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We delve deeper into the potential composition of dark matter as stable scalar glueballs from a confining
dark SU(N) gauge theory, focusing on N = {3,4,5}. To predict the relic abundance of glueballs for the
various gauge groups and scenarios of thermalization of the dark gluon gas, we employ a thermal effective
theory that accounts for the strong-coupling dynamics in agreement with lattice simulations. We compare
our methodology with previous works and discuss the possible sources of discrepancy. The results are

encouraging and show that glueballs can account for the totality of dark matter in many unconstrained

scenarios with a phase transition scale 20 MeV < A < 10'" GeV, thus opening the possibility of exciting

future studies.
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I. INTRODUCTION

Dark Yang-Mills sectors, which undergo confinement to
form stable composite states known as glueballs, may
potentially explain the nature of dark matter (DM) [1-15]
(see also Ref. [16] for a more general class of DM). This
type of self-interacting DM has been shown to provide a
consistent explanation for the structure of the Universe at
small scales and may also help address issues such as the
missing satellite problem [17] and the cusp-core problem in
the DM distribution at galactic scales [18,19].

The first-order confining phase transition at a critical
temperature 7., present in these models [20-24], makes it
highly nontrivial to follow the formation of glueball DM.
This challenging and interdisciplinary study requires a
detailed knowledge of thermal field theory in a non-
perturbative domain and a productive exchange of results
with lattice quantum chromodynamics (QCD).

In light of previous studies [1], the calculation of glueball
relic density is extended to a generic SU(N) gauge group
for N = {3,4,5} by using a low-energy effective model for
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the gluon-glueball dynamics [25]. Additionally, different
cosmological scenarios are considered to determine the
temperature of the dark gluon gas, an important parameter
in determining DM glueball abundance. More specifically,
the possibility that dark gluons are thermally produced
in the primordial plasma or result from a heavy particle
(perhaps the inflaton) decay is explored. In a very model-
independent way, we determine the glueball models
capable of explaining the existence of DM.

In Sec. II, we present the effective Lagrangian used
to describe the thermal evolution of the dark gluon-
glueball plasma. In Sec. III, we discuss how this picture
can be merged in a cosmological setting to predict the relic
glueball DM abundance. In Sec. IV, we analyze the
differences between our approach and the ones usually
employed in literature, to stress why this approach is the
most accurate to date. Section V discusses, in a very model-
independent fashion, the possible cosmological scenarios
in which the dark sector temperature is determined. Finally,
in Sec. VI, we summarize our findings and conclude.

II. THE EFFECTIVE LAGRANGIAN

Studying the confinement-deconfinement phase transi-
tion in SU(N) theories requires understanding nonpertur-
bative dynamics. Lattice simulations [20,26-28], effective
models [29-45], and renormalization group approaches [46]
have been used to study phase transitions in Yang-Mills
theory effective models. The aim of this work is to use an
effective field theory to study the dynamics of the dark gluon-
glueball system [25].

Published by the American Physical Society
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At finite temperature T, the Zy center of SU(N) is a
relevant global symmetry [47], making it possible to
construct various gauge-invariant operators charged under
Zy. The Polyakov loop, which is charged with respect to
the center Z of the SU(N) gauge group (it transforms as
¢ — z¢ with z € Zy), is an example,

fuy_%ﬂﬂJE%n{Pmpquuzmwxmﬁ},(n

where P denotes path ordering, A is the time component
of the vector potential associated with this gauge group, g is
the SU(N) coupling constant, and (z,x) are Euclidean
spacetime coordinates.

The Polyakov loop serves as an order parameter for the
confinement phase transition in Yang-Mills theory, which
occurs at the energy scale A and is commonly used for
this purpose [47]. Below the critical temperature 7., the
expectation value of the Polyakov loop operator is zero,
while it is nonzero at higher temperatures. The Polyakov
Loop model (PLM) is a mean field approach that models
the phase transition in terms of Polyakov loops [39]. This
simplified model captures the essential characteristics of
the confinement phase transition in SU(N) theories with
N >?2 and has been applied to the study of heavy-ion
collisions at the Relativistic Heavy lon Collider [28,45].

