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Parity violation in the early Universe holds great promise for uncovering new physics. In particular, the
primordial scalar four-point correlation function is allowed to develop a parity-violating component when
massive spinning particles coupled to a helical chemical potential are present during inflation. In this paper,
we explore the rich physics of such a parity-violating trispectrum in the presence of a reduced speed of
sound for the Goldstone boson of broken time translations. We show that this signal can be significantly
large while remaining under perturbative control, offering promising observational prospects for future
cosmological surveys. In the limit of a reduced sound speed, the dynamics admits an effective nonlocal
description organized as a time-derivative expansion. This reveals that parity violation arises due to
emergent nonlocality in the single-field effective theory. At leading order, this effective theory yields a
compact trispectrum template, written in terms of elementary functions. We then conduct a comprehensive
analysis of the kinematic dependence of this parity-violating trispectrum and reveal new features. In
addition to the low-speed collider resonance, we find a new class of signals lying in the internal soft-limit of
the correlator. This signal is characterized by an oscillatory pattern periodic in the momentum ratio, with a
frequency determined by the speed of sound and the chemical potential, making it drastically distinct from

the conventional cosmological collider signal.

DOI: 10.1103/PhysRevD.108.123523

I. INTRODUCTION

At the macroscopic scale of our everyday experiences,
the mirrored world appears to be remarkably indistinguish-
able from our own. Therefore, parity violation—namely
spatial coordinates inversion—in the weak interactions at
microscopic scales came as a total surprise in the 1950s
[1,2]. After the subsequent establishment of the Standard
Model (SM) [3-5], we now become acquainted with the
notion of parity asymmetry in particle physics. It is thus
natural to continue asking if the world is parity invariant on
cosmological scales. Recent observations of the cosmic
microwave background (CMB) birefringence [6,7] and the
large-scale structure (LSS) of the Universe [8,9] seem to
suggest that parity violation is indeed possible on cosmo-
logical scales.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023,/108(12)/123523(15)

123523-1

The question naturally arises as to which observables are
sensitive to violation of parity. In the tensor sector, parity
violation can be revealed already at the level of the two-
point correlation function, as each helicity of the graviton
may exhibit distinct power. By contrast, for scalar observ-
ables, the lowest-order connected correlation function
sensitive to parity violation is the four-point function,
known as the primordial trispectrum, on which we focus
in this work. The reason for this is simple. The kinematic
configurations of lower-point correlation functions are
planar, and are therefore blind to any information about
parity since their mirrored images are always related to
themselves via a spatial rotation. One needs at least four
nonplanar points to establish chirality. In Fourier space,
because a parity transformation on Hermitian operators is
equivalent to taking the Hermitian conjugate O] = O_,
parity violation in the trispectrum manifests itself as a
parity-odd imaginary component. Although it remains
unclear whether the recent hint of parity violation in the
sky is of primordial origin, see e.g., [10—12], it is natural to
expect at least some level of parity violation in the
primordial universe. This is because the observed cosmo-
logical structures, such as density fluctuations in the
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CMB and LSS, are believed to be seeded by microscopic
quantum fluctuations during inflation, where parity is not
necessarily exact.

Parity violation is forbidden in tree-level cosmological
correlators for vanilla single-field inflation [13,14].
Physically, this can be understood as a consequence of
unitarity and scale invariance, while mathematically it
directly follows from the simple analytic structure of the
correlator time integrals. However, there are several ways to
circumvent this no-go theorem. These include, for example,
breaking scale invariance [14], considering nonlinear
dispersion relations [14,15], or going to loop level [16].
More naturally, parity violation can also be generated by
additional massive particles in the early universe. Such
particles are generically present during inflation as they can
come from supersymmetry breaking [17-19], SM uplifting
[20-24], isocurvature sector [25-28], or arise as Kaluza-
Klein modes or higher-spin stringy states [29-32]. As a
consequence, parity violation appears as a compelling
opportunity to discover new physics beyond the minimal
and unavoidable scalar and tensor fluctuations of the
metric. One natural possibility of inducing parity violation
with massive spinning bosonic particles is by their coupling
to a helical chemical potential, see e.g., [33—40]. However,
the amplitude of the corresponding parity-odd trispectrum
from exchanging such particles of mass m is typically small
for heavy fields. This is because the no-go theorem states
the whole tower of parity-odd effective field theory (EFT)
operators in the []1/m?-expansion are screened at tree level
by scale invariance. Thus, the corresponding parity viola-
tion signals are either loop suppressed, slow-roll sup-
pressed, or exponentially small, i.e., O(e™™/H), with H
denoting the Hubble scale during inflation. Therefore, this
parity-odd component becomes undetectable for large
enough masses.

In this paper, we explore a natural framework consisting
of an additional spin-1 massive field with a chemical
potential present during inflation, and consider the theo-
retically motivated scenario in which the Goldstone boson
of broken time translations propagates with a reduced
speed of sound c¢; << 1. We show that a large parity-
violating primordial trispectrum can be produced while
remaining under perturbative control, and that its ampli-
tude is enhanced to O(e~%"/H). In the small sound-speed
limit ¢; < (m/H)~!, the signal is not suppressed and the
dynamics admits a single-field effective description that is
nonlocal in space, in which the heavy field is integrated
out in a nonstandard way. This regime is known as the
low-speed collider regime, see [41,42] for more details.
We show that the resulting parity-odd component of the
trispectrum is completely fixed by the singularity of the
nonlocal interactions, bypassing the no-go theorem even
in the single-field limit. The derived parity-odd template
consists of simple rational and exponential functions,
thereby greatly reducing the computational costs of future

non-Gaussianity data analysis. We then conduct a
thorough analysis of the kinematic dependence of the
identified signal. In particular, we show that the internal
mildly soft kinematic configurations exhibit a resonance
peak that is identified as the low-speed collider signal
[41,42]. Its location is fixed by a combination of the sound
speed, the mass and the chemical potential. In addition,
we find a new family of oscillatory signals that are
periodic in the momentum ratio rather than its logarithm
as in conventional cosmological collider signals. The
frequency of this oscillatory pattern is determined by
the sound speed and the chemical potential, but not the
mass of the exchanged vector field. Consequently,
detecting a parity-violating trispectrum provides an inter-
esting detection channel for extra massive and spinning
particles, as well as for reconstructing parameters gov-
erning inflationary fluctuations.

This paper is organized as follows. In Sec. II, we start by
introducing the chemical potential operator and the cou-
plings of the massive spinning field to the Goldstone boson
of broken time translations in the language of the EFT of
inflationary fluctuations. After analyzing perturbativity
bounds, we move on to the nonlocal single-field EFT
description of the theory in Sec. III, and estimate the size of
non-Gaussianities therein. We then compute the resulting
parity-odd trispectrum signal and analyze its noticeable
features in Sec. I'V. Finally, we conclude in Sec. V.

