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In this paper, we investigate the dynamics of a binary system that orbits a rotating supermassive black
hole. Our approach employs Fermi-Walker transport to construct a local inertial reference frame, and to set
up a Newtonian binary system. We consider a scenario in which a circular geodesic observer is positioned
around a Kerr black hole, and thereby derive the equations of motion governing the binary system. To
eliminate the interaction terms between the c.m. of the binary and its relative coordinates, we introduce a
small acceleration for the observer. This adjustment leads to the c.m. closely following the observer’s orbit,
deviating from a circular geodesic. Here, we first focus on elucidating the stability conditions in a
hierarchical triple system. Subsequently, we discuss the phenomenon of von Zeipel-Lidov-Kozai
oscillations, which manifest when the binary system is compact and the initial inclination exceeds a
critical angle. In hard binary systems, these oscillations exhibit regular behavior, while in soft binary
systems, they exhibit a chaotic character, characterized by irregular periods and amplitudes, albeit
remaining stable. Additionally, we observe an orbital flip under circumstances of large initial inclination.
As for the motion of the c.m., we observe deviations from a purely circular orbit that transform into stable

yet chaotic oscillations characterized by minute amplitude variations.
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I. INTRODUCTION

In the wake of the groundbreaking discovery of gravita-
tional waves (GWs) by the LIGO-Virgo-KAGRA (LVK)
Collaboration [1,2], the fields of astronomy and physics
have embarked on an unprecedented journey. These detec-
tions have ushered in a new era, reshaping our comprehen-
sion of celestial phenomena in profound ways. One
remarkable outcome has been the identification of astro-
physical entities characterized by their astonishingly mas-
sive stellar-mass black holes (BHs) [3]. The synergy
between gravitational wave observations and electromag-
netic counterparts has provided further compelling evidence
affirming Einstein’s general theory of relativity, as we have
observed that the speed of GWSs is consistent with the speed
of light [4]. The increase in detections anticipated in the
coming decade offers an opportunity to probe fundamental
questions of the utmost significance—testing of theories of
gravity under the strong field regimes. Additionally, unrav-
eling the redshift distribution of black holes (BHs) and their
surrounding environments holds great promise [5-9]. To
utilize the potential of detections, it is imperative to
accurately model the anticipated GW waveforms.

While current observations from LVK Collaboration
predominantly emanate from isolated binary systems, it
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is crucial to remain open to the possibility that nature may
unveil more intricate sources. Since there have been studies
suggesting the presence of a hierarchical triple formation
channel [10,11], our focus turns towards the examination of
three-body systems. Within the densely populated environs
surrounding supermassive black holes (SMBHs) in galactic
nuclei, it is conceivable that binary systems may give rise to
natural hierarchical triple systems [12—-17]. Recent com-
pelling evidence from LIGO events has hinted at the
possibility that hierarchical systems could serve as a
prominent formation channel for the merging binary
BHs [11,18,19]. In light of these developments, this paper
explores the dynamics within such hierarchical triple
systems, shedding light on their potential as sources of
gravitational wave signals.

In a hierarchical triple, the distance between two bodies
(forming an “inner” binary) is much less than the distance
to the third body. von Zeipel was the first one to explore the
dynamics of restricted hierarchical triples in 1910,
revealing a remarkable phenomenon [20], and in 1962,
Lidov and Kozai independently rediscovered the same
[21,22], [known as von Zeipel-Lidov-Kozai (vZLK) reso-
nance]—when the two orbits are inclined relative to each
other, there is a periodic exchange between orbital
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eccentricity and relative inclination in secular timescale
[23]. This phenomenon can excite the eccentricity close to
unity, in turn, giving rise to the high emission of GWs lying
in the observable band of future space-based detectors.
While the eccentricity will most likely decay upon entering
the frequency band of ground-based detectors, it may boost
the number of detections if the dominant formation channel
is hierarchical mergers [24].

There has been extensive work on dynamics of such
systems based on Newtonian or post-Newtonian approxi-
mation [25-32]. Indirect observation of GW from a triple
system is also studied by analyzing the cumulative shift of
periastron time of a binary pulsar undergoing vZLK
oscillations [33,34]. The presence of a heavier tertiary
has been considered in previous studies [35,36] using
double-averaged equations of motion to investigate rela-
tivistic effects such as de-Sitter and Lens-Thirring preces-
sions. An additional study also investigated 3-body PN
(3BpN) secular effect in a hierarchical system with heavy
third body using a multiple scale method [37]. As well, they
pointed out that 3BpN effects affected the evolution of
these triples, resulting in a wider range of eccentricity and
inclination. Some research studies explores the impact of
supermassive black hole spin on nearby binary black hole
systems. SMBH spin (Lense-Thirring precession and
gravitomagnetic force in particular) affects binary black
hole (BBH) eccentricity and orbital inclination, potentially
altering BBH merger times [38,39]. Furthermore, in recent
years, substantial interest has been directed toward three-
body systems and their gravitational wave emissions
[40-51]. In the context of a triple system with a massive
tertiary component, the vZLK timescale is significantly
reduced to just a few years, enhancing the gravitational
observations’ potential to capture recurrent gravitational
waves arising from vZLK oscillations [48,50].

In our approach, we consider a binary system orbiting an
SMBH and the binary is treated as perturbations of SMBH
spacetime. When dealing with a single object orbiting the
SMBH, it can be regarded as a test particle, subject to the
gravitational influence of the central black hole. However,
the dynamics become notably more intricate in the case of a
binary system because the self-gravitational mutual inter-
action is much stronger than the gravitational tidal force by
SMBH. In order to analyze such a hierarchical system, we
first prepare a local inertial frame and set up a binary in this
frame. When a binary is tightly bounded but the mutual
gravitational interaction is not so strong, the binary motion
can be discussed by Newtonian gravitational dynamics.

Using Fermi normal coordinate system or Fermi-Walker
transport, we can construct a local inertial frame [52-54].
Using such a technique, there are several discussions on a
tidal force acting on stars near SMBH [55-58], and a few
works on a binary system have been discussed [59-61].
In the previous paper, assuming that SMBH is described
by a spherically symmetric Schwarzschild spacetime, we

analyze dynamics of such a system in detail [62]. We
showed that the vZLK oscillations appear even near the
innermost stable circular orbit (ISCO) radius when a binary
is compact enough and the inclination angle is larger than
the critical value. Although the oscillations are regular
for a highly compact binary, when a binary is softer, we find
the chaotic vZLK oscillations, i.e., the oscillations become
irregular both in the oscillation period and in the amplitude.
Especially, if the initial inclination is large, we find an
orbital flip of the relative inclination of the inner and
outer orbits. However SMBH may be rotating in nature.
Hence in this paper, we extend our analysis into a rotating
Kerr SMBH.

The paper is organized as follows: We summarize our
method discussed in the previous paper, which can be
applied to any background spacetime, in Sec. IL. In Sec. III,
assuming an observer moving along a circular geodesic in
Kerr black hole, we derive the equations of motion for a
binary system. We also discuss the interaction terms
between the c.m. of a binary and its relative coordinates.
Introducing small acceleration of an observer, we remove
the interaction terms, finding the equations of motion for
the c.m., which gives small deviations from a circular
geodesic. In Sec. IV, for our numerical analysis, we rewrite
the equations of motion in dimensionless form, introduce
the orbital parameters for analysis, and show how to
prepare the initial data. In Sec. VA, we analyze many
models numerically to find the stability conditions for a
hierarchical triple system. We then show the properties of
binary motions such as the vZLK oscillations, chaotic
features, and orbital flips. A summary and discussion
follow in Sec. VI. In Appendix A, we solve motions of
the c.m. of a binary and show its stability. We also present
the Lagrange planetary equations of the model and write
down the equations for the orbital parameters of a binary
taking averages over inner and outer binary cycles in
Appendix B. We show that this simplified method recovers
numerical results obtained by direct integration of the
equations of motion in the case of a hard binary. It also
provides the vZLK oscillation timescale and the maximum
and minimum values of eccentricity.

Notation used: Greek letters range from 0 to 3, while
Roman letters run from 1 to 3; Hatted indices denote tetrad
components in a proper reference frame rotating along an
observer; Bar over symbols correspond to quantities in a
static tetrad frame. We use G = ¢ =1 unless specified
otherwise.

II. BINARY SYSTEM IN A CURVED SPACETIME

We first summarize how to calculate a binary motion
near a supermassive black hole (SMBH), which was
described in details in paper I [62]. We discuss a binary
system in a fixed curved background. A binary consists of
two point particles with the masses m; and m,. In order to
solve a binary motion around SMBH, we set up a local
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inertial frame [52,63], and then put a self-gravitating binary
system, which follows approximately Newtonian dynamics
in a local inertial frame [59].

A. Proper reference frame

The background spacetime metric, which describes an
SMBH, is given by d5? = g, dx*dx". We consider an
observer, whose orbit is given by a world line y described
by x* = z#(z), where 7 is a proper time of the observer. The
4-velocity of the observer is given by u*(7) = dz*/dx.

We then prepare an orthonormal tetrad system {ef}
along y, which is defined by the conditions such that
€xen, = Naps eg = u, where 1, ; is Minkowski spacetime
metric.

For a given 4-velocity u*, this tetrad system is deter-
mined up to three-dimensional rotations. The tetrad ¢/, is
transported along y as

DE}”
dr

= —(a"u* — '’ + u,wpEe")e;,,

where @ = Du*/dr and w, are the acceleration of the
observer and the angular velocity of a rotating spatial basis
vector e’(’u), respectively.

Next, we construct a local coordinate system (the
observer’s proper reference system) near the world line
v, which is described as (x*) = (cz, x%) , where the spatial
components x is measured from the point at 7 on the world
line y along the spatial hypersurface X(z) perpendicular
to y.

The metric form of this proper reference frame up to the
second order of x? is given by

9o = Mo + €ao + O(X'), (2.1)
where

_ 3 akxi‘)2
€= "3 [2“”‘ + (P Roros — 053)x"x" + 2 }
(2.2)

Y SN 3

£ = —— |coix —|—§c Rypipx x|, (2.3)
€3 L lczﬁmmxkxgj (2.4)

ij 2 3 ikjt ’ :
with 7_% 15 being the tetrad component of the Riemann

curvature of a background spacetime and w;; = €;; P
[52,59,63].

The acceleration and angular frequency in the proper
reference frame are defined by

gz P
odr
o= L@IR? - Deyt
2 Uodr
3)j ke 3 ho 2 .
where ¢ = elVekreloyte If the observer’s orbit is

Hpec:
the geodesic, we recover the Fermi normal coordinates.