The dark gluon-glueball dynamics can be effectively
described by considering the dimension-four glueball field
H x tr(G"”GW), with G** QCD field strength tensor, and
the Polyakov loop # in an effective potential given by [25]
H. |H 4
VIH,?) = Eln [/\4} + T*V[¢] + HP[£] + Vi [H]. (2)

Here, the first term represents the zero-temperature
glueball potential, determined by the trace anomaly con-
straint [48,49]. The real polynomials V[¢] and P[¢] are
invariant under Zy, with coefficients that are fitted to lattice
data. The term V;[H] accounts for thermal corrections,
which may involve nonanalytic terms in H [46].

Remarkably, the potential in Eq. (2) reduces to the
glueball dynamics and PLM model in the low- and
high-temperature limits, respectively. Furthermore, the
coupling between H and £ is the most general interaction
term that can be constructed without violating the zero-
temperature trace anomaly [see Eq. (21) in Ref. [49] ]. This
approach neglects heavier glueballs and pseudoscalar glue-
balls that are described by gauge-invariant operators with
different charges under Z,. Despite its simplicity, this
model captures the essential features of the Yang-Mills
phase transition.

In the deconfined phase, T > T, the PLM term T#V[¢]
dominates, i.e., dark gluons are the dominant component.
The precise relation between the confinement scale A and
the critical temperature of the phase transition 7. depends

mildly on the gauge group and is determined by lattice
simulations. In this paper, we consider T, = (1.59 4+
1.22/N?)A for N = {3,4,5} [15,50].

The Lagrangian that describes the glueball and Polyakov
loop degrees of freedom is given by [25,51,52]

co,H"H
Here, ¢ = (A/mg,)?/2/e is a constant that depends on the
glueball mass m,;,, which we assume to be mg, = 6A [53].
The Polyakov loop is a nondynamical, homogeneous in
space order parameter that describes the average dynamics
of the phase transition. It neglects bubble nucleation,
which might have a significant impact on the formation
of glueballs, as observed in the presence of matter
fields [54,55], but we leave this discussion for a future
work. The kinetic term for the glueball field H is non-
standard, due to its dimensionality. To canonically normal-
ize this field, we redefine the glueball field as ¢, where
H =278¢2¢* which evolves based on the following
effective Lagrangian:

1
L =30,40¢ V(g ¢).

Vig,¢] = 2%; [21n<%> —4In2— lnc}
+¢—4P[f] + T4V[¢]
28c2 ’
Ple] = c1|P, (4)

where ¢ is a free parameter relevant to the determination of
the glueball relic abundance. Note that we keep only the
lowest order in P[] satisfying the symmetries. The
Polyakov loop potential V[#] for a generic SU(N) gauge
group, with N = {3,4,5}, is determined from symmetry
arguments to fit lattice thermodynamic quantities [22],

b, (T
Ve = (=22 4 e

—bszw*N)+b6|f|6+b8|f|8), (5)

where
b (T)— n T, n T, 2+ T, 3+ T \*
2 =dapTd T a T as T ay T )"

and the parameters of this potential are shown in Table I,
with the corresponding potentials shown in the left panel of
Fig. 1. Here, we notice that the minima of # do not differ
strongly as a function of the chosen gauge group, albeit the
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TABLE L. Parameters for the Polyakov loop potential in Eq. (5)  temperature evolution of # by minimizing the potential
taken from Ref. [22]. in Eq. (4) with respect to this variable. The solution £ = 0
denotes the confined phase and it is a global minimum only

N 3 4 > for temperatures below the critical temperature. In the
ag 3.72 9.51 14.3 deconfined phase, the solution £ = 0 becomes metastable
@ =573 —8.79 =142 and a new solution # = ¢, becomes the new global
a2 8'429 110;2 ?42 minimum. The temperature evolution of the minimum of
3 —9.29 e - the Polyakov loop in these potentials is shown in the right
ay 0.27 0.489 -10.1 .

b 2 40 561 panel of Fig. 1. The three gauge groups shown lead

3 B —_J.

by 4.53 _2 4.16 ~105 to a similar behavior for # during the phase transition,

3.23 . with a slightly different critical temperature. Once the
minimum of # is determined, the Polyakov loop is
“integrated out” using its equation of motion £ = £(¢, T),
overall potential being quite sensitive to this change. Since ~ giving rise to a potential for the glueball field in the form
the Polyakov loop is a nondynamical degree of freedom, its V[g.T] = V9. 2(¢.T)]. Moreover, we set the zero-point
temperature evolution is determined by the location of the ~ energy of the glueball field to zero in order to properly
minimum in the effective potential. Being the order  describe glueballs as matter. Figure 2, in the left panel,
parameter of the phase transition, # approaches 1 at high shows the behavior of the glueball potential as a function of
temperatures and vanishes for temperatures below the  the different gauge group. The deconfined phase (red lines)
critical one. It is possible to numerically find the 1S the only one sensitive to the choice of gauge group, and

