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Stationary equilibrium torus supported by Weyssenhoff ideal spin fluid
in Schwarzschild spacetime: Case of constant specific
angular momentum distribution
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We consider a non-self-gravitating geometrically thick torus described by the Weyssenhoff ideal spin
fluid in a black hole spacetime. The Weyssenhoff spin fluid shares the same symmetries of the background
geometry, i.e., stationarity and axisymmetry and further describes circular orbital motion in the black hole
spacetime. We further assume that the alignment of the spin is perpendicular to the equatorial plane. Under
this setup, we determine the integrability conditions of the general relativistic momentum conservation
equation of Weyssenhoff ideal spin fluid using the Frenkel spin supplementary condition. In light of the
integrability conditions, we then present stationary equilibrium solutions of the spin fluid torus with
constant specific angular momentum distributions around the Schwarzschild black hole by numerically
solving the general relativistic momentum conservation equation. Our study reveals that both the
isopressure and isodensity surfaces of torus get significantly modified in comparison to the ideal fluid
torus without a spin fluid, owing to the spin tensor and its coupling to the curvature of the Schwarzschild
black hole. In fact, the size of the torus is also found to be enhanced (diminished) depending on a positive
(negative) magnitude of spin parameter s,. We finally estimate the magnitude of s, by assuming the torus to

be composed of spin-1/2 particles.

DOI: 10.1103/PhysRevD.108.123032

I. INTRODUCTION

The existence of black holes (BH) is one of the most
profound theoretical predictions of general relativity (GR).
Generally gravitational collapse of massive stars is thought
to be responsible for the existence of BHs [1,2]. Today, it is
widely believed that almost all galaxies in the observable
universe possess supermassive BH at their center. This fact
is supported by precision measurements, for example,
in [3,4] in combination with the remarkable series of works
[5-7]. Parallelly, significant support also comes out from
the shadows of ultracompact central objects [8,9]. In recent
times, an overwhelming support of this fact appeared from
the images published by the Event Horizon Telescope
Collaboration belonging to the shadow of the supermassive
BH residing at the center of the M87 galaxy [10] and that
of Sagittarius A* [11] at the center of the Milky Way.
Furthermore, the observations of gravitational waves gen-
erated from the BH mergers provide evidence of BHs [12].
Additionally, there are also observational evidences for
the existence of stellar-mass BHs through x-ray binaries,
coming from the earliest observations [13,14], and more
recently from electromagnetic observations [9,15-17] and
gravitational wave observations [18].
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The accretion of matter onto BHs or any compact object
causes the conversion of enormous gravitational energy of
the infalling accreting matter into its rotational energy (in
the Newtonian case) and to radiation, part of which
contributes to the luminous disklike structures [19] com-
monly known as an accretion disk (AD) surrounding the
central compact object. Generally, ADs are found in diverse
astrophysical scenarios, namely quasars, young stellar
objects, cataclysmic variables, active galactic nuclei, micro-
quasars, x-ray binaries, the central engine of short Gamma-
ray bursts (GRBs), and kilonovae [20-26]. Depending on
different features such as the optical depth, mass accretion
rate, and geometrical thickness, they are categorized in
different classes of models, namely geometrically thick
disks or torus, thin disks, and advection-dominated accre-
tion flows (see, for example, [27,28]).

The geometrical thick ADs, also known as Polish
doughnuts, are the models which we will consider here-
after. These are stationary equilibrium configurations
which can be constructed analytically. Typically modeled
by a relativistic hydrodynamical fluid, the equilibrium
configurations were initially constructed using the ideal
fluid [29-33]. In recent years, different types of matter
models have been considered for studying stationary
equilibrium solutions, e.g., with a viscous fluid [34,35],
with an electrically charged fluid [36-38], or by a mag-
netized fluid [39-41]. The studies concerning properties
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and morphologies of ADs located in different BH geom-
etries have also been addressed in several works [42—47].
The studies with accretion in the presence of self-gravity
effects can be found in many works [48-52].

It is worthwhile to note that previously different cos-
mological scenarios were studied by taking into consid-
eration the Weyssenhoff fluid. For example, the status of
the cosmological principle in the presence of Weyssenhoff
fluid is investigated by Bohmer and Bronowski [53]. The
consequences of Weyssenhoff fluid are investigated for
addressing the dark energy of the universe [54], for averting
initial cosmological singularity [53,55], and in describing
the bouncing universe scenario [56]. However, to the best
of our knowledge, the possible effects of spin fluid on
stationary solutions of a torus have not been investigated so
far. On that note, it is also likely that the constituents of a
stationary torus may possess intrinsic spin angular momen-
tum whose cumulative effects induce an overall nonzero
spin of the fluid. Although spin is a microscopic property of
matter, for the macroscopic description of matter, a corre-
sponding hydrodynamical theory can be obtained by an
averaging technique from the microscopic theory of matter
with spin [57]. A prominent example is the phenomeno-
logical Weyssenhoff fluid model which describes classical
ideal hydrodynamical fluid with spin [58] where the fluid
elements are characterized by an intrinsic angular momen-
tum, i.e., spin proportional to the volume. In this model,
the spin angular momentum density is described by a
second-rank antisymmetric tensor S** whose spatial com-
ponent is a three-vector that coincides with three-density of
the spinning matter in the rest frame. Motivated by the
attempt to look for experiments/observations for torsion,
the Lagrangian formulation of the Weyssenhoff spin fluid
model has been developed in the context of the Einstein-
Cartan theory by taking torsion into consideration [59].
Moreover, using the Lagrangian formulation, it has been
shown by Obukhov and Piskareva [60] that in general
relativity, under the pole-dipole approximation, the
conservation laws of the Weyssenhoff ideal spin fluid
follows the generalized version of the evolution equation
of spinning fest particles given by Mathisson [61],
Papapetrou [62], and Dixon [63], commonly known
as  Mathisson-Papapetrou-Dixon (MPD) equations.
Additionally, in order to close the MPD equations a spin
supplementary condition (SSC) has to be stated. The SSC is
not unique. Several SSCs have been prescribed in the
literature [64—69]. Notably, the conservation laws of the
Weyssenhoff ideal spin fluid are obtained by adopting
the Frenkel SSC [59,60]. Analogous to test particles with
spin, the spin of the Weyssenhoff fluid interacts with the
curvature of the background geometry leading to an addi-
tional spin-curvature coupling contribution in the momen-
tum balance. Following this, a torus endowed with
Weyssenhoff spin fluid thus allows us to examine the
direct influences of spacetime curvature effects of the

central compact object through the spin-curvature coupling
term on the stationary solutions of the torus.

