ð3:1Þ

Specifically, in terms of the definitions of the previous
section,

ðds2Þoptical ¼ −dt2 þ BðrÞ
AðrÞ dr

2 þHðrÞdΩ2: ð3:2Þ

The optical metric is (by construction) conformal to the
physical metric—it is in fact ultrastatic [13] and has exactly
the same null curves (and null geodesics) as the physical
metric—though the affine parameters may (and in general
will) differ [14].
Let us now define the “optical area” of the constant-r

spherical surfaces by

AðrÞ ¼ 4πHðrÞ: ð3:3Þ

Then the global minimum ofHðrÞ is also a globalminimum
of the optical area AðrÞ, and hence we see that the photon
sphere corresponds to a wormhole throat in the optical
metric, (not the physical metric).2 Thence in terms of the
optical area,

ΔΩ� ¼ 2π

"
1þ signðr� − rγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

AðrγÞ
Aðr�Þ

s #
: ð3:4Þ

We shall soon interpret the optical area of the outermost
photon sphere AðrγÞ in terms of the capture cross section
for photons coming in from spatial infinity.

IV. LARGE-DISTANCE ASYMPTOTICS

Let us agree to use curvature coordinates for the physical
metric,

ds2 ¼ −AðrÞdt2 þ BðrÞdr2 þ r2fdθ2 þ sin2θdϕ2g: ð4:1Þ

Then, since at large distances we can safely assume
r� > rγ , we have

ΔΩ� ¼ 2π

"
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

r2γAðr�Þ
r2�AðrγÞ

s #
: ð4:2Þ

At large distances, assuming asymptotic flatness,
Aðr�Þ → 1þOð1=r�Þ, so we have

ΔΩ� ¼ 4π −
πr2γ

r2�AðrγÞ
þOð1=r3�Þ: ð4:3Þ

So almost everything escapes.

2And for multiple photons spheres, corresponding to multiple
extrema of the optical area, one would be dealing with multiple
extrema of the optical area—typically both optical wormhole
throats and optical wormhole antithroats.
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The capture cone is the complement of the escape cone,

ΔΩcapture ¼ 4π − ΔΩ� ¼
πr2γ

r2�AðrγÞ
þOð1=r3�Þ

¼ πHðrγÞ
r2�

þOð1=r3�Þ: ð4:4Þ

This has a simple physical interpretation: The apparent
cross section for photon capture, for photons coming in
from spatial infinity, is

σcapture ¼
πr2γ
AðrγÞ

¼ πHðrγÞ ¼
AðrγÞ
4

: ð4:5Þ

(Note that this is given in terms of the optical area of the
photon sphere, not the physical area of the horizon, so the
superficial resemblance to the Bekenstein entropy is an
illusion.) Then,

ΔΩcapture ¼
σcapture
r2�

þOð1=r3�Þ: ð4:6Þ

Note that this relates large-distance asymptotic behavior,
σcapture, to near-horizon physics in the form of the location
of the circular photon orbits rγ .
You can slightly refine this estimate for the escape cone

solid angle by using one additional term in the PPN
asymptotic flatness expansion. Write

Aðr�Þ ¼ 1 − 2m∞=r� þOð1=r2�Þ; ð4:7Þ

whence

ΔΩ� ¼ 4π −
πr2γð1 − 2m∞=r�Þ

r2�AðrγÞ
þOð1=r4�Þ: ð4:8Þ

That is,

ΔΩ� ¼ 4π −
σcaptureð1 − 2m∞=r�Þ

r2�
þOð1=r4�Þ: ð4:9Þ

In terms of the escape probability,

P� ¼ 1 −
σcapture
4πr2�

ð1 − 2m∞=r�Þ þOð1=r4�Þ: ð4:10Þ

This is a quite general result, valid for photon emission at
large distances. All of the near-horizon physics has been
hidden in the capture cross section σcapture. The relative
strength of the sub-leading Oð1=r3�Þ large-distance term is
controlled by the PPN expansion.

V. NEAR-HORIZON PHYSICS: NONEXTREMAL
HORIZONS

Since sufficiently near the horizon we can safely assume
r� < rγ , we have

ΔΩ� ¼ 2π

"
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

r2γAðr�Þ
r2�AðrγÞ

s #
: ð5:1Þ

At the horizon itself AðrHÞ ¼ 0, so sufficiently near the
horizon one has

Aðr�Þ ¼ A0ðrHÞ½r� − rH� þOð½r� − rH�2Þ: ð5:2Þ

Consequently,

ΔΩ� ¼
πr2γA0ðrHÞ½r� − rH�

r2HAðrγÞ
þOð½r� − rH�2Þ: ð5:3Þ

So for near-horizon emission the escape cone indeed
shrinks to zero, as expected.
Now A0ðrHÞ has a direct physical interpretation in terms

of the surface gravity κH. Let us, without loss of gene-
rality, set

AðrÞ ¼ exp½−2ΦðrÞ�f1 − 2mðrÞ=rg; and

BðrÞ ¼ 1

1 − 2mðrÞ=r : ð5:4Þ

[Forcing ΦðrÞ → 0 is an actual physical constraint on the
metric [15]; there are situations where this is appropriate,
[e.g.: Reissner–Nordström], but there are very many sit-
uations where this is not appropriate [16,17].]
Then a standard calculation (see for instance Ref. [18])

yields

κH ¼ exp½−ΦðrHÞ�½f1 − 2mðrÞ=rg0�H
¼ exp½þΦðrHÞ�A0ðrHÞ: ð5:5Þ

Thence for nonextremal black holes we have the generic
near-horizon result,

ΔΩ� ¼
πr2γ exp½−ΦðrHÞ�κH½r� − rH�

r2HAðrγÞ
þOð½r� − rH�2Þ:

ð5:6Þ

That is,

ΔΩ� ¼
σcapture
r2H

exp½−ΦðrHÞ�κH½r� − rH� þOð½r� − rH�2Þ:

ð5:7Þ

Furthermore in terms of the on-horizon energy density
ρðrHÞ we have [18]
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κH ¼ exp½−ΦðrHÞ�f1 − 8πρðrHÞr2Hg
2rH

: ð5:8Þ

Thence,

ΔΩ� ¼
σcapture exp½−2ΦðrHÞ�f1 − 8πρðrHÞr2Hg½r� − rH�

2r3H
þOð½r� − rH�2Þ: ð5:9Þ

That is,

ΔΩ� ¼
1

2

σcapture
r2H

exp½−2ΦðrHÞ�f1 − 8πρðrHÞr2Hg
½r� − rH�

rH

þOð½r� − rH�2Þ: ð5:10Þ

So overall, we can say quite a bit about the near-horizon
behavior of the escape cone, without having to be too
explicit about the precise form of the spacetime geometry.

VI. NEAR-HORIZON PHYSICS: EXTREMAL
HORIZONS

For extremal black holes one needs to go to at least one
higher order in the Taylor series expansion of AðrÞ,

Aðr�Þ ¼
1

2
A00ðrHÞ½r� − rH�2 þOð½r� − rH�3Þ: ð6:1Þ

Consequently,

ΔΩ� ¼
πr2γA00ðrHÞ½r� − rH�2

2r2HAðrγÞ
þOð½r� − rH�3Þ: ð6:2Þ

This can also be written as

ΔΩ� ¼
σcaptureA00ðrHÞ½r� − rH�2

2r2H
þOð½r� − rH�3Þ: ð6:3Þ

So for near-horizon emission from an extremal black hole
the escape cone shrinks to zero even more rapidly than for a
nonextremal black hole.
To get a physical interpretation for the quantity A00ðrHÞ

for extremal black holes it is convenient to write the metric
components in the form,

AðrÞ ¼ exp½−2ΦðrÞ�f1 − bðrÞ=rg2; and

BðrÞ ¼ 1

f1 − bðrÞ=rg2 : ð6:4Þ

There is then a double root/double pole in the metric
components, corresponding to an extremal horizon,
when bðrHÞ ¼ rH.

It is then easy to check that at the extremal horizon,

Gt
tðrHÞ ¼ Gr

rðrHÞ ¼ −
1

r2H
; and

Gθ
θðrHÞ ¼ Gϕ

ϕðrHÞ ¼ þ ½1 − b0ðrHÞ�2
r2H

: ð6:5Þ

Furthermore a brief calculation yields

A00ðrHÞ ¼
2e−2ΦðrHÞ½1 − b0ðrHÞ�2

r2H
¼ 2e−2ΦðrHÞGθ

θ: ð6:6Þ

Thence in terms of the on-horizon transverse pressure
ptðrHÞ we have

ΔΩ� ¼
σcapturee−2ΦðrHÞf8πptðrHÞg½r� − rH�2

r2H
þOð½r� − rH�3Þ: ð6:7Þ

Finally, in terms of the on-horizon energy density ρðrHÞ
we have

ΔΩ� ¼
σcapturee−2ΦðrHÞf8πρðrHÞg½1 − b0ðrHÞ�2½r� − rH�2

r2H
þOð½r� − rH�3Þ: ð6:8Þ

So again we see that quite a lot can be said, without having
to be too explicit about the precise form of the spacetime
geometry.

VII. EXAMPLES

Let us now illustrate the general formalism developed
above by considering some standard (and not so standard)
examples. To keep the discussion relatively concrete and
explicit we focus on black holes, wormholes, and “black
bounce” spacetimes. Similar comments could be made
concerning horizonless compact objects [19].

A. Black holes

Let us consider the Schwarzschild [20], Kottler [21], and
Reissner–Nordström [22,23] black holes.

1. Schwarzschild

For Schwarzschild spacetime,

AðrÞ ¼ 1 − 2m=r; DðrÞ ¼ r2; HðrÞ ¼ r2

1 − 2m=r
;

ð7:1Þ

rγ ¼ 3m; HðrγÞ ¼ 27m2; σcapture ¼ 27πm2: ð7:2Þ
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Note there is only one photon sphere between the horizon
and spatial infinity. Then,

sin θ� ¼
ffiffiffiffiffi
27

p m
r�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m
r�

s
;

cos θ� ¼ −
�
1 −

3m
r�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

r�

s
: ð7:3Þ

ΔΩ� ¼ 2π
�
1þ ð1 − 3m=r�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m=r�

p �
: ð7:4Þ

This reproduces the standard results, consistent with those
reported in [1,2]. (The explicit � in ΔΩ� cancels with the
implicit � coming from

ffiffiffiffiffi
x2

p
¼ �x.)

