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Ultralight dark matter (ULDM) halos constituted by ultralight axions (ULAs) generate gravitational
potentials that oscillate in time. In this paper, I show these potentials interact with gravitational waves,
resonantly amplifying them. For all ULA masses considered, the resonance in the solar region is currently
negligible, while in a denser dark matter environment, which may arise in different scenarios, it might
become significant. The frequency of the amplified gravitational wave is equal to the ULA mass in the case
of the first resonance band, which represents the most efficient scenario.
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I. INTRODUCTION

The nature of dark matter represents one of the most
intriguing open questions in cosmology and astrophysics.
Although abundant evidence points to its existence, a
detection was never made, leading to a wide range of
possibilities with regard to its fundamental character [1–3].
Cold dark matter (CDM) is currently used in the standard
cosmological model (ΛCDM), which is very successful in
describing the Universe on large scales. However, on
subgalactic scales there still remain incompatibilities
between the CDM description and the observed data, as
CDM predicts more structure on small scales than what we
observe [4]. An interesting solution to this problem comes
from ultralight dark matter (ULDM), namely ultralight
axions (ULAs) of mass 10−22 eV as a dark matter candidate
[5–7]. Apart from that, different ULA masses can be
obtained in the scope of string theory [8] and might
constitute the totality or a fraction of dark matter in the
cases where m≳ 10−27 [9,10].
On the other hand, gravitational waves have been

providing us with unprecedented tools to test our
Universe and it is natural to ask how they can shed light
into the dark matter problem. A number of different dark
matter candidates have already been investigated by using
gravitational wave physics [11–14], including ULDM
[15–18].
In this work, I focus on a peculiar property of ULDM

halos constituted by ULAs—the time oscillation of the

generated gravitational potentials—to show its relation
with gravitational wave resonance in the halo. The mecha-
nism corresponds to narrow band parametric resonance,
enhancing gravitational waves of frequencies equal to the
ULA masses.
The paper is organized as follows: Sec. II presents the

description of the ULDM halo, resulting in the expressions
for the gravitational potentials. Section III introduces the
main ideas regarding the mechanism of parametric reso-
nance and its Floquet analysis. Section IV applies para-
metric resonance to the context of a gravitational wave in a
ULDM halo. Finally, a summary of the results is presented
in Sec. V. Natural units with Mp ¼ 1 are used throughout
the text, except when explicitly said otherwise.

II. DESCRIPTION OF THE ULDM HALO

In this section, I present the mathematical description of
the ULDM halo, which leads to the expressions for the
oscillating gravitational potentials. As shown in Sec. IV,
this feature is of major importance for the occurrence of
resonance.
We start from an almost Minkowski space-time given by

ds2 ¼ −ð1þ 2UÞdt2 þ ð1 − 2ŪÞðdx2 þ dy2 þ dz2Þ; ð1Þ

as the expansion of the Universe is negligible on the scales
considered. The quantities U and Ū are the gravitational
potentials generated by the ULDM halo, which are treated
perturbatively. This assumption holds even inside the halo,
where the condition U; Ū ≪ 1 is still satisfied.
The ULDM is represented by an ULA field

ϕðtÞ ¼ ϕ0 cos ðmtÞ; ð2Þ
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where the spatial dependence of the amplitude ϕ0 was
neglected at leading order [15,19]. The oscillating fre-
quency corresponds to the particle’s energy, which can be
approximated by the particle’s massm in the nonrelativistic
limit. The corresponding energy-momentum tensor is

Tμν ¼ diagðρ; p; p; pÞ; ð3Þ

where

ρ ¼ 1

2
m2ϕ2

0; ð4Þ

p ¼ −ρ cos ð2mtÞ: ð5Þ

The oscillating pressure leads to an oscillating contribution
to the gravitational potentials U and Ū, in such a way that
we can write