II. CHEMICAL POTENTIAL
IN THE EFT OF INFLATION

In this section, we construct the theory that couples the
Goldstone boson of broken time translations 7 to a massive
vector field 6, with a chemical potential. We start by
reviewing the EFT of inflationary fluctuations (see the
original papers [43,44] or the review [45] for more details).
Then, we introduce the quadratic action for o,,, highlighting
important properties that follow from the chemical poten-
tial. Finally, we establish the leading interactions between z
and o, leading to parity violation in cosmological corre-

lators, and derive perturbativity bounds.

A. Goldstone boson action

During inflation, the vacuum expectation value of the
background inflaton field breaks time-translation invari-
ance. As such, inflation can be seen as a process of
spontaneous symmetry breaking that gives rise to a
Goldstone boson 7z describing scalar fluctuations. In the
unitary gauge, in which fluctuations of the clock field are
absorbed in the metric, the most general Lagrangian for 7 is
constructed out of geometrical objects that are invariant
under spatial diffeomorphisms x' — x' + £(x, ), namely
g%, 0,9, the extrinsic curvature K,,, V,, t, and the
Riemann tensor R,,,, [43]. Organized as a derivative

expansion, the leading terms in the action can be written
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S, —/d“x\/—g{zM%lR—FM%ngoo
. M3
—M§1(3H2+H)+7(5900)2+---, (1)

where g% = ¢ + 1, M, is a mass scale that we take to
be constant, and ellipses denote higher-order terms. To
ensure that the action starts quadratic in the fluctuations,
the first two operators’ coefficients were adjusted to
eliminate tadpoles. The Goldstone boson z associated
with the spontaneous breaking of time-translation sym-
metry can be introduced after performing a spacetime-
dependent time diffeomorphism ¢ — ¢ + z(x, ), restoring
full diffeomorphism invariance to all order of the theory.
Typically, the resulting action is intricate as it mixes
metric fluctuations with the Goldstone mode. However,
for most applications of interest, metric fluctuations can
be neglected by taking the so-called decoupling limit
Mp; — o0 and H — 0 while keeping the product M3 H
fixed. In this regime, one can evaluate the Goldstone
boson action in the unperturbed metric, and the trans-
formation reduces to 8¢ — =27 — % + (9;7)*/a*. The
action (1) becomes'

207 \2
S = / didxa? Bﬁz—ﬁ@”c)

2 a?
3/2 2 3 4
Cs 2 . (ai”c) Cy 2 (ai”L')
+—2f%(cs—1)fcc 2 +8ff,(cs_l> . 4+,

(2)

where 7, = ¢;>/?f2z is the canonically normalized
Goldstone boson, f7 =2¢,M7|H| is the symmetry-
breaking scale and ¢;? = 1-2M5/M3,|H| is the speed of
sound of z.. The scale f, is related to the measured
amplitude of the dimensionless power spectrum (27r)2A§ =

(H/f,)* and the comoving curvature perturbation ¢ is

linked to the Goldstone boson by ¢ = —Hc?/ : falm.+
O(z?). Importantly, as a consequence of the Goldstone
boson nonlinearly realizing Lorentz symmetry, a reduced
speed of sound c; <« 1 generates large parity-even non-
Gaussianities fx; ~ 1/c2 and 7y ~ 1/c%. Therefore, look-
ing at parity-violating contributions to non-Gaussianities is
free from self-interaction signals.

B. Spin-1 chemical potential

Let us now introduce a massive vector field o, with a

chemical potential that breaks parity, hence leaving dis-
tinctive signatures in the parity-odd trispectrum.

'We have only depicted operators that are fixed by the speed of
sound to highlight the importance of symmetries, and therefore
we have omitted additional self-interactions coming e.g., from

(35")'.

1. Unitary gauge

In the unitary gauge, we take the action for the spin-1
massive field to be of Proca type supplemented by a Chern-
Simons term

1 m? Kt -
S"_/d4xﬁ[_zF5v‘705+zFﬂuF”” . (3)

where F# = EmPF ; with & = % being the Levi-
Civita tensor density, and « is the chemical potential. It is
clear that all the terms in the action are invariant under
spatial diffeomorphisms. After reintroducing the Goldstone
boson, that transforms as 7 — 7 — &(x, ¢) under a time
diffeomorphism ¢ — t + &(x, 1), the specific coupling of
o, to the time foliation of spacetime prevents the last term
in (3) from being a total derivative. This term respects the
shift symmetry for the Goldstone boson.

From a model-building perspective, the chemical potential
naturally arises from the dimension-5 coupling GFF
between the inflaton field ¢ and the spin-1 field o,
[46-50]. This coupling respects the shift symmetry of the
scalar field ¢p — ¢ + ¢, since the constant ¢ contributes to a
total derivative. With the inflaton acquiring its slowly rolling
vacuum expectation value, i.e., ¢ = ¢y + Ppot + - -, the
chemical potential term is identified as k = ¢y/A, where
A, is some higher-energy cutoff. Higher-order terms are
slow-roll suppressed. From an EFT point of view, the
chemical potential is a direct consequence of broken time
diffeomorphism invariance by the background inflaton field.

2. Equation of motion

Varying the action (3) yields the equation of motion
Oc* — V,V¥o# —m?c* — kEVPF 5 =0, (4)

where 0= ¢V, V, = -0} —3H0, + 07/a* denotes the
d’ Alembert operator on four-dimensional de Sitter space-
time. The time-like component of the field o, is solved in
terms of the spatial components using the constraint
equation V"aﬂ =0, which is found after taking the
divergence of the equation of motion. Substituting the
constraint back into (4) gives the following on shell
equation of motion

[0 = (m* + 3H?%)]6* = 2kE™PV 405, (5)

Being massive, the field o, has three degrees of
freedom, a longitudinal mode and two transverse modes.
Decomposing the spatial components in three-dimensional

Fourier space o;(x,7) = [ (‘212153 e**g; () into helicity

eigenstates, one can write
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oi(1) = Y ellou(t)ag +oj,(0)ali].  (6)

A=0.%+

where we have used conformal time 7 defined as dr = dt/a,
and where o, () are the helicity eigenstates, with 1 = 0
being the longitudinal mode and A = £ denoting the
transverse modes. In terms of these mode functions, the
equations of motion for different helicities decouple from
each other. As we are interested in parity violation, and the
chemical potential only affects the transverse modes, we
only consider the transverse modes equation of motion that
reads

oLy + [k* £ 2ake + a*m*o, . = 0, (7)

where a prime denotes a derivative with respect to con-
formal time 7.