In the present work, we examine the consequences of
spin-curvature coupling on stationary equilibrium solutions
of relativistic torus modeled by the Weyssenhoff ideal spin
fluid. We have adopted the test-fluid approximation, and
thus, neglected any self-gravity effects of the torus. We start
with a stationary and axisymmetric BH background where
the spin fluid describes circular orbits and is endowed with
constant specific orbital angular momentum distribution. In
this background geometry, the integrability conditions of
the general relativistic momentum conservation equation of
ideal Weyssenhoff spin fluid are derived by considering the
spin being aligned perpendicular to the equatorial plane.
Our study reveals the newly obtained integrability con-
ditions of the spin fluid embody the integrability conditions
of the ideal fluid without spin, i.e., relativistic Von-Zeipel
conditions. Additional conditions are obtained due to the
presence of a spin tensor and its coupling to the spacetime
curvature of the stationary, axisymmetric BH geometry.

In order to determine the impacts of spin and curvature
on stationary solutions of a torus, we consider the simplest
nonrotating background geometry, i.e., a Schwarzschild
BH. Using the integrability condition, we then present the
allowed structure of the spin tensor necessary to produce
macroscopic spin effects on the morphology of the torus.
Here, we consider the scenario when the fluid within the
torus exactly fills its Roche lobe. Under this situation, the
equilibrium stationary solutions of the torus are constructed
by semianalytically solving the general relativistic momen-
tum conservation equation of Weyssenhoff fluid with
constant specific angular momentum distributions. The
corresponding solutions are then used to construct the
isopressure and the isodensity surfaces of the torus. By
comparing with a torus described with only ideal fluid
without spin, our analysis reveals that the spin tensor-
curvature coupling plays a crucial role in modifying the
overall morphology of the torus as well as altering the
locations of its cusp, center, and outer edge. The qualitative
effects of the spin on the torus is characterized by a
parameter s,;, and the size and total energy density of
the torus are found to be either enhanced or reduced
depending on the magnitude and sign of s,. In the simplest
scenario, we have provided an estimation of sy by assuming
that the torus is built with spin-1/2 particles.

The present paper is organized as follows. Section II
begins with the mathematical framework of the
Weyssenhoff ideal spin fluid model. Following this, the
integrability conditions of the general relativistic momen-
tum conservation equation of the Weyssenhoff spin fluid
are presented. In Sec. III, we determine the complete
structure of the spin tensor of the Weyssenhoff spin fluid
which undergoes circular motion in the Schwarzschild
spacetime. Using this, the stationary solutions of the
equilibrium torus are constructed in the Schwarzschild
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BH spacetime. We discuss the results pertaining to the
effects of spin and curvature on the morphology of the torus
by studying the isodensity and isopressure surfaces con-
structed from the stationary solutions in Sec. IV. Finally,
after giving an estimation for s, in Sec. V, a summary of
our study is presented.

A. Notations and conventions

We take Riemannian geometry with the signature
—,+,+,+. The covariant derivative is denoted by V,.
We will use geometrized units (G = ¢ = 1) throughout the
paper. The Greek indices represent the coordinate basis
which runs from ¢, r, 9, ¢.

II. PHYSICAL FRAMEWORK
A. The matter model

The aim of our work is to construct equilibrium solutions
of a stationary torus composed of a fluid made of neutral
particles with spin which can be of classical or quantum
origin. In the continuum limit such a kind of matter can be
described by the Weyssenhoff ideal neutral spin fluid [58].
In GR, the symmetric energy momentum tensor of the
Weyssenhoff spin fluid model is given by [60]

T;w = (€+p)u;¢uu +pg;w+2(g/m - u/)uﬁ)vp[u(ﬂszx)ﬁ]’ (1)

where € and p are the energy density and pressure of the
fluid. The round brackets in (1) denote the symmetrization
of p and v indices. The four-velocity u* of the spinning
fluid constituents is normalized as u*u, = —1. The pro-
jection tensor to the particle’s rest frame is given by
AW = ¢ 4 u'u”. Finally, $* is the antisymmetric spin
tensor that corresponds to the dipole contribution in the
context of multipole moment expansion [58]. The
Weyssenhoff spin fluid model employs the Frenkel SSC,
alternatively known as the Mathisson-Pirani SSC, given by

S*u, = 0. (2)
This defines u* as the four-velocity of the center of mass of
the spinning body.

The divergence of (1) and using the SSC (2) gives the
momentum balance

(e+p)a,+0,p +2V,(u’S,,a°) + R4, 8u” =0, (3)
where the Riemann curvature tensor is defined as
R s = 0,05, = 05T + T4, 10, = T50%5  (4)

and I7, are the Christoffel symbols. The energy balance
equation reads as follows:

De + (e + p)V,u" = 0, (5)

where D = ¥V, and the four-acceleration is given by
a* = u*V u*. Equation (3) represents the MPD equation in
our spin fluid model. We note that in the absence of spin (3)
reduces to the Euler equation.

The spin four-vector is defined as

1
S, = _Eempa”

vsee, (6)
and the inverse relation is given by
S = —eP?S Ju,. (7)

The spin density scalar is defined by

1
§? = ESWSW' (8)
S depends on r and @ but is constant along each particle
trajectory. Let us define the following quantity:

N LT 9)
and by taking the divergence, one obtains

V,(u"S7) = u”ujvﬂ(u"S’l") - u”u,lvﬂ(u”S’lp)
= (u°S" — u’§*)a,, (10)

which implies the divergence of S, is vanishing if the
four-acceleration also vanishes or is orthogonal to the
spin tensor.

B. Symmetries

In order to find solutions of the Weyssenhoff ideal spin
fluid equation of motion we need to assume the following
symmetry conditions:

(i) The BH background spacetime is stationary and
axisymmetric. The corresponding Killing vectors
are given by ' =d, = (1,0,0,0) and & =9, =
(0,0,0, 1). Accordingly, the Lie derivatives along &
and 5 of all geometric quantities vanish.

(i) The Weyssenhoff spin fluid shares the same sym-
metries of the background geometry; therefore, any
(tensorial) flow parameter f, including the spin,
satisfies the conditions £, f = 0 and L;f = 0, where
L is the Lie derivative. Accordingly, in an adapted
coordinate system all quantities depend on r and 6
only. This represents a major restriction. However,
our aim is to determine the order of magnitude the
spin induced changes of the shape of ADs for which
special situations are fine.

