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We calculate the scalar-induced gravitational wave energy density in the theory of ghost inflation,
assuming scale invariance and taking into account both the power spectrum- and trispectrum-induced
contributions. For the latter we consider the leading cubic and quartic couplings of the comoving curvature
perturbation in addition to two parity-violating quartic operators. In the parity-even case, we find the relative
importance of the trispectrum-induced signal to be suppressed by the requirement of perturbativity,
strengthening a no-go theorem recently put forth. The parity-odd signal, even though also bound to be small,
is nondegenerate with the Gaussian contribution and may in principle be comparable to the parity-even non-
Gaussian part, thus potentially serving as a probe of the ghost inflation scenario and of parity-violating

physics during inflation.
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I. INTRODUCTION

Cosmic inflation has the potential of providing a wealth
of information on physics at energy scales not achievable by
artificial particle colliders. One such effect is the violation of
parity invariance by high-energy interactions which, being a
symmetry, is of prime importance in the effort to constrain
fundamental theories with experimental data. In fact, hints
of parity-violating physics at play in the early universe have
already been discovered in the statistics of the large-scale
structure [1,2], and so it seems crucial to understand
whether this breaking of parity could have a primordial
origin in the context of inflation.

The most minimal theory for the physics of fluctuations
during inflation is described by a scalar mode, physically
encoding the clock that will dictate the end of inflation, and
two tensor modes corresponding to the perturbations of the
gravitational field [3,4]. The former is most conveniently
parametrized by the comoving curvature perturbation (.
Signatures of parity violation will in principle be manifest
in correlation functions of these fluctuations, and one
would expect the most important effects to arise in the
non-Gaussian part of the 4-point function of ¢ and in the
2-point function of the graviton.'
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'Due to homogeneity and isotropy, the scalar 2-point function
cannot break parity because it is a function of only the magnitude
of the momentum. For the same reason, the momenta in the scalar
3-point function must form a triangle, and a triangle is unchanged
by a parity transformation. Thus, the leading effect in the scalar
sector appears in the 4-point function.
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The experimental measurement of these correlators is
nevertheless challenging in either case. At least on scales
probed by the cosmic microwave background (CMB), the
probability distribution of ¢ is inferred to be extremely
Gaussian, making it unlikely to achieve a detection of parity
violation in the foreseeable future [5—7], while in the case of
primordial gravitational waves (GWs) even a Gaussian
signal is constrained to be minute [8,9]. However, both
(¢*) and (h?) (where h denotes, schematically for now, the
tensor fluctuation) are essentially unconstrained on scales
much smaller than those probed in the CMB, and especially
exciting is the possibility of observing a primordial GW
signal in forthcoming experiments [10—14].

Focusing therefore on the tensor 2-point function as a
particularly well-motivated probe of parity-breaking physics
during inflation [15-20], we can envisage two distinct
dynamical sources of parity violation, namely in the
gravitational sector or in the scalar sector.” Parity-odd tensor
couplings have received considerable recent interest in
connection to this question [23-39]. Yet models of gravity
that modify general relativity, including in particular those
that feature parity violation, face several issues related to
their stability—in the case of higher-curvature theories—in
addition to stringent experimental tests, so that further
studies are necessary in order to assess their viability.
Here instead we focus on the possibility that the breaking
of parity arises exclusively from the scalar sector of the
model, with the gravitational interactions being the standard
ones of Einstein’s theory.

"More possibilities are, of course, available in theories with
multiple fields. One such class of models that predicts a breaking
of parity invariance is axion inflation [21,22].
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Scalar fluctuations contribute to the tensor 2-point
function at second order in perturbation theory through
mixings of the form £;;0;0;{. The resulting signal, known
as scalar-induced GWs (SIGW), has been the subject of
intense scrutiny in the past years as several mechanisms to
enhance scalar perturbations on small scales have been
discovered [40-54]; see also [55] for a review and further
references.” In general, the SIGW power spectrum receives
two contributions, schematically (h?) ~ ({*)4 + (£*),, where
(¢*)4 denotes the “disconnected” or Gaussian part of the
scalar 4-point correlator and ({*), denotes the “connected”
or non-Gaussian component, i.e., the scalar trispectrum.
See [59-63] for studies on the impact of non-Gaussianities
on SIGWs. While one typically expects the connected
contribution to be subleading relative to the disconnected
one (more on this below), the two have in general a different
scale dependence and are therefore in principle distinguish-
able. The trispectrum-induced component is, of course,
especially interesting as it encodes direct information about
the interactions of the curvature perturbation during infla-
tion and, more to the point of this paper, it is only this
component that can a priori produce a breaking of parity
invariance.

Trispectrum-induced GWs have been the subject of
some interesting recent studies [60,61,64], although these
works were restricted to local-type non-Gaussianities.
However, it was later shown in [62] that the requirement
of perturbativity necessarily bounds the relative impor-
tance of the local trispectrum-induced GW signal to be
small. More in detail, the ratio Qgw./Qcwa of the
connected and disconnected SIGW contributions is of the
order of Pél_kmp) / Pétree), i.e., the ratio of the one-loop scalar
power spectrum to its tree-level result, which must be
parametrically smaller than one for the theory to be under
perturbative control. Moreover, this result was also shown to
apply to the regular trispectrum shapes that result from
derivative interactions in single-field slow-roll inflation as
well as models with reduced speed of sound. It should be
remarked, however, that the results of [62] were derived
under the assumption of scale invariance.

The no-go theorem of [62] may a priori still be evaded
by other trispectrum shapes. Here we investigate two
classes of trispectra that arise in the theory of ghost
inflation [65-67]. Our motivation to investigate this
scenario is threefold. First, we would like to assess the
robustness of the above no-go result by studying a model
of inflation which differs from the standard single-field
description, but with which it nevertheless shares some
similarities, namely derivative interactions and equilateral-
type non-Gaussianities. Second, ghost inflation has been

JAlthough outside the scope of this paper, it is worth
mentioning that SIGWs have the notorious issue of gauge
dependence [56-58]. See also [55] for a summary and further
references.

identified as a viable mechanism to enhance the scalar
power spectrum in a manner consistent with perturbative
unitarity [68], thus serving as a well-motivated arena to
investigate not only SIGWs but also primordial black hole
formation [69-71]. Third, the breaking of parity in the
scalar trispectrum turns out to be impossible in models
with linear dispersion relation and Bunch-Davies initial
conditions, assuming scale invariance [72,73].4

The last point is crucial since, as we already mentioned,
it is only a parity-odd trispectrum that can in principle lead
to a violation of parity in the SIGW power spectrum, again
assuming the gravitational sector is not modified. Ghost
inflation evades the no-go result of [73] precisely because
the dispersion relation is nonlinear, @ « k>. Although ghost
inflation predicts scale-invariant correlation functions (see,
however, [75]), what we actually have in mind is a scenario
in which the dispersion relation of the adiabatic mode
changes from linear to nonlinear on small scales. In this
way, it is possible to have an enhancement of the scalar
power spectrum on small scales relative to the one con-
strained by CMB observations on large scales [68]. In this
setup, the physics of ghost inflation is therefore understood
to apply only on small enough scales.’

In this paper we calculate the SIGW power spectrum for
four different scalar trispectra in the theory of ghost inflation
and with the assumption of exact scale invariance. Two of
the trispectra are parity-even and correspond to the most
relevant self-interactions of the curvature perturbation,
namely a cubic operator and a quartic operator that
contribute to the connected 4-point function through sca-
lar-exchange and contact diagrams, respectively (77,78].°
The second set of trispectra is given by two parity-odd
quartic operators that correspond to the leading sources of
parity violation in the scalar sector [73,82]. Our results are
compared with the Gaussian contribution to the SIGW
spectrum upon taking into account the condition of pertur-
bative control. Let us summarize our main results:

(i) For the parity-even trispectra, we find a stringent
bound on the relative importance of the connected
SIGW spectrum allowed by perturbativity, thereby
confirming and generalizing the no-go theorem
of [62] to encompass scenarios with modified
dispersion relation. The bounds are comparable to
or even stronger than in slow-roll inflation or in
models with reduced speed of sound.