-~ SU(4)
SU(5)

0.5 1.0 1.5 2.0 2.5 3.0
T/ T,

FIG. 1. Left: Polyakov loop potential V[¢] for different gauge groups: SU(3), solid lines; SU(4), dashed lines; and SU(5), dotted
lines. The colors correspond to the confined (black) or deconfined (red) phase. Note that the minimum of the potential is arbitrarily set to
zero. Right: Polyakov loop evolution as function of the temperature for different gauge groups: SU(3), solid lines; SU(4), dashed lines;
and SU(5), dotted lines.

0.25
0.20}
_ <
B 0.15} =~
~ =
20.10} 3
> £
0.05}
O =

.00 '
0.10 0.15 0.20 0.25 0.30 0.35
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FIG. 2. Left: glueball potential V[, T| for different gauge groups: SU(3), solid lines; SU(4) and SU(5), dashed lines. The colors
correspond to the confined (black) or deconfined (red) phase. In the confined phase, the potential is independent of the gauge group,
while it is weakly dependent in the deconfined phase. Note that, in this case, the potentials for SU(4) and SU(5) are indistinguishable.
Right: effective glueball mass as function of the temperature for various gauge groups: SU(3), solid line; SU(4), dashed line; and SU(5),
dotted line.
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the dependence is very mild. This is directly correlated with
the observation that the minimum of ¢ does not change
sensibly for different gauge groups with slightly larger #
when the color increases, signaling the stronger jumping
and thus a stronger first-order phase transition. Connected
with this potential, it is possible to calculate how the
renormalized glueball mass evolves with temperature
through the phase transition. This is defined as

*Vg. T]
a¢2 =hmin ’

ma,(T) = (7)

where ¢,,;, represents the minimum of the glueball field as
function of the temperature. This quantity is shown in the
right panel of Fig. 2, where we observe a minor difference
between the different gauge groups in the deconfined
phase. We note that, after confinement, the mass is fixed
to be mg, = 6A by construction. The effect of the thermal
potential V; will show up in a temperature dependence of
the glueball mass in the confined phase. We estimated this
effect by using the following potential [44]:

T* [
=-— / dxx*1In
2w 0

We find consistent results with Ref. [1], since we verified
that the impact of this term on the glueball potential is
negligible. Namely, the glueball mass is affected less than
10%, with comparably small consequences on the consid-
ered phenomenology.1

By comparing the temperature evolution of the glueball
field to lattice simulations [56], it is possible to impose
limitations on the value of the glueball-Polyakov loop
coupling ¢, in Eq. (4), in the case of SU(3). We found this
value to be ¢; = 1.225 £0.19 at 95% confidence level
(CL) [1]. Since less or no information from the lattice is
available for other gauge groups, this will increase the
uncertainties on the prediction of the relic abundance. To
appropriately account for this, we increase the error
associated with SU(3) by a factor of ~4, such that ¢; =
1.225 + 0.8 at 95% CL for SU(N), N = {4, 5}, and we fix
¢y = 1.225 to generate the figures throughout the paper.
This parameter significantly affects the location of the
minimum of the Polyakov loop. Thus, it will play an
important role in determining the initial conditions for the
cosmological evolution of the glueball field and on the
resulting DM abundance.

¢

1— e_ +25 272] (8)

Vrldl

'With the finite temperature contributions, the minimum of the
thermal potential is shifted toward O with few percents. The larger
effect is on changing the slope around the minimum. This small
change cannot be calculated on the relic density because Eq. (17)
is already an oscillating function and all the uncertainties related
to this average process are much bigger than the shift given by the
inclusion of V.

