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Parameter estimation plays a critical role in the detection of gravitational waves, and for space-based
detectors, time delay interferometry is indispensable to ensure mission success. This paper employs the
Fisher matrix method to systematically analyze the parameter estimation and localization capabilities of
TianQin and LISA for monochromatic sources and coalescing supermassive black hole binaries under
various time-delay interferometry combinations. For monochromatic sources, the accuracy of parameter
estimation for TianQin and LISA significantly improves within one year of observation time, followed by a
gradual increase due to signal-to-noise ratio effects. The improvement in localization with multichannel
data stabilizes at 2—4 times that of single-channel data after the observation time exceeds one year. The
coalescence of supermassive black hole binaries is investigated by considering 30-day inspiral-merger-
ringdown signals that incorporate higher-order modes. It is observed that the inclusion of higher modes
enhances the localization advantages provided by a multichannel network. Specifically, for TianQin, the
multichannel network yields significant improvements in localization accuracy for binaries with a total
mass of 4 x 106M@, up to an order of magnitude. In contrast, for LISA, the gains increase with mass,

ranging from several times at 2 X 103M, to more than 2 orders of magnitude at 4 x 10’ M.
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I. INTRODUCTION

While the indirect verification of gravitational waves
(GWs) was established through the observation of orbital
period decay in binary stars during the 1970s, a significant
milestone was achieved with the inaugural direct detec-
tion of GWs in 2015 [1-4]. This successful detection
has engendered a profound surge in enthusiasm among
researchers and experts, propelling them toward the ambi-
tious goal of detecting GWSs across the entire spectrum. So
far nearly 100 medium and high frequency (10 Hz—-10? Hz)
GW events corresponding to merging signals of compact
binaries have been detected by the ground-based detectors
LIGO and Virgo [5,6]. The low-frequency signals (<1 Hz)
from a wider range of GW sources cannot be detected on the
ground because of a low-frequency noise wall composed of
seismic noise and Newtonian noise. Currently the most
feasible solution is to deploy detectors far from the ground to
keep away from these noises.

Many GW space exploration plans have been proposed,
among which LISA [7,8], TAIJI [9], and TianQin [10] are
the most notable projects and have been under construction.
All three missions have a similar structure consisting of a
triangular array of three satellites. The detections of GW are
accomplished by precisely measuring the changes in the
arm length. TAIJI and LISA have similar orbits, and the
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angle between the plane formed by their own three satellites
and the ecliptic plane is 60° so as to ensure the stability of
the structure while the satellites are moving [11]. As a
consequence, the normal vector of the detector plane will
rotate around the normal vector of the ecliptic plane when
TAII and LISA are operating [7-9]. In contrast, the
TianQin mission is distinguished by its configuration of
three identical drag-free satellites, which orbit the Earth in a
nearly equilateral triangular constellation. Each satellite
follows a Keplerian orbit with a period of approximately
3.65 days, primarily influenced by the gravitational attrac-
tion from the Earth. The guiding center of the constellation
aligns with the geocenter and orbits the Sun along the
ecliptic path. Notably, the detector plane’s normal vector
is directed toward the tentative reference source RX
J0806.3 + 1527 [10,12].

The successful detection of GWs has unlocked a new
field to understand the Universe. In fundamental physics,
we can test the mass of gravitation, the polarizations, and
the speed of GWs [13,14], etc. A number of questions,
like the forming mechanism of the supernova [15,16], the
progenitor of the short gamma-ray burst [17,18], the
equation of the state of the neutron star [19,20], the more
accurate measurement of the Hubble’s constant, and so
on [21,22], may be addressed through multimessenger
observations combining GWs and electromagnetic signals.
Tackling these science goals requires accurate measure-
ments of GW parameters especially the source position.

© 2023 American Physical Society
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In reality, precise localization of GW sources is of para-
mount importance in facilitating multimessenger observa-
tions. It is only through the acquisition of accurate
positional data that follow-up investigations into electro-
magnetic counterparts or the identification of the host
galaxy can be rendered feasible.

Numerous studies have already addressed the issues
of parameter estimation and localization accuracy for
compact binary coalescence signals detected by ground-
based detectors, encompassing different detector networks,
GW templates of varying precision, and various parameter
estimation methods [23-30]. Space-based detectors will
target a wider range of GW signals compared to ground-
based detectors, including not only coalescence signals from
supermassive black hole binaries but also early inspiral
signals from smaller mass compact star systems. Moreover,
the orbital motion-induced signal amplitude and frequency
modulation will result in distinct parameter estimation for
space-based detectors compared to ground-based ones. It is
noteworthy that Michelson interferometers are predomi-
nantly used in ground-based detectors, where the equal
length of their two arms can effectively eliminate laser
frequency noise. Unlike ground-based detectors, space-
based detectors face challenges due to their relatively long
arm lengths in comparison to the laser divergence, which
hinders proper interferometry. Additionally, the inherent
variability in the arm lengths of space-based detectors makes
it impractical to eliminate laser frequency noise by directly
combining the output signals. To address this dominant
source of noise in space-based detectors, time-delay inter-
ferometry (TDI) techniques have been employed [31-33].
The objective is to mitigate laser frequency noise by means
of a linear combination of multiple suitably delayed data
streams and generate an output signal with minimal laser
frequency noise.