(i1) For the parity-odd trispectra, we find a very small
result, of O(107%) times what naive dimensional
analysis would predict. The degree of chirality is

“This statement holds for the tree-level trispectrum but is
generically evaded at one-loop order [74].

*Power spectrum-induced GWs in a model with modified
dispersion relation have been studied in [76].

®See also [79-81] for other studies of non-Gaussianities in
models with a nonlinear dispersion relation.
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bounded by a number parametrically smaller than
O(107!) from the condition of perturbativity. We
argue that, optimistically, this could be of the same
order as the parity-even trispectrum-induced contri-
butions.

In Sec. II we provide a brief review of the computational
aspects of SIGWs. We pay special attention to identify the
conditions under which the trispectrum-induced signal may
be nonvanishing. We explain that (i) only trispectra that are
even functions of the scalar product (g, - ¢,) provide a net
nonzero contribution to the total GW power spectrum (here
q,, are the internal momenta to be integrated over in the
Green function convolution); (ii) only trispectra that are
odd functions of (k - ¢, X ¢,)(q, - q») can produce a parity-
violating GW signal, i.e., with different power spectra for
left- and right-handed GW polarizations. [These statements
assume that the trispectrum is a polynomial in the scalar
products (g, -¢q,) and (k-q; x q,); however, analogous
criteria may also be inferred in more general cases.] An
interesting implication is that a trispectrum function that
depends on (q; -¢q,) only through an odd function of
(k-q, xq,)(q, -q>) will yield zero net power in GWs
and is therefore only detectable in experiments that can
measure individual chiral polarizations. Indeed, we also
explain that linearly polarized GWs are not sensitive to
parity violation in the scalar trispectrum. These observa-
tions are precisely relevant in the case of ghost inflation, as
we will see.

In Sec. 11, after a short review of ghost inflation and the
4-point correlation functions that result from this scenario,
we present our calculation of the GW power spectrum-
induced by the scalar trispectra mentioned previously and
derive our main results. We conclude in Sec. IV with some
final comments. We collect in the Appendixes some addi-
tional information and results related to our conventions
and numerical calculations.

II. SCALAR-INDUCED GWs

This section presents a brief overview of the theory of
scalar-induced GWs, followed by a detailed analysis of the
master integral that defines the scalar trispectrum contribu-
tion for different GW polarizations. Based on the structure
of the master integral and the symmetries of the theory, we
identify necessary conditions for the trispectrum to yield a
nonvanishing signal both in the total power as well as in
individual polarization channels. In particular, we explain
how a parity-odd trispectrum leads to different SIGW
spectra for chiral polarizations.

A. Elements of SIGWs

We follow the conventions of [55] to which we refer the
reader for more details. We define the tensor perturbation

hij<x9 17) by

ds? = a(nPl=dr? + (3 + hyj(e. m)dridel],  (2.1)

in terms of conformal time #. Expanding the tensor
perturbation in Fourier modes and polarizations, we have

d k A )
ﬁ k ]il’])elk'x,

hij(x.m) = (2:2)

/1+><

where the index A labels the GW polarization. For + and x
polarizations we define the tensors as

5 (k) = —leie ) - @ @), (23)
er k) = (e, (0)e; (k) + &, (R)e,(0)],  (2.4)

where e; (k) and &(k) are orthonormal vectors, orthogonal
to k and to each other, that is, e;e; =¢;¢6; = lande;e; = 0.
Some useful properties of these tensors are

k,-e;;’x =0, (2.5)
ot
ejel; =ejef =1 (2.6)
The tensor power spectrum P, is defined by
(e ()l () = (27)*6(k + k)& Py(k.n). (2.7)

The energy density per logarithmic wavelength of GWs is
given by [83-86]

Qaw(k.n) < > Z Pk, n), (2.8)
s=—4,X
where P, = Zk—;PA is the dimensionless power spectrum,

the overline means an average over many oscillations of the
GWs, and ‘H = aH is the conformal Hubble parameter.
In Einstein gravity, the equation of motion (EOM) for the
tensor modes to second order in perturbation theory reads
m(n) + 2HAY (n) + k*hi(n) = 255(n),  (2.9)
where the primes indicate derivatives with respect to
conformal time 5 and S} is the source of quadratic order
in ¢ projected onto the A polarization. In Newtonian gauge
it is given by [86-89]’

"See [90] for the general expression in an arbitrary gauge.
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d3q 7 4 —1¢n/
Sk_/weij(k)%‘éb<2q)qq)k—q +m(H @,

+ @) (H'®@)_, + d)k_q)>, (2.10)

where the Bardeen potential @ is related to the comoving
curvature perturbation { on super-Hubble scales as @ =
%C with w the equation-of-state parameter. We will
focus on the radiation-dominated era so that w = 1/3
and @ = (.

Solving the EOM with the Green function method and
neglecting a primordial contribution, the tensor power
spectrum is found to be [86—88,91]

4 dq, &3
Pl(’/]’ k) k4 ( ) (zq)l ( q)2 Q (k ql)Q/l( kv q2)
lk—qi| g, k—q,| a4
XI( k ’?k”>l( k ’?’k’o
X (Cq,Ch-g,C-g:6—krg)s (2.11)
where
0, (k.q) = ¢, (k)q,q;. (2.12)

The function I(u,v,x=kn) contains the postinflation
evolution information about the scalar source and may be
found, e.g., in [61,86], and (- - -) implies that (27)*5(>" k,)
in the correlator has been removed. It represents the
primordial 4-point function of { generated during inflation.

In general, the 4-point correlation function can be
decomposed into connected and disconnected contributions,

(G, S, s Sy ) = (G, G Gy Gy e (8, oo Gy Gy g (2.13)

where the disconnected part is by definition determined
only by the 2-point function, i.e. the primordial scalar power
spectrum. The connected part instead corresponds to an
intrinsic non-Gaussianity in the probability distribution of {.
Explicitly, we have

(C4.Ch-g,C-g,C ki) = 27)*[8(q1 — q2) P:(q1) P (k= gq1])
+6(q1 + 2 —k)Pc(q1)Pc(q2)],
(2.14)

(Ca1Ck-a.C-arCk+ar)e = Tec(q1 bk —q1,—q2. —k + q),
(2.15)

where T (ky,ky.k;.ky) is the trispectrum function. It is
convenient to define a dimensionless trispectrum as

(kikokaky)

TC(kl’k21k3vk4) (27[)

Te(ky ko ks ky). (2.16)

After some manipulations in the expression (2.11) for the
tensor power spectrum we obtain [62]

Pra = (%)2/0‘” dv/:r dulCy(u, v) Py (ku) P, (kv),
(2.17)

1+v, I+,
Phcz< > / U]/ du]/ dUQ/ dI/l2
1—vy| [1=2,]
x/ dwKC.(uy, vy, uy, v3)
0

2
. cos(2y)
T

T (uy, vy, Uz, 02, ), (2.18)

which we refer to as the “master integrals” that determine
respectively the disconnected and connected contributions
to the dimensionless power spectrum of GWs. Note that a
sum over polarizations has been done, so that these
expressions give the total spectrum. The dimensionless
integration variables are given by

k — q;|
k 9

Uj Vi

4qi
=, 2.19
: (2.19)
and we introduced the integration kernels

49% — (1+ v — u2)2 2
duv
x I3 (u, v) [I3(u, v) + 13 (u, )],

Ka(u,v) =

(2.20)