III. CALCULATION OF THE GLUEBALL RELIC
DENSITY

As extensively discussed in Ref. [1], the glueball
field evolves in a Friedmann-Lemaitre-Robertson-Walker
metric as

¢+ 3Hp + dyV[$. T] =0, 9)

where the dot represents the derivative with respect to the
cosmic time ¢ and H = 1/2¢ is the Hubble parameter
during a radiation-dominated era. The energy density of the
glueball field is given by

= @)+ VIpT) (10)

and this quantity is used to compute the glueball DM relic
density. During a radiation-dominated era, where we expect
the confinement to happen, there is a relation between the
time and photon temperature 7',

1 45 mp
. 1
2 471'39*,/)(7}) T? (1)

where mp = 1.22 x 10" GeV is the Planck mass and g, ,
is the number of energy-related degrees of freedom. Thus,
Eq. (9) can be rewritten as a function of the temperature as

4rg.,
45m2

fl) 27 dg.,
art * 45m3 dT

54 6 54 d¢

a7 T 9V T =0,

(12)

where the temperature of the dark sector 7, such that
T,/T = {7, governs the moment of the phase transition and
{r is model dependent, being determined by the inter-
actions with the visible sector. Moreover, the second term
can be neglected for a large range of temperatures, as g, , is
constant except at a few isolated events of entropy
production (the QCD phase transition, for example). We
consider it as a free parameter, depending on the moment in
which the phase transition happens and, if g, , is constant, it
can be reabsorbed in the definition of the temperature ratio
by defining &, = frgi,/; .

The glueball evolution is analogous to a damped
oscillator in a nonlinear potential, and the energy stored
in these oscillations around ¢,,;, =~ 0.28A,

29, ¢
p=2lerse (M) Lvipr. (3

will determine the relic DM abundance since this energy
density scales as ~73, as cold DM (CDM), when the
harmonic approximation is valid.
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T/T.

FIG. 3.

Left: glueball evolution obtained by solving Eq. (14) for SU(3) (black line), SU(4) (red line), and SU(5) (blue line) with

u = 0.05 and initial condition ¢(7’;) = 0.1. Right: similar to the left panel but only for SU(3), with u = 0.05 and different initial
conditions. The vertical dashed line marks the phase transition, and the red dashed line shows the evolution of the minimum of the

glueball potential.

Using the following definitions, ¢ = A*p, p = A*p,
V=AW, g =g} T=AT, and 12 =423E4N2/
45m3, Eq. (12) can be written as

.
w10 4 0. T) =0,

246 d~ 2 o
ﬁzﬂzT (;) + V(3. 7). (14)

which is solved from an arbitrary temperature 7; > T
down to some final temperature T, in the confined phase,
and from this temperature on the evolution is simply
determined by the cosmological expansion. In Fig. 3 we
show the results of Eq. (14). In the left panel we show the
evolution of the glueball field for different gauge groups.
The amplitude of the oscillations in the confined phase is
related to the relic energy density. Therefore, we expect
that, for the choice of parameters shown in the figure,
SU(5) gives an abundance slightly larger than SU(4) and
significantly larger than SU(3). In the right panel of Fig. 3
we focus only on the case of SU(3), to highlight the
dependence on the initial conditions. The evolution of the
glueball field is shown for three different choices of initial
conditions in the hot phase (on the right of the vertical
dashed line denoting the critical temperature). After the
phase transition, the evolution of the three lines is quali-
tatively similar, suggesting that there is a weak dependence
on the initial conditions. This was already observed in
Ref. [1]. Intuitively, in the hot phase, the glueball field is set
to some arbitrary initial condition, then starts to roll toward
the minimum of its potential. This happens when the
effective glueball mass mg, ~ 3.5A in the deconfined phase
becomes larger than the Hubble parameter; in the opposite
case, the glueball field evolution is frozen. Starting from the
moment in which the Hubble parameter is comparable with

the glueball mass, the glueball field efficiently converges to
the minimum of its potential. Given the discontinuous
nature of the phase transition, the minimum of the glueball
potential jumps from the value immediately before the
confinement to evolve in a temperature-independent poten-
tial. It means that, regardless of the evolution of the glueball
before the phase transition, only the initial condition set by
the properties of the glueball potential V[¢p,T] in the
deconfined phase is relevant to predict the glueball relic
density. Moreover, the velocity of the field can be taken to
be equal to zero since any velocity acquired immediately
after the confinement is considerably larger than the
velocity accumulated in the evolution in the deconfined
phase. This feature can be interpreted as a washing out of
the initial conditions due to the strong first-order phase
transition.