T ¼ T0 þ δT; ð6Þ

U ¼ U0 þ δU; ð7Þ

Ū ¼ Ū0 þ δŪ; ð8Þ

R ¼ R0 þ δR; ð9Þ

where T is the trace of the energy-momentum tensor, X0

terms are time independent and δX terms oscillate in time.
Both U and Ū depend on space and time, where the spatial
dependence is restricted to U0 and Ū0. R is the Ricci scalar
associated to (1), which reads

R ¼ −6 ̈Ū þ 2∇2ð2Ū −UÞ; ð10Þ

where dot denotes derivative with respect to t.
Now let us explore Einstein’s equations,

Rμν −
1

2
Rgμν ¼ Tμν; ð11Þ

where Rμν is the Ricci tensor, in order to relate some of
these quantities. First, from the traceless part of the ij
component we obtain

Ū0 ¼ U0: ð12Þ

Second, from the trace of the Einstein’s equations, we have
−R ¼ T, which allows us to identify

R0 ¼ ρ: ð13Þ

On the other hand, from (10) we have the time-independent
part of the Ricci scalar R0 as a function of the gravitational
potentials

R0 ¼ 2∇2U0; ð14Þ

leading to the following Poisson equation:

2∇2U0 ¼ ρ: ð15Þ

We can estimate the magnitude of U0 by switching to
Fourier space,

U0 ∝
ρ

k2a
; ð16Þ

where ka is the wave number related to the ULA. Its value
can be estimated from k2a=m2 ¼ v2, where v ≃ 10−3 is a
typical velocity in our Galaxy.
The expression for the oscillating part δŪ is obtained

from (10) by assuming δ̈Ū ≫ ∇2δŪ and δ̈Ū ≫ ∇2δU,1

which allows us to write [19]

δT ¼ 6δ̈Ū: ð17Þ

By solving this equation we obtain

δŪ ¼ ρ

8m2
cos ð2mtÞ: ð18Þ

In order to find δU, we follow [16] and perform a change
of frames, which retains the dependence on spatial deriv-
atives of δU in the ij component of Einstein’s equations.
Then we switch back to the halo frame by setting the
relative velocity between the frames to zero, which leads to

δU ¼ −δŪ: ð19Þ

III. PARAMETRIC RESONANCE

Let us now introduce the parametric resonance mecha-
nism in order to present the main ideas explored in the
gravitational wave amplification in Sec. IV.
Parametric resonance is a classical phenomenon that an

oscillator experiences when it receives a periodically
varying contribution to its mass. The result is an expo-
nential amplification of the oscillator’s amplitude if its
frequency is within the so-called resonance bands, which
depend on the frequency by which the mass varies.
As an example, let us consider a generic oscillator xðtÞ

governed by the following equation of motion:

ẍþ Ax − 2q cos ð2tÞx ¼ 0; ð20Þ

where A and q are parameters determined by details of the
dynamics of xðtÞ and dot denotes the derivative with respect

1This assumption is consistent with (2), where the spatial
dependence of ϕ0 was neglected [15].
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to t. This type of equation is known as a Mathieu equation
and can be investigated by means of the Floquet instability
theory, which can be used to estimate the oscillator’s
amplification. The exponential growth is quantified by
means of the so-called Floquet exponent μ, which appears
in the solution as

xðtÞ ∝ exp ðμtÞ: ð21Þ

It can be computed by using the fundamental matrix, i.e. a
matrix representing the independent solutions [20]. The
eigenvalues σ� of this matrix at t0 þ T, where t0 is the
initial time and T is the period of the oscillating function in
(20), are related to the Floquet exponent μ via

R½μ�� ¼ 1

T
ln jσ�j; ð22Þ

where the superscript � represents the growing and
decaying solutions to (20). When R½μ�� > 0, xðtÞ is
exponentially amplified, as seen from (21). By following
this procedure, we find the values of A that correspond to
the resonance bands and the dependence of μ on q, which is
given by

μ ∝
�
q if A ⊂ ð1 − q; 1þ qÞ
q2 if A ⊂ ð4 − q2; 4þ q2Þ: ð23Þ

If q, i.e. the periodically varying contribution to the mass
term, is small compared to A, the parametric resonance is
said to happen in a narrow band. As we will see in Sec. IV,
this is exactly the case of the gravitational wave resonance
in the ULDM halo and, therefore, the first resonance band,
i.e. A ⊂ ð1 − q; 1þ qÞ, is the most efficient when it comes
to the amplification factor.