B. Self-gravitating binary system

Now we discuss a self-gravitating binary system in a
fixed curved background spacetime [59]. We are interested
in the case where Newtonian dynamics is valid in the
observer’s proper reference frame. The necessary condition
is that the typical scale yin,y Of a binary system should
satisfy

. 1 1
fbinary < min |:|a—},a)—}|,f7'z:|,

where 75 is the minimum curvature radius defined by

Ryroi 5174,

popéiap

Cr=min [R5 [Raspea et

nope;a

A gravitational interaction in a self-gravitating binary
system can be described by the metric deviation from a
local Minkowski spacetime. For example, to discuss
Newtonian dynamics of particle 1, it is enough to consider

the 00 component of the metric perturbation, qoélg =
200 /¢2, where ®) is the Newtonian potential of
particle 1, which is

2 Gm
q)(1>(xl) = _‘x;—ijl
1~ "2

The equations of motion for particle 1 in the observer’s
proper reference frame can be derived by the variation with
respect to x| of the action

S — /Mm,

where

dx’ dx?
£ =— O Bl B
e Y dr dr
with the metric glglﬁ) given by
n _ (1)
Gup = Map + € + Ppp- (2.5)

We also find a similar action for particle 2. Next, we
perform the post-Newtonian expansion of the total
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Lagrangian £ = £(1) + £, The Lagrangian for a binary
up to 0.5 PN order is given by

Lyinary = L£x + L2, (2.6)
where
c 1§2: G4 MM L4 L (27)
=—Y mx?+—-+L,+L, 5, )
N 2 - I |x1 _x2| R
with
2 ~
L, = —Zm,a,;x’,‘,
=1
2 .
L,=- Zm, [ej,;gw X1 =5 (@x7 — (@ - x)%) |,
=1
12
Lr = _Ezmlnomiﬂxﬂ/’
=1
and
2 .o ik
Lip= —EZmlczRMﬁx’I‘xl — (2.8)
=1

A dot (-) denotes the proper time derivative d/dz.
Introducing the c.m coordinates and the relative coor-
dinates by

_ mix, + myx,
my + my

R
r—=Xx, —Xq,

we find the Newtonian Lagrangian [Eq. (2.7)] in terms of R
and r as
£N = [/CM(R7R) + [’rel(rv ’..)v (29)

where

Low(R.R) = % (my +my)R* + Loy (R, R)
+ Lovo (R R) + Loy (R, R),
with
Lovg=—(m;+my)a-R,
Loy =—(my +my) e“lziﬂwfRi(Rj _%(("sz —(@-R)*)|,

1 _ o
Lovp = —5(””1 +my)RororR R’

and

Gm1m2

N . .
'Crel(r’r) ZE/H‘Q—F +'Crel—w(r’r) +‘Crel-7_€(r’r)7

with

L
'Crel-a) = —H ejicgwfrkr]_i(erZ_(w,r>2) s

1 - -
Liar = =5HRoro77r"

Here, u = mym,/(m; + m,) is the reduced mass. When we
consider only Ly, we can separate the variables R and r. In
particular, when the observer trajectory is a geodesic (@ = 0
and w = 0), the orbit of R = 0 becomes a solution of the
equation for R. This implies that the c.m. follows the
observer’s geodesic. Consequently, our analytical focus
narrows down to the equation dictating the behavior of the
relative coordinate r. However, when we include the 0.5 PN
term, it is not the case. The 0.5 PN Lagrangian L,
expression is written by use of R and r as follows:

Ly =Lipcm(R.R) + L)y (r.F)

+ 51/2-im(R7RJ‘, F), (2.10)

where

. 2 - s
LijpcmRR) = —g(ml +m2)R()1}}'2RkaRj,

. 2 (mj—m PP
£1/2—rel(rvr)__§/"gmll+mi; krt

. 2 PO N TSP
Li/pin(R Ry F) = —gﬂR@,;;g[rkrfR’ + (R + rkR?) ).
2.11)

The interaction term [Eq. (2.11)] invalidates the R = 0
orbit as a solution, even when acceleration is absent. The
coupling between the c.m. motion [R(7)] and relative
motion [r(z)] makes both binary and c.m. trajectories
intricate, even when the observer follows a geodesic.
However, if we introduce an appropriate acceleration a
in 0.5 PN order to cancel the interaction terms, R = 0 will
become a solution, i.e., the c.m. can follow the observer’s
motion as follows: Integrating by parts the interaction term,
we find

. 2 - .A DS A ~on P
Lyjpint (R R i) = —gﬂRGIQ}',?[R]rk’f + 7 (R*r” +1*R7)]

k2 D k2| p)
3 dr r*r +R0kjfrr R

o [1dRa;0

(integration by part),

123041-4



CHAOTIC VON ZEIPEL-LIDOV-KOZAI OSCILLATIONS OF A ...

PHYS. REV. D 108, 123041 (2023)

where the time derivative of the curvature is evaluated
along the observer’s orbit.
If we define the acceleration of the observer by

2 [VARokje s s\ i
/_m1+m2 § dr mr +R0i{}?rr ’

two terms L /5.in and Ly, cancel each other. As a result,
the Lagrangians for R and r are decoupled, and R =0
becomes an exact solution of the equation for R, which is
derived from the Lagrangian (Lcy + £i/2.cm)- The c.m.
follows the observer’s orbit and therefore, we obtain the
decoupled equation for the relative coordinate r.

To determine the proper observer’s orbit, which deviates
from a geodesic but remains in proximity to it, we must
solve the equation of motion that accounts the small
acceleration such that

D H
Pou _ (my + my)a
dr
A1 = s _ o ZdROI}Af N
= et/ |:§R(A)}]A<Z”Skf+R()]}]Z”Mkf g dTJ Mkf:|,
(2.13)

where pey = (my + my)ucy is the c.m. 4-momentum,
Skt — ik piﬂ _ 2k
binary, and Mk Eur’zr? is the second mass moment,
which can be replaced by the mass quadruople moment

Qkf = rkrf _%r25kf

r’ p* is the angular momentum tensor of a

in the Ricci-flat vacuum background.
The first term in the right-hand side is the similar to the
spin-curvature coupling term appeared in the Mathisson-
Papapetrou-Dixon equations of a spinning test particle in a
curved spacetime [64—-66].

Consequently, our initial step involves solving the
equation for the relative coordinate, denoted as r, which
is governed solely by the Lagrangian L (r) 4 L} /o1 (7).
Notably, when the masses are equal, i.e., m; = m,, we have
only the Newtonian Lagrangian L. because L/
vanishes. Once we have obtained the solution for r(z),
we proceed to determine the motion of the c.m. or the
observer within the background spacetime by addressing
Eq. (2.12). Employing the solution for the relative motion
r(7) in conjunction with the c.m. motion solution, repre-
sented as xfy,(7), we can deduce the binary system’s

trajectory within the specified curved background space-
time, denoted as x%(7) and x5 (7).

III. EQUATION OF MOTION OF A BINARY
SYSTEM IN A KERR SPACETIME

Now we consider a rotating SMBH as the background
spacetime, which is given by Kerr solution in Boyer-
Lindquist coordinates as

sin%6

A
ds* = -5 (dt — asin®0d¢)? + 5

[(x* + a®)dgp — adt)?

b
+ e’ + 2d6?, (3.1)

where
> =1+ 4%in%@ and A =% —2Mr + 4%

M and a are a gravitational mass and proper angular
momentum of a supermassive black hole, respectively.

A. A test particle on the equatorial plane

We consider a circular geodesic on the equatorial plane
of a test particle with a unit mass. The proper energy and
proper angular momentum are determined by the radius
Ty as

- 2Mry + ac/Mx,

¢ = , 3.2
r()Fo'(r()) ( )
o/ My (v} + a*> — 2ac\/Mx,)
Q= L (33)
rOFrr(rU)

where

F(xy) = (r% —3Mr, + Zam/MrO) 1/2,

and ¢ = +1 or —1, which correspond to prograde and
retrograde orbits, respectively. The existence condition of a
circular orbit is

t3 — 3Mro + 2a06+/ My > 0.

The innermost stable circular orbit (ISCO) is obtained by
the conditions such that

d¢
C—O

d
=T o, 2_0
dro

dr() ’

which gives [67]

rllsl/(I:O =3+2,-0((3-2,)(3 + 2, +22,)]'",
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where
Zi=1+1=)"P ="+ 1+ 20",
Zy= (3¢ +77)',

with y = a/M.

Since the energy and angular momentum are defined by

¢ = —Uy, L= M¢,

we find
it — 1:(2) + ac\/Mx,
]Z()F(;(ro)
¢ o Mto
U =——7—:.
r()Fo(r())

From the latter equation, we find the angular velocity of a
circular observer measured by the proper time as

’

d¢
T — u? = o
dr u o,
where
MI?O
wy=——+7—.
rOFa(rO)

B. A local inertial reference frame

For the present purpose, there is one convenient tetrad
system of Kerr spacetime, which is called Carter’s tetrad
system such that

1
eﬂ_: r2+a2,0a0aa7
1= 5xl )
A
o = \/;(0,1,0,0),
et =1 (0,0,1,0),
vV
1 . 1
e;(il = \/_E <ClS1n9,0,0,m).

Now we construct a local inertial reference frame along
the observer. The transformation matrix from Carter’s
tetrad to a rotating proper reference frame (z,x,y,z) is
given by

a <(§(r(2) +a%) —af P a(§>

AO - b b b b
rO\/Z Yo

_ 1

AE = \/_§ (0,x9A;°,0,0),
K 5 S -

USSES \/;(A@O, 0,0, gl\@"b),

s O
A2 = ﬁ (O, 0, toAO s 0),

FIG. 1. A tetrad system {e;,e;, e;} rotating with an angular
velocity o, along a circular orbit.

where

K is the so-called Carter’s constant.

Here, we choose the Descartes coordinates (x, y, z) as
shown in Fig. 1.