We discovered that, although the numerical solution of
Eq. (14) is exact, the temperature-dependent potential
makes its evaluation computationally expensive. Thanks
to the weak sensitivity on the initial conditions, a good
approximation is given by solving Eq. (14) only in the
confined phase. The main advantage is using a temperature-
independent potential to evolve the glueball field from the
critical temperature 7. down to a final temperature 7'y,
taking as initial conditions for the glueball field its mini-
mum value ¢,,;, just before the phase transition (at a
temperature 7, + e with € > 0) and a vanishing first
derivative

d
TC) = &min(Tc + 6)’ (15)

where the potential and the energy density are
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0.04

0.03F SU(5
Q. ""'*'M‘AWMW\/\/
® 0.02} su(4)
B

0.01r su(3)

0.00

0.2 0.4 0.6 0.8

T/T.

1.0

FIG. 4. Evolution of the glueball energy density obtained by
solving Eq. (14) for SU(3) (black line), SU(4) (red line), and
SU(5) (blue line) with y = 1. The lines start in the point where
the phase transition happens, which is different for the three cases
shown here.

The energy density obtained from this calculation is shown
in Fig. 4 for three different gauge groups. It is clear that, as
the temperature drops, glueballs behave like CDM and their
relic density is redshifted as ~a~>3, where a ~ 1/T is the
scale factor. Note that for /T, = 0.2 the glueball energy
density does not redshift as CDM because in this inter-
mediate regime nonlinearities in the potential lead to
deviation from the perfect fluid behavior for the glueball
field; i.e., the glueball field does not behave like a
pressureless fluid, p # 0. Indeed, only for 7/T. <0.2,
when the glueball field oscillates around its minimum
under the influence of an effectively quadratic potential, the
perfect fluid approximation is valid. Thus, the quantity
shown in Fig. 4 approaches asymptotically a constant
value. One can picture the intermediate phase 0.2 <
T/T. <1 as a continuation of the phase transition, when
the nonrelativistic glueball population is still being estab-
lished. This result confirms the expectation from Fig. 3 that
the relic density with SU(5) is larger than the one obtained
with the two other gauge groups.

Since the energy density is an oscillating quantity, we

evaluate an average during the last oscillations before 7,

5 1 137, 5
2N = / fp(g)dr, (17)
r'fy 03T )i, 7

and this quantity saturates to a value independent of the
phase transition scale. Then, the relic density today is
calculated by diluting the energy density in Eq. (17) with a
factor (T,/CrTy)%, to take into account the Universe
expansion as

A i, T 3
e
pe/ W= \T° [y P\ Ty

A
:0.125;3[\—, (18)
0

where the critical density is p./h*> = 1.05 x 10* eV cm™,
h = 0.674, and the temperature of the photon bath today is
T,o=0.235 meV [57]. We defined A, as the phase
transition scale that makes glueballs become the totality
of DM. Naively, after combining 75 ,/(p./h*), we would

roughly have A ~ <%>;1 eV. Note that here we introduce

the {; parameter, related to the glueball and photon
temperatures, and not ¢’ which also includes the number
of degrees of freedom in the Universe. This implies that the
dependence on this parameter, equivalently p, is weak in
the limit y < 1, realized in the relevant case when the
phase transition scale is much lower than the Planck scale.”
This approximation is proven to be excellent, predicting the
relic density with less than ~10% uncertainty compared to
the exact result. The good agreement of the two results is a
proof that the detailed behavior of the glueball field in the
deconfined phase has a minimal impact on the relic density
prediction.

IV. RESULTS AND COMPARISON WITH
LITERATURE

In Table II we summarize our findings for the glueball
relic density. For each gauge group SU(N) considered,
labeled by N = {3,4, 5} (first column), we recall the range
of variability for the term c¢; at 95% CL (second column).
Then we show the results of Eq. (17) (third column) and the
corresponding A (fourth column), as defined in Eq. (18),
for a calculation running down to Tf =0.1.

Note that the value of Ay for N =3 is 20% larger
compared to the one presented in Ref. [1] because of the
different critical temperatures considered. The values of the
relic density found in Table II differ strongly from the
estimates in literature, since they report a relic density 1 or 2
orders of magnitude higher [2,15,58].

The reason for this difference is due to a combination of
several effects: inclusion of the higher-order interactions
leading to n — m transitions, energy budget of the dark
gluon field partially used for bubble formation, and differ-
ent equation of state for the glueball field immediately after
the phase transition.