The first attempt to estimate the sky position of binary
black holes and monochromatic sources with LISA was
made by Peterseim et al. [34-36]. The following more
detailed studies are shown in Refs. [37—41], which include
more accurate wave forms and more realistic detector
response. The precision of the angular resolution of
coalescing massive black holes and monochromatic
sources with the LISA-TAIJI network was discussed in
Refs. [42-44], whose conclusion is that the LISA-TAIJI
network can improve the localization accuracy by 1-2
orders of magnitude compared with that of each individual
detector. Those articles [45,46] investigate the accuracy of
parameter estimation of supermassive black hole binary
inspirals and Galactic double white dwarf binaries for
TianQin and the TianQin-LISA network. Zhang [47,48]
analyzed the dependence of monochromatic sources’
parameter estimation errors on frequency and direction
for LISA and TianQin. The parameter estimation and
localization analysis of ringdown and inspiral signals
containing higher order modes utilizing various space

detector networks was discussed in Refs. [49,50]. Marsat
et al. [51] utilized Bayesian analysis to examine the level
of parameter estimation for complete inspiral-merger-
ringdown (IMR) signals by LISA, and identified that
higher-order modes can effectively break degeneracies
between parameters.

Owing to the geometry and TDI data characteristics
intrinsic to space-based detectors, each individual detector
inherently constitutes a networked array.1 Such built-in
multichannel configurations can enhance parameter esti-
mation capabilities at negligible additional cost. However,
the full benefits of the networked design cannot be realized
in the event of one arm failure. It is imperative to evaluate
the resultant impact on parameter estimation performance.
We will delineate the disparities in parameter estimation
potential among various TDI channels, analyzing mono-
chromatic sources and coalescing supermassive black hole
(SMBH) binaries separately. Furthermore, we will quantify
the enhancements in parameter estimation accuracy con-
ferred by utilizing multichannel data relative to single
channel. Moreover, for the coalescence of SMBH binaries,
we will consider IMR signals incorporating higher-order
modes. This represents the first application of IMR sig-
nals with higher modes on TianQin. We will contrast
the parameter estimation accuracy achieved using single-
channel signals with higher modes versus multichannel
signals restricted to the dominant mode alone. This
comparison will elucidate the relative contributions of
higher modes and multiple channels to improving mea-
surements of SMBH binary parameters.

The paper is structured as follows. In Sec. II, we provide
a review of TDI combinations and the method for param-
eter estimation. Detailed information about the orbits for
detectors is presented in the Appendix. In Sec. III, we
investigate the parameter estimation error with various data
combinations for monochromatic sources, while in Sec. IV,
we examine the same for coalescing SMBH binaries. We
summarize and discuss our findings in Sec. V.

II. METHODOLOGY
A. TDI and the response to GW

In this work, we use two reference frames. One is called
the GW coordinate {e,, e,, e_}, in which the e, axis stands
for the propagation direction of GW. The other one is the
observer’s coordinate {i, j, k}. Setting up the Solar System
barycentric (SSB) coordinate system is a very convenient
choice, considering the orbital motion of the satellites. The

unit vectors {e,, ey, e.} can be expressed as

'In practice, a network of different channels on the same
detector often experiences noise-related issues, which sets it apart
from a physically separate detector network (with independent
noises). However, for the purpose of our analysis, we have chosen
to simplify this complex problem by assuming that the different
TDI channels exhibit independent noise characteristics.
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e, cosgcos@cosy —singsiny  singcos@cosy + cos@gsiny  —sinfcosy i
e, | = | —cosgcosOsiny —singpcosy cosgcosy —singcosfsiny  sinfsiny il (1)
e, —cos ¢sin6 —sin¢sin @ —cosf k

where 0 and ¢ denote the angular coordinates of the source
relative to the SSB coordinate, and y represents the
polarization angle of the GW. The GW signals can be
described as

H= ) eh, (2)

p=+.x
with

e =(e,Qe,—e,Qe)/2,
e =(e,Qe,+e ®e,)/2. (3)

For the early inspiral signals of compact binary stars,
considering them as monochromatic sources is appropriate
due to the evolution timescale of their frequency being
much longer than the operational lifespan of the detectors.
So we have

h, = A[l + cos? 1] exp(2zift + i¢hy),
hy = 2iA cos 1 exp(2zmift + ighy). (4)

And the amplitude parameter A is expressed as A =
4(GM,.)3
*D,
the GW and the orbital angular momentum of the binaries,
f is the frequency of GW, ¢, is the initial phase, D; is

(%£)2/3, where 1 is the inclination angle between

the luminosity distance of the GW source, and M, =
3B5m3 ) (my + m,)'/3 is the chirp mass.

The principle of TDI is to eliminate laser frequency noise
by linear combination of multiple appropriately delayed
outputs, which gives § = Zj_k djisjx, where sj is the
output measured at spacecraft k with transmission from
spacecraft j, and d; is the time delay operator acting on the

output 5. Then we can write [52]

m

sk = (1) @ (1)) : (HL(t)/L)T (f, 1), (5)
with

T(f.t) =sinclwL (1 —e,-ny)/2]
x exp[—io(Lj +e, - X, +e, - X;)/2], (6)

where @ = 2z, L is the arm length between spacecraft j
and spacecraft k, L, is the expected arm length, n; is the
unit vector from spacecraft j to spacecraft k, and X is the
location of spacecraft ;.