(iii) The spin fluid describes circular orbits, and therefore
the four-velocity of the fluid is given by

w = (u',0,0,u?). (11)
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This fluid does not constitute a stationary congru-
ence. The angular velocity then is

dp u?
=—=—, 12
dt u' (12)
and the specific orbital angular momentum is
i Po _ 90t _ gt + gygr” (13)
Pi o Gut gt + gigu?
We have
+ G2 + gl
| = 0T g I T I gy
i + gtcﬁg 9o + gtlﬁl
The four-velocity can be written as
wr = Al + Q) (15)
with
1
A=u"= . (16)
\/ 9n + 29142 + 9(/;(/592
Gy = 9949
1
~u=4p 5] . (17)
I T 20919 + Gyg

The four-acceleration then can be computed as

Qa1 10,2
=0, Inu, — =9, Inu' ———. (18)

“ (1-Ql) —Ql

i

Such smooth orbital conditions are not compatible
with all SSCs [69].
(iv) The spin four-vector S* is aligned perpendicular to
the equatorial plane; i.e., the spin vector is polar and
is given by

s = S0, (19)

Then the nonzero components of the spin tensor can
be calculated from (7)

s = -5, |92y, (21)
-9

where S is the spin scalar density (8) and is given
by S = 1/99959.

C. Integrability conditions

In this section, we will determine the existence of
integrability conditions of (3). Using Eq. (10), one obtains

vp(upsﬂaaa) = guagaﬂvp(upsaﬁaa)
= gyagaﬂ[vp(upsaﬁ)ag =+ upSaﬁ<vpa0)]
= gﬂagdﬂ[(uﬂsﬁa - uaSiﬁ)al] + S/mDag
= Sta;(u,a’) — S%a,agu, + S,,Da°

= ”ﬁDaﬂ, (22)
where u,a° = 0 and $¥a,a; = 0. Hence (3) reduces to
(e+p)a, +0,p +2S,5Dd” +R,,.,Su* =0. (23)

Note that (23) further reduces to the Euler equation in the
absence of the spin. Since the fluid undergoes circular
motion, the rate of the change in acceleration can be
considered to be proportional to the four-acceleration.
This implies that one can make the following ansatz for
the term Da” in (3):

Dd’ = Va,, (24)

where Q,; is the antisymmetric angular velocity tensor
satisfying €, = —€24,. Using (15), the last term in (3) can
be written as

RSP’ = A(R

POTU

SRt + QR SPOE). (25)

POTH POTU

Let us make an ansatz and express it as follows:
Rep S = 0, @, (26)
R(t[)’yysaﬁgy = ayd)v (27)

where the scalars ¢ and @ are functions of r and 6.
Note that L, (Ry,,S%) = L(R,p,87) = 0 since due to
the symmetries, the Lie derivatives of the Riemann curva-
ture tensor and spin tensor along the Killing vectors # and &
vanish. Substituting (24), (26), (27), and (18) into (23)
we obtain

o,p Qo,1
= —0,In(- £
ctp oInCu) oy
28,8% a5  A(0,® + Q0,¢) (28)
€e+p €+ p
or, equivalently,
o,p 10,Q
B —0. In(— t H
crp onu)+10
_ $uQ%a; A9, @ +Qd,0) ()
€+ p €+p

123032-4



STATIONARY EQUILIBRIUM TORUS SUPPORTED BY ...

PHYS. REV. D 108, 123032 (2023)

The integrability condition then reads

_ a[ﬂpal,]é' _ %lay]Q @0 A
Cerpr (-ayp W5,
QA 28,,Q%a,
+ 0,40, —— ) -0, [ = £
W¢]Q+p> ”<€+p )
28,,Q%
4—ay<—JL———fﬁ>, (30)
€+ p

where the square brackets denote antisymmetrization. Here
all terms are independent from the others: the first term is
on energy and pressure, the second on angular velocity
and momentum, and the last two are on spin coupling.
Accordingly, we require that each term should vanish
separately. The first term vanishes provided d,e ~ d,p,
the second term vanishes for d,Q ~ 9,1/, and for the other
two terms we require d,®P ~ 0,4 pr and d,¢p~ 9, +p
Since the last two terms of Eq. (30) must also vanish, this
then means,

e=c(p) a1
Q=) (32)
A
o=o( L), -
QA
=), 34
9,B = %; (35)

that is, we obtain a number of equations of states between €

and p (barotropic equation of state), between Q and I,

between @ and ~-, and between ¢ and between 24 The
P etp

integrability condition of an ideal fluid in the absence of
spin is only given by (31)." In the stationary and axisym-
metric spacetime, where the spin of the fluid undergoing
circular motion is aligned along a specific orientation
[see (19)], one readily concludes that the function B is
independent of the coordinates ¢ and ¢. Therefore,
from (35), one obtains for y = ¢ and yu = ¢ the following
conditions:

0B =S,Q7a,+5,Q"%a, =0, (36)

6¢B = S([)rerar + S¢,Q¢6(19 = O (37)

"The integrability condition of the Euler equation in the absence
of spin is commonly known as the Von-Zeipel condition [30].

Given the fact that Q™" = 0, it follows that QY = 0 from
the above conditions. Also dyB = Sy, Q% a, + S, Q2%%ay =0
as Sy, = 0 due to (19). Therefore the integrability condition
holds provided B = B(r) and is determined from (35)
using (20) and (21). Hence (23) is expressed in the integral

form as
I Qdl P dp
In|u,| — —+/ +/dB
[ 0o 1=Ql  Jy e+p
CA(r,0)dd ¢ QA(r,0)d
0o €+p 0 €+p

At the surface and on the inner edge of the disk, both the
pressure and the energy density of the fluid vanish. Also
at the radial position of the inner edge, i.e., r = r;,, one
can usually express [ = [y, u, = u, , and @;, = 0 = ¢h;,.
Therefore Eq. (38) becomes

®A(r,0)dd
W—-W;, + dB _—
€+p
» QA(r,0)d
i / M: 0. (39)
0 €et+p
The total potential is given by
L Qdl
W—W;, =In|y,| —1n |btt,,,| " 1ol (40)

and W,, is the total potential at the inner edge of the torus at
the equatorial plane.