3. Dynamics of transverse modes

The mode functions of each helicity eigenstate o, ;(7)
can be solved analytically in terms of Whittaker W-
functions, see Appendix B. However, concentrating on
transverse modes, it is more instructive to directly read the
physics from the equation of motion (7). In particular, in the
flat-space limit H — 0, neglecting Hubble friction for
simplicity, the equation of motion can be solved with
plane waves, leading to the following dispersion relation

w? (k

p) = (kp +x)? +m? —«?, (8)

where k, = k/a is the physical momentum. The effect of
the chemical potential appears as a constant shift of k, or
equivalently as a time-dependent mass term owing to the
redshift of the physical momentum. This phenomenon
assists the spontaneous particle production of ¢, by the
exponentially expanding spacetime, enhancing the cos-
mological collider signal [34,36]. However, the latter
effect does not manifest itself in the single-field EFT
treatment of interest in this work. Instead, what is of direct
relevance for our purpose is simply the asymmetry
between the different helicities, as it is this parity violation
that gets imprinted in the four-point correlator of the
Goldstone boson. Considering x > 0 without loss of
generality, the dispersion relation (8) shows that for
kK > m, each o_ mode experiences a transient tachyonic
instability in the time interval with w2 (k,) <0. The
energy carried by these modes can lead to a strong
backreaction on the inflationary background and, in what
follows, we restrict our analysis to the situation with
k < m. In this regime, the behavior of each helicity mode
is qualitatively similar, with modes beginning to decay
around the mass-shell horizon k,/H = |kt| ~m/H.
Nonetheless, the chemical potential does affect differently
the two helicities, with important consequences as we
will see.

C. Mixing interactions

Let us now construct the leading couplings between the
spin-1 field ¢, and the Goldstone boson 7.

In the unitary gauge, Lorentz invariant operators con-
structed out of the spin-1 field, e.g., 6,0#, are of course
invariant under all diffeomorphisms and therefore are invari-
ant under spatial ones. However, they do not lead to mixing
interactions with the Goldstone boson. The timelike com-
ponent ¢ is a scalar under spatial diffeomorphisms, hence it
constitutes a building block to construct mixing interactions.
Performing a spacetime-dependent time diffeomorphism,
reintroducing the Goldstone boson, leads to

o(x,1) - 6°(%,7) = 0,(1 + 7)o" (x. 1)
= [60 + 0, 7|o* (x,1). 9)

In order to generate a parity-odd trispectrum via the (single)
exchange of ¢, one needs to determine mixing interactions
of the schematic form ~z26, compatible with the symmetry
and with an odd number of spatial derivatives.” There are two
ways to generate such interactions: (i) couple the time-like
component ¢” to index-free building blocks invariant under
spatial diffeomorphisms, and (ii) couple o, with building
blocks carrying a free (spacetime) index. Up to dimension
seven, the corresponding lowest-dimension cubic inter-
actions are therefore given by the following operators

Spe = /d“x\/—g [aﬁégooao + »,V,69"5K} "
+ w3n"V,,5g°°V,,59°00”] , (10)

where w; ;5 are constant mass-dimension couplings, and
_ 2 . . . .

oK, = K,, —a"Hh,, with h,, the induced spatial metric.

Reintroducing the Goldstone boson leads to

-2
Sm)‘ = /dtd3xa3 |:pa_20,'77«'66i - %ﬁcaiﬂcgi
a™ a?
+Fajﬁcaiajﬂ'60i +F7.tcaijtcai , (11)

where the couplings are defined by p=2c)’w}/f2,
AT =3p/f2, A3 = 23w, /f4, and A3 = 43w,/ f2.
Here we have kept cubic terms in the fields relevant for the
parity-odd trispectrum. Note that the size of the cubic
interaction 7.0;7.0; is completely fixed by the size of the

*Note that the chemical potential term itself generates a 762
coupling after reintroducing the Goldstone of time diffeomor-
phism. This can in principle produce parity-violating trispectra at
1-loop level (see e.g., [51]), but with a small signal strength due to
the heavy (in our setup) scale A, and an extra (4z)~2 loop
suppression. Instead, in this work, we work with tree-level
diagrams produced by ~z%c couplings.
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quadratic mixing 0;z.0;. This is a consequence of the
Goldstone boson nonlinearly realizing time diffeomorphism,
as both interactions are governed by the same coupling w, 2
We will see later that the two operators with coupling
proportional to @, are tightly constrained by mixing pertur-
bativity, leading to undetectably small parity-violating non-
Gaussianities. However, the two dimension-7 operators
originating from @, and @5 can lead to sizable signals.
Note that by putting the Goldstone boson on shell, namely
using its equation of motion, and observing that d;(72) does
not couple to the transverse mode of the vector field, the cubic
interaction governed by the coupling 5 is of the same form as
that fixed by w,, albeit with a different spatial gradient
structure.

D. Perturbativity bounds

The introduced couplings in the mixing action (11) are free
parameters of the theory. We will derive bounds on them by
requiring that the dimension-3 quadratic mixing term can be
treated perturbatively, and that the dimension-5 and dimen-
sion-7 interactions are suppressed by scales larger than H,
ensuring weak coupling of fluctuations. The corresponding
bounds on p, A, and A will eventually determine how large
the corresponding non-Gaussianities can be.

1. Quadratic theory

By dimensional analysis, we estimate the size of the
various terms in the total action and require that the mixing
interactions be smaller than the smallest kinetic term. As the
terms are time dependent (momenta redshift due to the
expanding spacetime), we will eventually evaluate all quan-
tities at the energy set by the Hubble scale H. Assuming weak
quadratic mixing, the dispersion relations for the Goldstone
boson and the transverse modes of the massive spin-1 field
are w, = c;k, and wj = ky + 2ck, + m?, respectively. A
consequence of the Goldstone boson having a reduced speed
of sound, hence breaking de Sitter boosts, is that time and
space cannot be treated on the same footing. One needs to
keep track of how terms in the action scale with energy and
(physical) momentum. Taking the physical momentum

k, as the reference, both dispersion relations imply Awk =

> + 2c,kw + c2m?, where we have denoted o, = w, the
energy scale probed during inflation. The Goldstone
boson kinetic term then scales as ~w’z,, and that of the
spin-1 field reads ~(@?/c?)o’y(w), where we have defined
y(w) =1 £ 2a(w) + a2,(w) in terms of the dimensionless
energy-dependent quantities o (®) = ck/w and a,,(w)=
c;m/w. As we will see in the following, the regime of

*Notice that we could have considered manifestly parity-
violating interactions by contracting spatial derivatives with
€;jk- The leading operator in this case would be a dimension-8
operator and the corresponding exchange diagram would typi-
cally give a smaller signal compared to the one we compute using
parity-even vertices only.

interest, where physical effects of a reduced speed of sound
become important, is characterized by @, < 1 and o, < 1,
hence y ~ 1, where the parameters are evaluated at the
Hubble scale @ = H. We nevertheless keep these terms
for consistency. Note that the mass term of the additional field
and the chemical potential term are already taken into
account in the dispersion relation. For a reduced sound
speed, they do not significantly contribute to the quadratic
action for both fields and can be consistently neglected. We
now need to determine the typical size of the fluctuations 7,
and o. By dimensional analysis, requiring [ drd®xi2 ~ 1, we
obtain 7. ~ c;°/*w. Similarly, we obtain 6 ~ w/c,y~V/4(w).
Combining these scalings with those of the free quadratic
terms in the action, the Goldstone boson kinetic term scales
as ~c;3w* and the kinetic term of the spin-1 field scales as
~c;o*y!/?(w). Tt becomes clear that the Goldstone boson
kinetic term is smaller than that of the massive field
for ¢, < 1.