For GW from coalescing supermassive black holes
binaries, the frequency-domain polarization is

h+(f) = Z% (—ZYlm + (_1>1—2Y7,—m)hlm(f)’

h() = 38 (Vi = (DY (). ()

I,m

where _,Y,, are the spherical harmonics of spin-weight
—2[53]. 1 > 2 and -] < m < [ are known as the harmonic
indices. And hy,, = A,,,(f)e~™®») are the spherical har-
monics. The dominant harmonic is /,,, while the remaining
ones are referred to as higher-order modes. In this work, we
will use the IMRPhenomXHM model, which includes
higher-order modes, to generate the full IMR signals [54].
The LALSuite and PyCBC are employed for the implementa-
tion of the numerical waveform [55,56]. While the dom-
inant harmonic is typically sufficient for comparable-mass
binaries or weak signals, incorporating higher-order modes
becomes crucial for binaries with unequal masses or
stronger signals, as is often encountered in space-based
GW detection [57-59]. In order to simplify the calculation,
we will focus on the four most prominent modes in this
analysis:

(Lm) = (2,2),(2,1),(3,3), (4, 4). (8)
Owing to the distinct frequency and phase evolution of

various modes, employing mode-by-mode single-link
response is a practical approach,

st = (0 (1) @M i (110)) s (HL i (1) / L) T (f s 11m) - (9)
where

. Lao,
m = " 2n df

(10)

is the effective time-frequency correspondence for each
harmonic, determined from the stationary-phase approxi-
mation (SPA). Subsequently, the full output for various TDI
combinations is

S=>"3 dysly. (11)

jk Lm

While several generations of TDI techniques have been
developed to address issues arising from the nonrigid
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Michelson(X) C2

Beacon(P) SC2

FIG. 1. The diagram of selected first generation TDI channels
[unequal-arm Michelson (X), Monitors (E), Beacons (P), and
Relays (U)].

motion and rotational dynamics of spacecraft within a
GW detector array, the refinements introduced in higher-
generation TDI solutions provide only minimal influence
in response to GW signals [60-62]. In this research, we
concentrate on the four-link configurations of first generation
TDI combinations, which include unequal-arm Michelson
(X,Y,Z), Beacons (P,Q,R), Monitors (E,F,G), and
Relays (U, V, W). The first channels of these combinations
are shown in Fig. 1, and others can be determined by
cyclical permutation of the spacecraft indices. Another
approach to TDI channels, called noise-orthogonal channels,
obtains channels through linear combinations of the
known elements of TDI channels. These noise-orthogonal
channels are independent under the assumption of an
identical and uncorrelated noise in the detector arms. This
noise-orthogonalization technique aims to minimize the
contamination of gravitational wave signals by laser fre-
quency noise and other instrumental errors [33,63]. Here we
choose to compose the optimal TDI channels using the
unequal-arm Michelson (X, Y, Z) [64],

X-2Y+Z _X+Y+Z

Ax=—71( XS TX_T (12)

B. Noise power spectral density

For space detectors, the dominant noise sources are
acceleration noise and optical path noise, since the laser
frequency noise has been eliminated by TDI combinations.
For LISA, the single-link optical path noise is [65]

2 mHz\ 4
Poprisa = (1.5x 107! m)? [1+( H} Z> }HZ_I, (13)

and the acceleration noise is

4 mHz)\ 2
Poepisa = (3x 1075 ms™2)? [1 n (%) }

y {1 i (gﬁﬂ He . (14)

while for TianQin, the optical path noise is Pqp1q =
107* m?Hz™!, and the acceleration noise is Py rq =
10730 m?2 s~ Hz! [10].

The equivalent optical path noise and equivalent accel-
eration noise can be obtained by

Sop = Pop/sz Sacc = Pacc/(sz)z' (15)

Then the total noise power spectral density (PSD)
functions of the selected TDI combinations are [32]

Sy = 165in?2xS,, + 16(3 + cos 4x) sin? 2xS,..
Sp = Sg = 8(3 +2 cos 2x)sin’ xS,
+ 16(3 + cos 2x)sin? xSy,
Sy = 8(4 4 4 cos 2x + cos 4x) sin*xS,,,
+ 16(5 + 5cos 2x + 2 cos 4x)sin® xS,
Sa, = Sk, = 8(2 + cos 2x)sin? 2xS,,,
+16(3 + 2 cos 2x + cos 4x)sin? 2xS e, (16)

where x = zfL. It is worth noting that the PSD equations
presented above were derived under the assumption of
L1 = L2 = L3 = L. This assumption is generally appli-
cable to most data channels. However, taking into account
the actual orbital motion, significant deviations in the noise
power spectrum of the T channel are expected in the low-
frequency domain compared to those obtained under this
assumption [44]. In this study, we shall consider the time-
varying evolution of T-channel noise.