III. EQUILIBRIUM TORI WITH
WEYSSENHOFF SPIN FLUID

A. Methodology

Let us now consider a relativistic non-self-gravitating
torus described by the Weyssenhoff ideal spin fluid in
static, nonrotating BH spacetime, described by the
Schwarzschild metric. In a simplified setup, the torus
is characterized by constant specific orbital angular
momentum distribution. The spin fluid in the torus is in
hydrostatic equilibrium, shares the same symmetries of the
Schwarzschild BH [see (19)—(21)], and undergoes purely
circular orbits. In addition, we assume the internal energy
density, ¢, is very small, and, therefore, the total energy
is approximately equal to the rest-mass density, i.e.,
e=p(l+¢e)=p. In Schwarzschild coordinates, the
Schwarzschild metric is given by

ds® = g,di* + g,,dr* + ggpd®* + gtp(/;dqbza (41)

where 0 <t < 00,0<r<00,0<0< 7w and0 < ¢ <2x.
The metric coefficients are

2M 1
g”:—(l ——):——, 999:}”2, g(/”/,:rzsinze, (42)

r rr
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where M is the mass parameter of the Schwarzschild BH
which is set as M = 1 in the rest of the paper. As g, =0
for a nonrotating spacetime, the specific angular momen-
tum and the angular velocity are related as

SSALIA— TS (43)

With the assumption of constant specific angular momen-
tum distributions, we set [(r, 8) = I, where [, is a constant
and is in accordance to the integrability condition
[see (31)], and we consider the equation of state as
p = ke, so that (23) is expressed as

Spaur)

’

2 2S,,Da’ + R,
(e +K€)aﬂln(—ut)—< sDa” + R,

0,€ = ]
—Ky Kye'™

i
(44)
where « is the polytropic constant and y is the adiabatic

coefficient. Using (20) and (21), radial and polar compo-
nents of (44) can be read off as follows:

2—y S 5 0
d,€ = war 1n(_ut) _ —1(,‘—) %F]
—ky Kye’ (1 - Ql()) -9
2 S , 0 b
_2919:S(r.0) [dao [u(/,Da’ -0 u,Daﬂ - )
Kye! —qg G
2—y S 0
Ope = wag In(—u,) — _1(”—) %FZ’
— kye! 11 =Qly) \ —g
(46)

where F; and F, are given by

Fl(r’ 6) = _QIORtr(ﬁr + QRr¢¢r - lORtrtr + qu}tra
Fy(r,0) = =QlyR40 + QR pp0 — loR1ri0 + Rypeo-

To obtain F; and F, the following relations are used:

I Q
¢ =— ) 4
it —a, @

The nonzero components of the curvature tensor appearing
in Fi(r,0) and F,(r,0) are

2 sin® @
R - = 5 Rr) r— ’ 48
trtr 1"3 b (7" — 2) ( )

so that F(r,0) and F,(r, @) finally reduce to
31y

Fi(r,0) = Fy(r,0) =0. (49)

P’

The stationary solutions of the equilibrium ideal spin fluid
torus are then obtained by computing the energy density
and the pressure which are determined by solving (45)
and (46) for a spin length function S along with the values
of the constants x and y.

The existence of integrability conditions imply dp/(e +
p) is an exact differential [see (38)], and as a result, the
compatibility condition dyd,p = 9,0yp expressed as the
commutation of partial second derivatives of the fluid
pressure is automatically satisfied. We utilize the compat-
ibility condition for determining the spin length function as
discussed in the following section.

B. Determination of spin length function

In order to obtain the solutions of fluid pressure and
energy density, we must assign values for k, y, and
determine the spin length function S. In view of the fact
that the Weyssenhoff fluid shares the same symmetries as
that of the background geometry, S is therefore purely a
function of radial and polar coordinates. The value of the
adiabatic index is chosen to be y = 2. The fluid pressure
and the energy density are then related by the equation of
state as p = ke>. Note that this choice is high for any
physical systems, but taking this value of the adiabatic
index makes it convenient to perform analytic integration
for our simple model of spin fluid torus presented here. We
start with a general form of S as

S(r,0) = sok(r,0)e’ ' (1 — Q). (50)
Here sy is a constant that can take both positive and
negative values.

Substituting y = 2 in (50), (45), and (46), one immedi-
ately obtains

0,€=—

1 +xe
( % )arln(_ut)
losokescO[13(r—2)2csc?0(3 —resc?0) + (r—3)r)

k(r=2)r*(r* = 13(r—2)csc?0) ’
(51)

1
0962—( +K€)
K

0p In(—u,). (52)

Note that (51) and (52) reduce to the Euler equation valid
for an ideal fluid for s = 0. With our choice of the equation
of state, the compatibility condition on the fluid pressure
also implies second derivatives of energy density commute
as dyd,.€ = 0,0ge. Substituting (51) and (52) in the compat-
ibility condition, the first order differential equation for
k(r,0) can be read off as

Py(r,0)

0ok
KB, (r.0)

k=0, (53)
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where

Py(r,0) cot8[l5(r—2){(r—2)csc?0(20r* — 1013(r —2)resc? 0+ 305(r—2)) +3r° (24 — 11r)} + 2r°sin? 6(12 — 5r)]

P,(r,0) o

23(r=2)[(r=2)csc? 023 (r —2)resc?0 =305 (r —2) = 2r*) = 23 (r = 3)] = 2rsin? (12 - 5r)

The solution of k(r, ) is obtained as follows by solving (53) analytically:

21/45in32 9[13 (r — 2) — 13 sin? 9]>/4C, (1)

k(r,0) =

4B3(r—2)%(2r —3sin0) + 4(12 = 5r)3sin* 0’

(54)

where C;(r) is a constant of integration over 0 and is fixed at the equatorial plane. Following (54), C,(r) at the equatorial
plane can be readily expressed in terms of k(r,z/2) and [ in the following way:

Ci(r)= k(r,2

b 4B(r—2)2(2r—3) +4(12 = 5r)r3
2VAB(r=2) = PP/ '

(55)

For convenience and simplicity of the computations, we choose k(r, z/2) = 1 which is the simplest possible choice at par
with the integrability conditions. Using (54) and (50), the spin length function in terms of the energy density, s, and [ is

finally given by

sin¥/20[3(r — 2)2(2r — 3) + r3(12 = 5r)]

B3(r—2)— risin?g]>/4

S(r,0) = s

With the determination of the solutions of e(r, 0), the spin
length function can easily be computed using (56) for the
values of s, and .