1
Kc(”l’vlﬂ”%vZ): 5/4[40%_(14_1}%_”%)2]

16(1/!] U M2U2)
x [4v3 = (1403 —13)*| 15 (uy,v1)

X1 g (un,07) [T (1y,v1) 1 (1, 05)

+1c(uy,v1)lc(u2,v2)), (2.21)
with IA,B.C being
3(u? + 0% -3)

Iy(u,v) = ————=, 2.22

) =2 2.22)
3— 2

I3(u,v) = —4uv+ (u> +v>-3)log (u—+v)2 . (2.23)
3—(u—-v)

Io(u,v) = n(u® 4+ v* = 3)0(u + v —V3). (2.24)
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B. The polarizations of SIGWs

The above master integrals correspond to the total power
in GWs after summing over polarizations. However, in
principle an experiment might be able to detect individual
polarization signals. This is true in particular for chiral
polarizations that give the most direct way to quantify the
breaking of parity in GWs.

So let us rewind to Eq. (2.1) and now consider the
expansion of the tensor perturbation in chiral polarizations,

h,-j(x,n):l;L / (‘21:;363,4].(1%);1,@(;7)@"%, (2.25)

where the right- and left-handed polarization tensors are
defined by

ek (k) = = lef; (k) + ie)s (k)] (2.26)
ek(k) = \% lef; (k) — e (k)] (2.27)
Some useful properties of these tensors are

kel =0, (2.28)

el’;eﬁ- = eiLjeiLj =0, (2.29)

ef (kyek (k) = 1, (2.30)

ef (k) = el (k) = ek(—k), (2.31)

ek (k) = el (k) = eX (k). (2.32)

The power spectrum for a given chiral mode is again
defined as in (2.7) with A = R, L, while the mode functions
h,f‘L satisfy the EOM (2.9) with the source function
projected onto the chiral basis. It follows that the power
spectrum for h,f’L is also given by (2.11).

It will be useful for what follows to have explicit
expressions for the function Q,(k,q) introduced in (2.12).
To this end it is convenient to employ spherical coordinates
defined relative to k = kZ, so that the components of ¢ are
given by g = g[sin 6 cos ¢, sin 6 cos ¢, cos ] in this frame.
We then obtain

1 cos2¢p A=+
k,q) = — g*sin%6 x ,
Qik-q) V2! {sin2¢ A= x
1 elt A=R
_ Lo
Q,l(k,q)—zq sin 9x{6_2i¢ I (2.33)

0, (k, q) verifies the following symmetry properties:

Q,(k,q+ ck) = Q,(k.q), A=+,%X,R,L, (2.34)
Q. «(k.q) = Q4 « (<k.q) = O, «(k,—q), (2.35)
Orr(k.q) = Q1 g(—k.q) = QZ,R(ka q). (2.36)

We see that the polar angle dependence is the same for
different polarizations, and this is the fact that GWs are
transverse. Therefore any asymmetry between polarizations
can only emerge from azimuthal integrals. We now turn our
attention to these.

The integral in (2.11) depends on the azimuthal angles
through the function Q, as we just mentioned and also
through the scalar 4-point function ({*)’. The tensor power
spectrum therefore has the form

2r 2n - ~
P, = / i, / 4,0, ()0 () F (1 — ). (2.37)
0 0

where
cos2¢p A=
_ sin2¢p A= x
Qi(}) =4 1,20 5 (2.38)
V2
1 ,-2i _
Je =

The fact that the function F must depend only on the
difference ¢, — ¢, is a consequence of the rotational
invariance of (¢*)’. In addition, because (¢*)’ must also,
of course, be periodic in ¢ ,, it follows that F is a periodic
function with period 2z.

Let us consider first the integral over the disconnected
part of the scalar 4-point function. In this case the only
dependence of ({*)!; on the azimuthal angles is through
5*(q, — q,) and 5°*(q, + ¢, — k), which, in fact, contribute
equally due to the symmetries of the integral. Since
& (g1 = q2) «x 8¢y — ¢2) we have that F = F5(¢ — ¢b,)
with F independent of @1 »- Therefore

P,{‘ﬁ/%dfﬁl@z(%ﬂz_”}— v Ae{+ x.R.L}.
0
(2.39)

The total power spectrum, computed either in the linear
basis or in the chiral basis, is thus equal to P, = 2z.F.
Since each polarization channel contributes equally, we
conclude as expected that the disconnected SIGW power
spectrum cannot exhibit parity violation.

Next we consider the connected 4-point function.
Performing the change of variables
v =q¢1— b

X =¢1+ ¢ (2.40)
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allows us to recast the azimuthal integrals as

2n
P, = 77,'/ dy cos 2y F (w), (2.41)
0

2n . 2z .
Pa=r [T F @) po=n [T ape )
0 0

(2.42)

where we made use of the symmetry properties of the
function F.

We reach the conclusion that linearly polarized SIGWs
always contribute equally to the total tensor power spec-
trum. This is simply a consequence of rotational invariance
since 4+ and x waves are related by a rotation of z/4. The
total power-induced by the trispectrum is then given by

2n
P, = 271/ dy cos 2y F (w). (2.43)
0

Since F is periodic, it may be expanded in Fourier series,
F =Fo+ > =1 Cacosny + s, sinny, so that the integral
in (2.43) is nonzero only if the Fourier coefficient ¢, is
nonzero. In particular, F () cannot be an odd function of y
for P, to be nonzero.

To be more specific, now recall that F is built out of the
three momenta k, q;, and ¢,, and rotational invariance
dictates that it must be a function of the scalars

k., qi. q». k-qi. k-q. q1-q2. k-q,xq,. (2.44)

The first five are independent of y = ¢; — ¢h,, while

q1 ¢, x cosy, k-q, x g, xsiny. (2.45)
Thus, we may write, in the case of trispectrum-induced
GWs, F(y) = G(cosy, siny),® and so the above integral

may be recast as

P,=2x /ﬂ dy cos 2y [G(cosy, siny) + G(cosy, —siny)].
0
(2.46)

Thus, we deduce the stronger statement that the trispectrum
cannot be an odd function of the scalar product (k - g, X ¢,)
as a necessary condition for P, to be nonvanishing. Since a
strictly parity-odd trispectrum must be an odd function of
(k- q, x q,), we conclude that any parity-odd component

8Obviously the definition of G is ambiguous since we could
write sin? r = 1 — cos? y. This is a consequence of the fact that
the invariant (k - ¢, X ¢,)? is not independent of the other terms
in (2.44). We fix this ambiguity by assuming that higher powers
of (k- q; X q,) have been reduced in this way, i.e., so that one is
left either without such a term or with a single power.

will vanish in the calculation of the total power spectrum.
Moreover, because of the identity

/” dy cos 2y G(cosy, —siny)
0

= /7r dy cos 2y G(—cosy, —siny),  (2.47)
0

it also follows that, if the trispectrum is even in
(k- q, X q,), then it cannot be odd in the scalar (g; - ¢,).
In other words, a parity-even 7 ; cannot be an odd function
of (g - g-) as a necessary condition to have a nonzero total
GW power spectrum.9 If we assume that 7, is a polynomial
in these two scalar quantities, and given that even powers of
(k- q, x q,) are redundant, we then infer that only mono-
mials containing even powers of (g; - ¢,) can in principle
yield a net nonzero contribution.