C. Fisher information matrix method

The GW signals depend on a set of unknown parameters.
To know the accuracy of the parameter estimation, one
simple but powerful method called Fisher information
matrix (FIM) has been widely employed [23,66]. Here
we briefly introduce FIM as

oS | aS
[y = (— —> (17)
aga agﬁ
where the (A|B) denotes the inner product of A and B:

(A|B) = 49{/+wwdﬁ (18)

0 Sn(f)
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And for monochromatic GW sources, we can write

(A|B) = Si(f)m A " A0B (dr,  (19)

where T is the observation time, which is fixed to one year
in all simulations in this work. With the definition of inner
product above, the signal-to-noise ratio (SNR) p can be
represented as +/(S|S). According to the Cramér-Rao
inequality, the inverse FIM TI" ;/} is the lower bound for
the error covariance of any unbiased estimator of the
parameters. In the limit of significant SNR, the maximum
likelihood estimator can be seen as unbiased, and F;[} will

be a good approximation for the covariance matrix [66], so
the covariance matrix of the parameters is

Cup X l";/}. (20)

The standard deviations of the parameters are given by
LI SRYA P (21)

The angular uncertainty of the sky localization is evaluated

by [67]
Ag = 27 sin04/ 6490, — 6§¢. (22)

And to demonstrate the enhanced positioning accuracy of
multichannel in comparison to single channel, we introduce
a novel metric,

_ Ag with single channel
"~ Ag with multiple channel’

ro (23)

Here we will also introduce the normalized FIM, which
is commonly utilized in the analysis of monochromatic
sources [68],

r

[=—. (24)
P

And then the normalized error can be represented as

Gy =04 P, AQ:AQ'pZ' (25)

D. Simulated GW sources

In this study, our primary focus is on the temporal and
spectral dependencies of parameter estimation accuracy. To
mitigate the impact of fluctuations in other parameters, we
will randomly generate a broad range of samples and
calculate the median errors across these samples. In the case
of monochromatic sources, we investigate error propagation
with respect to seven parameters {6, ¢, w, log A, 1, f, ¢o}, as
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FIG. 2. The temporal dependence of the normalized parameter
estimation errors with various data combinations for TianQin.
The dashed lines depict the normalized parameter errors obtained
from single-channel data, while the solid lines represent those
derived from multichannel data.

defined in detail in Sec. II A. We simulate 1000 sources with
the parameters 6, ¢, y, cosi, and ¢, uniformly distributed
within their corresponding domain of definition, and assess
the accuracy of parameter estimation for these samples based
on a specific detection time and frequency.

For coalescing SMBH binaries, we consider the error
evolution of eight parameters, namely sky-position param-
eters {0, ¢} defined in the SSB coordinate system (similar
to the monochromatic Scenario), GW polarization angle vy,
the source-frame total mass M, mass ratio ¢, luminosity
distance D;, inclination 1, and coalescence phase ¢.. The
total mass range studied in this research includes {8 x 10%,
2x10°,4x10°,8x 10°,2 x 10°,4 x 10°,8 x 10°,2 x 107,
4x10’My}. All systems have a fixed representative mass
ratio of ¢ = 3 and are located at the same redshift of z = 1.2

*We employ the Planckl8 Cosmological parameters to
facilitate the conversion between luminosity distances and
redshifts [69].
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We generate 1000 samples with the parameters 0, ¢, y, 1,
and ¢, uniformly distributed across their respective
domains, and evaluate the accuracy of parameter estimation
for these samples at a specific mass and detection time.

III. PARAMETER ESTIMATION FOR
MONOCHROMATIC GW SOURCES

In this section, we investigate how the temporal and
spectral characteristics affect the accuracy of parameter
estimation for monochromatic sources. In the calculation,
we consider a range of single TDI channels and multi-
channel networks for both TianQin and LISA.

A. Time dependence

Considering the impact of the detector’s orbital motion on
amplitude and phase modulation, significant improvements
in parameter estimation accuracy are anticipated within one
year of observation. However, detecting monochromatic
sources in less than one month may not be feasible.
Therefore, we will investigate the progression of parameter
error in detection time over a span of one to fifteen months at
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FIG. 3. The same as Fig. 2 but for LISA.

a frequency of 10 mHz. We have considered various data
combinations in this calculation. To present the results
concisely, we will utilize the normalized accuracies. The
medians of the normalized parameter estimation errors are
presented in Fig. 2 for TianQin and Fig. 3 for LISA.

For TianQin, all data combinations exhibit the same
trend in the evolution of normalized parameter errors.
When the observation time exceeds 3.65 days, amplitude
modulation no longer impacts parameter error evolution
due to the fixed direction and rotation period of the detector
plane. The benefits of multichannel networking are then
solely dependent on SNR improvements. Furthermore,
when the observation period is less than one year, the
Doppler effect dominates the evolution of the normalized
parameter error. The positional parameter errors undergo
significant evolution, and during the initial stage, the
localization error can be characterized by a power law
with an index of —3.