2. Mixing interactions

Using the same dimensional analysis arguments, the
mixing interactions scale as

3

12 @07 _
o=y 4 (w),
CS

1. L

K”cai”cf’i“’cﬂxif 1/4(60),

pPOT.O; ~ Cy

[ L —1/4
Fajﬂz?aiaj”coi ~ Cg FY (@),

Lo —55‘)7 —1/4
F”caiﬂco"i’vcs FY (@). (12)

Let us now require that these scalings should be smaller
than the Goldstone kinetic term which is of order ¢;>w?*,
and evaluate the above expressions at w = H. For the
quadratic coupling p, which also fixes the size of the cubic
interactions 7.0;7.0;, one obtains

1/4
14 52 7

d =5 —. 13
and g e 1)

Within our regime of interest, ¢, << 1 and y ~ 1, the first
inequality gives the most stringent bound and is taken to be
the perturbative criterion.” Performing the same procedure
for the remaining interactions gives

“In the case of a vanishing chemical potential, a more stringent
bound on the quadratic mixing strength p can be found by
requiring that the spin-1 field propagates subliminally [52]. This
bound enforces the coupling p to be almost vanishing if the
longitudinal mode of the massive vector field propagates almost
relativistically, and therefore puts severe theoretical constraints
on the size of non-Gaussianities. In practice, this leads to
undetectable parity-even and parity-odd non-Gaussian signals
generated by mixings fixed by the coupling p.
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H
Z< c?“y'/]z, and

H 2/3,1
= </ yi12, 14
. = Cs' Y (14)

We will see in the following that both 0,7 .0;0;x.06; and
.07 .0, can lead to a large parity-odd trispectra. In fact, the
generated trispectrum shapes are similar, and we will
mainly focus on the former one without loss of generality.
Note that the way the spin-1 field couples to the time
foliation through the chemical potential term xtF /wFW
introduces an additional mixing of the form ~zc?. The
same scaling analysis as previously gives the bound x/H <
csy™V2/(2rA;) on the chemical potential. However, this
mixing contributes to the (double-exchange) bispectrum
and the (triple-exchange) trispectrum, and typically leads to
no observable non-Gaussianity. We therefore discard this
mixing interaction from our analysis.

3. Perturbative unitarity

The UV cutoff of the Goldstone boson sector critically
approaches the Hubble scale when the speed of sound is
reduced. Indeed, one can show that for energies above
[43,53,54]

A, ~ 100c,H, (15)

the perturbative description breaks down as self-
interactions become comparable to the kinetic term of
the Goldstone boson.” In flat-space particle physics, the
massive field ¢, cannot be heavier than this UV cutoff for
theoretical consistency. Indeed, its subsequent decay into
Goldstone bosons would imply, by energy conservation,
that the low-energy degree of freedom carries energy above
A, leading to the breakdown of unitarity. The equivalent
process in cosmology is the on-shell production of heavy
fields which leads to the standard cosmological collider
signature. At the level of the two-field description of
fluctuations, the massive field therefore cannot be too
heavy, i.e., m < A,. However, in what follows, we will
precisely take into account the effect of the field ¢, by
integrating it out from the spectrum, leading to a single-
field low-energy description. Of course, this description
misses the nonperturbative particle production, but accu-
rately captures all other effects emerging from a reduced
sound speed and the presence of a chemical potential.

III. NONLOCAL EFT

Having introduced the considered theory, let us now
delve into the analysis of the underlying physics. We will
work in the so-called low-speed collider regime, where

*Note that the previously derived bounds in Egs. (13) and (14)
of course also define strong coupling scales associated with
mixing interactions. The strong coupling scale of the full theory,
including all sectors, should be taken to be the most stringent one.

m < H/c,, and qualitatively new phenomena arise, see
[41,42] for details. In brief, by momentum conservation,
the massive field typically has a comparable wavelength as
the Goldstone boson. However, the Goldstone mode has a
much smaller sound horizon, which means that the massive
mode can be considered as effectively massless when the
Goldstone freezes. The interaction between Goldstone
modes outside the sound horizon and massive modes
in the quantum vacuum leads to striking non-Gaussian
signatures, generically referred to as low-speed collider
resonances.

Of course, the corresponding phenomenology is entirely
described by the local theory presented previously in
Sec. II. However, computations in this theory are compli-
cated and the relevant physics is obscured by technicalities.
For this reason, we now introduce a simplified and natural
picture that captures well the physics at play. Indeed,
stemming from a reduced Goldstone sound speed, a notable
characteristic of the low-speed collider is that the vector
field response in the bulk of the inflationary spacetime can
be treated as instantaneous. This results in a nonlocal
single-field EFT description that captures well the under-
lying physics. This nonlocality, although mild as we will
see, turns out to be critical for bringing out the parity
violation to the final observables.

A. Emergent nonlocality

We start by recalling the UV theory for the Goldstone
boson and the transverse component of the vector field.
Explicitly writing the mixing of the vector field with the
Goldstone boson through its coupling to a current J;(x..),
the action reads

1 3 C% aiﬂ'c 2
SUV = /dtd3xa3 |:§7Tg —E( (12)

Oi
—ng[@j(azz + Ho,) + Dyjlo; +?Ji(”c):| . (16)

where we have introduced the spatial component of the
quadratic kinetic operator of the massive spinning field

0? 0

that can be identified as the effective frequency of the
vector field in Fourier space, and the Goldstone currents
(up to a total derivative) from the operators in (11)

1. a? |
—Tﬂcaiﬂc + _ajﬂcaiajﬂc + Fﬂcaiﬂc" (18)

The Gaussian form of the vector sector in the UV
Lagrangian (16) allows one to directly integrate out o;
and obtain an effective theory, if the massive vector field is
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not excited on shell. The effective theory is necessarily
nonlocal in time and space, and can be formally written as

1 . C% (aiﬂ:c)2
SEFT = /dtd3xa3 |:§ 71'% - E az

i(7)[(0F + Ho,) + DI Jj(x.)| . (19)

1
—J
+ 24>

Since the vector response is much faster than the relaxation
of the Goldstone, one can expand the second line in powers

—(0? + H0,)/D ~ w%/w2 ~ ¢* < 1. The fully nonlocal
differential operator becomes effectively nonlocal in space
only, and reads

=D S (@ + HO)D ], (20)

(07 + Ho,) + DJ7}! 1,
n=0

This allows one to construct a nonlocal single-field EFT
organized as a time-derivative expansion, whose first
leading terms are