Unlike for linear polarizations, GWs in the chiral basis
do not give equal contributions to the total power. From the
above expressions for the azimuthal integrals we have

2n
Pr—P, = 27zi/ dy sin 2y F (yr)
0

=2ri /” dy sin 2y [G(cos y, siny)
0

+ G(—cosy, —siny)]. (2.48)
The first equality tells us that F cannot be an even function
of y for Pp — P, to be nonzero. It therefore must be an odd
function of the scalar (k- ¢q; x q,), as already mentioned
(see footnote 8), and so G must be odd in its second
argument (assuming a strictly parity-odd trispectrum). But
the second equality shows that, if this is the case, then G
cannot be even in its first argument.

It follows that a parity-violating SIGW signal, as mea-
sured by the difference Pz — Py, requires the trispectrum to
be an odd function of (k - ¢; X ¢,) and not an even function
of (g, - g»). Once again, this is a necessary but not sufficient
condition. It seems difficult to sharpen this criterion without
further knowledge about the structure of the trispectrum, so
to proceed let us again make the additional assumption that
T ¢ depends polynomially on (g, - ¢;) and (k- g, x g;). In
this situation it is easy to see that the trispectrum must
contain at least one odd power of'

(k-q,xq,)(q, - q2) o sin2y, (2.49)

This condition is necessary but clearly not sufficient, as
illustrated by the trivial case when F is independent of .

l()Nonpolynomial functions of these scalars do not need to
satisfy this criterion. To give an artificial example, the function
G(cosy, siny) = sin(cosy ) sin(siny) is odd in both of its
arguments and ["dy sin2yG # 0, yet it is not odd in the
product sin yr cos y.
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where the coefficients of such terms may depend on any of
the other scalars in Eq. (2.44) which do not affect the
azimuthal dependence. We will see in the next section that
the parity-odd trispectra from ghost inflation are precisely
linear in the combination in Eq. (2.49) and hence satisfy the
criterion to have Pp # P;.

C. Perturbativity bounds on trispectrum-induced GWs

In this subsection we recall the argument of [62] that
shows that the ratio of connected to disconnected con-
tributions to the GW power spectrum is bounded by the
requirement of perturbativity. This is perfectly intuitive
since the connected component is precisely a measure of
the interactions of the underlying theory. The essence of
the argument is to make this statement more precise, by
noting that

Ph’c ,Pél—loop)
Ph,d ,Pétree)

(2.50)

i.e., the ratio of the one-loop correction to the scalar power
spectrum relative to its tree-level result. We note that the “~”
here means that we are performing a simple dimensional
analysis, and it need not be an accurate order-of-magnitude
estimate. We will return to this point at the end of the
section.

To check the above statement, we first observe that

Ph.c 2
Pra P2

(2.51)

as follows from Egs. (2.17) and (2.18), again ignoring all
numerical factors. Consider first a cubic interaction vertex
with Hamiltonian H;,,. Both the scalar-exchange diagram
for the trispectrum and the one-loop diagram for the scalar
power spectrum contain two such vertices. In the first case
we schematically have

(i ][ ]

(2.52)
while for the one-loop diagram
Pél_loop) ~ < {/ Hint(ﬂl):| < [/ Him(ﬂz)] >
2
~Pe {/ Him} . (2.53)

Therefore,

T ,P(l—loop) 2
,P—g ~ TR |:/ Hint:| ) (2.54)
¢ Pg

implying in particular the relation in (2.50). It is easy to see
that the same conclusion follows for a quartic interaction
vertex, in which case both the corresponding contact
diagram for the trispectrum and the loop diagram for the
power spectrum contain a single insertion of the interaction
Hamiltonian.

The condition of perturbative control dictates that a
one-loop correction, in this case of the scalar power
spectrum, must be parametrically smaller than its tree-
level value. Equation (2.50) would therefore seem to
bound any trispectrum-induced GW signal to be sublead-
ing. However, let us emphasize again that this relation is a
result of naive dimensional analysis, and there are a few
reasons why this estimate may be incorrect: (i) the
estimate in Eq. (2.51) involves a complicated integral,
and it is far from obvious whether the result must be of
order unity; (ii) the above argument ignored the ever-
present factor of (4r)2 that accompanies any loop
integral; and (iii) in the opposite direction, loop correc-
tions may also be enhanced if a large number of light
fields run in the loops.

In the situation of point (iii) the perturbativity bound
becomes stronger, as indeed it was explicitly proved to be
the case for local-type trispectra in Ref. [62]. On the other
hand, since reasons (i) and (ii) could a priori relax the
bound, it is critical to search for models in which a large
trispectrum-induced signal may in principle be obtained,
which is precisely one of our motivations to study the
scenario of ghost inflation.

III. INDUCED GWs FROM GHOST INFLATION
A. Ghost inflation

Ghost inflation is a scenario of the pre-big-bang universe
in which a de Sitter phase of expansion arises from the
condensation of a ghost-type scalar field ¢. The vacuum
expectation value corresponds to a superfluid phase, i.e., a
time-dependent background given by

(o) = M1, (3.1)
where M is an energy scale. The Lagrangian for ¢ is
Lorentz invariant and also invariant under the internal shift
@ — @ + c. The background (@) spontaneously breaks
time translations and the shift symmetry, but it preserves a
linear combination of these two.

The Nambu-Goldstone boson z(f,x), or “ghostone” in
this context, associated with the broken part of the sym-
metry group corresponds to the fluctuation of the scalar field
about its vacuum, i.e., ¢ = M?*t + z, and inherits the shift
symmetry of the microscopic theory, 7 — 7 + c.
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Ghost inflation has two peculiar features that distinguish
it from more generic single-field models of inflation. The
first is that the shift symmetry of the ghostone is exact, at
least in its minimal formulation. The second is that the
speed of sound of the ghostone quanta vanishes; i.e., the
ghostone has no standard two-derivative gradient energy.
The leading gradients in the quadratic Lagrangian for z are
then given by a four-derivative operator,

a4 ].[/2 a (6271.)2

Here « is a constant parameter that we may take to be of
order unity without loss of generality. Let us also remark
that this is not the full quadratic action for the perturbations
as two simplifications have been made. The first is that
couplings to the metric fluctuation have been neglected at
this order, which may be shown to be a valid approximation
provided H < M < Mp,. The second simplification is that
certain ghostone terms have been dropped, which is valid
under the assumption H < M; see [78] for details. Under
these assumptions, we see that the ghostone exhibits a
nonlinear dispersion relation given by

(3.2)

4
2_ozk

[ —7M2¥

(3.3)

Solving the linear EOM in Fourier space, and imposing
that in the asymptotic past the field is in its Minkowski
vacuum, one finds the mode function

V3 1 \/5Hk2
aln) =y He ). a=Yo

(3.4)

Here H ,(,l> (z) is the Hankel function of the first kind. Recall
that the comoving curvature perturbation ¢ is related to the
ghostone 7z at linear order via [92]

(3.5)
The dimensionless power spectrum of ¢ is defined by

=2k—;Pc(k), (Cilw) = (2m)38(k+K')P(k), (3.6)

P (k)

and so we obtain the following expression for the primor-
dial scalar power spectrum in ghost inflation:

a3/ H\5/2
Pr=———— .
§Tar(1/4) <M>
Once again, here we assume exact scale invariance so that

H, and hence P, is supposed constant and independent
of k.

(3.7)

Let us next consider self-interactions of the ghostone z.
One first observes that the nonrelativistic dispersion rela-
tion in Eq. (3.3) implies an unusual power counting scheme
in order to determine the most relevant couplings. Taking
into account the shift symmetry, and assuming in addition a
Z, symmetry ¢ — —¢ in the ultraviolet theory, it may be
shown that the leading operators in the effective field theory
for the ghostone are given by [66,78]

p
Sp = Y dnd*xan’'0;z0;x, (3.8)
Szt = _ﬁ/d’?@x(ai”‘)i”)z- (3.9)

Here f and y are dimensionless coupling constants,
expected to be of order unity on the basis of naturalness.
Here, however, we will not make any assumptions regard-
ing their size.