2. Kottler (Schwarzschild–de Sitter)

For the Schwarzschild–de Sitter (Kottler) spacetime [21],

AðrÞ ¼ 1 −
2m
r

−
Λr2

3
; DðrÞ ¼ r2;

HðrÞ ¼ r2

1 − 2m
r − Λr2

3

; ð7:5Þ

rγ ¼ 3m; HðrγÞ ¼
27m2

1− 9Λm2
; σcapture ¼

27πm2

1− 9Λm2
:

ð7:6Þ

Note for de Sitter space there is only one photon sphere
between the outermost black hole horizon and the cosmo-
logical horizon, or in the case of anti–de Sitter space, only
one photon sphere between the outermost black hole
horizon and spatial infinity. Then,

ΔΩ� ¼ 2π

2
4
1þ signðr� − 3mÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

27m2

r2�

1 − 2m
r�
− Λr2�

3

1 − 9Λm2

vuut
3
5
:

ð7:7Þ

This can be rearranged to finally yield

ΔΩ� ¼ 2π

�
1þ ð1 − 3m=r�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m=r�

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 9Λm2

p
�
: ð7:8Þ

So going from Schwarzschild to Kottler merely requires
strategically introducing the constant factor ð1 − 9Λm2Þ in
a few key places. Note that as r� approaches the black
hole horizon we have ΔΩ� → 0, whereas as r� → 3m we
have ΔΩ� → 2π.
For asymptotically de Sitter space (Λ > 0), as r�

approaches the cosmological horizon, (where in particular

1 − 2m
r�
− Λr2�

3
→ 0), we have ΔΩ� → 4π. In contrast for

asymptotically anti-de Sitter space (Λ < 0) there is no
cosmological horizon, and as r� → ∞ we have the perhaps
somewhat unexpected result,

ΔΩ� → 2π

�
1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 9jΛjm2
p �

< 4π: ð7:9Þ

3. Reissner-Nordström

General case: For the Reissner–Nordström spacetime
the general situation is

AðrÞ ¼ 1 −
2m
r

þQ2

r2
; DðrÞ ¼ r2;

HðrÞ ¼ r2

1 − 2m
r þ Q2

r2

; ð7:10Þ

rγ ¼
3m
2

"
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8Q2

9m2

s #
¼ 3m

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2

4
−Q2

r
≤ 3m:

ð7:11Þ

The outer horizon is located at

rH ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 −Q2

p
< rγ: ð7:12Þ

Note rγ > rH, and so there is only one photon sphere
between the horizon and spatial infinity.
Then the explicit formula forHðrγÞ is a bit of a mess, but

we can certainly say

ΔΩ� ¼ 2π

2
641þ signðr�− rγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−
�
rγ
r�

�
2 1− 2m

r�
þQ2

r2�

1− 2m
rγ
þQ2

r2γ

vuuut
3
75

¼ 2π

"
1þ signðr�− rγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−
�
rγ
r�

�
4 r2�−2mr� þQ2

r2γ −2mrγ þQ2

s #
:

ð7:13Þ

We can also write this as

ΔΩ� ¼ 2π

"
1þ signðr� − rγÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
σcapture
πr2�

��
1 −

2m
r�

þQ2

r2�

�s #
: ð7:14Þ

By inspection, as r� approaches the (outer) horizon
ΔΩ� → 0, and as r� approaches the photon sphere
ΔΩ� → 2π. At large distances we recover
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ΔΩ� ¼ 4π −
�
σcapture
r2�

��
1 −

2m
r�

�
þOð1=r4�Þ: ð7:15Þ

Near-horizon behavior: Near the outer horizon of a
Reissner-Nordström black hole we easily see

�
1 −

2m
r�

þQ2

r2�

�
¼ κH½r� − rH� þOð½r� − rH�2Þ: ð7:16Þ

Thence (as expected),

ΔΩ� ¼
σcapture
r2H

κH½r� − rH� þOð½r� − rH�2Þ: ð7:17Þ

Small charge: For small charge, (jQj ≪ m), we have

rγ ¼ 3m
�
1þ 2

9

Q2

m2
−

4

81

Q4

m4
þO

�
Q6

m6

��
; ð7:18Þ

and

HðrγÞ ¼ 27m2

�
1 −

1

3

Q2

m2
−

1

27

Q4

m4
þO

�
Q6

m6

��
: ð7:19Þ

Thence,

ΔΩ� ¼ 2π
�
1 − ð1 − 3m=r�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m=r�

p �
þ 9πðm2=r2�Þð1þm=r�Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 6m=r�
p Q2

m2

þ
πðm2=r2�Þ

	
1þ 7m

r�
− 9

4
m2

r2�
þ 27

4
m3

r3�



ð1þ 6m=r�Þ3=2

Q4

m4

þO
�
Q6

m6

�
: ð7:20Þ

Note that these results are the Schwarzschild results with
OðQ2=m2Þ modifications.
Extremal limit m ¼ jQj: For the extremal Reissner-

Nordström spacetime,

AðrÞ ¼
�
1 −

m
r

�
2

; DðrÞ ¼ r2;

HðrÞ ¼ r2	
1 − m

r



2
; rγ ¼ 2m: ð7:21Þ

Thence,

HðrγÞ ¼ 16m2; σcapture ¼ 16πm2; ð7:22Þ

and

sin θ� ¼ 4
m
r�

�
1 −

m
r�

�
;

cos θ� ¼ −
�
1 −

2m
r�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m

r�
−
4m2

r2�

s
: ð7:23Þ

Finally,

ΔΩ� ¼ 2π

"
1þ

�
1 −

2m
r�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m

r�
−
4m2

r2�

s #
: ð7:24Þ

At large distances, as expected, we find

ΔΩ� ¼ 4π −
16πm2

r2�

�
1 −

2m
r�

�
þOð1=r4�Þ: ð7:25Þ

Near the horizon (now at rH ¼ m) we have, as expected,

ΔΩ� ¼ 16π

�
r� −m
m

�
2

þOð½r −m�3Þ: ð7:26Þ

B. Traversable wormholes

Traversable wormholes have attracted considerable theo-
retical attention over the last 35 years [24–30], with even
a few observational tests [31–34]. Let us consider three
simple examples.