Sepr = / dtd®xa [

—2021 (7.)D3' (07 + H0,) D} () + O(d}) |-

2 _ei(Om)? 1
2 a2 242

Ji(ze) Dy ()

(21)

Here, only the leading-order (LO) and the next-to-leading-
order (NLO) nonlocal EFT operator are spelled out explicitly,
corresponding to the second and third line, respectively. The
nonlocal differential operator D~! can be projected onto
parity-even and parity-odd parts

D = [DPE]lj + [D];(I)LJ’ (22)
with
o) 4K2(),~0,-/a2
gty = ol O ey
FE (=02/a* + m?)? + 4k*0%/a®
- 2K€i ~1(31/a
[Droli; = . (24)

(=0?/a* + m?)? + 4x*0%/a®’

Before explicitly computing the trispectrum, we make a few
comments on the nonlocal single-field theory (21):

(1) The appearance of inverse spatial derivatives in Di‘jl
implies that the action actually contains terms evalu-
ated at distinct spatial positions, i.e., that the action is
spatially nonlocal. This does not signal any patho-
logical behavior, as such form of nonlocality is mild;
the effect of the action at distance that this describes is
confined within the Compton wavelength of the

massive spin-1 field, analogous to the nonlocal
Yukawa force after integrating out the pions in nuclear
theory [42]. For the same reason, correlators gener-
ated by (contact) interactions in the theory (21) satisfy
the manifest locality test (MLT) [55]. Indeed, Dl o
once expressed in Fourier space, has no singularity in
the long wavelength limit k — 0, due to the displace-
ment of its pole away from d? = 0 by the presence of
the finite mass.

(ii) The formal series in Eq. (20) is actually divergent.
For D being a rational function of the scale factor,
the time derivatives bring a factorial contribution
02" ~ (2n)!, which always dominates over the EFT
expansion D" in the large-order limit. Such a
divergence is not a surprise, since we expect non-
perturbative effects that are not captured by the D!
expansion to kick in at large orders, and indeed
cosmological collider signals coming from on shell
particle propagation are not captured by the nonlocal
EFT.° For our purpose, apart from internal ultrasoft
limits of correlators k; /kg < ¢, where this effectlve
description breaks down for m~H [41,42], 1
suffices to truncate the time-derivative expansion
(20) at LO or NLO. As we will see in what follows,
the noteworthy aspect of the nonlocal EFT is its
remarkable capability to provide a highly accurate
trispectrum from regular to mildly soft kinematic
configurations.

(iii) Note that the nonlocal EFT contains a single mass-
less degree of freedom with a Bunch-Davies vac-
uum. It is also invariant under a global dilation
transformation (#,x) — (¢ + At,xe~fA"), which is
equivalent to scale invariance. Additionally, the
whole tower of interactions in Eq. (21) generates
IR-finite correlators. Thus the nonlocal EFT satisfies
all the assumptions of the no-go theorem on parity
violation except the implicit locality requirement
[13,14]. This emergent nonlocality is derived from
the fact that the UV theory contains an extra massive
spinning field.

From the UV picture, it is clear that the origin of parity-
violating observables stems from the intrinsic chemical-
potential induced parity-odd dynamics of the vector field.
This parity-odd dynamics subsequently propagates to the
visible sector through parity-even mixing interactions.
From the nonlocal single-field EFT, after inspecting the
structure of the nonlocal parity-odd operator Dyl in

®Another perspective on this can be gained by examining the
time-dependence of the vector field equation of motion. Namely,
the time dependence in D—hidden in the physical momenta
k, = k/a(r)—leads to [07 + Ho,, D~'] # 0, which is the cause of
the (2n)! behavior at large orders. Physically this corresponds to
the Stokes phenomenon for time-dependent equation of motions
with particle production, see e.g., [36].
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Eq. (23), it becomes manifest that the theory leads to a
nonvanishing parity-violating trispectrum even without any
explicit reference to the UV massive field.

B. Size of parity-odd signals

The (nonlocal) single-field theory (21) provides a handy
way for estimating the size of the parity-odd trispectrum,
denoted 7y po, generated by the exchange of a massive
spinning field o;. The theory contains only one dynamical
degree of freedom, the Goldstone boson, and a simple
estimate of the parity-odd trispectrum is then given by

TNL.PO ~ £Z—;’° AEQ, where all dimensionful quantities in the

Lagrangian, which crucially depend on time, are evaluated
at sound horizon crossing ¢k, ~ H, or equivalently at the
Hubble scale @ ~ H.” The quadratic Lagrangian £, is taken
to be the Goldstone boson kinetic term that scales as
~c73w*, as seen in Sec. IID. Evaluating the parity-odd
nonlocal differential operator D), in Eq. (23) at the

relevant time scale leads to

Dol () & (25)
PY\H) 1) +4a2

where a,, = ¢;m/H and a, = ¢,k/H are small in the regime
of interest ¢, <« 1, also corresponding to the domain of
validity of the nonlocal EFT. In the following, for simplicity,
we will estimate the size of the parity-odd exchange trispectra
involving the same two vertices, although the procedure
analogously extends to all contributions.

1. Dimension-5 operators

After integrating out the massive spinning field in a
nonlocal manner, the dimension-5 interaction in the

Lagrangian reads £,/a® = —“A—firca,-zrc[l);(')]i 707 and
the size of the parity-odd trispectrum is given by
7.0,7.0; 14 2 O
NP ~ = S 26
NL.PO (H) (1 +a%1)2 +4aK ( )

where we recall that the energy-scale A is fixed by
the quadratic mixing strength p due to the nonlinearly
realized symmetry. Using the perturbativity bound (13),
and in the regime of interest «,, a, <1 and y~1,
we find ’L'ilif&géﬁi < c,a,, ie., negligible parity-odd non-
Gaussianities. Henceforth, we will discard the contribution
from the dimension-5 operator in the following calculations.

"This estimate does not take into account the interactions
outside the sound horizon, characteristic of the low-speed collider
physics, that give rise to additional dependencies on a,,,, see
Sec. I'V. However, it is sufficient for our purpose here to estimate
the size of the signals.

2. Dimension-7 operators

Remarkably, the considered higher-order operators can
generate large parity-odd non-Gaussianities. Indeed, inte-
grating out the field o; for the interactions fixed by the scale
A leads to L4/a® = %5 0,i1,0,0,m.[Dpd);:0471.0,0, ... The
size of the resulting parity-odd trispectrum reads

H\6 a A2
~ C_7 J— _—
TAA) (1+a2)* +4a?