The previous operators are even under a parity inversion,
z(n,x) — x(n, —x). In this paper we are interested instead
in exploring the effects of a parity-breaking scalar
Lagrangian, which leads us to consider the following
quartic interactions [73]:

SOl = 8;4'10 / dpd3xa=7'€;;40ymd);Pno 0’ m,  (3.10)

Si?’z = ﬁ/d11d3xa_5eijkam,,irdmﬂamljﬂalkﬂ, (3.11)

where 0;;.. =0;0;0.. and y,;, are dimensionless coeffi-
cients. These terms contain an odd number of spatial
derivatives and hence manifestly break parity. The anti-
symmetric contraction of indices will lead, as we will see
explicitly, to cross products of the momenta in the 4-point
function, again making the breaking of parity manifest,
k — —k in Fourier space. An additional consequence of the
violation of parity is that the 4-point function for these
couplings will turn out to be purely imaginary as is well
known. Finally, let us mention that the above list is, of
course, not exhaustive but may be shown to give the most
relevant parity-odd terms (in the sense of the derivative
expansion) [82].

B. Power spectrum-induced GWs

Since ghost inflation predicts a scale-invariant scalar
power spectrum, the calculation of the master integral for
the disconnected contribution to the GW spectrum reduces
to the same integral that one would find in any scale-
invariant scenario. As first computed in [86] we verify that
the result is
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Pra =14 (H> P, T,~987, (3.12)

where 74 was obtained after a numerical calculation of the
master integral in Eq. (2.17). See Appendix C for details
regarding our numerical computations.

C. Parity-even trispectrum-induced GWs

In this subsection we calculate the GW power spectrum-
induced by the trispectra that derive from the parity-even
(PE) operators in Egs. (3.8) and (3.9). We compare the
results with the above Gaussian contribution and estimate
bounds on the size of the ratio from the requirement of
perturbativity.

1. Scalar-exchange diagram

The cubic coupling in Eq. (3.8) contributes to the scalar
trispectrum through an exchange diagram with two inser-
tions of the interaction Hamiltonian. The result is [77,78]

1 11 /)72 3/4
sar () (ks

X [=2J1a(ky Ky Ky, ky)
+ Jig(ky, ky, ks, ky) + (23 perms)],
(3.13)

TC(k17k27k37k4) =

where

0 n
J1A(k17k2,k3ak4):Re[/ d’?("?)g/z/ dﬂ/( )9/2(("1 kz)(k2+k2+2k1 k2) 3/4(‘]1’7) SQ(qm’z)H(_lfM(qun’z)

—2(k} +ky ko) RHS, (@ HY (@i H)y (q1on™)) (s - k) (8 + &G + 2ks - ky)

x H), (g3 HY) (qa?) HY 4 (q3am?) = 203 + ks -k4)kiH§1/>4(613172)H(_ll)/4(Q4n2)H§l/)4(q34n2))] ,

where ¢; = ‘/_ k' and ¢ % The integral Jp

has exactly the same 1ntegrand with the difference that the
upper limit of the second integral is #/ = 0, and notice that
in this case the integral is real; see Appendix B for details.

From the master integral for the connected SIGW
spectrum we derive

(3.15)

This result is seemingly suppressed relative to the power
spectrum-induced result, Eq. (3.12), as it has a smaller
numerical coefficient and a larger power of P,. Recall that
we are entertaining the possibility of having a strong
enhancement of P, relative to its value on CMB scales,
yet we still expect P, < 1 for the background not to be

spoiled by backreaction. Nevertheless, we see that P, pg;
depends also on the coupling constants « and f, and one
could a priori consider the situation where the particular
ratio in Eq. (3.15) is large, even if this would entail a fine-
tuning of the theory. However, based on the discussion of
Sec. I1 C, we anticipate that a large non-Gaussian contri-
bution must be in tension with the condition of perturbative
control.

To verify this we first divide this result by the
disconnected contribution,

(3.14)
I
7)h,PEl _ IPElﬁ_Pl/5 C ﬁ_z E 172
Ph.d Id (XS/S PEL (17/4 M ’
CPEI ~—1.2x 10_4. (316)

and we wish to compare this ratio to the relative one-loop
correction to the scalar power spectrum, as discussed in
Sec. IIC.

In fact, in the case of the scalar-exchange term, we
can draw from the analysis of [93] a more precise estimate
of the perturbativity bound, namely the strong coupling
scale that follows from the requirement of perturbative
unitarity,""

A, = 4°Ma’? 4. (3.17)
For the ghost inflation model to be a valid effective
description we demand that H < A,, that is,

H\ /2 1 ﬁZ H\ /2
<A> = 5o <M> <1, (3.18)

so that

"To make contact with the result of [93], we have the
following dictionary relating their parameters to the ones of
the ghost inflation Lagrangian: p=2 = a/M?, M3 = M?/(2p).
Note that the field 7 in [93] is not canonically normalized as it is
in (3.2).
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Ph PE1

< 2JZ'CPE1 (9(10_3) (319)

h.d

This result confirms the no-go theorem of [62], in fact, with
a bound that is significantly stronger than the one obtained
in standard slow-roll inflation or in models with reduced
speed of sound.

2. Contact diagram

Another contribution to the scalar trispectrum is given by
a contact diagram with a single insertion of the quartic
interaction Hamiltonian due to the coupling in Eq. (3.9)."
The resulting trispectrum function is given by [77,78]

1 H\?°
= 2127[21—4(1/4) <M> 3/2 (k k2k3k4)
x Jo(ky, ks ks, ky)[(Ky - key) (ks - Key)

+ (23 perms)], (3.20)

Tc(kl?k23k3’k4)

where

0
Jo(ky, ky, ks, ky) = Re {l/ A0 B, (i) HY. 4 (qo)

x Hél/i(qmz)H?/L(qwz)] : (3.21)

_ JaHg

and q; = 7.
Performing the numerical calculation of the master
integral we obtain

- H\ 2
Prre2 = Lpgz <f) o 7711/5, Tppr & —2.0 x 1072,

(3.22)

The ratio of this outcome with the power spectrum-induced
result is then

h,PE2 PE2 /5
Preeal _ el 1_pr
Pra 14 068/5

CPEZ ~ 9.6 x 10_4.

o1 (HN'?
PE2a7/4 M s

(3.23)

We again wish to compare this with the bound on the one-
loop power spectrum dictated by perturbativity. In this case,
i.e., in the situation when the cubic operator in Eq. (3.8) has
been artificially turned off (see the comment in the foot-
note), the precise unitarity bound corresponding to the
quartic coupling has not been computed. Nevertheless, we
may still get an order-of-magnitude estimate simply from
the knowledge of the form of the interaction Hamiltonian, as
explained in Sec. IIC. We assume the one-loop result is
suppressed by a factor of (47)72 relative to what dimen-
sional analysis would predict, i.e.,

(1—loop)
P 1 H\! /2
¢ 14
—_ o~ | — < 1. 3.24
pé‘fee) (4r)? a’/* (M) (3:24)
It follows that
|Ph.peal 2 _ —1
——= < (47)*Cppr = O(1071). (3.25)

hd

This result is similar to the bound obtained in standard
models of inflation with a reduced speed of sound [62] and
implies a strong suppression of the relative importance of
the trispectrum-induced GW signal.