1. Canonical Morris-Thorne wormhole

The canonical Morris-Thorne wormhole is represented
by the line element [24],

ds2 ¼ −dt2 þ dl2 þ ða2 þ l2ÞdΩ2; l∈ ð−∞;þ∞Þ:
ð7:27Þ

For this metric,

HðlÞ ¼ a2 þ l2: ð7:28Þ

The location lγ of the photon sphere is then given by

dHðlÞ
dl

����
l¼lγ

¼ 0; ð7:29Þ

which gives

lγ ¼ 0: ð7:30Þ

That is, the unique photon sphere for this spacetime is
simply the wormhole throat itself. Note,
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HðlγÞ ¼ a2; σcapture ¼ πa2: ð7:31Þ

Then,

sin θ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
HðlγÞ
Hðl�Þ

s
¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ l2�
p ;

cos θ� ¼ −
jl�jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ l2�

p : ð7:32Þ

(The signs are chosen so that far from the wormhole
everything escapes into the same universe the emission
point is in.)
So we have the rather simple result,

ΔΩ� ¼ 2π

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

HðlγÞ
Hðl�Þ

s !
¼ 2π

�
1þ jl�jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ l2�
p �

:

ð7:33Þ

Far from the wormhole throat (in either universe)
ΔΩ� → 4π. As one approaches the wormhole throat (from
either direction) ΔΩ� → 2π, indicating that half of the
photons escape into each of the two asymptotic regions. For
large r� we note that since m∞ ¼ 0 one has

ΔΩ� ¼ 4π −
πa2

l2�
þOð1=l4�Þ: ð7:34Þ

2. Exponential wormhole

The exponential wormhole [30] is a particularly inter-
esting toy model because the two sides of the wormhole
throat are very grossly dissimilar. The line element is (in
isotropic coordinates)

ds2 ¼ −e−2m=rdt2 þ eþ2m=rfdr2 þ r2dΩ2g; r∈ ð0;∞Þ:
ð7:35Þ

The global minimum of r2eþ2m=r defines a wormhole
throat, located at r ¼ m. Note the “origin” r ¼ 0 is an
infinite proper distance from the throat:

R
m
0 eþm=rdr ¼ ∞.

Furthermore, the volume of the interior region 0 ≤ r ≤ m
is also infinite. Indeed: 4π

R
m
0 r2eþ3m=rdr ¼ ∞. However,

we emphasize that the region “below” the throat is both
qualitatively and quantitatively rather different from the
region “above” the throat [30]; the wormhole is very
definitely asymmetrical. We have

AðrÞ ¼ e−2m=r; BðrÞ ¼ eþ2m=r; DðrÞ ¼ r2eþ2m=r;

HðrÞ ¼ r2eþ4m=r: ð7:36Þ

The relevant optical metric is

ðds2Þoptical ¼ −dt2 þ eþ4m=rfdr2 þ r2dΩ2g; r∈ ð0;∞Þ:
ð7:37Þ

Then the circular photon orbits are defined by the extrema
of r2eþ4m=r, equivalently the extrema of reþ2m=r, and are
unique, being located at rγ ¼ 2m. Thence,

HðrγÞ ¼ 4m2e2; and σcapture ¼ 4πm2e2: ð7:38Þ

So for the escape cone for emission from r� into the region
r > 2m we have

sin θ� ¼
2m
r�

e1−2m=r� ;

cos θ� ¼ −signðr� − 2mÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2

r2�
e2ð1−2m=r�Þ

s
: ð7:39Þ

Finally,

ΔΩ� ¼ 2π

"
1þ signðr� − 2mÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2

r2�
e2ð1−2m=r�Þ

s #
:

ð7:40Þ

For emission from r� ≫ m we have

ΔΩ� ¼ 4π −
4πm2e2

r2�

�
1 −

4m
r�

�
þOð1=r4�Þ: ð7:41Þ

Because the throat at r ¼ m is displaced from the photon
sphere at rγ ¼ 2m, photon emission from an isotropic
source placed at the physical wormhole throat into the
“outside” will be asymmetrical. Specifically,

½ΔΩ��throat ¼ 2π

�
1−

ffiffiffiffiffiffiffiffiffiffiffiffi
1−

4

e2

r �
≈ 2π × ð0.3227564196…Þ:

ð7:42Þ

For emission from r ≪ m, deep in the “interior” of the
wormhole, we have the exponentially narrow escape cone,