C. Results

We now obtain the stationary solutions of the energy
density and pressure of the equilibrium torus modeled by
the Weyssenhoff ideal spin fluid. By integrating Eq. (52)
directly, the expression for the energy density is found to be

2V/4%Cy (r) (PP sin?@—13(r—2))"/* = /sin@
KvV/sin@

e(r,0)= , (57)

and C,(r) is the radial coordinate dependent constant of
integration independent of 6. It is determined from the
first order ordinary differential equation at the equatorial
plane [about which the spin is defined by (19)] by
substituting (57) in (51) as follows:

dC2 (3}"—4)
dr 4r(r-2)
losolB(r—2)?(2r=3)+ r*(12-5r)] _

- 02(;.31/4(;’ =24 = B(r—2)P/* =0. (58)

G

The above equation is solved numerically under appro-
priate boundary conditions which when substituted in (57)
generates the isodensity and isopressure surfaces of the
torus. We next describe the scheme for obtaining C,(r).

[2(r —2)2(2r — 3sin®) + (12 — 5r)sin*6)]

T e(r,6)(1 — Q). (56)

To demonstrate the effects of spin fluid on the equilib-
rium structure of a torus, we mainly concentrate on a closed
torus configuration which is characterized by its cusp 7y
that corresponds to the radial location where the isopressure
and isodensity surfaces self-cross, center r. that corre-
sponds to the location of maximum pressure and energy
density, the inner edge r;,, and an outer edge r,,., all
defined at the equatorial plane. Furthermore, we build
stationary models of equilibrium torus for which the fluid
exactly fills the Roche lobe. In terms of the effective
potential, this amounts to the potential gap AW reducing
to AW =W, — Wy, =0 where Wi, and W, are the
respective effective potentials of the inner edge and
the cusp at the equatorial plane [70]. Consequently, the
inner edge of the torus coincides with the cusp at the
equatorial plane.

Since for an exactly filling torus configuration with
AW = 0 corresponds to p(ry,) = €(riy) = 0 at riy = reygps
using the condition ¢(r;,) = 0 one then obtains the boun-
dary condition for solving the differential equation for (58)
as follows:

C (rin) = . (59)
’ 214 (r5, = I (rin = 2)) 1/

The inner edge of the torus must be known to compute
C,(ry,) which serves as the boundary condition for numeri-
cally solving (58) for given values of [, and s,. Note that the
cusp of the torus corresponds to the location of the extrema
where isopressure and isodensity surfaces self-cross. In the
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18 Tout

Isodensity and isopressure profiles of Weyssenhoff spin torus at the equatorial plane for s, > 0, 5o = 0, and 53 < 0 with

Iy = 3.8. The red dotted line is the radial location of the center r, of a torus without spin fluid (s, = 0). The shift in the radial position of
r. occurs by changing the magnitude of s, as shown by the blue dotted line for s = 0.1 and the green dotted line for s, = —0.1. For each

s¢, the outer edge of the torus ry, is shown.

present context, it coincides with the inner edge, therefore
imposing the condition 0,e(r = ry,) = 0 in (51), together
with (57) and (59), and the polynomial equation for
determining the inner edge of the torus is found to be

ri6n - 1(2)(rin - 2)2r13n - lS(rin - 2)2(27111 - 3)30

+ loso(5rin — 12)13, = 0, (60)
where we have further set k = 1. Out of all six possible
roots of (60), the real positive root of ry, > rg, 1S chosen,
where rg, corresponds to the Schwarzschild radius.

On a different note, it can easily be observed that for
so = 0, one retrieves the Keplarian distribution given by
Iy = :T‘/; = I, where [, is the Keplarian specific angular
momentum at rj, coinciding with re,, [31].

The isodensity surfaces of the equilibrium torus are
constructed with two constant values of specific angular
momentum, namely /, = 3.8 and /, = 4. We first consider
lo = 3.8; for this value of [/, solutions of closed equilib-
rium tori are obtained characterized by cusp, center, and a
well-defined outer edge. The constant energy density
profiles of such closed torus at the equatorial plane are
shown in Fig. 1(a) for sq =0, sqg = 0.1, and sy = —0.1.
Let us now discuss the procedure for obtaining the
solution of the energy density with sy = 0.1. First, r;,
is evaluated by solving (60) which gives rise to two
positive real roots, namely ry, = 4.7424 and r;, = 8.1051.
Substituting r;, in (59) and solving (58) numerically with
C,(r;,) produces the solution of the energy density
function (57). A closed torus structure possessing a cusp,
a center, and an outer edge only exists for ry, = 4.7424,
whereas with r;, = 8.1051, no torus structure could be
found. Similarly, for sq = —0.1 we choose r;, that gen-
erates a torus configuration.

so>0
so< 0

851 r.=835

TC
I
o

7.01

6.51

6.0
—0.3

—01 00 01 0.2 0.3
S0

@

—0.2

0.010

so>0
so <0

0.008+

0.006
€max = 0.0048

€max

0.004+

0.002+

0.000
-0.3

—0.1 0.0 0.1 0.2 0.3
50

(b)

-0.2

FIG. 2. Behavior of r. and ep,, with changing s, at the
equatorial plane. The black dotted lines in the upper and lower
panels denote respective values of ¢,,,, and r. for an ideal fluid
torus without spin contributions.
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The impacts of spin and its coupling to the spacetime
curvature of the BH geometry on equilibrium solutions can
be appreciated from both the isoenergy density and iso-
pressure contours, as shown, respectively, in Figs. 1(a)
and 1(b). Clearly, the radial location of the newly formed
center of torus in the presence of spin never coincides with
the torus center filled with ideal fluid without spin con-
tributions. Both Figs. 1(a) and 1(b) show this feature where
the center r, of the spin fluid torus gets slightly shifted in
comparison to a purely ideal fluid torus. This can be
observed for both sy > 0 and sy < 0. When compared to
the torus without spin fluid (s, = 0), in the former case, the
location of r. moves toward the horizon and the corre-
sponding magnitude of the maximum energy density well

= -3
10 =0 x10" 50

4.5
4.0
3.5
3.0

2.0
1.5
1.0
0.5
0.0

r(,‘,@: 15.88
16 20

x1073

Fewpi= 4.74 ir. =810  irgy = 1355
0 4 8 12 16 20
2 =rsinf

FIG. 3.

as pressure at r, gets lowered, whereas in the latter case, r,
moves away from the horizon. The maximum energy
density as well as the maximum pressure at r,. get further
enhanced for sy < 0 in comparison to the torus charac-
terized by sy = 0. Additionally, the size of the torus also
gets diminished in the s, > 0 parameter region. On the
other hand, it increases for all values with s, < 0 and can be
clearly noticed from the changes in positions of 7;, and 7
when compared to the equilibrium torus without the
Weyssenhoff ideal fluid.