D. Parity-odd trispectrum-induced GWs

1. First diagram

Next we consider the interaction Hamiltonian produced
by the first parity-odd (PO) term in Eq. (3.10). The
trispectrum reads [73]

i(27)? 32 y kykyksyky ) 174
T (ky.ky k3 ky) :F((3/i)2 (M) 9}4P§ {(kz ks x ky)(k - k3)%11(k1,k2,k3,k4)+(23perms) ., (3.26)
2
where
1, (ky ey, ks ky) = A = dar e 4 (2iK32)HY), ik Y (2ik307) HY), ik 2%). (3.27)

The trispectrum involves the product (k, - k3 x ky)(k, - k3), which upon replacing k| = q,, k» = k — q1, k3 = —¢>,
k4 = —k + ¢, in the master integral yields a dependence on the azimuthal angle,

"Here and below we assume for simplicity that the cubic vertex of Eq. (3.8) is turned off when calculating the trispectrum. Otherwise,
this cubic Lagrangian also contributes to the quartic interaction Hamiltonian. The resulting expression is, however, the same, only with

the change y — 7 = y + > [77].
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k-(q,xq2)(q,-q2) = —kq?q3sin’ 0, sin® 0, sin 2y

- %kq%q% sin26, sin26, siny. (3.28)
Recall from our discussion in Sec. II B that odd functions of
k-(q, xq,)(q, -q>) may in principle induce a parity
asymmetry between right- and left-handed polarizations,
while it is guaranteed to yield identically zero in the total
GW power.

The master integral for the difference of right- and left-
handed SIGW spectra is

1+, 00
Prr Pth( ) / 111/ dul/ dv,
1=,

140,
X / duz/ dlpIC (l/ll, Ui, Uy, ’U2)
[1=vs] 0

sin(2y
X (77; )TC(MI,U],Mz,'Uz,l//). (329)
Carrying out the numerical calculation we find
_ 4 H
Prx = Pri =Tro1 g5 ( ) P,
Tpo1 ~ =33 x 1071, (3.30)

See again Appendixes B and C for details on the numerics,
in particular, concerning how to recast the integrals in a
form amenable to numerical integration.

The degree of parity violation may be quantified by the
so-called chirality parameter [34,94,95]

(3.31)

TC(kl’kZ’k39k4) =

where

L(ky. ky. k3, ky) = Im { A A H), ik %) HY), (ik32°) HY), (2ik32%) HY), (2ikG%) |

Upon substitution in the master integral, the only nonzero
independent scalar from the products k;-k; x k; for
all channels is k-¢q; X g5, again implying a vanishing
contribution to the total GW power. As for the products
(ky - k3)(k; - ky) (ks - k4) and permutations, it is easy to see
that for each channel this combination contains precisely
one factor of ¢q;-¢,, indicating a nonzero difference

2irn? H\1/2 y
r(3/4) <M>

X [(ky - k3 X key)(ky - k3 ) (ky - ky) (ks - ky) +

Note that in this formula P}, z and P, ; should be under-
stood as the total chiral power spectra. Here we assume for
simplicity that the first parity-odd quartic coupling in
Eq. (3.10) is the only interaction, although by consistency
one still needs to include the disconnected contribution in
the calculation of the GW spectrum. The latter vanishes in
the difference m — P,.1, since as discussed in Sec. II B
disconnected SIGWSs preserve parity, whereas, on the other
hand, the trispectrum-induced corrections vanish upon
summing over polarizations. Thus, we obtain

H 4
1= CPOI 7; <M> s Cpo] ~ 8.8 X 10_5. (332)

We estimate the perturbativity bound derived from this
quartic coupling as

(1—loop)
P 1 H\*4
¢ T (47[)2% <M> <1, (3.33)
PC
so that
|H‘ < (47[)261)01 = 0(10_2) (334)

2. Second diagram

Proceeding with the second parity-odd Lagrangian in
Eq. (3.11), the dimensionless trispectrum in this case is
given by [73]

S 3 PR (kikoksky) 4Ly (K, Ky, s, )

(23 perms)], (3.35)

(3.36)

[
between the tensor power spectra in right- and left-handed
polarizations.

Explicitly we obtain

16/5 H 2

ZPO2 ~ —8.2 X 10_1, (337)
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and a corresponding chirality parameter

H 3
I = —Cpoy 22 <—> . Cropm95x 107 (3.38)
o \M

Performing a rough estimate of the one-loop scalar
power spectrum as done before we get the bound
|H| < (47[)26’})02 = (’)(10_1) (339)
This is an order of magnitude less restrictive than the bound
derived for the first parity-odd interaction. Nevertheless,
in either case one concludes that a parity-violating signal
in SIGWs is strongly restricted by the assumption of
perturbative control.

IV. CONCLUSIONS

In this work we presented a first study of SIGWs
produced by the non-Gaussian component of the scalar
4-point correlation function in a scenario that goes beyond
standard scenarios of inflation described by the effective
field theory with a reduced speed of sound as well as
models that predict dominant local-type non-Gaussianities.
The scenario of ghost inflation is further motivated by the
possibility of having large scalar fluctuations on the scales
of interest to next-generation GW detectors and, most
interestingly from a theoretical perspective, the fact that
the model may in principle include a parity-violating
component in the scalar 4-point function.

Scalar trispectrum-induced GWs are necessarily small
relative to the power spectrum-induced ones, as recently
formalized in the no-go theorem of [62]. Our findings
further strengthen this expectation by extending previous
analyses to encompass ghost inflation. Our results should
straightforwardly generalize to other models with modified
dispersion relation, although it would be worthwhile to
confirm this explicitly. We find that the ratio of connected to
disconnected contributions to P, is bounded by a number of
O(107") for the contact parity-even diagram of Sec. III C
and for the second parity-odd diagram of Sec. III D, while
the other terms are even more suppressed. It should be
remarked that these bounds are rather optimistic since they
made use of a crude estimate of the one-loop correction to
the scalar power spectrum, whereas a more precise calcu-
lation of the unitarity bound, such as the one done for the
scalar-exchange diagram, might yield a stronger constraint.

Our work should be seen as a first analysis on the
possibility of having a violation of parity symmetry in
SIGWs from inflation. This is arguably a more conservative
expectation in comparison to exotic descriptions where
parity is broken at the level of the gravitational sector during
radiation domination, although it would be interesting to
compare the predictions of both scenarios in detail. This as
well as many other applications would necessarily require
one to go beyond the assumption of exact scale invariance.

On the one hand, a scale dependence in the scalar
correlation functions would break the degeneracy between
the connected and disconnected parts of the fotal SIGW
power spectrum. Although the parity-odd component is, on
the other hand, already nondegenerate when measured in the
individual chiral polarization channels, even assuming exact
scale invariance, a characteristic scale dependence would
potentially make its detectability far more likely. While our
bounds derived from perturbativity cannot immediately be
extrapolated to situations with strong scale dependence,
they may nevertheless still be expected to be qualitatively
correct as argued in [62].

It is intriguing that the chirality parameter for the second
parity-odd interaction, Eq. (3.38), may in principle be as
large as the relative contribution to GWs from the parity-
even contact term, Eq. (3.23), while maintaining perturba-
tive control. It should be emphasized, however, that this is
rather optimistic. Consider for simplicity a scenario where
only these two interactions are present. We may compare the
importance of the resulting SIGWs by considering the ratio

— 0(10-1) -2 <ﬁ>5/2. (4.1)

Purr =P
a5/4y M

Ph PE2

This is suppressed both by a small numerical prefactor and
by a power of H/M, which should be recalled must be small
for the effective description of ghost inflation to be valid.
For this ratio to be sizable one therefore needs the
combination WZTy of coupling constants to be large. While

this is not forbidden by perturbativity, at least as inferred
from our rough estimates of the one-loop scalar power
spectrum, it would still require unnatural values of Wilson
coefficients and hence a fine-tuning of the theory. It would
be interesting to assess this point more rigorously and more
ambitiously to explore the possibility of having effective
theories of inflation with naturally large parity-violating
interactions.
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APPENDIX A: DIFFERENT CONVENTIONS

The use of different conventions in the SIGW literature
can make it difficult to compare results among different
works. In this appendix we summarize some important
formulas for the two common conventions used in the

123507-12



SCALAR-INDUCED GRAVITATIONAL WAVES FROM GHOST ...