IV. GRAVITATIONAL WAVE RESONANCE
IN THE ULDM HALO

Let us now consider a gravitational wave around the
space-time (1), which can be written as

hμν ¼ hϵμν; ð24Þ

where h is the amplitude and ϵμν is the polarization tensor.
Since the latter is parallel transported along the geodesics,
we can neglect its change due to the presence of the
gravitational potentials U and Ū and write the equation of
motion for the scalar amplitude h [21,22]:

∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νhÞ ¼ 0; ð25Þ

which leads to

ḧ − ð1þ 2U þ 2ŪÞ∇2h − U̇ ḣ−3 ˙̄U ḣþ
þ ∂ih∂iŪ − ∂ih∂iU ¼ 0 ð26Þ

up to linear order in U and Ū. By substituting (18) and (19)
in (26), we find, in Fourier space,

̈h̄k þ k2h̄k − 4

Z
d3x⃗ exp ð−ik⃗ · x⃗ÞU0∇2h̄þ

−
1

2
ρ cos ð2mtÞh̄k ¼ 0; ð27Þ

where h̄≡ exp ðδUÞh. This field redefinition was per-
formed in order to kill the friction terms present in (26).
Defining τ≡mt, we obtain

h̄00k þ
k2

m2
h̄k −

4

m2

Z
d3x exp ð−ik⃗ · x⃗ÞU0∇2h̄þ

−
1

2

ρ

m2
cos ð2τÞh̄k ¼ 0; ð28Þ

where prime denotes derivative with respect to τ. The
remaining convolution is not trivial to perform, but
it can be neglected if compared to the other kinetic term
in the equation of motion. Because it is proportional to
ðρ=k2aÞðk2=m2Þh̄k, it is very small compared to ðk2=m2Þh̄k,
as ρ=k2a ≪ 1. For this reason, we approximate

Ah̄k ≡ k2

m2
h̄k −

4

m2

Z
d3x exp ð−ik⃗ · x⃗ÞU0∇2h̄

≃
k2

m2
h̄k; ð29Þ

which leads to

h̄00k þ Ah̄k − 2q cos ð2τÞh̄k ¼ 0; ð30Þ

where q≡ ρ=m2=4. Although the remaining convolution
is not negligible compared to the oscillating term, they
play different roles in the Mathieu equation. The first,
together with the other kinetic term, establishes where the
resonance bands are centered, while the second is related
to the amplification factor and to the bandwidth.
Therefore, Eq. (30) is a Mathieu equation, just like
(20), in the first resonance band for k2 ¼ m2. Solving it
numerically we obtain Fig. 1, which shows the amplifi-
cation of the gravitational wave h̄k in time τ for an
illustrative high energy density.
According to the Floquet instability theory, the solution

to (30) can be approximated as2

2Because of the fact that exp ðδUÞ ≃ 1 we can approximate
hk ≃ h̄k.
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hk ≃ h̄k ∝ exp ðqτ=2Þ; ð31Þ

which allows us to estimate the time required for the
amplification to become of Oð1Þ, i.e. τ ∼ 1=q. It is
important to note that q, which contains the information
about the ULA energy density ρ, depends on the fraction of
ULAs as dark matter f, as

ρ ¼ fρDM; ð32Þ

where ρDM is the dark matter energy density.

A. Gravitational wave resonance independently
of constraints on ULDM

Because the gravitational wave resonance could, in
principle, be used to independently test ULAs, I first
assume f ¼ 1 for all masses, ignoring the constraints
already imposed by other phenomena. In Sec. IV B,
I present the results considering these constraints.
Let us first consider the solar region, i.e.ρ¼0.4GeV=cm3.