The effect of changing s, on the radial position of the
center 7. and the corresponding energy density (denoted by
€max) €an be noticed from Figs. 2(a) and 2(b), respectively.
When compared with a purely ideal fluid torus (sy = 0),

= 73
10 s0 = 0.05 x107° -

4.5
4.0
3.5
3.0

2.0
1.5
1.0
0.5
0.0

rmﬂéyiz 465 r.=823 reui= 14.65
4 8 12 16 20

r =rsinf

—09 3
10 50 =0.25 x10—" 5

S [N} = D co
| | |
w
ot

Feusp =35.05 rd=T.67 iroy = 10.78
0 4 8 12 16 20
r=rsinf

Isodensity surfaces of a closed torus with /, = 3.8 and sy > 0. The small red dot depicts the center of the torus. To furnish a

comparison with the s, = 0 case, same constant density surfaces (solid white and dotted white lines) are shown in all the panels. With
the increasing magnitude of s, the closed isodensity surfaces become smaller leading to an overall decrease in the size of the torus in

comparison to a torus without a spin fluid.
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both r, and ¢,,,, monotonically decrease as s is increased
from sy =0, whereas if the alignment of the spin is
reversed about the equatorial plane, i.e., in the sy <O
region, the radial positions of r. and €,,, increase mono-
tonically. In essence, r. moves away from the horizon for
all sy < 0 values, resulting in an enhancement of €,,,,. On
the other hand, r. comes closer to the BH horizon by
increasing s, with positive values leading to a lowering of
€max 1N comparison to a torus without the spin fluid.

The implications of spin-curvature contributions on the
morphology of a stationary geometrically thick spin fluid
torus are illustrated by the isoenergy density surfaces as
shown in Fig. 3 for s, > 0 and Fig. 4 for 55 < 0. In Fig. 3,
one finds that increasing s, leads to significant changes on
the morphology of the torus. First, the radial position of

s0=0 x10~3

10

rcosf

y:

—101

Feupiz 4.65 1o = 8.35 7oy = 15.88
0 5 10 15 20 25
x =rsinf

so=—0.1 x1073

10 1

rcos 6

y:

—101

rp: 4.42 r =857 ron :51885
0 5 10 15 20 25
xr =rsinf

FIG. 4.

Teusp Shifts further away in comparison to r,g, of the torus
with s = 0. At the same time, with a further increase in s,
Tout Slowly moves closer to g, resulting in a decrease in
the overall size of the torus, which can be particularly noted
for sy = 0.25. On the other hand, due to the spin and its
coupling to curvature, the energy density at the center of the
torus diminishes and the corresponding radial position
slowly gets closer to the BH horizon. Such a feature is
also observed in Fig. 2(a) where the analysis is carried out
at the equatorial plane. Second, the overall energy density
of the torus gets systematically reduced with an increasing
magnitude of sy. Third, the spin fluid contributes to the
redistribution of the isodensity surfaces which can be
observed from Figs. 3 and 4, respectively. For the purpose
of illustration, it is observed that the reference contour lines

so = —0.05 x10~73

10

rcosf

y:

—10 1

Teuspi=4.50 ire =846 o =17.27

0 5 10 15 20 2%
2 =7rsinf

sp=—0.2 x1073

10 1 8

y=rcosf

Fewpi= 4.2 ir, =878

0 5 10 15 20 25
r =rsinf

Tous = 22.80

Isodensity surfaces of the closed torus for sy < 0 and /, = 3.8. The small red dot depicts the center of the torus. To furnish a

comparison with an ideal fluid torus, the same constant density surfaces (solid white and dotted white lines) are shown in all three panels

which spread away, leading to an increase in the size of the torus.
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Isodensity surfaces of an equilibrium torus corresponding to sy < 0, s = 0, s > 0 with [, = 4. These tori are characterized by a

cusp, a center but are closed at infinity. The black solid and the black dotted lines illustrate redistribution of the same isodensity surfaces

for three different values of s.

€max0/3 (dashed white line) and e, 0/4 (white line)
(Emax,0 18 the maximum energy density for s, = 0) shrink
and become smaller with increasing s.

However, the scenario is exactly reverse in the sy < 0
region as shown in Fig. 4. Due to the opposite alignment of
spin (at the equatorial plane) the overall size of the torus
gets enlarged resulting in a larger difference between rq,
and r,,, which can be particularly observed for s = —0.2
in Fig. 4. In this case, the energy density at r,. also increases
while the location of r.. shifts away from the horizon of the
BH. Notably, as s, is reduced further, the overall energy
density of the torus gets enhanced. Similar to s, > O torus
configurations, the redistribution of constant density sur-
faces can be observed where the contour lines expand,
increasing in the overall size of the torus.

By following a similar procedure as discussed before,
the isodensity surfaces for [, = 4 are illustrated in Fig. 5
demonstrating a comparison between s = 0 and s, # O tori.
These constant density surfaces possess a cusp and a center
but are closed at infinity, a feature also found in equilibrium
solutions without a spin fluid in the Schwarzschild space-
time [31]. Note that in the presence of spin, the fluid lines
move outwards for sy <0 and inwards for sy > 0 in
comparison to s =0. To highlight the spin-curvature
effects and facilitate the comparison with the no-spin fluid
torus configuration, we have plotted the same isodensity
surfaces, namely ¢ = 0.0165 (dotted black line) and ¢ =
0.018 (solid line) for all three cases. Similar to the case of
lo = 3.8, the effects of spin can be observed from the
movement of constant density surfaces which for sq > 0
come closer, whereas they move away for s, < 0 when
compared with the ideal fluid torus.