ΔΩ� ¼
4πm2e2

r2�
e−4m=r� þOðe−8m=r�=r4�Þ: ð7:43Þ

3. Generic Morris-Thorne wormhole: Single photon
sphere

The generic Morris-Thorne wormhole in proper distance
coordinates is represented by the line element [25],

ds2 ¼ −e−2ΦðlÞdt2 þ dl2 þ rðlÞ2dΩ2; l∈ ð−∞;þ∞Þ:
ð7:44Þ
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One sometimes sees this generic wormhole represented in
curvature coordinates, which are a little trickier because
one has to patch two coordinate charts together [24],

ds2 ¼ −e−2ΦðrÞdt2 þ dr2

1 − bðrÞ=rþ r2dΩ2;

r∈ ða;þ∞Þ; bðaÞ ¼ a: ð7:45Þ

So let us agree to work in proper distance coordinates. For
the metric (7.44) we find

HðlÞ ¼ e2ΦðlÞrðlÞ2: ð7:46Þ

Since by construction the wormhole is assumed to have
no horizons, and in the two asymptotic regions HðlÞ≈
l2 þOð1Þ, there will be a global minimum of HðlÞ. But
there may be many extrema. For now let us assume that the
photon sphere is unique. Then,

dHðlÞ
dl

����
l¼lγ

¼ 0; ð7:47Þ

has the implicit solution,

Φ0ðlγÞ þ
r0ðlγÞ
rðlγÞ

¼ 0: ð7:48Þ

In contrast the wormhole throat is located at the minimum
of rðlÞ. That is, the photon sphere for this generic worm-
hole spacetime need not be in the same location as the
wormhole throat.3

For the escape cone opening angle, for emission from l�
into the asymptotic region l ≫ lγ , we have

sin θ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
HðlγÞ
Hðl�Þ

s
¼ rðlγÞ

rðl�Þ
exp½Φðl�Þ −ΦðlγÞ�: ð7:49Þ

Thence,

cosθ� ¼−signðl�−lγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

HðlγÞ
Hðl�Þ

s

¼−signðl�−lγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

rðlγÞ2
rðl�Þ2

exp½2Φðl�Þ−2ΦðlγÞ�
s

:

ð7:50Þ

So for the escape cone solid angle we have

ΔΩ� ¼ 2π

�
1þ signðl� − lγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

HðlγÞ
Hðl�Þ

s �

¼ 2π

"
1þ signðl� − lγÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

rðlγÞ2
rðl�Þ2

exp½2Φðl�Þ − 2ΦðlγÞ�
s #

: ð7:51Þ

For emission at large distances above the photon orbit
ΔΩ� → 4π, while on the photon orbit itself ΔΩ� → 2π. To
say anything more specific one would need to choose a
particular model for both rðlÞ and ΦðlÞ.

4. Multiple photon spheres

If one is dealing with multiple photon spheres, then extra
caution is called for. In the words of Ref. [6]: “If there are
several photon spheres, [and one is considering silhou-
ettes], one has to specify where precisely one assumes [the
background] light sources to be situated.”
Likewise, if there are several photon spheres, [and one is

considering escape cones to spatial infinity], one has to
specify where precisely one assumes the emission point to
be situated relative to these multiple photon spheres. This
point is important when considering truly generic multi-
photon-sphere versions of the Morris-Thorne wormholes,
and will also show up below when we consider a specific
subcase of the “black bounce” spacetimes.
If one is dealing with multiple photon spheres, then one

can construct multiple “naive escape cones”, one for each
photon sphere—these “naive escape cones” would be
defined by those null curves that asymptote to the relevant
photon sphere. The true escape cone would then be defined
by the intersection of these “naive escape cones”. That is,
the true escape cone would then be defined by the smallest
of these “naive escape cones”, corresponding to the
smallest value of HðrγÞ.

(i) If the emission point r� lies below at most one of the
photon spheres then this is simple—the physics of
escape is controlled by looking for the outermost
photon sphere (either above or below r�), which in
view of the assumed asymptotic flatness of the
spacetime, must be a local minimum of HðrÞ, and
so correspond to an unstable photon sphere. So the
usual calculation applies.

(ii) If the emission point r� lies below two or more of the
photon spheres, then the discussion becomes more
complex—not all of the photon spheres can be
unstable. Indeed, at least one of the photon spheres
must be at a local maximum of HðrÞ and so
correspond to a stable photon orbit. The dichotomy
between escape and capture then becomes a tri-
chotomy, between escape (to spatial infinity), cap-
ture (by the black hole or the universe on the other

3We have already seen this happen for the exponential
wormhole.
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side of the wormhole), and localized trapping by the
stable photon sphere.

In general this is all that can be said without specifying
a more explicit model—fortunately an explicit tractable
example of this behavior will show up below when we
consider a specific subcase of the “black bounce”
spacetimes.

C. Black bounce spacetimes

The black bounce spacetimes have a tuneable parameter
a that allows one (among other things) to interpolate
between black holes and wormholes. The simplest canoni-
cal example is [35]

ds2 ¼ −
�
1 −

2mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
�
dt2 þ dr2

1 − 2mffiffiffiffiffiffiffiffiffi
r2þa2

p

þ ðr2 þ a2Þ	dθ2 þ sin2 θdϕ2


; ð7:52Þ

with r∈ ð−∞;þ∞Þ and a ≥ 0. (Note that very many other
variations on this theme are possible [36–38].) If a < 2m
then this geometry describes a regular black hole, with
horizons at r�H ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2mÞ2 − a2

p
. If a > 2m this geometry

describes a traversable wormhole with throat at r ¼ 0.
In terms of the notation developed above

AðrÞ ¼ 1 −
2mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p ; BðrÞ ¼ 1

1 − 2mffiffiffiffiffiffiffiffiffi
r2þa2

p ;