In the most standard scenario, i.e.m ≃ 10−22 eV, one would
wait for 3.9 × 1017 years to see an amplification of gravi-
tational waves with frequency in the pulsar timing array
(PTA) range, which is larger than the age of the Universe.
For ULAs of mass m ≃ 10−27 eV, the required time is
3.9 × 1012 years, still unfeasible for current tests.
On the other hand, the prospects are largely improved if

one considers very dense regions in the halos, although
still satisfying ρ=m2 ≪ 1, which can arise, for instance,
due to the existence of a black hole in the halo [23–26].
For ρ ≃ 1.4 × 107 GeV=cm3, the ULAs of mass 10−22 eV

would take 1.1 × 1010 years to amplify gravitational
waves, which is compatible with the time of formation
of dark matter halos.3 In this case, primordial gravitational
waves in the PTA range could be amplified if they keep
traveling through this region since the halo formation.
Shorter, and therefore more realistic, time intervals are
achieved in denser environments. Note that for this specific
energy density, ρ=m2 ≪ 1 holds for m≳ 10−26.
Figure 2 depicts the amplification, represented by the

argument of the exponential function in (31), as a function
of time and ULA masses. It is important to note that the
formalism used in this work would break down when the
condition h ≪ 1 is not anymore satisfied, which sets an
upper bound on the amplifications depending on the initial
gravitational wave amplitude. The most interesting gravi-
tational wave frequencies lie in the PTA range and
correspond to 10−23 eV≲m≲ 10−22 eV, resulting in
large time intervals for Oð1Þ amplification, although still
compatible with halo formation time. On the other hand,
shorter time intervals are achieved by lighter ULAs,
namely 10−26 eV≲m≲ 10−24 eV, which correspond
to gravitational wave frequencies from 2.4 × 10−10 to
2.4 × 10−12 Hz. Although not covered by ongoing gravi-
tational wave detectors, these frequencies could be
explored in the future [30,31].

B. Gravitational wave resonance
considering constraints on ULDM

Now let us consider constraints already imposed to the
ULA fraction as dark matter f depending on the ULA mass

FIG. 2. Argument of the amplification factor (31), qτ=2, as a
function of time and ULA masses assuming f ¼ 1 for all masses
in the very dense dark matter region, i.e. 1.4 × 107 GeV=cm3.
The red line indicates when ρ=m2 ≃ 0.01, representing a left
bound to the region where ρ=m2 ≪ 1.

FIG. 1. Gravitational wave resonance for m ¼ 10−22 eV and
ρ ¼ 1016 × 0.4 GeV=cm3, where the factor 1016 was introduced to
speed up the resonance and reduce computational time. For the real
value in the solar region, ρ ¼ 0.4 GeV=cm3, assuming the ULA
constitutes 100% of dark matter, the amplification becomes of
Oð1Þ around τ ∼ 1=q ≃ 2.0 × 1018, equivalent to 3.9 × 1017 years.
The Floquet estimate corresponds to (31). The initial conditions
used are hkð0Þ ¼ 1 and h0kð0Þ ¼ 0.

3This corresponds to the most conservative assumption and a
bigger gravitational wave amplification is obtained if one con-
siders scenarios where dark matter halos formed earlier in the
Universe history [27–29].
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m [7,32], namely constraints from CMB [9], BOSS [33],
SPARC [34], Eridanus-II [35], Lyman-α forest [36], and
galaxy weak lensing combined with Planck (þDES) [37].
Constraints from UV luminosity function and optical depth
to reionization [38], as well as constraints from M87 black
hole spin [39–41], are implicitly considered, as they do not
further reduce the parameter space. Constraints from 21-cm
cosmology were not taken into account, as the literature
only presents results for f ¼ 1. In [32] forecasts are
obtained by relaxing the assumption on f, and it is expected
that the hydrogen epoch of reionization array (HERA) [42]
will be very sensitive to ULDM, comparable to the
forecasts for CMB-S4 [43]. Other constrains on ULAs
can arise in specific scenarios, such as [44,45]. Figure 3
presents the parameter space and the constraints explicitly
considered in this work.