Figure 6 presents the profiles of the spin length function
at the equatorial plane for different values of /; and sy > 0.
The figure shows that by increasing [, the peak value of
S(r) at the equatorial plane denoted by S, increases
further, the highest being for [, = 4, for which the torus is

closed at infinity. The corresponding radial position
denoted by rp,, is found to be steadily shifting away from
the BH horizon. Furthermore, r,, also increases with [,
implying an increase in size of the torus, which can be
observed from the point of intersection of S(r) with the x
axis. In Table I, the solutions of S..x and rp,, for a
representative value of sy = 0.001 are presented, from
which it is readily observed that r.,, never coincides
with r.. On the other hand, for sy < O the spin length
function takes negative values due to the negative sign
of sg. Once again, similar to the s, > 0 case, rp,, does not
coincide with r. while S,,,, and r,, decrease with [,. In
Table II, representative values of [, (which generates
solutions of equilibrium tori) are chosen to illustrate the
behavior of S, and r,,, due to changing values of s,. For
a fixed [y, S increases but r,,, decreases in the sq > 0

x10~° 50 = 0.001
2.0 — ly=37
————— lo=3.75
————— lo=38
LN, lo =385
P lo=39
~
E)/ 1.0 _l<
0.5
0.0 s

15 20 25 30 35 40 45 50 55 60
T

5 10

FIG. 6. Profiles of S(r) at the equatorial plane for different
values of [, and a fixed sy = 0.001.
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TABLE 1. Variation of S, and r,, for different values of [,
and fixed s.

region. This picture is opposite for all s, < O cases, where
one finds that S, takes a dip and r,,,, increases in the
similar way as r.. Table III shows a series of equilibrium

So = 0.001 models of closed spin fluid torus for both positive and
ly re Smax Fimax negative values of s.
3.7 6.91 373 % 10-7 6.96 Since the Schwarzschild BH spacetime and the
3.75 771 1.81 x 10-6 787  Weyssenhoff ideal spin fluid share the same symmetries,
38 835 4.06 x 10-6 869  in congruence to the orientation of the spin vector at the
3.85 8.91 6.97 x 10~6 6.97  equatorial plane, the nonzero contributions of the spin-
39 945 1.05 % 10-5 10.25 curvature coupling term only come from R,,..S"u’ and
4 10.47 1.95 x 1075 1199 R,pyS™u?. Together with (20), (21), and (57) we obtain
|
2[05‘0
R, S"u! = k(r,0)e(r,0
S = k(7 0)e(r,0)
 2lysok [2Y4Cy (r)(Psin?6 — I3(r — 2))"/* — V/sin6 61
- 4 ;32 (61)
r ksin”/ -0
and
losok(r, 0)
R,y SPut = 20" e(r, 0
o Asing "0
lysok [21/4kCy (r)(rPsin?0 — B(r — 2))"/* — \/sin 0
! - 3/2 ’ (62)
r Ksin”/=60
TABLE II.  The stationary solutions of an ideal Weyssenhoff fluid torus showing the behavior of S,,,, and r,,, with s, for both 55 > 0

and s, < 0. Note that r,,, never coincides with the center of the torus r,.

lp=38, k=1
So re Smax "max So re Smax Tmax
0.001 8.35 4.06 x 107° 8.70 —0.001 8.35 —4.09 x 107° 8.71
0.01 8.32 3.93 x 1073 8.67 —-0.01 8.37 —4.21 %107 8.73
0.1 8.10 2.78 x 1074 8.36 —-0.1 8.57 —5.55 x 107 9.03
0.25 7.67 3.11 x 107 7.81 -0.25 8.88 -2.06 x 1073 9.51
0.35 7.31 1.17 x 107* 7.38 -0.35 9.07 -3.62 x 1073 9.82
0.4 7.07 1x107* 7.12 -0.4 9.16 —4.58 x 1073 9.98
TABLE III.  Solutions of a stationary equilibrium model closed torus supported by the ideal Weyssenhoff spin fluid for sy # 0. The

solutions are compared with the purely ideal fluid torus characterized by s, = 0.

S(r,0) = sok(r,0)(1 = Qly)e(r,0),lp =38,k =1

So rcusp re €max Pmax Tout So rcusp e €max Pmax Fout

0 4.57 8.35 0.0048 2.31 x 107 15.89 0 4.57 8.35 0.0048 231 x 107 15.89
0.01 4.59 8.32 0.0046 2.16 x 1073 15.63 -0.01 4.56 8.37 0.0049 2.47 x 107 16.15
0.05 4.65 8.23 0.0040 1.62 x 107 15.45 —0.05 4.50 8.46 0.0056 3.18 x 107 17.27
0.15 4.83 7.97 0.0026 7.04 x 1076 12.54 -0.15 4.36 8.68 0.0074 5.55 x 107 20.67
0.25 5.05 7.67 0.0015 2.29 x 107° 10.75 -0.25 4.23 8.88 0.0095 9.12 x 107 25.33
0.35 5.33 7.31 0.00063 4.04 x 1077 9.14 —0.35 4.12 9.07 0.0118 1.40 x 107* 32.21
0.45 5.78 6.76 7.52 x 1073 5.65 x 1070 7.41 —0.45 4.02 9.25 0.0144 2.07 x 107* 43.50
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where k(r, 0) is given by (54) and the constant of integration
C,(r) is determined at the equatorial plane. It is observed
that the nonzero components of the spin-curvature coupling
term given by (61) and (62) are symmetric in both upper and
lower hemispheres under our present considerations which
therefore indicate a symmetric contribution of spin in both
the hemispheres of the torus. Both Figs. 3 and 4 confirm this
fact about the stationary equilibrium solutions of the torus
obtained with sy # O in the presence of spin.

The stationary solutions of the equilibrium torus with the
ideal Weyssenhoff spin fluid demonstrate the relocation
of radial positions of the cusp and center with changing
magnitudes of sy. The two radial positions correspond to
crossing of the actual specific angular momentum and the
Keplerian specific angular momentum which are deter-
mined from the condition jj—’; = 0 = a,. In the presence of
spin, it is expected the Keplerian specific angular momen-
tum will be modified as well [71] and is determined from
the corresponding crossing condition. By putting d,¢ = 0
in (51) together with (57), the Keplerian specific angular
momentum for the spin fluid is then obtained by solving the
following equationzz

23/41yso(r = 3)[r* = BB(r — 2)?]

CNFr=A = hr-2)

P - Br-2) +
(63)

One can easily observe that in the absence of spin, the
above relation gives rise to [y =[;. For a given s,
Keplerian specific angular momentum is determined by
solving (63) for [, after substituting C,(r) from (58).

IV. ESTIMATION OF THE SPIN PARAMETER

The spin function S(r,6) plays a crucial role in deter-
mining the effects of spin on the equilibrium solutions of a
torus. Therefore in order to pinpoint the spin effects for
astrophysical objects, it is important to estimate the relevant
magnitude of spin.