DðrÞ ¼ r2 þ a2; ð7:53Þ

and so,

HðrÞ ¼ r2 þ a2

1 − 2mffiffiffiffiffiffiffiffiffi
r2þa2

p : ð7:54Þ

The relevant optical metric is

ðds2Þoptical ¼ −dt2 þ dr2�
1 − 2mffiffiffiffiffiffiffiffiffi

r2þa2
p



2

þ
 

r2 þ a2

1 − 2mffiffiffiffiffiffiffiffiffi
r2þa2

p

!	
dθ2 þ sin2θdϕ2



; ð7:55Þ

(i) For black holes (a < 2m) there are two photon
spheres at rγ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

p
. For both of these

photon spheres,

Hðr�γ Þ ¼ 27m2; ða < 2mÞ; ð7:56Þ

which is just the result for Schwarzschild.
Furthermore,

H00ðr�γ Þ ¼ 18− 2ða2=m2Þ > 10 > 0; ða < 2mÞ;
ð7:57Þ

so as expected these are both local minima corre-
sponding to unstable photon spheres. While for-
mally H0ðrÞ ¼ 0 has a third root at r ¼ 0 this now
occurs in a region where the r coordinate is timelike,
so this root does not correspond to a photon sphere.

(ii) For wormholes with the parameter a in the range
a ≥ 3m there is only one photon sphere, located at
the wormhole throat r0γ ¼ 0. We then have

Hðr0γÞ ¼
a3

a − 2m
¼ a2

1 − 2m=a
; ða ≥ 3mÞ:

ð7:58Þ

Furthermore,

H00ðr0γÞ ¼
2aða − 3mÞ
ða − 2mÞ2 > 0; ða ≥ 3mÞ: ð7:59Þ

So the photon sphere at r0γ ¼ 0 is unstable. It is this
specific case that is qualitatively most similar to the
canonical Morris-Thorne wormhole (which would
correspond to the limit m → 0).

(iii) For wormholes with the parameter a in the range
a∈ ð2m; 3mÞ there are three photon spheres, two
at rγ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

p
, and one at the wormhole

throat r0γ ¼ 0.
In this parameter regime we still have

Hðr�γ Þ ¼ 27m2; H00ðr�γ Þ ¼ 18− 2ða2=m2Þ > 0;

ð2m < a < 3mÞ; ð7:60Þ

but now,

Hðr0γÞ ¼
a2

1 − 2m=a
≥ 27m3;

H00ðr0γÞ ¼
2aða − 3mÞ
ða − 2mÞ2 < 0; ð2m < a < 3mÞ:

ð7:61Þ
So in this parameter regime the two photon spheres
at r�γ are unstable, while the third photon sphere at
the wormhole throat is stable.

To analyze the escape cones it is best to consider these three
cases separately.

1. Black bounce regular black hole

In the black hole situation, 2m > a, one might as well
restrict attention to one asymptotic region r ≥ rH ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2mÞ2 − a2

p
and its unique corresponding photon sphere
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rγ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

p
. Then, for isotropic photon emission

from r� ≥ rH, the escape cone is

sin θ� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27m2

�
1 − 2mffiffiffiffiffiffiffiffiffi

r2�þa2
p



r2� þ a2

vuut
: ð7:62Þ

After a little bit of work,

cos θ� ¼ −
�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
: ð7:63Þ

(It is easy to see that this has the appropriate Schwarzschild
limit as a → 0.)
Then for the escape cone solid angle,

ΔΩ� ¼ 2π

"
1þ

�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s #
:

ð7:64Þ

At large distances r� ≫ m we find

ΔΩ� ¼ 4π −
27πm2

r2�
ð1 − 2m=r�Þ þOð1=r4Þ: ð7:65Þ

This is (asymptotically) the same as the Schwarzschild
result, as the a dependence first shows up at the next higher
order Oða2m2=r4�Þ.
The near-horizon limit is most transparently given in

terms of rH as

ΔΩ� ¼
27πrH
16m2

ðr� − rHÞ þOð½r� − rH�2Þ: ð7:66Þ

All of this agrees with our general analysis.

2. Black bounce wormhole: Single photon sphere

For a ≥ 3m there is only a single photon sphere, located
at the wormhole throat r ¼ 0. Thence applying out general
framework,

sin θ� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
�
1 − 2mffiffiffiffiffiffiffiffiffi

r2�þa2
p



ð1 − 2m=aÞðr2� þ a2Þ

vuut

¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2mffiffiffiffiffiffiffiffiffi

r2�þa2
p

1 − 2m=a

vuut
: ð7:67Þ

Thence,

cos θ� ¼ −signðr�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

a2

r2� þ a2

1 − 2mffiffiffiffiffiffiffiffiffi
r2�þa2

p
1 − 2m=a

vuut
: ð7:68Þ

Then for the escape cone solid angle (for emission from r�
into the r > 0 asymptotic region) we see

ΔΩ� ¼ 2π

2
4
1þ signðr�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

a2

r2� þ a2

1 − 2mffiffiffiffiffiffiffiffiffi
r2�þa2

p
1 − 2m=a

vuut
3
5
:

ð7:69Þ

For the complementary capture cone solid angle (for
emission from r� into the r < 0 asymptotic region) we see

ðΔΩ�Þcapture ¼ 2π

2
4
1− signðr�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

a2

r2� þ a2

1− 2mffiffiffiffiffiffiffiffiffi
r2�þa2

p
1− 2m=a

vuut
3
5
:

ð7:70Þ

For an isotropic source at asymptotically large r� ≫ 2m
we have

ΔΩ� ¼ 4π −
πa2

r2�ð1− 2m=aÞ
�
1−

2m
r�

�
þOð1=r4�Þ: ð7:71Þ

For an isotropic source at the wormhole throat r� ¼ 0 we
have ΔΩ� ¼ 2π. (This half-half division of the emitted
photons is exactly what we expect based on the þr ↔ −r
symmetry in the line element.)
For an isotropic source at asymptotically large negative

r� ¼ −jr�j ≪ −2m, (that is, far away on the other side of
the wormhole throat), and for the case of emission into the
positive r asymptotic region, we have

ΔΩ� ¼ þ πa2

r2�ð1 − 2m=aÞ
�
1 −

2m
jr�j
�
:þOð1=r4�Þ: ð7:72Þ

This is again what we expect based on the explicit þr ↔
−r symmetry in the line element; emitted photons will
eventually arrive at either one or the other asymptotic
regions.

3. Black bounce wormhole: Triple photon sphere

When a∈ ð2m; 3mÞ there are now three photon spheres,
located at r�γ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

p
and r0γ ¼ 0 respectively,

and a correspondingly more complex set of questions one
can in principle ask about escape cones.
Sources on our side of the wormhole throat: Let us

first focus on sources and observers in “our” asymptotic
region (r� > 0 and r ≫ 0). That is, we allow r� ∈ ð0;þ∞Þ,
focus on the effect of the single photon sphere rþγ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

p
, and consider emission into the region
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r ≫ 0. Then for isotropic photon emission from r� > 0 the
escape cone is formally the same as for the black hole case,
though now one has a∈ ð2m; 3mÞ,

sin θ� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27m2

�
1 − 2mffiffiffiffiffiffiffiffiffi

r2�þa2
p



r2� þ a2

vuut
: ð7:73Þ

After a little bit of work,

cos θ� ¼ −sign
�
r� −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

q 
����1 − 3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p ����
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
: ð7:74Þ

Thence for r� > 0 but otherwise unconstrained

cos θ� ¼ −
�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
: ð7:75Þ

(It is easy to see that this has the appropriate Schwarzschild
limit as a → 0.)
Then for r� > 0 the escape cone solid angle is

ΔΩ� ¼ 2π

"
1þ

�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s #
:

ð7:76Þ

At large distances r� ≫ m we find

ΔΩ� ¼ 4π −
27πm2

r2�
ð1 − 2m=r�Þ þOð1=r4�Þ: ð7:77Þ

This is again (asymptotically) the Schwarzschild result, as
the a dependence first shows up at the next higher order
Oða2m2=r4�Þ. There is no near-horizon limit since there are
no horizons. On the other hand as r� → rþγ we do have
ΔΩ� → 2π, as expected.
For emission from a point infinitesimally above the

wormhole throat, but still in “our” Universe, (so r� ¼ 0þ),
we have

ðsin θ�Þthroat ¼
ffiffiffiffiffi
27

p m
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m
a

r
: ð7:78Þ

ðcos θ�Þthroat ¼ −
�
1 −

3m
a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

a

r
: ð7:79Þ

ðΔΩ�Þthroat ¼ 2π

"
1þ

�
1 −

3m
a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

a

r #
: ð7:80Þ

Since a∈ ð2m; 3mÞ and in particular a < 3m this is better
written as

ðΔΩ�Þthroat ¼ 2π

"
1 −

�
3m
a

− 1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

a

r #
< 2π: ð7:81Þ

As a → 3m, (so that the throat merges with the outer photon
sphere), we see ðΔΩ�Þthroat → 2π. As a → 2m, (so that the
geometry develops a horizon), we see ðΔΩ�Þthroat → 0.
For 4π isotropic emission from thewormhole throat itself

we expect half the photons to initially move to r > 0 and
half to r < 0. But we have just seen that for escape to
positive infinity ðΔΩ�Þthroat < 2π, and by symmetry there
will be an equal escape cone to negative infinity. Thence
there must be a certain fraction of the photons that neither
make it out to positive infinity nor negative infinity—
ultimately being trapped by the presence of the stable
photon sphere. Indeed,

ðΔΩ�Þtrappingthroat ¼ 4π − 2ðΔΩ�Þthroat

¼ 4π

�
3m
a

− 1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6m

a

r
: ð7:82Þ

This quantity is positive and less than 4π over the entire
range a∈ ð2m; 3mÞ. It tends to zero as a → 3m and tends to
unity as a → 2m. We shall soon see this trapping behavior
generalize for emission from anywhere in the region
between the two unstable photon spheres.
Sources between the unstable photon spheres: We have

already dealt with the case 0 < r� < rþγ . Let us now
consider emission from the region r−γ < r� < 0 into the
region r ≫ rþγ . Any such photon would have to cross two
photon spheres, the stable photon sphere at the wormhole
throat and the unstable photon sphere at rþγ . But in this
situation,

minfHðrγÞg ¼ minfHðr0γÞ; Hðr−γ Þg

¼ min

�
a2

1 − 2m=a
; 27m2

�
¼ 27m2: ð7:83Þ

Thence it is the photon sphere at rþγ that is determinative in
controlling escape to r ≫ rþγ , and the usual calculation for
r� > 0 still applies,

ΔΩ� ¼ 2π

"
1þ

�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s #
:

ð7:84Þ

In counterpoint for emission from the region r−γ < r� < 0

into the region r ≪ r−γ , symmetry implies that this must be
equivalent to emission from jr�j into the region r ≫ rþγ so
we again have
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ΔΩ� ¼ 2π

"
1þ

�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s #
:

ð7:85Þ

But since the escape cones into the two asymptotic regions
does not add up to 4π steradians, this implies that some
fraction of photons must remain trapped between the two
unstable photon spheres. Specifically,

ðΔΩ�Þtrapping ¼ 4π − 2ΔΩ�; ð7:86Þ

and so

ðΔΩ�Þtrapping ¼ 4π

�
3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p − 1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
:

ð7:87Þ

Note that as jr�j → jr�γ j we have ðΔΩ�Þtrapping → 0, while
as r� → 0 we recover our previous result ðΔΩ�Þtrapping →
ðΔΩ�Þtrappingthroat .
Another way of analyzing the situation is to note that if

jr�j < jr�γ j, so that you are between the unstable photon
spheres, then the trapped region is defined by considering
the photon trajectories satisfying

sin θ > sin θ� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27m2

�
1 − 2mffiffiffiffiffiffiffiffiffi

r2�þa2
p



r2� þ a2

vuut
; ð7:88Þ

and

− cos θ� < cos θ < cos θ� ð7:89Þ

with

cos θ� ¼ −
�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
; ð7:90Þ

which in the range of interest can be more usefully written as

cos θ� ¼
�

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p − 1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
: ð7:91Þ

This corresponds to selecting the union of those up-going
null geodesics that do not quite make it to rþγ and those
down-going null geodesics that do not quite make it to r−γ .
The trapping cone solid angle is then

ðΔΩ�Þtrapping ¼ 2π½cos θ� − ð− cos θ�Þ� ¼ 4π cos θ�;

ð7:92Þ

and so we have the same result,

ðΔΩ�Þtrapping ¼ 4π

�
3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p − 1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s
:

ð7:93Þ

Emission from the other universe: For photon emission
from the other side of the wormhole (r� < r−γ ¼
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3mÞ2 − a2

p
), and considering emission to our asymp-

totic region r ≫ rþγ the photon would need to cross all three
photon spheres. But we note that the minimum value of
HðrγÞ, governing the narrowest escape cone, is

minfHðrγÞg ¼ minfHðrþγ Þ; Hðr0γÞ; Hðr−γ Þg

¼ min

�
27m2;

a2

1 − 2m=a
; 27m2

�
¼ 27m2:

ð7:94Þ

So for the escape cone we can then again say

ΔΩ� ¼ 2π

"
1 −

�
1 −

3mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2� þ a2
p

s #
:

ð7:95Þ

This boils down to saying that for photons coming in from
the region exterior to that between the two unstable photon
spheres we can safely neglect the region between the two
unstable photon spheres.
Then for large negative r� ≪ r−γ we have

ΔΩ� ¼
27πm2

r2�

�
1 −

2m
jr�j
�
þOð1=r4�Þ: ð7:96Þ

which completes the calculation.
Summary: Note that it was the symmetry between the

locations and optical areas of the two unstable photon
spheres that allowed us to keep this explicit calculation
relatively tractable. Note further that the only null geo-
desics that become trapped between the unstable photon
spheres are a subset of those that actually originate in that
region.

VIII. CONCLUSIONS

What have we learnt from this discussion? Quite gen-
erally we have seen that in the presence of a single unstable
photon sphere the escape cone solid angle for photons
isotropically emitted from r� is quite generally given by

ΔΩ� ¼ 2π

"
1þ signðr� − rγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

HðrγÞ
Hðr�Þ

s #
; ð8:1Þ
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and in terms of the optical area,

ΔΩ� ¼ 2π

"
1þ signðr� − rγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

AðrγÞ
Aðr�Þ

s #
: ð8:2Þ

For photons emitted at large distances from the central
body we have the universal result,

ΔΩ� ¼ 4π −
σcapture
r2�

ð1 − 2m∞=r�Þ þOð1=r4�Þ; ð8:3Þ

where the capture cross section is

σcapture ¼ πHðrγÞ ¼
AðrγÞ
4

: ð8:4Þ

In contrast for near-horizon emission,

ΔΩ� ¼
σcapture
r2H

exp½−ΦðrHÞ�κH½r� − rH� þOð½r� − rH�2Þ;

ð8:5Þ

which explicitly depends on the surface gravity.
If one prefers to work with escape probabilities then

P� ¼ 1 −
σcapture
4πr2�

ð1 − 2m∞=r�Þ þOð1=r4�Þ; ð8:6Þ

and

P� ¼
σcapture
4πr2H

exp½−ΦðrHÞ�κH½r� − rH� þOð½r� − rH�2Þ:

ð8:7Þ

These results are general purpose tools whose only real
restriction is the assumption of static spherical symmetry
and the presence of a single photon sphere. For multiple
photon spheres we have provided some general guidance
and have worked out one example (the black bounce
spacetime) in some detail. There are potentially many
other examples that could be worked out in detail.
Of course the restriction to static spherical symmetry is

exactly what allowed us to avoid resorting to numerics
and to keep good analytic control over the situation. In
the long run one would really wish to address Kerr and
Kerr-like spacetimes [39–44]. Doing so is much trickier,
see Refs. [6–9] and [45–49]. Current efforts rather quickly
resort to numerics.
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