0,7.0;0,7.0;

INL.PO (27)

We will see in Sec. IV that the actual size of the trispectrum
presents an additional ¢} suppression. This results from a
careful analysis of the dimensionless integral entering in
the size of the trispectrum, and can be traced back to the
residue at the pole of the nonlocal differential operator Dy,
Accordingly, using the perturbativity bound (14) gives
Tiffjgg’”‘”i < cyaAz? = O(500) for a representative value
¢y = 0.1. For comparison, the parity-even trispectrum has
been constrained to be 7y pg < 2800 and gnppr S 10*
[56,57]. Let us stress that the estimated parity-odd signal is
free from large contaminations coming from self-
interactions of the Goldstone boson. Although it might
seem counterintuitive, as the signal is generated by higher-
derivative interactions, the reason for the apparent sound-
speed enhancement in Eq. (27) can be traced back to the
large number of spatial derivatives 9;/a ~k,~ H/c;,
which are boosted in the case of a reduced sound speed
¢y < 1. However, we stress that this enhancement is
dummy when applying perturbativity bounds on the cou-
plings. In fact, these mixings can generate large parity-odd
signals due to the AEZ enhancement as these interactions
are not tied to the strength of the quadratic mixing.
Following the same procedure for the interaction fixed
by the energy scale A leads to the same bound
i < cya A7, which also gives rise to a potentially
large amount of parity-odd non-Gaussianity. In what
follows, we will focus on the interaction 0;7.0;0;7.0;
fixed by A as both dimension-7 operators lead to qualita-
tively similar shapes with comparable sizes.

IV. PARITY-VIOLATING TRISPECTRUM

In this section, we show explicitly how the effect of the
chemical potential in our nonlocal EFT enables one to
bypass the single-field no-go theorem for parity violation,
stressing the singularity structure in the complex plane of
the operator D~!, which results in simple analytical
expressions for the parity-odd trispectrum. Then, we
uncover interesting features of the kinematic dependence
of this correlator, including a low-speed collider resonance
and a new class of oscillations, drastically distinct from the
conventional cosmological collider signal.
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A. Parity violation as a residue

With the nonlocal single-field EFT (21), one can readily
work out the resulting trispectrum, whose parity-odd part
will be of our main interest. Let us switch to conformal
coordinates with a(z) = —1/(Hr). For the s-channel con-
tribution, the exchanged momentum is s = k| + k», and the
4-point correlator is simply computed as a tree-level contact
diagram using the Schwinger-Keldysh formalism (see
Fig. 1),

1
<7[éc‘>/s,PO = _Fs (kg x k3) (ky - ko) (Fes - Key)
0 <~
X 2iIm{/ dr(a™'Kf0.K5)

o 2xa
(s2 + m*a®)? — d’a’s?

+ (9(03)]

x(a4K;3m3j}, (28)
where fgfg = f0.9—90.f. Ka =u,(0)u; (z) is the

bulk-to-boundary propagator of the Goldstone with the
mode function

u, (1) = (1 + ickgr)eicskat, (29)

203k3

witha =1, ...,4. A prime on a correlator indicates that we
have dropped the momentum conserving delta function
(27)38%(k; + -~ + k4). Notice that the integrand in
Eq. (28) is analytic in the entire z-complex plane except
at the root of the denominator

[s? + m*a®(z.)]* — 4k*a*(z,)s* = 0. (30)

This singularity in the upper-left half complex plane lies at

1 K im K2
=—(—-——+4+—71/1—-——|. 1
Te s( H+H m2) (3)

-1
PO

FIG. 1. The contact diagram from the nonlocal interaction
generating a parity-odd trispectrum. The black dot labeled by
Dy, indicates that the interaction is local in time but nonlocal
in space.

In the limit x/H — 0, this pole is purely imaginary. As a
result, the effect of the chemical potential is to shift the
location of this pole away from the imaginary axis, as
shown in Fig. 2. At LO, .. is a simple pole of the integrand
while it is a double pole for the NLO term. In Appendix A,
we also show that all higher-order terms in the nonlocal
EFT (21) share the same pole location at 7., except that
these poles are of increasing orders. As mentioned before,
this essential singularity at 7. is the manifestation of
emergent nonlocality in the IR theory.

Implementing the ie-prescription, we now perform a
Wick rotation on the upper half z-complex plane, 7 =
—e~6=¢)x with x > 0, while taking into account the residue
at 7.. This procedure is illustrated in Fig. 2. The arc at
infinity vanishes due to the exponential decay of the
integrand. It is easy to check that the various ingredients
transform as follows under the Wick rotation

0 )
/ dr — —i/ dx eiR,
) 0

0, > —id, € iR,
i

eiR,
Hx !

a(z) - a(ix) =

H
=—— (1 + c;kgx)e k¥ eR.  (32)

Kaltr) = Ky(ix
o(6) = Kali) = 55

Interestingly, the Wick rotated integral is purely real and
therefore vanishes from (r})! . The only remaining
contribution comes from the residue at the singularity 7,

which reads

— 0: Rert

FIG. 2. Representation of the z-complex plane and the Wick
rotation in the nonlocal EFT. The blue contour is the original
integration path specified by the ie-prescription. After Wick-
rotating it to the red contour, one needs to pick up the pole at z...
The contour integral along the imaginary axis is purely real and
drops out of the result. The only nonzero contribution to the
parity-odd trispectrum emerges from the residue at the pole
T="1,.
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1
(&) po = G (ky x k) (ky - k) (K - ky)

X 2iIm{2ﬂiResT_,Tl_ (a™'K 0.K3)

72+ 0(%)

2ka
a*)? — d*a’s

X
[(s2 + m?

x (a—lic;}i/c;f)}. (33)

The vanishing of the Wick rotated integral can be under-
stood as a consequence of the no-go theorem of parity
violation in single-field theories. After Wick rotation
but before actually computing the integral, one can perform
a further spatial gradient expansion in powers of
s/(ma),s/(ka), which corresponds to a local single-field
EFT. The no-go theorem forbids the presence of parity
violation in such local single-field EFTs, thus the spatial
gradient expansion must vanish term-by-term upon per-
forming the integral and taking the imaginary part. Our
result bypasses the no-go theorem precisely via emergent
|

= (x) () Gi)
I({ka}) = s - (ki X k) (ky - k) (k3 - ky).

4(ky — ko) (ks — k .
Fu({ka).5) = 2=l >Im{
T

APO

where ki, = k| + ky, k34 = k3 + k4 and 7, is the location
of the singularity given in Eq. (31). The function F;, when
combined with I1j, has been defined to be of order unity in
regular kinematic configurations when ¢k, c;m << H. As
such, it can be identified as a shape function for the parity-
odd trispectrum. Note though that one cannot simply treat
the prefactor Apy as the amplitude of the parity-odd
trispectrum, due to the dependence of F({ks},s) on the
parameters m, k. The overall size of the signal should rather
be determined by looking at the full dimensionless trispec-
trum 7 pg.