Inserting Eqgs. (3.2) and (3.3), we obtain the trans-
formation matrix A;* as

Ay = : (v/A(xy),0,0,060/Mry—a),  (3.4)
Fa(rO)

Azt = (0,1,0,0), (3.5)

A = (o7/Mry —a,0,0,v/A(xy)).  (3.6)
i Fﬁ(rO)

A = (0,0,-1,0), (3.7)

which provides the tetrad of the rotating proper reference
frame e* = Ay es* as

1
eyt = ————— (3 + ac\/Mr,0,0,06/Mxy),
rOFa(rO)
A
o = (o’iv(fo),o,o)

To

1
= (m/Mro[r%+a2—2am/Mr0],
toF,(r0)\/A(ro)

0,0, t% —2Mzxy + aO'\/Mr()),

1
et = (o,o,—r,0>.
0
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To discuss the dynamics of a binary, nonrotating proper
reference frame is more convenient. We then rotate the
xy-plane as ((x,y) — (X,Y)), with transformation given by

A = A% cos ¥ () — Ay% sin P(z),

Ay® = A% sinW(7) + A% cos ¥(),

where the rotation angle W satisfies the evolution equation
such that

2 2
\P:or—gK<@(r°+; )—a2+a(ﬂl—(a(f)> — g,
with
Ml/2
mR:?,

being the angular frequency of the rotating frame. It gives
Y = oo,

In order to revert to the nonrotating frame, we have to
transform back using the angular velocity. The difference
between the two angular velocities

mPEmQ —mR,

gives rotation of inertial frame. It also gives the precession
of the angular momentum as we will show it later. It
contains two relativistic precessions, i.e., the so-called de-
Sitter precession and the Lense-Thirring precession. This is
evident when we take the limit of M/ry < 1. Since a < M,
this limit gives a/xry < 1. In this limit, we find

. Mro
 1o(x2 = 3Mx + 2a6/Mr,)'/?

M!'/? 3M ac |M
ry 2rg 1 | 1o

= R + Wys + W1,

g

where
e M 3M3/2
dS — Zro R — 2r(5)/2 5
ac M Mao
Wir=———/Wr=—""3"-
%) 14 ro

The frequencies wyg and o correspond to those of
de-Sitter and Lense-Thirring precessions, respectively.

wp
100 |
10

0.1 Schwarzschild

0.01 oc=-1
0.2 0.4 0.6 0.8

100 T0 = TISCO
10

rg=2r
01 0 ; ISCO
0.01 ’// fio =9 HSCo
0.001 /,//0 =1071sco

1.0 a/M

02 04 06 08
(b)

FIG. 2. The precession frequency wp in terms of the Kerr
parameter a/M. (a) The position of the c.m. r, is chosen at
the ISCO radius. (b) r, for prograde orbits are chosen as

Ty = Ti500s 215005 IT1sco, and 101gco.

These two frequencies are quite similar to those discussed
in [35,36].

In Fig. 2, we show the behavior of p in terms of the Kerr
parameter a. In Fig. 2(a), we set r(y = ri5co, and in Fig. 2(b),
we change the radius as tq/tco = 1, 2, 5, and 10.

We find that wp gets larger as a increases and this
increase become particularly rapid near the extreme limit of
a — 1, which means that the Lense-Thirring precession
becomes dominant. The critical value a., beyond which
the Lense-Thirring precession is larger than the de-Sitter
precession, is evaluated by

mP(acr) = 2gs,

where g5 = wp(a = 0). In the case of tg = rigco, We
find a. ~ 0.43185973M.

However when we fix the radius r, 'p does not depend
on a so much as shown in Fig. 3. We show the cases of
rg = 6M and vy = 10M. For t(y = 6M, we give only for the
prograde orbits because the ISCO radius for the retrograde
orbits is larger than 6M.

In the prograde orbits, it decreases as a increases, while it
increases for the retrograde orbits.

C. Riemann curvature components in rotating
proper reference frame

The nontrivial components of the Riemann curvature in
the Carter’s tetrad system are given by
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wp
0.10 Schwarzschild
0.08 ro = 6M o—1
0.06
0.04 ==L
ro = 10M oc=1
0.02

02 04 06 08 10 g/)f

FIG. 3. The precession frequency wp in terms of a. We fix the
position of the c.m. at vy = 10M and 6. The blue and red curves
denote the prograde and retrograde cases, respectively. The value
for a = 0 is also given by the black dashed lines as reference.

Mrx(r? — 3a’cos®0)
23
Ma cos 0(3x? — a*cos’0)
>3 .

Q=

Q=

On the equatorial plane (0 = x/2), we find simpler
expression such that the nontrivial components are very
similar to the Schwarzschild case as

= — M
Rigio = Rigip = —Reoeo = ~Rejej = 3
M
0909 = ~Rizie = 5 (3.8)

Since we know the Riemann curvature components
in the Carter’s tetrad frame [Eq. (3.8)] and the trans-
formation matrix Aé to the rotating proper reference frame
[Egs. (3.4)-(3.7)], we can easily find the nontrivial
Riemann curvature components in rotating proper reference
frame as

Rozor = —Ryzyz
M 2 2 Vo
= 2 3 (2r0 -+ 3a — 3Mr0 —2ac Mro),
Fo'(r()) 0
. _ M
Rﬁ;()p = —Rsz22 r_g’
Roso: = —Rissy = 57— (v§ + 3a* — 4ac/Mry),
Fi(ro)ry
= = 3IM
Rois: = —Rozy: = — 13,3 VAr) (0/Mry — a).
Fa<r0>r0

D. Equations of motion of a binary

Since the c.m. of a binary follows the observer’s circular
geodesic (R = 0), we have to solve only the equations of

motion for the relative coordinate r. Using x = rl,

y = 2,z =13, the relative motion of a binary is given
by the Lagrangian

1 Gmll’)’lz

‘Crel(r”") :Eﬂr2+ +£rel—l‘o<r”")
+ ‘Crel—’/_?,(r’ r)’ (39)
with
o

Lyl =—H {Gmo(xy —yi) =2 (x? +y2)] :

l'l —_ — —_
Lrar= _E( 6;;62’52 + R()y()ny + Rﬁz@zzz)

uM 3

The first and second terms in L, describe the Coriolis
force and the centrifugal force, respectively. The first half
terms in L % are the same as those in Newtonian
hierarchical triple system under quadrupole approximation.
Note that in the present approach (approximation up to the
second order of r%), we cannot go beyond quadrupole
approximation.

In order to analyze the relative motion of a binary, it is
better to work in a nonrotating initial reference frame. Since
the angular frequency of a rotating tetrad frame is Yoy, the
position (x,y, z) in the rotating frame can be replaced by
the position (X, Y, Z) in a nonrotating Descartes coordinate
system by use of the following transformation;

X = X COS 6YDRT — Y Sin 6WR 7,
Yy = XSin 6WR7 + Y COS 6I0R 7,

=2

The Lagrangian £, in a nonrotating proper reference
frame is given by

2" \dr r
+ Erel—7_2(r7 T)’

1 [/dr\? G .
‘Crel__/'t< > + m1m2+ﬁrel-P(r’r)

(3.10)

where
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CHAOTIC VON ZEIPEL-LIDOV-KOZAI OSCILLATIONS OF A ...

PHYS. REV. D 108, 123041 (2023)

. . ) u
Lyep(F, F) = powp(Xy — yX) + Eml%(xz +y2).
uM |,
L »(7)==—"%|r
rel—R( T) 21?8 +F§(r0)

Since the momentum is defined by

oL X + pow
= e o )
Px X H pHowpy

oL .
oL

= - = zv
Pz 07 H

we obtain the Hamiltonian as

Hip = GmP<pyX - pr)7
_pMy, 3
w0 T Ry

The equations of motion are given as

oH  px
=— =" —o0pYy, 3.12
o PY (3.12)
d
=Py x, (3.13)
py u
_OH_ P (3.14)
op; Hu
and
oH Gm1m2
px:_gz_ P X—oopPy
uM .
——5-[X—=3A(Xcosowg7 —Ysinowg ) cosivgz], (3.15)
%
oH Gm1m2
py:_a_y:_ A Y +owpPy
M . .
—?[y—l—3/1(XcosamR1—ysmamRr)s1nmRT], (3.16)
0
_ O0H _ Gmm, uM

(=A(ro) (X cos owgT — Y sin 6wg)? + (61/Mry — a)?z?) |.

Hrele0+H1, (311)
where
- 1 2 Gm1m2
Hy=Hip+H %
with
(=A(xg) (X cos 67 — Y sinowg?)? + (64/ My — a)?Z?)|.
[
where
L Arg)  t§—2Mry+a? (3.18)

F2(vg) 13 —3Mry+2a0/Mr,

IV. PRELIMINARY CONSIDERATIONS

For numerical analysis in next section, we shall first
rewrite the basic equations using dimensionless variables,
introduce the orbital parameters, show how to set up initial
data, and discuss validity of the present model and stability
condition.

A. Normalization

In this paper we will analyze a binary model with
m; = m,. We have to solve Egs. (3.12)—(3.17). In order
to solve these basic equations, we shall introduce dimen-
sionless variables as follows: Since we consider a hierar-
chical triple system, the initial motion of a binary can be
approximated by an elliptic orbit. Hence, the length scale of
a binary is normalized by an initial semimajor axis ay,
while timescale is normalized by an initial binary mean
motion ng, which is defined by

no = (G(mﬁ'mz))l/z‘

3
ap

Note that the initial binary period is given by P;, = 27/ n,,.
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Introducing
T = nyrt,
~ X . - zZ r
X:—,y:l,Z:—’r:_,
Qa Qa (119) Qag
= Px B, = Py < _ Pz
pagng Y pagny” pagny”’
we find
dx ~
% = Px — owpy, (4'1)
_}7 =Py + opX (4.2)
d~ = py OYDpX, .
dz .
% = Mz, (43)
and
dpy X -~ .
P TPy

1 - ~ oL -
- P [X — 3A(X cos 6Y0RT — ¥ sin 6Y0R7) COS 6YDR 7],

(4.4)
dp y .
@ oo
1. . - - - -
_ ? [V + 34(X cos 6R7 — ¥ sin 6Y0R7) sin 6¥0R7],
(4.5)
dp Z
% = -5 - (24302 (4.6)
where
. wp
P=—">»
no
- og
R="——
ny
and

r% —ZM):O —|—a2

A= .
3 — 3Mx( + 2ac\/Mr,

f denotes the firmness parameter of a binary, which is
defined by

gravitational force  Gmym,/a}
tidal force by SMBH ~ GuMa,/x}

- (") (@)

The initial semimajor axis a, is given by

f

a = f3 (W) . (4.7)
Using f, we find
Yop = 1f 2, (4.8)
o = 2, (4.9)
where
T T
UEFJ(OrO)_ = \/r%—3Mr00+ 2a0\/M—ro_ L (410)

The basic equations (4.1)—(4.6) contain three indepen-
dent parameters; 4, v, and the firmness f. 4 changes from 1
to 4/3, while v runs from 0 to V2 —1fora=0and to co
for a = M.