PHYS. REV. D 108, 123507 (2023)

definition of &;;. This leads to different numerical prefactors
in the expressions for P, although the observables pgw and
Qgw are, of course, independent of conventions.

First, we consider the second-order tensor perturbation
defined in the present paper in (2.1). This is the definition
adopted, for instance, in Refs. [55,62]. The energy density
is defined by

2

MPI—
pow = 3 1 BT, (A1)

The energy density spectrum in this convention is

- 1 dpGW - 1 k 2
Qaw(k) = 3MEH?dlogk 12 (H) ;Pﬂ(m’ (42)

-y

which multiply by 4 those given in (2.17) and (2.18).

The resulting master integrals for the disconnected and
connected contributions are given in (2.17) and (2.18),
respectively.

This convention is adopted, for instance, in
Refs. [61,86-88]. The GW energy density and energy
density spectrum are defined by

My —— 1 (k)2
pow = fem T Qo) = 5 () SP0

(A3)

The integral expressions for the disconnected and connected
contributions to the SIGWs are given by

. H\2 [o I+v
Pra = 4<?> / dv/ dulCq(u, v)Pe(ku)P:(kv),
0 [1—v|

The scalar-exchange contribution to the 4-point function is given in the in-in formalism as

where the cubic Hamiltonian is given by

(Ad)
|
L H\2 [ 1+v, ™) 1+v, 2 cos(2y)

Phre=4 T dv, du, dv, du, dy o (uy, vy, Uy, 1) Te(uy, vy, up,v5,), (AS)

0 11 0 [1—v,| 0 T

APPENDIX B: RECASTING THE INTEGRALS

1. Parity-even scalar-exchange term
Mo 2
o, o, 107, ()70, 1) = 2Re{ = [ 0t [ (s s )7, (), o) G, 10}
Mo Mo

+/ dd’?l/ dny (Hing3 (1) 70k, (10) 70, (0) 70k, (110) 70k, (M0) Hine 3 (12)) (B1)
&2y [ &P ) ssis 9 B2
(2”)3 (2”)3( ”) ( i=1pi)(172'p3) n7p Tp, Tpy - ( )

ﬂa 3 2 ﬂa d3P1
Hint,S = W d Xa,,ﬂ(aﬂ') = _2M2 (2”)3

We calculate the two terms in (B1) separately. The first term is

(70ke, (o) e, (110) 701, (1) 7, (110)) = 2Re{—/_”0 dm, /_'72 dny (Hing 3 (1) Hine 3 (m2) 70, (110) 70k, (110) 72, (ﬂo)”@('lo»}- (B3)

We then get
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ﬁ2H8ﬂ'F B 0 1 9 9
T,y (ky ko ks ky) :_WT(%%%CM) ‘Re dn dngy (=1 )2(=12)?

X[(kl'kz)(k3'k4)(]126134H(l>(f112’1 3 (quP)H"
— (ky -k ks -3y qioqsH', )(qlzﬂ?)H51>(qlf7 )H." )(513772)H§ >(C]4’72)H( (q3413) +47 perms

7
—kykyoks- k4q1%4H<__)(qm]) §> Q2’72)H§1)(C]12’71) (_21>(Q34’12) m(%’?z) §>(q417§)+47perms

1) 2)

(g H"

—to
S—
FA

(6]34773)H§1) (Q3f1§)H§1) (qam3) +23 perms

i i
(1
((12’71)

+kykioky- k34H (91’71) iE)(C]z’?l) é)(‘hz’?]) ()(613’72) ()(94’72) é)(q34112)—|—95perms} (B4)

where we defined k;; = k; + k; and g;; = %22 (k; + k;)2. Besides, we have taken 77 — 0, used (3.4), and

Q) .
()| o = —i—* Hgi B5
k(rl)‘n 0 N q (BS)
Note that H(_ll) /4 comes from o/,
T g 2
oymi(n) = —2qH \/%(—W)ZH_l/ax(‘]’? ). (B6)

_\/—HkZ

To proceed and perform the integral, we change variables to x; = (— ) and x, 115, where k is a positive constant

with a dimension of momentum. After some algebra we arrive at

M 20,/2

s (H\S3alE* o .. 19 0 A a a s a
—pPaTH* <—> 1l G) (kykoksky) =k~ 9Re{ “/2 d)Q/ d)qxzi %(kl koles - ki i
(il}%xle)H )

;)(lklexz) é(lk34x2)H§ )(ik3x2)H§ )(ilAcﬁxz) + 23 perms —’%1 "}2’}4 "}34/%%2/%
(
3

(”Ac%xlxz)H 1>(ik2x1x2)H(_ll>(ik3x2)H§ )(ifcl‘ixz)Hi >(zk34x2) + 47 perms —k- k12k3 k4k1k34
1 1 1 1

X H(_ll)(ii(%lexz)H

X H(_l)(lklle.XQ)H

'—‘ Bl Bl
—
= =

H(_l)( xl)Cz)H (l/%%x]xz)H%m(i/%%lexz)H(_?(i/Ac%4x2)H4§1)(i/%%xz)Hél)(ilAcﬁxz) +47 perms —122 "}]2]}4 1}34]%%123

1(1k1x1xz) Y (lk2x1x2)H§1)(il}%zxﬂz)H(_l;(ﬂ%xz)Hél)(il}zztxz)Hg)(i]%@xz)+95Pefms) ) (B7)

where we denoted lAci =k;/k and Wick rotated x, — ix, as there is no pole in the first quadrant. Now we can use the
following relations to extract the real part:

Dy 2 —ivm/2 @)y ie—l% 2ive 2.
H, = K, (z), H, = — 1- I1,(z)+— K, . B8
(i2) in ¢ (Z) (zz) sinvmw <( ¢ ) (Z> T Sy (Z)> ( )

Taking into account { = —Hz/M?, we finally get
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(VTG e o e e aa e
T{.l = —ﬂ o+ (M) 2;7 (k k k k4) k= / d.XQ/ dxlx‘ixé(—kl 'k2k3 ’k4k12k34

X Kl ]}%2)6'1)(:2 KS(kl)Cle)

) 3 %(k2x1x2)1 (k34x2)Ks(k3x2)Ks(k4x2) + 23 perms — k1 k2k4 k34k22k3
) (k2X1X2>K1(k3X2)K3(k4X2)I% (k34.X'2) + 47 perms + k2 k12k3 k4k k
2X1X)1_ (k34X2)K3(k3x2)K1(k4x2) + 47 perms + ky - kioky - ksykih3

i
(k12x1x2 K*(’A‘%xlxz)
Ki(
( 2x1x2)K1(kzxz)K3(k4x2)I3(k 4%3) + 95 perms). (B9)

3 3
klxlxz)Kg(kzxMz) %(
klxlxz)K( (

3
1

'dl\) '—‘I\)

klexz) 3

Now we turn to the second term in (B1). With similar procedures as above we find

2—H4H_%ﬂr<4) PR A N32-9 |7 72 (1) g
Top=paiH"| o NG (kikaksk) ™7k 1y - ko A " dx, xi H (klle) 3 (kx))H (kle)
x ke - by 6y / dxszH (k34x2) ?(kﬂz) )(R3x;) + 23 perms