*The glueball energy density calculated by means of Eq. (15),
for sufficiently small values of y, becomes independent of this
parameter. This is precisely the same behavior described in
Ref. [1] before Eq. (11). Intuitively, if the glueball self-inter-
actions are too weak (a large A), at the moment of their formation
the cannibalism is not efficient compared to the Universe
expansion, a situation never realized in our applications.
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TABLE II. Results of the calculation of the relic density. The
first column represents the gauge group, the second one is the
value of ¢, at 95% CL used in the calculation of the third column,
which also shows the result of Eq. (17) at 95% CL, evaluated for
u=1073 and Tf = 0.1. With these values, it is possible to
calculate the glueball relic density from Eq. (18) and the range of
A is reported in the fourth column.

N ¢ 100 x <%>_f Ao(eV)
3 1.225+0.19 0.59+015 133 £32
4 1.225 +0.8 1. 138 204 £+ 168
5 1.225 +0.8 ,3j1‘2 139 £ 109

In the following, we expand each point individually.
First, when solving the evolution equation, we are consid-
ering a nontrivial potential for the glueball field that, in the
confined phase, can be expanded around the minimum

Duin = de~1/4\/C as

74
V[&]:z‘p <2ln¢ 41n2 - lnc>+2le

1 2 73
4ce1/2 4’ 48¢3/2¢ 1/45¢
4 e/t 5

-, (19

768c op" + 2560¢%/2 o + (19)

where 8¢ = ¢ — nin. Only for 6¢p << 1 the perturbative
concept of particle is valid.

However, our calculation is always valid, including all
the interactions predicted by the glueball potential. It can be
perturbatively understood as including all the possible
interactions corresponding to different powers of the
expansion in Eq. (19). In the literature, it is usually
considered that glueballs interact only with a ¢° interaction,
which makes the 3 — 2 annihilation the only relevant
process for DM formation. By contrast, in our case also
the lower-order terms are included.

We compared the glueball relic density in Table II with a
calculation including only the ¢’ interaction, finding a
factor ~1.3-1.5 (depending on N) of increase in this latter
case. This shows that ¢»* and ¢* interactions are important
in the glueball thermalization process. Indeed, the 3 — 2
number-changing process can happen both due to a ¢’
order vertex and because of a combination of ¢ and ¢*
vertices as shown in Fig. 5.

Without lower-order interactions, just the ¢’ term
induces a weaker interaction among the glueballs.
Consequently, glueballs freeze-out earlier, when their
number is higher, resulting in a larger relic density. In
other words, the number-changing interactions have less
time to reduce the number of glueballs. This picture is
confirmed by the observation that including interactions up

oy
Qbi\\ ///
PR SR
¢i/ \\\
oy
oy
bi ///
b
¢ \\\
o

FIG. 5. Feynman diagrams of the 3 — 2 process involving a
combination of the ¢ and ¢* vertices (upper) and the only ¢°
interactions (lower).

to the fourth order (¢?, ¢°, and ¢*) the relic density
increases only by less than 1% compared to the exact
calculation involving the log potential. This reasoning
also brings us to the conclusion that higher-order num-
ber-changing processes, like 4 — 2 interactions, do not
have a strong impact on the glueball thermalization. In
conclusion, when comparing with results in literature,
one should be careful in checking which potential is used.
From the perspective of a complete model, not including ¢?
and ¢* interactions is inconsistent, leading to a larger relic
density. Moreover, note that the form of the glueball
potential fixes uniquely, once expanded around the mini-
mum, all the self-interaction couplings at any order. The
latter are usually taken to be O(1) in the literature, while
our approach reveals that these numerical coefficients are
rather different from 1 and any comparison with the
literature must account for this important difference. As
a final remark, Eq. (10) in Ref. [58] is obtained by setting
the numerical factors in Eqs. (8) and (9), involving the
Lambert W-function, to 1. This is also causing a slight
overestimation of the relic density.