3.0 >=——————— | 40| . LISA - AET
\ - LISA-XYZ
2.9 \\ —-- LISA—EFG
sl e TQ - AET A\ \ — LSAruw
. NN t
a —--To-xvz | g )
¥27 —- TQ-EFG | %10
: — TQ-uww
2.6
2.5] 3
30 100 300 30 100 300

tobs (d) tobs (d)

FIG. 4. The improvement of localization accuracy as a function
of time for TianQin (left panel) and LISA (right panel). rq stands
for the ratio between the localization accuracy with single-
channel data and that with multichannel data.
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------ TQ - AET
3.5] --- TQ-xvz
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3.0
N
2.5
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S .
40| .. LISA—AET ™.
—== LISA-XYZ
20f{ =~ LISA — EFG
—— LISA-UvwW 3 .
10¢ 103 102 10! 10+ 103 102 10!
f(Hz) f (Hz)
FIG.5. The improvement of localization accuracy as a function

of frequency for TianQin (upper panel) and LISA (lower right
panel) with a one-year observation, as well as for LISA (lower left
panel) with a one-month observation. ro stands for the ratio
between the localization accuracy with single-channel data and
that with multichannel data.
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For LISA, multichannel networks show significant
improvement in parameter accuracy except frequency com-
pared to single channels. However, the degree of improve-
ment decreases with increasing observation time. Secondly,
due to the constantly changing orientation of the LISA
detector plane, even with a cumulative detection time
exceeding one year, there remains a discrepancy between
a single-channel and multichannel network on the normal-
ized accuracies. Finally, the time evolution of the normalized
parameter error is primarily influenced by the combined
effects of Doppler shift and antenna pattern modulation. And
in the initial stages, the positioning errors of a single-channel
and multichannel network can be described by power laws
with indexes of —3.7 and —2.5, respectively.

The enhancement of localization accuracy with multi-
channel data in contrast to that with single-channel data is

demonstrated in Fig. 4. For TianQin, the multichannel
network XYZ, UVW, and EFG can improve localization
accuracy by approximately twice that of the single channel
X, U, and E. However, the optimal multichannel network
AET exhibits a slightly weaker improvement due to the low
SNR of its T channel at 10 mHz. The localization accuracy
improvement achieved by the multichannel network for
LISA showcases a diminishing trend over time, from an
initial improvement of more than 1 order of magnitude in
one month to 3 to 4 times after one year. The power law
with an index of —1.2 in the figure is derived from the two
power laws depicted in Fig. 3. It is noteworthy that the
time-varying nature of the detector plane’s normal vector
enables LISA’s multichannel network to yield greater
improvements on various parameter errors than TianQin,
even after a year has elapsed.
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FIG. 6. The evolution of the parameter estimation accuracies as functions of mass for coalescing SMBH binaries by TianQin
under various scenarios. The dotted line denotes the results from multichannel data using only the 22-mode signal. The dot-dashed
line represents the results from single-channel data using the 22-mode plus one higher-order mode signal. The solid line shows
the single-channel results with all mode signals, and the dashed line corresponds to the multichannel results with all mode signals

included.
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B. Frequency dependence

The parameter estimation based on Michelson-type data
as a function of frequency has been studied in Ref. [48]
with detailed analysis. Under the low-frequency approxi-
mation condition, it can be easily demonstrated that the
normalized parameter error is independent of the choice of
data combinations. Therefore, we place greater emphasis
on the correlation between the enhancement of localization
accuracy resulting from multichannel networks across
different detectors and their corresponding frequencies,
as illustrated in Fig. 5. When the detection time exceeds
one year, there is no apparent frequency dependence in
the improvement of localization accuracy brought by
TianQin’s and LISA’s multichannel networks. The differ-
ence between AET and other multichannel networks
mainly lies in the middle and high frequencies. For a
detection time of one month, the localization accuracy
improvement provided by LISA’s multichannel networks
exhibits significant frequency dependence. There is an
order of magnitude decrease in accuracy from low to high

frequencies due to the increasing dominance of the Doppler
effect on localization.

IV. PARAMETER ESTIMATION FOR
COALESCING SMBH BINARIES

Unlike the relatively slow frequency evolution of early
inspiral signals, the coalescence of the SMBH binary
represents the most dramatically evolving GW signal that
can be detected by space missions. In this section, we will
examine the parameter estimation accuracies of TianQin
and LISA for such signals. We utilize the complete IMR
signal spanning from 30 days prior to coalescence until the
ringdown phase. In the calculation, we consider various
scenarios, including a multichannel network consisting
only of the 22 mode, a single-channel with both the 22
mode and a higher mode, a single-channel incorporating all
modes, and finally a multichannel network encompassing
all modes. Previous calculations indicate that different
combinations of data yield similar levels of accuracy in

100 ) . 100

Op

10°

oMm(/MfOt

= LISA - AET(22)

-+ LISA—Ax(22,21)
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FIG. 7. The same as Fig. 6 but for LISA.
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parameter estimation. To enhance conciseness, we will
solely consider the XYZ and AET combinations in this
section.