As for the firmness {, as we will discuss it later, f > 1 is
required for stability. In the limit of f — oo, we find an
integrable system. The orbit shows the precession with the
period Yop.

B. Orbital parameters

In order to discuss the properties of a binary orbit, it is
more convenient to use the orbital parameters. We may
assume that the binary motion is close to an elliptic orbit,
which is described by

_a(l-é?)
~l+ecosf’

where a is a semimajor axis, e is the eccentricity, and f is
true anomaly. Since the orbital plane is not, in general,
z =0, we have to introduce three angular variables;
the argument of periapsis w, the ascending node Q and
the inclination angle /. We have the relations between the
position r = (X, y, ) of the component of a binary and the
orbital parameters (w,Q, a,e, I, f) as

cos Qcos(w + f) — sinQsin(w + f) cos [
=r| sinQcos(w + f) + cos Qsin(w + f) cos [
sin(w + f) sin/

N < X

(4.11)

In order to extract the orbital parameters from the orbit
given by the Cartesian coordinates, one can use the
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osculating orbit when the orbit is close to an ellipse. The
magnitude of the normalized Laplace-Runge-Lenz vector,
which is defined by

px (Fxp)-

e , (4.12)

= =

is commonly used for a measure of orbital eccentricity.
The inclination angle [ is defined as mutual inclination
between angular momenta of the inner and outer binary.

L
I = cos™! (é),
IL|

where L =F x P is the angular momentum of a binary.
The other two essential angles Q and @ governing the
orientation of the orbital plane. The line that marks the
intersection of the orbital plane with the reference plane
(the equatorial plane in the present case) is called the node
line, and the point on the node line where the orbit passes
above the reference plane from below is called the
ascending node. The angle between the reference axis
(say x-axis) and node line vector N is the longitude of
ascending node Q. First, node line is defined as

(4.13)

N=2xL. (4.14)
where Z is normal to the reference plane (the unit vector in
the z direction). Thus, Q is computed as

Q = cos™!(Ny/N). (4.15)

The argument of periapsis w is the angle between node line
and periapsis measured in the direction of motion.

Therefore,
. <N . e>
w=cos | —|.
Ne

However, one must be careful with the definitions of
orbital elements when using the osculating method.
Notably, eccentricity can exhibit unusual behavior, such
as “apparent” rise or unphysical rapid oscillations, particu-
larly when dealing with very small eccentricities and using
the magnitude of the Runge-Lenz vector as an eccentricity
measure, as observed in [68]. In such a case, it is better to
define the eccentricity by the averaged one over one
cycle as

(4.16)

_ rmax - rmin
(e) =———
Imax =+ Fmin

El

where r,,,, and rg;, correspond to orbital separation at
adjacent turning points of an eccentric orbit.

When the orbit can be approximated well by the osculating
one, e is given by the normalized Laplace-Runge-Lenz

vector (4.12). Otherwise, we define the averaged eccentricity
vector by

(Pinin + Fina)
(rmin + rmax)

(€)=~

pointing towards the periapsis, where r,,, and r.;, are
obtained from the numerical data of position vectors. We
have used both definitions and found that most results
agree well.

C. Initial data

In order to provide the initial data of a binary, i.e.,
X0, Y0 Zo and Pyg. Pyo. P20, We shall give the initial orbital
parameters (g, Qo, ag, €p). From (4.11), assuming f = 0
at 7 = 0, we find

Xo = (1 = eq)[cos  cos wy — sin Q sin wq cos 1),

Yo = (1 — eg)[sin Qq cos wy + cos Q sin wg cos 1),

Zy = (1 - eo) Sina)o Sinlo.

As for the momentum Py, Py, Pz, We use the definitions

of the orbital parameters of the osculating orbit, i.e.,
Egs. (4.12), (4.13), (4.16), and (4.15) with (4.14).
From Eq. (4.14) we find

Ny ==Ly,  Ny=Lg,  Np=0.
From Eq. (4.15) we obtain

Nyo = Njcos Q.
Since Nj = Ny, + Ny, we find
Nyo = Ny sin €.

Hence, from Eq. (4.16), we find

Ny )
€(Ccoswy = (— e | = cos Qqeyy + sin Qpeyy,

Ny
where
_ - _ . X,
exo = PyoLzo0 = PzoLyo — 7
0
= = = Y
eyo = PzoLxo — PxoLzo — 7
0
with

ZXO = yof’zo - 2Of)yOv

Lyo = ZoPxo — XoPz0-
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Since

N L

COS QO = —XO = —~7y0~,
Noo\JE2) + L
N L

sinQy = -2 = 0
No \/Lio + Lio

and

L,y = Lycosl,
we find that

Lyy = Lo sin I, sin Q, Lyo = =Ly sin I, cos Q.
From the normalized Laplace-Runge-Lenz vector e, we
obtain

N . - 2
%=m%—mmmﬂ@&ﬁ)+k

Hence, when we prepare the initial orbital parameters (e,
1y, wg, £), we can provide the initial data of (¥,, Py) for the
normalized evolution equations (4.1)—(4.6). Note that since
we choose the initial point at the periapsis (f = 0 at 7 = 0),
we find

(Bo - Fy) = 0.

which can be used to find the initial data.

D. Validity and stability

Before showing our numerical results, we discuss
validity of the present approach and the stability conditions.
The minimum curvature radius at the radius r, is evalu-
ated as
- .-

-1 L7 -4
2, | Raspaal 3’|Rﬁf/ﬁﬁ;&;/}| d

-l

When we put a binary at v = ry, the binary size yinary
should satisfy

14 binary < fﬁ'
The relativistic effect in a binary is not important when

G(m; +m,)

2

fbinary > c

As for stability of a binary, the mutual gravitational
interaction between a binary should be much larger than the
tidal force by a third body. The condition is given by

Gmm M
1 2>>L

r
2 3
r Ty

which corresponds to the condition on the firmness
parameter as f > 1. It gives the constraint on a binary
size Cpinary a8

m; +m i
Coinary < (¥>‘r0. (4.17)

M

Hence, for a binary with the size of

G(my + my)

1
my +my\3
5 < lpinary <K <7> 1o,

c M

we may apply the present Newtonian approach.
If we are interested in the orbit near the ISCO radius of
near extreme Kerr BH (vy = M), we find the condition as
2 x 10~ Tqu( Lt M2
20M o

< Chinary

_ my + my\3 M \3
<6x1073 .
* au( 20M, ) <108MO>

Note that £ ~ lau(M/108M ) in this limit.

We also have another criterion for stability. In order to
avoid a chaotic energy exchange instability, we may have
to impose the condition for the ratio of the circular radius r,
to the binary size Zpin,ry such that

14 < M p
Z ~ Cchaotic ’
binary my + my

when M > m,, m,. Two parameters in this inequality are
evaluated by N-body simulations of two groups [69,70] as

Cchaotic ~2.8 and p =

W o

criterion 1),
(

1 |
Cehaotic ~52F and p = 3 (criterion 2).

Here f is a complicated function of inner eccentricity e and
inclination / such that

f=1_§41—&)

5
—0.30031{1 —g—i—ZCosI(l —563/2 —cosI)].
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It takes the value in the range of 0 to 2.25, but mostly
between 0.6 and 1.0.

Since the above stability condition is only obtained for
stellar masses triples and the direct N-body integration is a
reliable test of stability in such a setting, we will check such
chaotic instability condition in our model.

V. NUMERICAL ANALYSIS

In a hierarchical triple system, there are several important
features. One is the so-called vZLK oscillations. If the
system is inclined more than some critical angle, there
appears an oscillation between the eccentricity and incli-
nation angle. The second interesting feature is an orbital
flip, which may appears when the inclination angle evolves
into near 90°. The last one which we show is a chaotic
feature in the long-time evolution.

Before showing the dynamical evolution of the present
system, we first discuss chaotic instability condition in
our model.

A. Chaotic instability

In this subsection, we show our results of stability
analysis for several values of the initial orbital parameters
(the semimajor axis a,, eccentricity eq, inclination /), the
circular radius r, and Kerr rotation parameter a. We choose
a=0.1,0.3,0.5,0.7,0.9,0.999M, a;=0.005,0.015,0.025M,
eo = 0.01, 0.9 and I, = O(coplanar), 85°. We fix the argu-
ment of periapsis and the ascending node as @, = 60°,
Qy = 30° for simplicity.

We perform the simulation until 7= 10*, which is
7 = 10*n, ~ 1600P,, where P is initial orbital period of
a binary. Since a binary is broken when the system is
unstable, we judge stability at the end point of the
simulation. However, since the present system is non-
integrable and show some chaotic features as we will show
later, the boundary values between stability and instability
is not sharp. In fact, fixing the orbital parameters of a binary
and Kerr parameter a, even when we find a stable orbit for
some value of r,, we obtain an unstable orbit for a slightly
larger value of ry. Changing the values of r, the stable and
unstable orbits appear randomly. Fortunately, there exists
the minimum value of r, for stable orbits, below which a
binary is broken before 7~ 1000 (mostly within a few
dynamical timescale).

In Fig. 4, we show this minimum value (xy()) for given
orbital parameters as a reference of chaotic instability. We
choose the initial orbital parameters of a binary as the
semimajor axis ag = 0.005M (dotted line), 0.015M
(dashed line), and 0.025M (thin line). The initial eccen-
tricity e is chosen 0.01 (blue) and 0.9 (red). We fix the
other initial orbital parameters as I, = 85°, wy = 60°,
QO - 300.

Below the critical radius ), we always find unstable
binary within 7 = 103. While, beyond the critical radius,

T0(cr)
M 5 . . ep = 0.01
15 . * ao = 0.025M
e eo = 0.9 .
10 eo = 0.01
- SRRSO YR s o olmcrsour i *TT 0o = 0.0150M
€0 = 0.9 SR S
5
2700 4 = 0.005M
eg = 0.9
0 a
0.1 0.3 0.5 0.7 09 10 M

FIG. 4. The minimum radius (¥o.y)) in terms of Kerr rotation
parameter a for given values of the semimajor axis ay =
0.025M (thin line), 0.015M (dashed line), 0.005M (dotted line).
The blue and red correspond to the cases of the initial eccentricity
eo = 0.01 and 0.9, respectively. We fix the other initial orbital
parameters as ey, = 0.01, 1, = 85°, w, = 60°,Q, = 30°. Below
the critical radius r(), we always find unstable binary. Beyond

the critical radius, stable orbits and unstable ones appear randomly.
We also show the ISCO radius (black), below which the circular
orbit of the c.m. becomes unstable.

stable and unstable orbits appear randomly. In this case,
however, unstable orbit can evolve beyond 7 = 103, but a
binary is broken before 7 = 10*. Since the instability
appears after many orbital cycles, it is not dynamical
instability but may be caused by chaotic instability. It is
consistent with the fact that stable and unstable orbits
appear randomly beyond the critical radius. The appearance
of unstable orbits becomes less frequent as r, increases. We
expect that the system becomes much stable when r is
large enough as we show later.