The Floquet estimates are then computed in the very
dense dark matter region, i.e. ρDM ≃ 1.4 × 107 GeV=cm3,
assuming f from the constraints to determine ρ through
(32). The results obtained for the gravitational wave
resonance by considering all the constraints combined
are shown in Fig. 4. As expected, the constraints to f
suppress q in the Mathieu equation, leading to reduced
amplifications, although still significant for some ULA
masses. Note that small values of f can be compensated by
higher dark matter energy densities ρDM, as long as the
latter can be justified in at least one physical regime
and ρ=m2 ≪ 1.

V. CONCLUSION

In this paper, I have shown gravitational waves are
amplified due to parametric resonance with ULAs con-
stituting the totality or part of a dark matter halo. All of the
ULA masses considered might only lead to significant
amplifications nowadays in very dense dark matter regions,
which could exist in different scenarios [23,24].
Because the gravitational wave resonance could be, in

principle, used to independently constrain ULDM (assum-
ing the effect could be measured in a very dense dark matter
environment), Sec. IVA presents the gravitational wave
amplification for f ¼ 1 for all masses, ignoring existing
constraints. The results are depicted in Fig. 2. On the other
hand, in Sec. IV B the constraints summarized in Fig. 3 are
considered, leading to the gravitational wave amplifications
depicted in Fig. 4. Since smaller values of ρ suppress the
parameter q in the Mathieu equation (30), the gravitational
wave amplifications are also suppressed compared to
f ¼ 1. A reduced f can be compensated by a denser dark
matter region, as long as it can be justified by at least one
physical configuration, such as [23], and ρ=m2 ≪ 1.
Note that there exists an upper bound on the amplifica-

tions established by the condition h ≪ 1, whose value
depends on the initial amplitude of the gravitational wave
considered. This results from the fact that the Mathieu
equation (30) was obtained assuming perturbation theory.
Given that the parametric resonance occurs for k ¼ m,

the amplified gravitational waves lie in the range ∼10−8 to
∼10−13 Hz, corresponding to 10−22 to 10−27 eV. Therefore,
the possible gravitational wave sources are primordial
perturbations and supermassive black hole binaries.
Because of the large time scales for the resonance to
become significant, the scenarios of interest should provide
gravitational wave emission for a long time, which does
happen for the sources mentioned. In addition, note that,
although supermassive black hole binaries suffer orbital
decay, they present continuous gravitational wave emission
long before merger, therefore consistent with the approach
carried in this work. Finally, it is relevant to remember that
the frequencies in the range 10−8 to 10−9 Hz lie in the PTA

FIG. 3. Constraints imposed to the ULA fraction as dark matter
f depending on the ULA mass m for 10−27eV≲m ≲ 10−20eV
[32], namely CMBþ BOSS [9,33], SPARC [34], Eridanus-II
[35], Lyman-α forest [36], and galaxy weak lensing combined
with Planck (þDES) [37].

FIG. 4. Argument of the amplification factor (31), qτ=2, as a
function of time and ULA masses, considering f according to the
constraints in Fig. 3, in the very dense dark matter region, i.e.
1.4 × 107 GeV=cm3. The red line indicates when ρ=m2 ≃ 0.01,
representing a left bound to the region where ρ=m2 ≪ 1.
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range, with NANOGrav recently reporting the evidence for
a gravitational wave background [46].
Throughout the whole paper, I have assumed general

relativity and a minimal coupling to the ULAs. Different
results could be obtained in modified scenarios such as
[17], where gravitational wave resonance is obtained in the
scope of dynamical Chern-Simons gravity.
Apart from ULAs, other phenomena can trigger

the resonance, such as fast small oscillations in the
Hubble parameter [47] or a varying gravitational wave
speed [48].

The consideration of a gravitational wave background
might further enhance the resonance [49–51]. This inves-
tigation is left for future work.
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