0
—k; 'ifzic%z/o dxlleH(_I;(/Af%le)Hél)(’%xl)Hél)(lgxl)

Xk4'i€34f<§A dxs () HY Hy ) (R3x,)H 3 ? (k3 H. (k34x2)+95 perms

=

ookt [T dn <f<%x1>H§'><z%§x1>H§‘><f<%m>
0

[

A

xk4-I}34l}§A dxz(xz)% ° (K3x,) é)(k4x2) §Z)</A<%4x2)+95perms . (B10)

4>|~

Now we perform Wick rotations, x; — ix; and x, — —ix,. Note that we rotate x, into the negative imaginary axis as H, ,(,2) is
identically vanishing at the infinity of the fourth quadrant. We then obtain the following trispectrum for {:

2\/§ﬂ5 (]}1]}2]%3]}4)_%]{_9121 ~I}2]%%2 /000 dxlx%lK%(lAc%le)K%(IAC%XI)K%U}%)C])

Xl}3 '1}4]}%4 oodX2X%Kl ]2%4)@ K; ]%%Xz K; 1242‘)62 +23 perms—icl "22]%%2 oodxl % 1 k12X1 K3 k1x1 K3 kle
0 2 4 4 4 0 l 4

X ]}3 ‘12734’% /oo dxzx%zK;;(i‘%xz)Kg(i‘%xz)Kg(’%Mz) + 95 perms + kAz ‘12127‘% /oo dxlx%lKg(i‘%xl)Kg(]%%xl)Kg(ic%le)
0 0

x ky - feayh3 /) " dxzx‘z‘zK%(l%xz)K%(lAcﬁx2)K%(lA<%4x2) + 95 perms. (B11)

2. Parity-even contact term
The contact term contribution to the 4-point function can be written as

V4 [
<77,'k]77.'k277,'k377:k4> _WRe{l/ dﬂ/d3x<(aiﬂaiﬂ)2ﬂklﬂ'kzﬂk3ﬂ'k4>}. (B12)

After some algebra we have

123507-15



GARCIA-SAENZ, LU, and SHUAI PHYS. REV. D 108, 123507 (2023)

— L (9192394) (1 - ko) by - Keg) + (kg - Kes) (o - by ) + (e - ey ) (K - Kes)]
x Re{i / ) dn(—mﬁH;”<qm2>H§”<q2n2>H§”<q3n2>H§”<q4n2>}

= ya~H* (ﬂ) SR
M) 42

XRe{i |7 a om0 8 <k4z>} (B13)

(kyhokeskey) 2072 [(ky < k) s - ey) + (ky - es) ey - hey) + (e - ey) (K - Kes)

where we have changed variables as z = \/_H k*n*. Now we perform a Wick rotation z — iz, and use (B8) to get the final
expression

H\52')* . . . . A a A a PN e a .
T, = —yat <M> i % (kikoksks) 32k [(ky - ko) (Ks - ky) + (ky - k3) (ks - ky) + (ky - ky) (ks - K3)]

« / dzA Ky (R2) K, (ko) K, (B2)ky (). (B14)
0

Through Eq. (2.18), the tensor power spectrum is

P e <H> ( ) / /1+1)1 /oo d /1+1)2 / Ak ( )
he = TYa 4\ dv, U2 YR e\Uy, Uy, Up, U
M 27! 1-v| 0 [T—v,]

x [y ko) (s - ky) + (ky - hes) (hy - Feg) + (e, - by) (K - es))

|7 axria R K 2k 032), (B15)

N

x cos(2y) (uyv1uy0;)
in which the constant & is identified as the external momentum, and 121’3 =1, 122,4 = uyy.

3. First parity-odd contact term
The 4-point function from the interaction (3.10) reads

X X Mo
(7ox, 7op, o, TR, = 2lIm{ <l/ dnHypo 1 70i, (10) 7k, (o) 70k, (110) 7, (Tlo>>}, (B16)
where the Hamiltonian is
Y _
Hyo =~ g | xa(n)oyaxmedun(e oy e atron). (B17)

Note that since Hpp ;| — —Hpp  under the change of signs of internal momenta p; — —p;, so we have (B16) instead of
(B12). This is a feature of parity-odd interactions.
With the same procedures as before, we get the trispectrum for ¢,

94F()

2k2k2 (k2 k3)k2 (k3 Xk4)k 14

To(ky ko ks ks) = —iyia= ( —
C( 1, K2, K3, 4) 1@ 2(M)

« / 422K, (2) K, (B2) K, (B2)K, (k3z) + 23 perms. (BIS)
0

And the difference between the power spectra of right-handed and left-handed polarizations is given by
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i

Pr—="PL=ria"

() ()
1+,
) [)2—1

S

x [ur? (ks - hes) (ks - ey x ky)2°K

4. Second parity-odd contact term

Now we consider the trispectrum from the second parity-
odd quartic interaction in (3.11),

. . Mo
<”k|”k2”k3”k4> = 2zIm{<1/ dnHPO.Zﬂk1”k2”k3ﬂ4>}7

(B20)
where the interaction Hamiltonian is given by
72
8M°

X amljﬂ'alkﬂ'.

L (H\8(H 22F
) (f) ns

(27
x ((ky - Jey) (ke - he3) (ks - ky) (e
(

HPO,Z = - d3xa—5 (n)eijkamn”(x7 n)ani”(x’ 77)

(B21)
J

X o (uy, vy, Uy, v7) sin(2

where k1,3 =Vip k2,4 = Uy

APPENDIX C: NOTES ON THE NUMERICS

We calculate integrals numerically with the Monte Carlo
code VEGAS+ [96,97]. Each integral is computed using 20
iterations of the algorithm and with 5 x 10° (for the scalar-
exchange diagram) or 10° (for the contact diagrams) points
in the integration domain for each iteration.

In addition to the need to recast the integrals in terms of
manifestly real functions and variables, as detailed in the
previous appendix, it is also useful to switch variables so as
to integrate over a rectangular domain. To this end we use

_t,-—i—s,-—i—l _ti—si+1

L= = Cl
=" 2B

which gives

W) (101150232 K3 (1 2) Ky (v32) K (1B 2) Ky (032),

1+,

I/tl / dUz
v-1|

2n
d”z/ dl/// dZKc(ulﬁvlﬁb‘Z’UZ)Sin(zl//)(vlulvzth)”M
0 0

(viz)K(uiz (B19)

)K%(u%z)K%(v%z) + 23 perms].

1
7

With some algebra, change of variables, translating Hankel
functions into Bessel functions, and Wick rotation, we
arrive at

x ((ky - ko) (ky - k3) (ks - ky) (s - ks x ky) + 23 perms)

X / dz2°Ky(ki2) K (k52) Ky(RGo)Ky(kGz)  (B22)
0

and

1+v, 14+, 2 0
/ dvl/ dul/ dv2/ duz/ dl/// dz
[o1=1] [v,—1] 0 0

-key x ky) 4 23 perms)

(B23)

/ dv,/llJ: —%/)“dzi/_i ds;(---). (C2)

The following are our results, given in truncated form in
the main text, for the dimensionless master integrals for the
four trispectra considered in this work:

Tepr = —0.0024221(43),
Teps = —0.0203791(75),
Tror = —0.33466(92),

Tpop = —0.81655(24). (C3)

For each outcome, the N digits in parentheses denote
the error in the last N digits of the result. Our numerical

estimates therefore have a relative precision of order
107 —1073.
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