Figure 4 shows that the critical radius ro is almost
independent of the Kerr parameter a. We also find that its
dependence on the initial eccentricity is rather small. The
compactness of a binary (the initial semimajor axis ag) is
the most important factor. We find that the more compact
binary can have stable orbits closer to SMBH. In fact, a
stable binary with ay = 0.005M can exist near the ISCO
radius.

The inclination dependence is also important as shown in
Fig. 5, in which we include the coplanar cases (I, = 0°). The
green and magenta colored lines correspond to the cases with
the initial eccentricity e, = 0.01 and 0.9, respectively.

Figure 5 shows that the critical radius in the coplanar
case is smaller than that in the highly inclined orbit. The
coplanar binary is more stable than the highly inclined
binary. It may be because the vZLK oscillation appears in
the highly inclined orbit.

As we discussed in Sec. IV D, the criterion of chaotic
instability of three body system can be described by two
parameters, Cgp.oic and p. In the present model, we can
also evaluate those parameters. We find p = 1/3 and

Chaotic = f(lc/f), because the critical value of the firmness
parameter | depend slightly on the initial eccentricity e and
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T0(cr)
M eo = 0.01
. L2 .
15 y . = 0.025M
3 _ 0»9 (] L (] 2 ]
. . 0 eo = 0.9
10 | )
_____________ e
______________ —--t.9 ¢9 = 0.0
____________ @i = 0.015M
5 L — 2 T TEEEEsmseccmmccc-a -
. »'3."“ e =09
: ( 0.0
ain = 0.005M @
O —
0.1 0.3 0.5 0.7 09 1.0 M
FIG. 5. The critical radius (o) in terms of Kerr rotation

parameter a for given values of the semimajor axis ay =
0.025M (thin line), 0.015M (dashed line), 0.005M (dotted line).
We add the coplanar cases (I, = 0°) in Fig. 4. The green and
magenta colored lines correspond to the cases of the initial
eccentricity eg = 0.01 and 0.9, respectively. We fix the other
initial orbital parameters as wy, = 60°, Q, = 30°.

Cfcha.otic

Cehaotie,mvPM(€0 = 0.01, 1o = 0°)

4t . €0 =0.01,15 = 85° . 3
PR s R SRR TIERREE ROree
*---= .-t Rl T U -+ -—————— e o
@ - mmm—- O mm - ® -
: R RCECEES 8-
3 - - ° =00 —g5t B
° . e EEE L ":_-:
® . —— ep=0.9,1p=0
2 . o et Skl e - ~"=--- ks EE
e = 0.01, Iy = 0° ° ¢
a
0.1 0.3 0.5 0.7 09 10 M

FIG. 6. Cpaoiic 1S shown for various values of the parameters.
The colors and types of lines denote the same models as those in
Fig. 5. The values of C,,qc for the highly inclined orbits is larger
than those for the coplanar orbits. As references, we also show the
values of C e 1n criterion 2 by the dot-dashed lines.

inclination [, but are almost independent of the other
parameters, which means criterion 2 is more suitable to the
present model. We show our results of Cg,0ic in Fig. 6.
The values of Cgp,orc for the highly inclined orbits is
always larger than those for the coplanar orbits. The values
of Cpaotic 1n our model is always smaller than those in the
criterion 2, which is given by Mylldri et al. (MVPM) [70].
However, since the system is chaotic near Cg,qc, there is
no clear critical value. In fact, a binary with some initial
data with the firmness f > f., = C> shows instability. In

chaotic
this sense, our result is consistent with criterion 2.

B. vZLK oscillations

In a hierarchical triple system, when the inclination is
larger than some critical angle, a stable binary orbit shows
vZLK oscillations. We present four typical models, which

TABLE I. Parameters of the models. The Kerr rotation param-
eter a, the argument of periapsis @, and the ascending node €,
are fixed.

Model Cl/M ao/M ro/M () 10 (Oh) QO
I 0.9 0.005 10 0.01 85 60° 30°
I 0.9 0.005 2.9 0.01  60° 60° 30°
1T 0.9 0.005 32 0.01 85 60° 30°
v 0.9 0.015 10 0.01 85° 60° 30°

are listed in Table I, in order to clarify the important
properties of VZLK oscillations.

1. Regular vZLK oscillations

We first show Model I as an example of the regular
vZLK oscillations in Fig. 7. We choose the Kerr rotation
parameter as a = 0.9M, the initial orbital parameters of a
binary as ay = 0.005M, e, = 0.01, I, = 85°, wy = 60°,
Q, = 30°, and the circular radius as ry = 10M.

e I
1.0 =90°
0.8
0.6

—45°
0.4F
0.21-
1 ] 1 ~
0 10000 20000 30000 T
(a) prograde (o = 1)

e I
1.0 —90°
0.8
0.6~

45°
0.4
0.2}
I 1 =
0 10000 20000 30000 T

(b) retrograde (o = —1)

FIG. 7. Time evolution of the eccentricity e and inclination
angle 7 with ay = 0.005M and vy = 10M (Model I) [(a) prograde
orbit, (b) retrograde orbit]. The Kerr parameter is a = 0.9M, and
the other initial orbital parameters of a binary are ¢, = 0.01, 1 =
85°, wy = 60°, and Qg = 30°.

123041-14



CHAOTIC VON ZEIPEL-LIDOV-KOZAI OSCILLATIONS OF A ...

PHYS. REV. D 108, 123041 (2023)

We can clearly see the vZLK oscillations (a periodic
exchange between the eccentricity e and inclination 7). The
eccentricity can reach almost unity. Since the critical radius
for ag = 0.005M is xo() = 3.2M, this model with ry =
10M should be highly stable. In fact, as shown in Fig. 7, the
oscillations are highly regular.

2. Comparison with the double-averaging approach

In Newtonian hierarchical triple system, one sometimes
use the double-averaging (DA) approach, in which we take
averages of the Lagrange planetary equations over two
orbital periods and analyze the averaged equations for the
orbital parameters in order to find their long-time behav-
iors. In Appendix B, we discuss the planetary equations in
the present models and analyze the DA equations.

In the present Model I, the DA approach gives very good
approximation as shown in Fig. 8, which is the result for the
prograde orbit. We also find the almost same figures for the
retrograde orbit.

3. Oscillation period

One of the important properties of vZLK oscillations for
observation is the oscillation period 7',z k. For Newtonian
vZLK oscillations. It is approximately given by

1.0
0.8
0.6
0.4}

T

0.2F

,7_

1 I 1
0 10000 20000 30000

(a) eccentricity evolution

1 | 1 7~_
0 10000 20000 30000

(b) inclination evolution

FIG. 8. Comparison of the direct integration (blue) and the
double-averaging approximation (red) of (a) the eccentricity e
and (b) inclination angle /. The model is the same model as that in
Fig. 7. The results are completely overlapped.

T Py (my+my) (fo
VZLK ™ =———(=

3

Pin M a0> PIH - fPIIl'
As we discussed in the previous subsection, when we find
regular vZLK oscillations, the DA approach gives a good
approximation. Using the DA approximation, we can easily
evaluate the oscillation period analytically as shown in
Appendix B. It shows that the relativistic effects reduce the
vZLK timescale by a factor 0.1-0.25.

One interesting observation in Fig. 7 is that the oscil-
lation period for the retrograde orbit is smaller than that for
the prograde orbit. It is confirmed by Fig. 14 obtained by
the DA approach.

4. Critical inclination angle

The critical inclination angle, beyond which the vZLK
oscillation occurs, can be obtained by evaluating the
maximum value of the eccentricity, e, in the models
with very small initial eccentricity.

In Fig. 9, we show e,, in terms of the initial inclination
angle I,. We choose ¢, = 0.01, ay = 0.005M and r, =
10M to find regular vZLK oscillations. The solid curve
denotes e, obtained by the DA approximation. Although
we show the case of ¢ = 0.9M in Fig. 9, the results do not
depend on a at all. This figure shows that the critical
inclination angle is a little less than 40°.

The direct integration gives a little bit smaller value of
the critical inclination angle than the DA approximation,
but the DA scheme is not too contrasting. In the extreme
limit such that ry — rigco as well as a - M, the larger
critical inclination angle such as 60° could be found as
discussed in Appendix 2 c. However, it turns out that when
we restrict to stable binary orbits, the critical value is much
smaller even in the extreme limit. This is confirmed by the
direct integration (red dots in Fig. 16), which provides
almost the same as Fig. 9.

€max
1.0

0.8

0.6

0.4

0.2

[T T Y, B I |
10° 20° 30° 40° 50° 60° 70° 80° 90° [,

FIG. 9. The maximum value of the eccentricity in VZLK
oscillations in terms of the initial inclination angle /,. We assume
eg = 0.01, ap = 0.005M, vy = 10M, and a = 0.9M. The solid
curve denotes e, obtained by the DA approximation.
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C. Chaotic features

Since a three-body system is nonintegrable, we may find
chaotic features in binary orbits, especially near the critical
boundary between stable and unstable orbits. As we
discussed in Sec. VA, there exists a critical radius rg()
for given orbital parameters of a binary, below which a
binary is broken before 7 = 10°. We then expect some
chaotic features appear in a stable binary orbit with a
slightly larger radius than .. Here we give three models
(Model II, Model III, and Model IV) listed in Table I.

In Model II, we change the circular radius t, from 10M
(Model I) to the critical radius to(;) = 2.9M as well as the
initial inclination angle I, from 85° to 60°, while in Model
IIT we change only the circular radius r, from 10M to
To(er) = 3.2M. In Model IV, we change only the semimajor
axis ag from 0.005M in Model I to 0.015M. In Model 1T and
Model III, the parameters are just on the critical boundary
for chaotic instability, while in Model 1V, they are near the
instability boundary.

We find two typical chaotic features in those models:
irregular vZLK oscillations and orbital flip.