A. Mass dependence

We employ TianQin and LISA to infer the parameters of
SMBH systems with varying total masses at a fixed redshift
z = 1. The medians of parameter errors are presented in
Fig. 6 for TianQin and Fig. 7 for LISA. From Figs. 6 and 7,
one can find for most parameters except iz, the 22 mode
plus any higher mode exhibit the comparable parameter
estimation error. As a parameter in functions _,Y, . the
estimation accuracy of 1 is more dependent on multimode
detection. With increasing mass, the relative contribution
of the 21 mode to the SNR diminishes, leading to a
relatively suboptimal performance in the parameter esti-
mation for 1.

Furthermore, there exist disparities between the results of
TianQin and LISA. With regard to TianQin, apart from the
parameters concerning M, and g, the parameter estimation
error associated with multichannel network detection of the
22 mode is comparatively weaker than that of multimode
single-channel detection. Moreover, this discrepancy will
magnify as the total mass increases. The enhancement in
parameter estimation precision of multimode with multi-
channel network detection gradually diminishes beyond a
total mass of 2 x 10°M, compared to that of multimode
single-channel data. For LISA, the parameter estimation
error of multichannel network detection in the 22 mode is
comparable to that of single-channel detection in multi-
mode. The improvement provided by a multimode multi-
channel network, compared to multimode single-channel
data, increases with mass.

To comprehend the aforementioned disparities between
TianQin and LISA, we conducted a computation of
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FIG. 8. The evolution of the localization accuracy of space-based detectors as a function of mass for ringdown signal and IMR signal

under various scenarios. The dotted line denotes the results from ringdown signal, and the dashed line corresponds to the results with
IMR signal. The left panels exhibit the localization accuracy, enhancement of multichannel localization precision relative to single-
channel and SNR, which are attained by using TianQin under various circumstances, while the middle and right panels are the same as

the left panels but for TianQin-Frozen and LISA, respectively.
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localization accuracy evolution with respect to mass for
both detectors during the ringdown stage and complete
IMR waveform, as depicted in Fig. 8. Additionally, we
incorporated a virtual detector named TianQin-Frozen that
disregards antenna pattern modulation and Doppler effect
caused by TianQin’s orbital motion. For short-term and
rapidly evolving burst signals, such as binary black hole
mergers, there are primarily three factors that affect the
localization with a single detector: (1) modulation of a
single-channel or multichannel antenna pattern due to
detector motion, (2) modulation due to frequency evolution
of response function 7, and (3) different responses of the
detector to different mode signals. Owing to the concen-
tration of SNR in the ringdown and short-time signal prior
to merging, the Doppler effect induced by detector move-
ment does not impact the localization. It is important to

note that the multichannel network of TianQin remains
unaffected by antenna pattern modulation caused by
detector movement, as the detector plane of the TianQin
consistently faces a fixed direction.

Based on the results of TianQin and TianQin-Frozen, it
can be inferred that for TianQin, when the total mass is
below 2 x 10M , the damping time of the ringdown stage
is short (less than four minutes) and the antenna pattern
modulation caused by detector movement can be neglected.
Under such circumstances, both the 22-mode multichannel
network detection and multimode single-channel detection
exhibit similar localization performance. Furthermore,
the premerger signal contributes to a higher SNR, resulting
in significantly improved localization accuracy of the
complete IMR signals compared to that of the signals
containing only the ringdown stage. In the scenario where
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FIG. 9. The evolution of the parameter estimation accuracy as a function of time for coalescing SMBH binaries [with the mass of
(10%,3 x 10%)M ] by TianQin under various scenarios. The dotted line denotes the results from multichannel data using only the
22-mode signal. The dot-dashed line represents the results from single-channel data using the 22 mode plus one higher-order mode
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with all mode signals included. The red descending solid line denotes the time corresponding to ISCO, while the red descending dashed
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2x 10°My < My < 4 x 10’ M, the damping time of the
ringdown stage ranges from four minutes to over one hour.
Notably, the implementation of antenna pattern modulation
profoundly improves the localization accuracy of multi-
mode single-channel data, surpassing that achieved by the
22-mode multichannel data. Simultaneously, the ringdown
phase commences to dominate the SNR of the observation
period, progressively reducing the disparity between the
localization precision of the ringdown signal and that of
the IMR signal. Regarding the enhancement brought by
the multichannel network, it can be observed that when the
total mass is small, the modulation of response function 7°
dominates the localization accuracy. As total mass
increases, the contribution of antenna pattern modulation
becomes more pronounced, and rq gradually increases.
However, when the total mass exceeds 2 x 106M®, the
detector rotation causes a gradual decline in rgq.

By comparing the localization accuracy of TianQin-
Frozen and LISA, we can observe that for LISA, when
only the ringdown signal is considered, the antenna pattern
modulation caused by detector movement can be overlooked

within the mass range of our interest. In this scenario, the
22-mode multichannel network and multimode single
channel exhibit similar localization performance, with rq
gradually increasing as mass increases. When the complete
IMR signal is considered, both the single-channel and
multichannel network are affected by antenna mode modu-
lation caused by the constantly changing detector plane
normal vector of LISA. In this scenario, the localization
performance of the 22-mode multichannel network and
multimode single channel remains comparable, while rg
will also increase with mass.