In geometrized units, length, time, and mass have the
same dimensions. In these units, the dimension of the spin
tensor is given by S% = [L] using (23) whose nonzero
components of spin tensor are given by Eqgs. (20) and (21).
The dimension of the spin length function is given by
[S] = [L]. Note that ¢ and k are dimensionless in geom-
etrized units, and from the relation § = syek(1 — Ql,), one
readily finds the dimension of s as [so] = [L].

In order to have a rough estimation of s, let us assume
that the torus is composed of electrons only. The specific
spin (spin per unit mass) S of an electron is (72/2)/m, =
1.93 x 107! cm, where m, is the mass of an electron [72].

*We thank M. Abramowciz for bringing Ref. [71] to our notice
and suggesting the computation.

In terms of units of mass of a central compact object with
M =3Mg = 4.43 x 10° cm, the specific spin is given by
S =044 x10""m,M. On the other hand, we can
express the specific spin as S = sok(r,6). On comparing,
5o = 0.44 x 107'°m M, where the value of k(r,8) =1
is taken at the equatorial plane. The electron density
within an accretion disk n = 10'8-10% c¢cm?®. With this,
50~ 10?~10° [73]. On the other hand, if the central compact
object is a supermassive BH with mass M = 103M,
so =107 = 0.1m,Mcm=3.

V. SUMMARY AND OUTLOOK

The study of non-self-gravitating ideal fluid moving in a
circular motion under hydrostatic equilibrium in a BH
spacetime has remained a topic of active research over a
long time, thanks to the simple theoretical framework that
can be used for developing analytical stationary equilib-
rium solutions, which serve as initial data for developing
numerical simulations of realistic accretion flows. In this
work, we have considered a different matter model where
the fluid constituents carry an additional intrinsic angular
momentum, proportional to their volume. In this case, the
spin angular momentum density of the fluid is described by
the rank-two spin tensor which is related to the macro-
scopic spin vector [see (6)] and the matter model of the
torus is described by the neutral ideal Weyssenhoff spin
fluid. Subjected to Frenkel SSC, the corresponding
momentum balance equation is characterized by its spin
and their coupling to curvature of the Schwarzschild BH,
all of which have substantial effects on stationary solutions
of the equilibrium torus.

By further allowing the spin fluid to undergo circular
motion in a stationary and axisymmetric background
and taking the orientation of the macroscopic spin vector
only perpendicular to the equatorial plane, the present work
addresses the following issues. First, we have determined
the integrability conditions of the general relativistic
momentum conservation equation using the Frenkel
SSC. These new sets of integrability conditions are found
to be straightforward extensions of Von-Zeipel conditions
with additional conditions that emerge solely due to
the spin, spacetime curvature of a compact object, and
their couplings. Although integrability conditions of spin-
ning particles have been earlier addressed (see, for exam-
ple, [74]), to the best of our knowledge, the integrability
conditions of a spin fluid moving in stationary and
axisymmetric spacetime, are, for the first time, reported
in the present work. Second, the existence of integrability
conditions has allowed us to determine the spin length
function (related to the spin tensor) and hence the complete
structure of the spin tensor. Third, using the spin tensor, the
general relativistic momentum conservation equation is
solved for constructing stationary models of equilibrium
tori in Schwarzschild geometry by assuming constant
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specific angular momentum distributions and a polytropic
equation of state.

Set in this simple scenario, this work presents several
novel features as described. Our study reveals that the
presence of the coupling term of the spin and the curvature
tensor of the central BH has some impact on the morphol-
ogy of the torus, particularly on the constant energy density
surfaces, though, qualitatively, the shape of the spin fluid
torus remains similar to that of a purely ideal fluid torus for
a given value of /. The most pronounced signature of spin
is found to be for the case of closed torus configurations.
Therefore to furnish a quantitative study for determining
the effects of spin on stationary solutions of the torus, the
spin length is assigned with a constant free parameter s
that is allowed to take both positive and negative values
characterizing alignment/anti-alignment of the spin vector
perpendicular to the equatorial plane. Then, s, is varied
systematically from s =0 to both higher positive and
higher negative values to analyze the consequences of spin.

It is known that the innermost stable circular orbit (ISCO)
of a test particle is modified in the presence of the test
particle’s spin degree of freedom. For the Schwarzschild
spacetime, the ISCO of a spinning particle takes two values
corresponding to its two spin orientations [75]. Following
this, while considering a spin fluid torus, the positive and
negative signs of s will therefore generate two ISCOs of the
torus. Together with the change in the size of the torus, it will
be possible to differentiate the spin fluid torus with sy > 0
and sy < 0 for the same value of .

Our analysis reveals that increasing s, from s, = 0 leads
to a decrease in the overall energy density and pressure of
the torus. The size of the torus also decreases which can be
noticed from the shift of r.,, away from the BH horizon
and r,, toward the horizon. On the other hand, the
separation distance between rq, and ry, increase with
a systematic increase in s, for anti-alignment of the spin,
leading to enhancement of both the energy density and the
pressure while also expanding its size. In addition, the
center of the torus gets shifted, either away from or toward
the horizon depending on s, in comparison to an ideal spin
fluid torus. Eventually, the maximum energy density at the

center of the torus decreases (for tori with sy > 0) or
increases (for tori with sy < 0). It is further noted that the
existence of additional intrinsic spin angular momentum
leads to the redistribution of isodensity contours in the
torus configurations. On studying independently, from the
behavior of the spin function at the equatorial plane with
respect to changes in [y and s it is found that the radial
location corresponding to its maximum value is shifted for
all s # 0 and hence never coincides with the torus center.
Finally, the value of s is estimated by considering the torus
to be composed of spin 1/2 particles.

The present work is the first step toward studying the
stationary solutions of geometrically thick tori in the
presence of the ideal Weyssenhoff spin fluid. We adopted
several assumptions and presented a simple model; never-
theless, it is found that the presence of an additional
intrinsic angular momentum of fluid elements in the form
of spin produces a number of new features on the
morphology of a torus. Given the integrability conditions
in hand, it will be interesting to investigate the possible
changes of the morphology of the torus situated in a
rotating background, for example, in the astrophysically
relevant Kerr BH spacetime. The other realistic case worth
exploring is the case of nonconstant specific angular
momentum distributions of the torus. Particularly, for
realistic accretion flow, when viscous effects are no longer
small enough to be neglected, it would be pertinent to
consider shear viscous effects within the spin fluid, for
example, using a causal prescription [35]. We leave all
these issues for future investigations.
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