1. Irregular oscillations

In Fig. 10, we show time evolution of the eccentricity
(red curve) and inclination (blue curve). We find the vZLK
oscillations are stable but quite irregular. We can easily find
that the oscillation period is not constant in Fig. 10(b). We
also see that the maximum and minimum values of the
eccentricities are changing in time.

Since the oscillation period looks regular, Model 1V is
less chaotic than Model II and Model IIL. It is because
ro = 10M of Model 1V is slightly larger than the critical
radius o) = 9.1M for ay = 0.015M, while the parame-
ters of Model II and Model III are just on the critical
boundary for chaotic instability.

2. Orbital flip

When the initial inclination angle is close to 90°, we may
expect a phenomenon of orbital flip, in which the inclina-
tion angle will evolve beyond 90°. We do not find such
phenomenon when the initial inclination angle is not so
large, e.g., I, = 60° as shown in Fig. 10(a). Even when
the initial inclination angle is close to 90°, the orbital flip
does not occur in regular vZLK oscillations as shown
in Fig. 7.

When the initial inclination angle is close to I, = 90°
and the vZLK oscillations are chaotic (Model III and
Model 1V), we find the orbital flips as shown in
Figs. 10(b) and (c). Although it is quite random when
the orbital flip occurs, it happens when the eccentricity gets
large. It is interesting because in a regular vZLK oscil-
lations, the eccentricity is larger when the inclination angle
becomes smaller, while in the orbital flip models, the
eccentricity becomes very large not only when the

1
90°

45°

| 1
0 200 400 600 800 1000 T

(a) Model II

e I
1.0 180°
0.8
0.6
90°
0.4
0.2
| | 1 ~
0 200 400 600 800 1000 T
(b) Model TIT
e I
1.0 180°
0.8
0.6
90°
0.4
0.2

|
0 200 400 600 800 1000 1200 7T
(c) Model IV

FIG. 10. Time evolution of eccentricity and inclination for
(a) Model II, (b) Model III, and (c) Model 1V, respectively. The
model parameters are given in Table L.

inclination angle becomes smaller but also when the
inclination angle goes beyond 90°. Our results align with
the outcomes reported in the Newtonian (or 1PN) triple
system study by Naoz et al. [71].
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D. Rotation dependence

As we mentioned before, the properties of dynamics of a
binary are little dependent of a SMBH rotation parameter a
when the circular radius r and the initial semimajor axis ay
are fixed. It is because the Riemann curvature on the
equatorial plane only depends on r, just as Schwarzschild
BH and the procession frequency wp at the fixed r, very
weakly depends on a as shown in Fig. 3.

However, the ISCO radius, below which the c.m. of a
binary becomes unstable as shown in Appendix A, highly
depends on a. As a result, a highly compact binary can exist
at more inner circular radius for a more rapidly rotating
SMBH. In the top figure of Fig. 11, We show the critical
semimajor axis ag() below which a binary is stable. The
circular radius is chosen at ry = rgco. The initial eccen-
tricity is ey = 0.01, while the initial inclination angle is
chosen as I = 0 (coplanar) and [, = 85°. The coplanar
case (I = 0) is shown by black curves. Since it is a regular
orbit, the boundary between stable and unstable orbit is
clear. On the other hand, in highly inclined case (I, = 85°),

Qap(cr)
M

0.014 .

0.012 .
0.010 .

0008 . . .

0.006 . .
0.004 N .
0.002 : v

@o(cr)
TISCO

0.0025 e .

0.0020

0.0015 .

0.0010 . . . . * *
0.0005

a

0 0.2 04 06 08 10 M

FIG. I1. (Top) Critical semimajor axis ag ) at ¥igco in terms of
the Kerr rotation parameter a. (Bottom) ag(cr)/ isco in terms of a.
The initial eccentricity is ey = 0.01, while the initial inclination
angle are chosen as I, = 0 (black) and I, = 85° (red and blue).
For the coplanar case (I, = 0), all orbits are stable below black
curves. For I, = 85°, all orbits are stable below blue curves, while
there exist stable and unstable orbits between blue curves and red
curves.

since the system is chaotic, stability highly depends on the
initial conditions. As a result, there are two critical radii;
one is that all orbits are stable below some critical radius
(blue curves), and the other is that there exist stable and
unstable orbits between blue curves and another critical
radius (red curves).

In the bottom figure of Fig. 11, we show ag(c)/¥isco
which is little dependent on the Kerr rotation parameter a.
In the extreme limit of @ - M, there appears strange
behaviors especially for I, = 85° It is because wp becomes
very large near the ISCO radius (see Fig. 2).

VI. SUMMARY AND DISCUSSION

In this paper, we discuss dynamics of a binary system
orbiting around a rotating SMBH. Assuming an observer
rotating on a nearly circular orbit around a Kerr SMBH, we
write down the equations of motion of a binary in the
observer’s local inertial frame. Using Fermi-Walker trans-
port with small acceleration, which removes the interaction
terms between the c.m. of a binary and its relative
coordinates, we set up Newtonian self-gravitating system
in the local proper reference frame. As a result, the c.m. of a
binary follows the observer’s orbit, but its motion deviates
from an exact geodesic. Since the relative motion is
decoupled from the system, we first solve it, and then find
the motion of the c.m. by the perturbation equations with
the small acceleration, which is given by the relative
motion.

To present our results, we first discuss the stability
conditions. In the hierarchical triple system, there are two
widely used criteria for chaotic instability, which are
evaluated by N-body simulations by two independent
groups [69,70]. The criterion given by [70] fits our model
because the dependence of mass parameter is the same as
p = 1/3. The critical value for chaotic instability (Cgpa0tic)
in our model is slightly smaller than the result by [70].
However, the system is chaotic near C,,0ic, there is no
clear critical value. In fact, a binary with some initial data
with the firmness f > {, = Cghaoﬁc shows instability. In this
sense, our result is consistent with that by [70].

We then analyze the properties of stable vZLK oscil-
lations. Although we show the result only for the case of
a = 0.9M, the behaviors of a binary are almost the same
when we fix the circular radius r, and the initial semimajor
axis ag.

For highly compact binaries with large firmness param-
eter (f > f.), the vZLK oscillations is quite regular and
stable. The double-averaging method gives a good approxi-
mation in this parameter space. The critical inclination
angle for vZLK oscillations is about 40°, which is also
almost independent of the rotation parameter a.

For the binary with the firmness parameter slightly larger
than the critical value (f 2 f..), since the system is chaotic,
we find chaotic vZLK oscillations, which become irregular
both in the oscillation period and in the amplitude. If the
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initial inclination is large, we find an orbital flip, which also
appears randomly.

In this paper, we assume that the c.m. of a binary moves
along an almost circular orbit, but an eccentric orbit is
interesting to be studied since the vZLK oscillation may be
modulated on a longer timescale [72-76]. However, for
such a highly eccentric orbit, the present proper reference
frame expanded up to the second order of the spatial
coordinates x% may not be sufficient. We may need higher-
order terms in the metric, where the derivatives of the
Riemann curvature appear [53,54]. Although the basic
equations are very complicated, such an extension is
straightforward.

Our future work will involve evaluating the GWs from
the present hierarchical triple setting using the black hole
perturbation approach, since near the ISCO radius the
quadrupole formula may not be valid [77].
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APPENDIX A: MOTION WITH 0.5 PN
CORRECTION TERM

As we discussed in the text, in order to analyze the
motion of the c.m. of a binary system, we have to consider
0.5 PN terms. As shown before, we can assume R = 0 by
introduction of the acceleration given by Eq. (2.12). We
first solve the relative coordinates r, and then the motion of
the observer (or the c.m.).

1. Equations of motion for relative coordinates

The equation of motion for relative coordinates r of a
binary is now given by

‘crel(r7i) = ['rel(ni‘) + ‘Cl/Z—rel(rj‘)’

where L, is given by Eq. (3.9), while

(Rossx(xy = y%) + Rpz 5:2(2y = y2))

2(my —my)M
(my + my)xd

F2(xo)

(=x(xy = y¥) + z(zy — y2)).

In nonrotating Fermi-Walker coordinates, we find L is given by Eq. (3.10), while

2(m —my)M \/A(xg)(0/Mry — a)

(my + my)r} F2(xp)

x {cos oWwrz[X(Xy — yX) + Z(yz — zy) + wrX (x> + y? — 2?)]

£1/2—rel(r’i') =4

— sin oWgzly(Xy — YX) + 2(zX — X2) + wry (X + y* — 22)]}.
The momentum is obtained from the Lagrangian L, (r, F) as

2(my — my)M \/A(xg)(0\/Mxy — a)

Px = HX + pwpy + p

(my 4 my)r] F3 (1)
: 2(m1 — m2>M A(rO)(G Mry — a) . 2 2
= — uopX + —XVY SIN 6YDRT + (X* — Z7) COS OWRT),
py Iuy H¥Dp H (ml +m2)r8 Fg(ro> ( y R ( ) R )
2(my —my)M \/A(xg)(0/Mry —a)

Dy =HZ+ z(y cos 6YRT + X sin 6Y0R 7).

(my + my)x] F2(xo)
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The Hamiltonian is given by

Hrel(rv p) = Hrel(r’ p) + Hl/Z—rel(r’ p)?
where H,(r, p) is given by Eq. (3.11), while

2u(my —my)*M?* A(xg)(6/Mry — a)?
(my + my)x§ F3(xp)

+ (=xy sin 6WwRT + (X* — 22) cos 6R7)? + Z2(y cos IR T + X sin 6Ivg7)?].

[(—xy cos o7 + (y?> — Z2) sin ooy 7)?

Hijprea(F,P) =

This Hamiltonian is complicated, but it should not be considered because it is beyond quadrupole approximation, although
the momenta of the particles are modified. For an equal mass binary (m; = m,), the 0.5 PN correction term vanishes and the
momenta are also the same as the Newtonian ones. As a result, the Newtonian solution is also valid.