B. Time dependence

In the preceding subsection, we investigated the locali-
zation of both ringdown and full IMR signals by TianQin
and LISA in various scenarios. To comprehend these
findings, it is beneficial to examine how all parameters
evolve over time. Given the high SNR of the ringdown
phase signal in SMBH mergers, we concentrate on the
impact on errors of cumulative detection time prior to
merging. We consider multiple systems with a total mass of
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4 x 10°M,, where the SNR during the observation period
is dominated by the ringdown phase, and the medians of
parameter errors are shown in the Figs. 9 and 10 for the two
missions.

For TianQin, it can be observed from Fig. 9 that the
parameter constraints for multimode multichannel network
detection remain constant over time, with only a slight
variation at the time corresponding to the Schwarzschild
innermost stable circular orbit (ISCO). Antenna pattern
modulation has a significant impact on the error evolution
of parameters like 0, ¢, y, D;, while single-channel data
exhibit improvements in these parameters by 1 to 2 orders
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FIG. 11. The evolution of the localization accuracy of space-

based detectors as a function of time for coalescing SMBH
binaries under various scenarios. The left panel shows the
localization accuracy and SNR attained by TianQin under
various scenarios for binary black hole systems with masses
of (10°,3 x 10%)Mg, (10%,3 x 10%)M, and (107,3 x 107)M,,
respectively. The descending solid lines in red, green, and
blue represent the time corresponding to ISCO for SMBH
binaries with masses of (10°,3 x 103)M, (10°,3 x 10°)M,
and (107,3 x 107)M respectively, while the descending red
dashed line denotes the detector plane rotation period (3.65 d) of
TianQin. The right panels are the same as the left panels but
for LISA.

of magnitude over time. Moreover, the inclusion of addi-
tional higher-order modes has a significant impact on the
accuracy of estimating the parameters like My, q, ¢.,1 in
the ringdown signal. However, as the phase accumulates,
the influence of these higher-order modes will greatly
diminish.

The parameter estimation error evolution of LISA
generally resembles that of TianQin, with two notable
differences. Firstly, LISA’s 22-mode multichannel network
provides the same level of parameter estimation as the
multimode single channel data except the parameter i
Secondly, owing to the one-year antenna pattern modula-
tion period of LISA, the relevant parameters exhibit less
temporal evolution compared to TianQin within the time
range we are concerned with.

To examine the evolution of localization accuracy over
time, we evaluate the localization precision corresponding
to systems with total masses of 4 x 10°M, and 4 x 10" M,
respectively for comparison. The corresponding medians of
localization accuracy are depicted in Fig. 11. For binary
black hole systems with a total mass of 4 x 10°M, it is
evident that inspiral signals significantly impact localiza-
tion. Taking the example of 22-mode multichannel data,
TianQin and LISA present enhancements in magnitude by
3 and 2 orders respectively. As the total mass increases,
SNR contributed by the inspiral signals decreases pro-
gressively, while the damping time of the ringdown signals
extends. This implies that the inspiral phase becomes less
informative for accurately determining the source location
as the total mass of the binary system increases. For binary
black hole systems with a total mass of 4 x 10’M, the
multimode single channel data from both TianQin and
LISA missions can yield improvements in localization
accuracy by only approximately 1 order of magnitude
during the inspiral phase.

V. CONCLUSIONS

In this study, we employ the FIM method to investigate
the level of parameter estimation for space-based detectors
in detecting monochromatic sources and coalescing SMBH
binaries under various TDI combinations. For monochro-
matic sources, we analyze the evolution of normalized
parameter estimation errors over a period ranging from 1 to
15 months. The results indicate that for TianQin, the trend
in the evolution of single-channel data is consistent with
that of multichannel data, and location-related parameters
exhibit significant evolutionary trends. In the case of LISA,
multichannel data present a remarkable enhancement in
parameters with the exception of frequency, when com-
pared to single-channel data. We also examine the temporal
and spectral evolution of localization enhancement in
multichannel networks relative to single-channel data.
For TianQin, the improvement in localization achieved
through multichannel processing reveals no discernible
variation over time or frequency, maintaining a double
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improvement. For LISA, the improvements in localization
brought by multichannel networks demonstrate distinct
temporal and spectral evolution characteristics when the
detection time is less than one year, while it stabilizes at 3 to
4 times when the detection time exceeds one year.

Compared to monochromatic sources, the space-based
detector offers much more comprehensive parameter esti-
mation rules for coalescing SMBH binaries. We examine
the evolution of parameter estimation errors with mass and
time across various scenarios, including single-channel
data with multiple modes, multichannel data with the 22
mode, and multichannel data with multiple modes. When
only the ringdown signal is considerd, for TianQin, if the
total mass is less than 2 x 106MO, with the exception of
My, g, 1 and ¢,., all parameters manifest comparable levels
of estimation and localization accuracy in both multichan-
nel data with 22-mode and single-channel data with
multiple modes. However, when the total mass exceeds
2 x 10°M, the accuracy of parameter estimation and
localization in single-channel data with multiple modes
surpasses that in multichannel data with the 22 mode.
Furthermore, this gap will gradually widen as the total mass
increases. For LISA, the 22-mode multichannel data and
the multimode single-channel data exhibit comparable
localization accuracy and parameter estimation error for
all parameters except My, q,1 and ¢., which strongly
depend on multiple modes. This conclusion remains the
same for LISA when the entire IMR signal is taken into
consideration. However, for TianQin, when the entire IMR
signal is considered, multimode single-channel data con-
sistently provide superior parameter estimation results
compared to 22-mode multichannel data, which can gradu-
ally increase with higher total mass.