We now make a few comments on the analytical
structure of the nonlocal EFT result. First, we see that
the prefactor Apg is imaginary® and the kinematic factor IT,
enforces the parity-odd trispectrum to vanish in nonplanar
configurations, as for any n-point correlators with parity
violation. Second, the function F({k,},s) encoding the
inflationary dynamics is a combination of simple rational
functions and exponential factors, which originates from

*When splitting the trispectrum signal into parity-even and
parity-odd contributions 7 = 7 pg + 7 pg, the parity-odd con-
tribution is identified as the imaginary part of the trispectrum
TPO = {Im7T.

in(Hz,)®(ikip + ¢;ki ka7, ) (iksy + c;kskyt,)

nonlocality at the singularity, which is derived from the fact
that the UV theory is multifield in nature.

To proceed to the final trispectrum, we relate the
Goldstone boson to the curvature perturbation by using

= —Hci/ 2 fz27., and introduce the dimensionless tris-
pectrum 7 by
_ iyvens (kr/4)
(Ck, S, S C,)' = (27) Ang(kl,kzﬁkz,kO,
(34)

where ky =, k, is referred to as the total energy. The
parity-odd dimensionless trispectrum at LO can be written
as

Tro(ki k. k3. ky) = Apoll({ka}) Fs({ka}. 5)

+ (¢, u channels), (35)

where the amplitude Apq, the polarization factor I, and the
function F; read

, 36
m*k(k + sHz,) (36)

|
products of Goldstone mode functions in the vertex inte-
grand. This outcome is of course attributed to the residue
theorem. Importantly, there is no total energy kr-pole in the
correlator (*) o k3F({ka}, s), suggesting that the parity-
odd correlator can be written as a sum of factorized terms on
the singularity at ..

B. Shape characteristics

The parity-odd trispectrum in the nonlocal EFT exhibits
several interesting features. They are based on the obser-
vation that the dynamical function F({k,}, s) contains an
exponential factor e/“*7% with both real and imaginary
parts,

, k —iak
elekrte = exp <—T az - a%) exp (laKT> (37)
s s

This exponential factor is inherited from the Goldstone
dynamical phase at the singularity, and leads to both a low-
speed resonance peak and a new family of oscillatory
signals:
(1) First, the real part of the exponent dictates that the
overall amplitude of the parity-odd trispectrum is
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%10 m:6H,K:H %103 m:12H,I€:8H x10 m:12H,I€:H
12F ] 2F ]
— LO 4+ -
—— NLO
Numerical | 1F b
o) o 21 T
= &
[SS] N 39
E E o
—1F 4
—2F -
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ki/s ki/s k1/s
FIG. 3. The s-channel parity-odd trispectrum shape Im7  p, as defined in Eq. (35) for the 0;7.0;0,7.0; interaction in the nonplanar

tetrahedron kinematics configuration, with k; = k3, k; = k4 = \/s*> + ki and y = x/3 being the dihedral angle from the (k,,k,)-plane
to the (k3, k4)-plane. The parameters are chosen as m/H = 6,x/H = 1 (left), m/H = 12,x/H = 8 (middle), and m/H = 12,x/H = 1
(right), together with a common sound speed ¢, = 0.1 and A = 30H. The blue and red curves show the LO and the NLO nonlocal EFT
results, respectively, and the gray dotted line shows the exact numerical result in the two-field UV theory. The first visible resonance
peak near the regular kinematics configuration is the low-speed collider signature, see Eq. (39). The second peak (valley) and the
subsequent ones in the exponentially attenuated tail are attributed to the new class of oscillatory signals, periodic in k; /s, see Eq. (37).
For ¢ and u channels, the exchanged momenta are not soft, the low-speed collider resonance is absent, and the corresponding signals are
suppressed.

O(e™/M) | which is nonperturbative in m~" (recall
that o, < a,, = c¢,m/H). Consistent with the no-go
theorem, if we were to locally integrate out the
massive spinning field, it would lead to a vanishing
parity-odd contribution. Alternatively, a nonvanish-
ing parity-odd signal arising from the exchange of a
massive field must be nonperturbative in the mass.
Now that the sound speed is reduced, the signal
strength becomes considerably larger than the half-
Boltzmann suppression O(e™™"/#) in the conven-
tional case with a unit sound speed. Note also that
the shape function is exponentially attenuated in the
internal ultrasoft limit s — 0, creating a resonance
in the mildly-soft kinematic configuration. More
explicitly, a resonance peak emerges in the trispec-
trum as a result of the interplay between a poly-
nomial rising head and a exponentially attenuating

tail,
kS "o a2 —ozzﬂ
|Ts,1>o|~<k e V" R
L

(38)
where n ~ 2 is a power-law proxy for the polynomial
dependence, while k; ~ s is the long mode and kg ~
ki, ..., ks represents the short modes. Demanding
0|7 s pol/d(ks/k;) = 0 yields the location of the
resonance peak, given by

ky 4 a, —az. (39)
ks

n

This is essentially the same resonance peak as in the
original low-speed collider framework, which lies at
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(i)

k;/ks ~a, = c;m/H in the absence of chemical
potential [41,42].

On the other hand, the imaginary part in the
exponential (37) gives a new class of oscillatory
signals. The oscillation is periodic when expressed
in the momentum ratio k /s, rather than logarithmic
as in conventional cosmological collider signals.
The oscillation frequency is determined not by the
mass, but by the Goldstone sound speed and
chemical potential through the dimensionless
parameter o, = cyk/H. Such oscillations are accom-
panied by the exponential decay in the limit
kr/s — oo, as noted above. It is interesting that
even after integrating out the massive vector field,
oscillatory features still appear within the IR non-
local EFT. In contrast, conventional cosmological
collider signals are not captured by the nonlocal EFT
result, as they encode the superhorizon on shell
dynamics of the heavy field. One can think of the
difference between the two types of oscillatory
signals as a consequence of different dynamical
phases in the complex z-plane. We will elaborate
more on this understanding using the saddle point
approximation in a future work.

To confirm the two features above, we present the s-
channel dimensionless parity-odd trispectrum Im7 ; pg in
Fig. 3 along with the numerical exact result computed with
the UV theory (see Appendix B for more details). As one
can clearly see from the figure, there are multiple peaks and
valleys among which the first one is the low-speed collider
resonance and the others come from the new family of
oscillatory signals. For a small sound speed ¢, < 1 and
chemical potential kx/H < 1, the LO nonlocal EFT result
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FIG. 4. The size of the parity-odd trispectrum |7 pg| generated
by the interaction d;7.0,0,7.0;. The contours give the peak value
of Tpg in logarithmic scale. The horizontal axis is the chemical
potential k/H while the vertical axis shows the mass of the vector
field m/H, both in Hubble units. The sound speed is chosen
to be ¢; = 0.1, along with the cutoff scale A/H = 30. The region
k > m is excluded as the massive spinning particle develops a
tachyonic instability, see Sec. IL

perfectly agrees with the exact one. Deviations start to
appear when the chemical potential becomes comparable to
the mass « < m. In this case, the conventional cosmological
collider signal becomes larger, dominating the collapsed
limit (see the oscillating tail present in the exact result that
is absent in the nonlocal EFT in the middle panel of Fig. 3).
The nonlocal EFT result nonetheless predicts well the other
features of the signal. We also show the signal strength of
the parity-odd trispectrum in Fig. 4, where we find that our
model can give sizable signals within the reach of future
LSS observations.