2. Motion of the center of mass of a binary and its stability

In order to study stability of the c.m. of a binary system, we analyze Eq. (2.12). Since R is measured by the circular
observer at r = 1, we can split the 4-velocity u* as

where
u dx,(l()) 0 3 1 2 / /
u(o) :?: (M(O)’O’O’M(O)):m<t0+aa Mro,0,0,0' Mro),
dx(i)
M= g
with

The acceleration a* is given by the motion of a binary x#(7) in a rotating frame as

. o \/Z(a\/MrO—a)% 5,,\/_K, 5ﬂi~
a 5 3 0] X+ 0, —yz
my + my F;(xg) o Ty T
1
———————— (Sho/Mro(x] + a* — 2a0+/Mxy) + & (x] — 2Mx + ac\/Mry))(—ix + zz) | .
rOFzT(I:O)\/Z

Here, we assume that the deviation from a circular orbit is small, i.e., g’(l) and ”1(41) are small perturbations. Ignoring

nonlinear deviation terms in the equations of motion 2 = g#, because the circular orbit 5’(40) (7) is a geodesic, we obtain a

dr
linear differential equation as
du ort
) - pro a P 0
ar T2 helro)ufouy) + 0x" (v0)&{y (o) ufy) = @

where a* acts as an external force. Describing the deviation as

x’(l) = (f(l),r(l)ﬁu),fp(n),
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we find
d’t 2M dr
(1) 2., 2 (1)
—2a0\/M
de + rOA(rO)F,,(rO) (r() ta a0 rO) dT
6 M
=a’ = A (Mry — ac\/Mry) (x5 + a® — 2ac+/Mx;) (ix — 22), (A1)

my + my tF3(xg)

Pra) 3MA(x)  2MA(xg) dty)  2A(x) rr— 49q)
- — M M
> t}F%(xp) M 13F,(ry) dr  riF,(x)) (Ma + oto/ M1o) dz
6 MA My —
g O (04 M, “)xy, (A2)
my + ny I:()Ftr(rO)
d2(9(1) M ) 6u M\/Z(a Mty —a)
3a® — dac\/Mro)0) = a* = d v, A3
o) dr(y)
M M —2M))——=
a7 T roA(ng) Fu(ey) Mt oV MEe(ro = 2M))
6u M . .
=ad’ = oy A (20) (6\/Mxy — a)(x5 — 2Mro + ac\/Mry) (ix — 2z), (A4)
Integrating Eqs. (A1) and (A4), we obtain
dtq) M 24 2
—_ —2ac\/M
de T rA(m)F,(r) 0 T TR0V
3u M
Ry T (Mxy — ac\/Mry)(x3 + a® — 2ac\/Mr)) (x* — 2%), (AS5)
do) 2
= - M v M —2M
dr 1A (1) F (1) (Ma o Fo(%0 ))t(l)
3 M
a (6\/Mxy — a)(x5 — 2Mry + ac/Mry) (x> — 22), (A6)

- my + my t§F3(xg)

where we set the integration constants as zero. Plugging Eqs. (A5) and (A6) into Eq. (A2), we obtain the perturbation
equation for the radial coordinates r(;) as

d*x
dr(zl) + ke + A(x* —2%) + Byx =0, (A7)
where
M

k2 = S (rg —6Mry —3a® + 8ac\/ M) (A8)

15 F5(x0)

6 uMA
A= (13- 3Mzy - 24?) (A9)
(my 4 my) 3 F(x)
6 pMA

B=-— H (61/Mry — a). (A10)

(my 4 my)rF2(xg)

We also rewrite the equation for 6y as
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2
0 .
5+ kg0 + Byz = 0. (A1)
T
where
M
k} = 5—— (v3 + 3a* — 4ac\/Mx). (A12)
r()Fvo’(r())

We find that k2 > 0 and k5 > 0 when 1 > 130, which
guarantees stability against homogeneous perturbations.
This fact is consistent with the stability of a circular
geodesic. In order to understand the oscillations of the
deviation ;) and 6(;), we expand the oscillation frequen-

cies k7 and kJ in the limit of M/ry < 1 as

M'/? 3M  3ac -
ky —7 ;/2 —2—% r_o % = R — Wys — W T,
PO PO U = 1o + Wogg +
0~ ré 7 2r0 v /% R das LT
where Yo 1 = —3Mac/r]. The meaning of the (1) oscil-

lations is more clear since it describes the deviation from
the equatorial plane. There are three origins of the oscil-
lations; one is the angular frequency of the rotating frame,
the second is caused by the de Sitter precession, and the
third is related to the Lense-Thirring precession between
the rotation of the c.m. and the BH spin, which is slightly
different from that of a binary angular momentum and the
BH spin [35,36].

0.0005

A s

! umlxiilmmil.il;“ Ll JLMLH\H;
L 20000 30000 T

10000

W “l U‘ "'

FIG. 12. The time evolution of r(;y (left) and 6,

Including the inhomogeneous perturbations caused by a
binary motion, we find formally general solutions for
Egs. (A7) and (Al1) as

t()) = a, coslk,z| + b, sin[k,7]

__/dT

= 2(2)?) + By (¢)x(7')]

x sinfk, (7 — )], (A13)
(1) = agcoslket] + by sin[k, 7]
——/ ddy(7)z(7) sinfk(z = 7)),  (Al4)

where a,, b,, ay, and by are arbitrary constants, which are
determined by initial conditions. Since yx and yz may
oscillate around zero, the integration with those terms may
not induce instability. On the other hand, the integration
with (x> —z?) does not have definite sign. We have to
check its stability numerically by use of numerical solution
of a binary motion.

In Figs. 12 and 13, we show the time evolution of ()
and 0 for Model I (a =09M,xy = 10M, and a, =
0.005M) and Model III (@ = 0.9M,ry = 3.2M, and ay =
0.005M). We assume that the initial values of r(;) and 6y,
and their time derivatives vanish.

Since Model I shows a regular vZLK oscillation, from
Fig. 12, we find good correlation between the eccentricity
and the deviations from a circular orbit. r(;) oscillates
around small nonzero positive value with small amplitude.
The oscillation center slightly increases when the eccen-
tricity becomes large, but the oscillation amplitude does not
change. For 9(1), the oscillation center is almost zero, and

0(1) €
0.10F 1.0

0.05

0.00 U .

i mi

y (right) for Model I (a = 0.9M, ty = 10M, and a; = 0.005M). The bottom figures

show the enlargement of the period of 7= 9000 15000. We also show the evolution of the eccentricity (red curves) to see the

correlation.
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FIG. 13.  The time evolution of r(

(left) and 9(1)
figures (a), (b), and (c) depict the first tenth, the middle tenth and the last tenth of the period, respectively. We show the evolution of the
eccentricity (red curves). There is no correlation between the eccentricity (e) and the deviations [r(y), O]

oscillation amplitude changes in time. Although there is no
correlation with the eccentricity, the oscillation pattern is
periodic and the period is the same as that of the vZLK
oscillations. Note that the oscillation amplitude in the radial
direction [|r(;)| ~ 107*] is much smaller than that in the 6
direction [|0})| ~ 1072].

For Model I (Fig. 13), the binary system is close to the
chaotic boundary. In this chaotic vZLK oscillation model,
we find the motion of the c.m. also becomes irregular. There
is no correlation between the evolution of the eccentricity
(red curves) and the oscillations of r(;) and 6 (blue
curves), as shown in the bottom figures of 13. The oscillation
amplitudes of the radial direction and @ direction are almost
the same in this chaotic case [|r(j)| ~ 6| ~ 1072].

p? — G(m; + m,)

7:[0: r

N =

M
Hl (pyx pr) 2 r+
0

The position r = (X, Y, z) of a binary should be described in
the nonrotating proper reference frame.

The unperturbed Hamiltonian, denoted as H,, is equiv-
alent to that of a binary system in Newtonian dynamics. It
leads to an elliptical orbit, described by the equation

a(l —ée?
_a=e) -
1+ ecosf
Here, r represents the radial distance from the c.m., while a,
e, and f are the semimajor axis, eccentricity, and true
anomaly, respectively. This orbital plane is inclined at an

T

Al

,M
||

%H' 'W

(a)

i

i

(right) for the model with a = 0.9M, vy = 3.2M, and ay = 0.005M. The bottom

APPENDIX B: LAGRANGE PLANETARY
EQUATIONS FOR A BINARY SYSTEM
NEAR SMBH

To comprehend our numerical findings better, we should
consider the Lagrange planetary equations. These equa-
tions provide the evolution of orbital parameters, such as
the semimajor axis, eccentricity, and inclination. To derive
these planetary equations, we work with the proper
Hamiltonian, where the mass parameter is set to y = 1.
The proper Hamiltonian is defined as follows:

where

F2(313 )(—A(to)(XCOS OYORT — ysino-mRT)2 T (0'\/M—r0— a)zzz) ‘
a\*0

|
angle [ relative to the equatorial plane in the proper
reference frame. Consequently, the relative position vector
r=(X,Y,2) of the binary system can be determined by
the orbital parameters (w,Q,a,e,[,f) as described in
Eq. (4.11) with Eq. (B1). The introduction of Delaunay
variables further refines this description as follows:

L=n(t—ty) L= /G(m;+m,)a
g=w and ¢ & =+/G(m; +m,)a(1-e?)
h=0Q 9 =1/G(m, +my)a(1-e?)cosl,
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where

2r G(ml +m2)
n=s—=/————>
P a’

is the mean motion, we find new unperturbed Hamiltonian as

’

= G*(my + my)?
L T

Including the perturbations 7{,, we obtain the
Hamiltonian for the Delaunay variables as

The proper Hamiltonian is described by the orbital
parameters by inserting the relation given in Eq. (4.11)
with Eq. (B1). We then find the perturbed Hamiltonian as

7:[1 = 7:[]_13 + 7:[1_7_37

where

Hi_p = owpr?(a, e, f){ncos I(1 — e?)™32(1 + ecos f)* — wp(cos?(w + f) + sin®(w + f)cosI)}, (B2)
Hi_p = % r’(a,e, ){1 - 3é(r0) [cos(Q + owg7) cos(w + f) — sin(Q + og7) sin(w + f) cos I]?
2r() F¢7<r0>
3o NFA(Z:I(ZOO)_ ik sin?(w + f)sinzl}. (B3)

We then obtain the planetary equations for the present
hierarchical triple system, which is mathematically equiv-
alent to our basic equations in the text.

1. Double-averaging approach

Rather than directly solving the Lagrange planetary
equations, our approach involves averaging the perturbed
Hamiltonian over two periods; the inner and outer orbital
periods. This allows us to simplify the equations for
analysis. We are interested in understanding the long-term
behavior of the system, particularly phenomena like the
vZLK mechanism.