Moreover, by incorporating higher-order modes, we have
calculated the improvements in localization accuracy of
multichannel data compared to single-channel data and
identified that variations in detector results are due to the
modulation period of antenna pattern. For TianQin, the
multichannel network provides the greatest improvements
in localization accuracy for both ringdown and complete
IMR signals when the total mass is 2 x 10°My, with
improvements of more than 2 orders of magnitude and 1
order of magnitude respectively. However, the improvements

slightly decrease with other masses. For LISA, the enhance-
ment displays a similar evolutionary trend for both ringdown
and complete IMR signals, ranging from less than 1 order of
magnitude for the mass of 2 x 10°M, to approximately 3
orders of magnitude for the mass of 4 x 10"M,.

In our study, we examine various combinations of
first-generation TDI to investigate its impact on para-
meter estimation, while assuming that it can effectively
eliminate laser frequency noise. Although the use of
second-generation TDI may slightly alter the results, our
conclusions remain largely unaffected. Additionally, in
practical detection scenarios, we may encounter challenges
such as orbital perturbations, confusion-foreground noise
from Galactic binaries, non-Gaussian noise, and diverse
types of overlapping signals that are currently ignored in
this study. Finally, the current study is based on data
analysis from a single detector and does not consider the
potential advantages of utilizing a multidetector network.
Exploring the advantages of employing multichannel data
under the context of a coherent multidetector operation may
be a potential avenue for future research. Overall, a more
comprehensive comprehension of the parameter estimation
capabilities of detectors or detector networks will aid in
establishing more realistic detection targets and under-
standing the physics underlying sources.
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APPENDIX: ORBIT CONFIGURATION
OF TIANQIN AND LISA

For TianQin, in the SSB coordinate system, the orbit
motion of the satellites can be regarded as the combination
of the orbit motion of satellites around the Earth and the
orbit motion of the Earth around the Sun. The position of
satellites can be presented as [12]

Xn = Rd[COS gbs Cos Hs Sin(an - ﬁd) + COS((Xn - ﬂd) sin ¢\]

1
+ Rded 5 (COS Z(an _ﬂd) - 3) sin ¢s + COS(C{n _ﬁd) cos ¢s CosS gs Sin(an _ﬁd>

+ %sz sin(a, — f4)[(3cos2(a, — f;) — 1) cos ¢ cos 6, — 6 cos(a, — f,) sin(a, — f,) sin ¢,]

+ R cos(a — f) +%(cos2(a—ﬁ) -3)-

3Reé?

cos(a — B)sin*(a — f), (A1)
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Y, = Ry[sin ¢, cos O sin(a, — f;) — cos(a, — f;) cos ;]

1
— Ryey 3 (cos2(a, — f4) —3) cos ¢, — cos(a, — By) sin ¢, cos O, sin(a, — B,)

2

+ %Rd sin(a,, — f,)[(3 cos2(a, — f4) — 1) sin g, cos O, + 6 cos(a,, — ;) sin(a,, — B4) cos ¢,]

2

+ Rsin(a— ) +%sin2(a—ﬁ) +RTe(3cosz(a—ﬂ) 1) sin(a—p),

Z, = —Rysin(a, — f;) sin0; — Rye, cos(a, — By) sin(a, — f,) sin O

1
- Zefle(3 cos2(a, — B;) — 1) sin(a, — B,;) sin 6,

where R, = 1 x 10° km and e, (0.005 in this work) are the
semimajor axis and eccentricity of the satellite orbit around
the Earth, while R =1 AU and e = 0.0167 are the semi-
major axis and the eccentricity of the Earth orbit around the
Sun. 6, = 94.7° and ¢; = 120.5° are the location of RX
J0806.3 4 1527, as the reference source targeted by the
normal of the TianQin detector plane. @ = 2z f,,t + kg is
the mean ecliptic longitude of the Earth; f,, = 1/(1 year)
is the angular frequency, and g is the longitude of the
perihelion. a,, = 2z f 4t + 2z(n — 1)/3 is the orbit phase of
the nth satellite in the detector plane, with f, = 1/(3.65 d).
And f; is the initial phase.

In the SSB coordinate system, the position of satellites of
the LISA program is [11]

(cosW,, + e)cos € cos ¢, — R\ 1 —e* sin ¥, sing,

R
R(cos¥, + e)cos e sin ¢, + R\ 1 — e*sin ¥, cos ¢,
R (A4)

X
Y,
Zy

(cos W, +e) sine,

where R =1 AU and e are the semimajor axis and
eccentricity of the satellite around the Sun, e =
(1 +2/V3a +4/30®)'/?> =1, tane = a/(1 + a/V/3),
a=1/(2R), I = 2.5x 10° m is the arm length, and ¢, =
27/3(n—1). And ¥, +esin¥, =Qr -3 (n— 1)+ ¥,
where ¥ and Q = 27z/(1 year) are the initial phase and the
angular frequency of satellite orbit motion.
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