V. CONCLUSION

Parity-violating cosmological correlators serve as a
compelling evidence for new physics in the early
Universe. In this paper, we have shown that a chemical-
potential driven dynamics of an additional massive spin-1
field during inflation generates a large parity-odd trispec-
trum in the presence of a reduced speed of sound for the
Goldstone boson of broken time translations. The reduced
sound speed limit admits a single-field nonlocal EFT
description, in which the massive vector field is integrated
out, leaving parity-violating self-interactions of the
Goldstone boson of broken time translations that are local
in time but nonlocal in space. Remarkably, despite the
single-field content of the nonlocal EFT, this emergent
spatial nonlocality leads to a nonvanishing parity-odd
trispectrum. We have shown that this correlator is com-
pletely determined as the residue at the singularity of the

nonlocal interactions, bypassing the single-field no-go
theorem on parity violation. Inspecting the characteristics
of the parity-odd trispectrum, we have identified a low-
speed-collider resonance peak in mildly-soft kinematics
configurations and a new type of oscillatory patterns toward
the collapsed limit that is distinct from the traditional
cosmological collider signals. The exploration of the
parameter space reveals a potentially large parity-odd
signal, making it a noteworthy consideration for future
observations.

While in this work we have focused exclusively on parity
violation in the nonlocal EFT, there are many interesting
physics to explore in the UV theory, providing ample
opportunities for future research. To name a few, the
reduced Goldstone sound speed opens up new phase-space
regions [u=s/(c;kyp) > 1, v=ys/(csksy) > 1] for the
trispectrum with new families of cosmological collider
signals. It would be interesting to classify these signals and
understand how they connect to the new oscillatory patterns
lying in the internal soft limit of the trispectrum found in
the present work. Another important theoretical question is
to give an exact solution to the low-speed collider trispec-
trum in the presence of chemical potential, especially in the
new kinematics region u, v > 1 where all the known
solutions cease to apply. Since the chemical potential
and the speed of sound are the only possible modifications
of the dispersion relation up to quadratic order in a
derivative expansion, the full exact solution would be
marked as the last piece of the puzzle of solving boost-
breaking tree-level trispectra. We hope to address these
questions in a forthcoming work.

ACKNOWLEDGMENTS

We wish to thank Paolo Creminelli, David Stefanyszyn,
Yi Wang and Masahide Yamaguchi for helpful discussions.
X.T. would like to thank the Institut d’ Astrophysique de
Paris for kind hospitality. S.J., S.R.P, and D. W. are
supported by the European Research Council under the
European Union’s Horizon 2020 research and innovation
programme (Grant Agreement No. 758792, Starting Grant
Project No. GEODESI). X. T. and Y.Z. are supported in
part by the National Key R&D Program of China
(No. 2021YFC2203100).

APPENDIX A: SINGULARITY
AT HIGHER ORDERS

At LO, the location 7z, (31) in the r-complex plane
appears to be the only singularity of the integrand (28),
where it manifests itself as a simple pole. In this appendix,
we show that 7. is the only singularity at any finite order in
the parity-odd sector of the series expansion (20), so that
the parity-odd trispectrum is, to all orders, fixed by the
singularity at ..
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In Fourier space, consider a further decomposition of
Dy in Eq. (23) into an identity part and a longitudinal part,

Dyt =Dr' + DL, (A1)
with
2/ + m?
D1, = S:i, A2
[Pl (s2/a* + m?)* —4k>s?Ja® " (A2)
—4i2 is:/a?
[Dfl]ij = : sisy (A3)

(s2/a* + m*)?* —4k’s?Ja® s*/a® + m?’

Now both D! and Dy, possess a pole at 7., while the

longitudinal part D! has an extra pole at

T =— (A4)

sH'

Thus we need to show that in the full expansion9

02 -1
()
(o] 2 n
= (D' 4Dy +Dy) Z{ —; (Dy +D—‘+DPO)} ,
n=0
(AS)
this extra pole never appears in the parity-odd sector. In
fact, this is simply guaranteed by the tensorial structure.

Namely, the parity-odd sector must have at least one factor
of Dpl:

Dy (A6)

S
o Ao

Sl

Q

Now one can always find the closest insertion of [D~!],
with a sequence of [D~!]; inserted in between,

02 02
DP(I) 2D1 Dl Dl . (A7)
The tensor structure then reads
++ 20K€1S10m, * Oy nSuSi = 0. (A8)

Therefore, any insertion of Dy! with its extra pole is
eliminated by the nearest factor Dpl. Henceforth, there is
no extra tz; singularity in the parity-odd sector of the
nonlocal EFT.

°Notice that we have applied the identity a20? = 07 + Ho, to

Eq. (20).

Since finite steps of summation, multiplication and
taking derivatives also do not generate new singularities,
but only serve to increase the order of the 7. pole, we
conclude that 7. is the only singularity of the nonlocal EFT
at any finite order, and that the resulting parity-odd
trispectrum only receives contribution from the z,. pole.

APPENDIX B: DETAILS ON THE
ULTRAVIOLET COMPUTATION

In this appendix, we provide details on the exact calcu-
lation of the parity-odd trispectrum in the UV theory. Using
the Schwinger-Keldysh diagrammatics, the s-channel dia-
gram, see Fig. 5, from transverse vector exchange reads

1
(Wi =5 &) (ks - )

(y ko) (s Ky) Y (k-

Aab==%

x ab / drd (a™' K2 0, K3)G (5.7, 7')
x (' K39/ KY). (BI)

where we have abbreviated @’ = a(7’). Here, the polarization
vector is

ST L

21— (a-3)?
where 71 is an arbitrary unit vector not parallel to §. The
Goldstone mode function, associated with the bulk-to-

boundary propagator K}, has been defined in (29), its
antitime-ordered cousin reads

Kg = (Ka)". (B3)

The vector propagators are

k, k; ks k,

!

T T

FIG. 5. The trispectrum diagram in the UV theory. In this case
both vertices are local in spacetime but they are connected by a
propagating vector field, represented by the purple wavy
line here.
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gﬁ (s,7,7) =0(r — 1/)6,1’,((1)6;,{(1’)

+0(7' —1)0; (7)o, (), (B4)
G, " (s.7.7) = 034(7) 01 (7). (B5)
G (s.0.7) =[G, (s.7.7)]", (B6)
G (s.7.7) =[G (s, 2. D))" (B7)

where the mode function is expressed in terms of the
Whittaker W-function,

e—/lm?/Z )
J/l,k(T) = W Willl?,iy(zlkf)’
2
1
with p= %_Z’ kE%. (BS)

The nested time integrals are solved numerically. We will
provide analytical results for this correlator in a future work.
The exact numerical result from the UV theory is contrasted
with the nonlocal EFT one in Fig. 3.
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