2

The doubly-averaged Hamiltonian is defined by

=y [T (5, [ )

Since the outer orbit is circular, we find that [, =
Sou = Wo7. We also have

1 r\?2
dl = —— (- df.
1_62<a) /

Inserting Eqs. (B2) and (B3) into the above integrals, we
find the doubly-averaged Hamiltonian as

_ M (x} + 3a*> — 4ac\/M
{H,» = owpna®>v/'1 —e?cos I — < (2 +3€?) | w3 (3 + cos2I) + (g + a2 a30 %) (1+3cos2l)
8 4F0(r0)r0
+ 10e?sin’1 cos 2w | w3 + 3M(xg + 3a” — dao /M) (B4)
v 4F3(xo)1g '

Using the double-averaged Hamiltonian Eq. (B4), we obtain the double-averaged Lagrange planetary equations as

g = > w3 +
e =—
4 P 4F§(t0)t(3)

3M(x} + 3a* - 4am/Mr0)> evl1—e?

(1 = cos2I)sin 2w, (BS)

n

. 5

3M(x3 + 3a® — 4ac\/Mx,) e’
4F§(t0)t8 nvli

sin 2/ sin 2w,
—e
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3M(x3 + 3a® — 4ac\/Mr,)

)[\/ 1 —e?[3+5cos2l +5(1 — cos 2I) cos 2w

w;, (B7)

1 m2+3M(r6+3a2—4a6¢M?E)
w=—
dn \"" 4F%(xy)r)
5 2 2,/1_ 2
+ ¢ (1+cos2])(1—cos2a))]+7e 2
1—¢2 n
. cos/
Q =0 —'—7(1”2_'_
" mvVI—e2\ ¥

The semimajor axis a is constant in the present approxi-
mation. Also, from Egs. (B5) and (B6), we can easily check
the conservation equation such that

d
d—(\/ 1 —e?cosl) =0,
T

which corresponds to conservation of the z-component of
the angular momentum.

2. vZLK oscillations

Introducing a “potential” by Vs = —(H,), we rewrite
the above planetary equations as

) V1-— €2 0VS (B9)
e=— —_—,
nale ow
. cos [ oV
/|=————— — = B10
na?sinIvV'1 — ¢% 0w (BI0)
o V1=e?oVy cos/ oV (B11)
W = — = —,
na*e  de  pa’sinlV1—e? Ol
. 1 oV
Q S (B12)

 naZsinIV1 —e2 al -

We derive closed-form differential equations for the var-
iables ¢, I, and w using Egs. (B9), (B10), and (B11). These
equations provide insights into various properties of vZLK
oscillations, including the oscillation amplitude of eccen-
tricity and the oscillation timescale. This analysis is
consistent with previous studies on Newtonian and 1 PN
hierarchical triple systems, as discussed in [34].

The potential is written by use of 7 = V1 — e? and y; =
cosl as
Vs =—(H)
a’M (3 + 3a® — 4ac/Mr,)
LNUNTH

16}'_%(170)?8

41‘?;(”0)’3%

) [—(2 4 3¢?) + 5¢* cos 2w).

[
where

vs(n.pr) = 2(=1 4 3puin*)(1 4+ ap) + 12Cz1 ¢

3on

4 2—— ,
+ 0513( o Hl'l)
with

Avop Fg (xo) 15
3M(x} + 3a® — 4ac\/Mxy)’

aPE
5 .
Conx = (1=7) (14 209) =3 (1 + )1 = s

Note that when ap = 0, we find the same equations for
Newtonian hierarchical triple system with quadrupole
approximation. The terms with ap give relativistic
corrections.

Introducing the normalized time 7, which is defined by

T

% b
TyZLK

with the typical vZLK timescale

16nF2(xo)xd
TV E 9
AR T M2 + 3a? — 4acy/Mr,)

the above planetary equation is rewritten as

dn  ovg
di ow’

Ldu,  10vg

p di — now
do  dvg  pyovg
o now’

From these equations, we can easily show that

d(um) —0 dvg _
daz ’ dz

0’
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which means there exist two conserved quantities 9 = ;7
and C,z1 ¢ just as the Newtonian and 1 PN hierarchical
triple system under dipole approximation. Using these
two conserved quantities, we obtain a single equation
for 5 as

‘2’7% = —24V2./ f(?) (),

with

f?) = (1+2ap)(1 = 7*) = Cyzix.
9i*) = =51+ ap)9 — 3+ ap)n*
+ [5(1 4 ap)9? + 3 + ap + 2Cxyz x|

Setting & = %, we find

A+ 2 B+ eV - ) -6,

where

CVZLK
:1—7
1 5(1 4 ap) 2
=—1(1 92
273 <+ 3+ap 3+ap

are the solutions of f(£) = 0 and g(&) = 0, respectively.
We can find the relativistic corrections with ap, which is
evaluated as

A(rg — Fo(ro))
3(x) + 3a*> — dac\/Mx)

This constant ap is small when rotation of SMBH is
small (the maximum value for Schwarzschild BH is
0.11), but it can be large when SMBH is rotating rapidly
and the c.m. is near the ISCO radius. For example, when
a=09M(0.99M), ap ~0.88(5.56) at the ISCO radius,
and it diverges as a — M. It is because the denominator
vanishes in this limit.

Analyzing the above equation, we find that there exists
vZLK oscillations in this system just the same as in
Newtonian hierarchical triple system, and we can classify
the vZLK oscillations by the sign of C,z  into two cases:
(a) Cyz1x > 0 (rotation); (b) Cyz x < O (libration).

ap =

a. Cyz1.x > 0 (rotation)

In this case, 0 <¢_ <1 < ¢, and 0 <&, < 1. This is
possible if

0 < CVZLK < 1 + 26‘(13.

Hence, we find the maximum and minimum values of
the eccentricity as

Cmax = V 1-&, €min = V/ 1 =¢&.
The vZLK oscillation timescale is given by

Tgixk=r1 vZLKcz\(EE)Kv (BB)

5(1 + ap) 2
C + 1 9?
VZLK> \/( "S3re U 3w

2 20(1
CszK> _MW],

3+ap

|
where

K 50—§->
(o) _ ( £t

SVZLK T 64/2(1 +2ap)(3 + ap) (&, — &) '

K (k) is the complete elliptic integral of the first kind with
the elliptic modulus k.

b. Cyz1.x < 0 (libration)

Since 0 < ¢ < &, < 1and & < 0 in this case, we find

€max = V 1_5—7 €min = V 1_§+'

It occurs when

3+ap

< CVZLK < 0,

and

9 < (V3 +ap—+/-2Cyz1x)

5(1+ap)

The vZLK timescale is given by

lib
Ty = TvZLKsséﬁK, (314)

where
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[
k(VEE)

6/2(1+20p) (3 + ap) (&g — &)

(lib)
Tizik

The maximum and minimum values of the eccentricity in
the vZLK oscillations are determined by two conserved
parameters, 9 and C,z k. Note that the maximum eccen-
tricity in VZLK oscillations is important, especially when
we discuss emission of GWs.

The timescale of the vZLK oscillations is also important
for observation of the gravitational waves. Since ESJ;{K and
‘Zg;l")K are order of unity, the timescale is almost determined
by 7,71k, Which is rewritten by

(t3 — 3Mry + 2ac\/Mx,)
nTtyz1x = 16f 5 5 .
(x5 + 3a® — 4ac\/Mr)

(B15)

Some example of the exact values of T,k is given
in Fig. 14.

We then may evaluate the relativistic effects (including
de Sitter precession) by comparison with the Newtonian
value TSXK as shown in Fig. 15.

Fig. 15 shows that the relativistic effects reduce the
vZLK timescale by a factor 0.1-0.25. Although the ratio
vanishes at the ISCO radius in the limit of a — M, the
double-averaging approximation is no longer valid in
this limit.

c¢. Critical inclination angle

We can also evaluate a critical inclination angle, beyond
which the vZLK oscillation occurs even when the initial
eccentricity is very small. It is given by the condition for a
bifurcation point with C,7; x = 0 with @ = 90°. Setting

nTyzLK
ro=9M ,0=1
4000
3000 ro=9M ,0 = —1
2000 . _ - et
ro = Trsco .0 = —1 _..--
0 Ib(o_; _____ 7"0:6]\[7@: 1
1000 ..=.‘—.:.'_"'_'..'.'_-.__ .................................
------------------- ro = T18co,0 =1

""""" a/M
0.2 0.4 0.6 0.8 1.0

FIG. 14. The period of vZLK oscillations Tz is shown in
terms of the Kerr rotation parameter a. The blue and red curves
correspond to the prograde (¢ = 1) and retrograde (o = —1)
orbits. The solid curves show the case of vy, = 9M, while the dot-
dashed one and dashed ones are ry=6M and ry = ri3cQ,
respectively. The semimajor axis is chosen as a = 0.005M.

Tz /T

0.25 ro=9M ,0 =1

0.20 VL
L= = 71
015 -t
[ ro = T18co,0 = —1
010 | 79 =7T8CO,0 =1 ~TTTm-- -
\ /M
0.2 0.4 0.6 0.8 1.0

FIG. 15. The ratio of vZLK oscillation period T,z to its
Newtonian value is shown in terms of the Kerr rotation para-
meter a. The colors and types of the curves are the same as those
in Fig. 14. The semimajor axis is chosen as a = 0.005M.

5
(1+ 2ap) _5(1 + ap) sin® Iy = 0,
we obtain

I = sin_l 2(1 + 2ap)
crit 5(1 +ap) .

We find that the critical inclination angle changes from

63.4° (a =M) [41.6° (a =0)] to the Newtonian value
Igt) =sin™! y/2/5~39.2° as t, increases from the ISCO
radius to infinity. However the critical value depends on the
orbital parameters, especially on r, and aj,. Assuming

€max
1.0

0.8

0.6+

0.4+

0.2 -

(©) ) (a)

’

0.0°¢ --11
30° 40° 50° 60°

! [

70° 80° 90° I,
FIG. 16. The maximum values of the eccentricity in VZLK
oscillations based on the double-averaging approximation:
(@) Cehaotic = 1 (the dashed curve), (b) Cepaoic = 3 (the dotted
curve), (¢) Cepaoic = 9 (the solid curve). We choose t( = risco

and a = 0.999M. The red dots denote the result obtained by the
direct integration of the equations of motion.
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a=0.999M, ry = rigco, and ey = 0.01, we evaluate the
maximum value of the eccentricity in vZLK oscillations,
which is given in Fig. 16. In the case of C .0 = 1, which
corresponds to the firmness parameter f = 1, the critical
inclination angle is slightly larger than 60°. However, this
models suffers from chaotic instability. As we discussed in

the text, stability against chaotic perturbations must satisfy
Chaotic < 3—4. In that case, the critical inclination angle
becomes smaller as 40°-50°. The red dots denote the result
obtained by the direct integration of the equations of
motion, which shows that the true critical inclination angle
is about 40° even for a = 0.999M.
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