The second important point can be understood on the
basis of energy considerations. Starting from the effective
Lagrangian, it is straightforward to compute the energy
density of the gluon field at 7 — oo, which corresponds
to [20,59]

2
- 4

= 1217 25 qgT, (20)
with g=N?>-1 for SU(N). As the temperature
approaches the critical one at the phase transition, this
energy reduces to match the fitted lattice data. The physical
reason is that the dark gluons dissipate energy in the
process of bubble nucleation and a smaller energy budget is
actually available for the glueball formation. This effect is
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purely nonperturbative, and it has been taken into account
in our analysis once that lattice fits are considered.
Calculating the amount of energy stored in dark gluons
at the phase transition, we realize that it is 3—4 times smaller
than Eq. (20), depending on N. Thus, the energy budget
available to glueballs was overestimated if taken equal to
the free dark gluon gas approximation. We remark on the
physical picture behind the energy exchanges within the
dark sector. Most of the energy stored in the dark gluon
plasma goes into formation of bound states, effectively
generating the “mass gap,” i.e., converted into the glueball
mass mgp,. Some of that energy still remains as “heat” in the
dark sector, essentially in the form of kinetic energy of
glueballs, as well as through a contribution to the potential
energy from glueball self-interactions. Hence, due to the
energy conservation and the absence of interactions with
the standard model (SM) sectors, the totality of energy
stored in the dark gluon gas remains in the dark sector.
Also, during the phase transition, some part of the energy of
the transition (latent heat) is released in the form of
gravitational waves [23,60], a dissipation effect that is
neglected in this paper and postponed to a future work.

The aforementioned reduction of the initial energy of the

dark gluon gas is partially counterbalanced by a slower
dilution of the glueball field compared to a pure cold DM
case. Indeed, immediately after the phase transition, the
glueball field is rolling fast in a potential that is much larger
than its kinetic energy. This results in an equation of state
p = wp with —1 < w < 0, leading to a slower dilution of
the glueball field. Only after this transient phase, glueballs
act like CDM. To summarize, here we list the various
effects explaining the discrepancy with the literature:

(i) We include ¢ and ¢* interactions, instead of only a
¢’ vertex. This makes the number-changing proc-
esses more efficient, reducing the glueball relic
density (note that in Ref. [15] the potential includes
¢* and ¢* terms, but not ¢°).

(i) The glueball potential that we consider has “large”
couplings for self-interactions, leading to more than
1 order of magnitude of suppression in the relic
abundance.

(iii) Part of the energy stored in the dark gluon gas is
dissipated in bubble nucleation, reducing the relic
abundance of a factor 34.

(iv) The slower dilution of the glueball gas compared to
CDM goes in the direction of increasing the DM
relic abundance.

The interplay of all these effects is highly nontrivial,
motivating the numerical analysis we developed in this
work as a reliable method to compute the glueball DM relic
density.

V. COSMOLOGICAL HISTORIES

In order to accurately determine the glueball relic
density, we must specify the temperature of the dark sector

with respect to the photon one, i.e., the { parameter. This
quantity is vastly unconstrained because of the large
number of models predicting different interactions between
dark gluons and standard model particles. In a very model-
independent fashion, we consider two possibilities for the
dark gluon production in the early Universe: freeze-out and
the parent particle decay.

In the first case we assume that, at some point, dark gluons
were in thermal equilibrium with the primeval plasma. This
is possible due to feeble interactions between the dark and
the visible sector. We prefer to keep a model-independent
point of view in this work, without specifying the origin of
this interaction, but just assuming that it is feeble enough that
decoupling happens soon after the end of inflation and the
DM is stable on cosmological timescales. A motivated
example of feeble interaction is given by fermions that
are charged under both the dark and SM gauge groups with a
mass much larger than the confining temperature. In this
case, all the interactions will be strongly suppressed by the
mass scale of this mediator. In the following, we do not
assume any particular model of interaction and our consid-
erations are completely model independent. When their
interaction rate becomes smaller than the Hubble parameter,
dark gluons decouple from the thermal bath. In this case, the
temperature of dark gluons will trace the photon one up to
the decoupling, then entropy production events will cause a
cooling of the dark sector following

= () a1

where 7', is the decoupling temperature, which determines
the number of entropic degrees of freedom at the freeze-
out. Without specifying the interaction between the dark
and visible sector, we know that the lowest temperature
of the dark sector is obtained when g, (7,;) = 106.75.
This corresponds to a weak interaction between the two
sectors that leads to a decoupling at 7 > 100 GeV, where
we assume only standard model particles to exist. This is a
strong assumption given our ignorance of physics at
very high-energy scales; for instance, in the minimal
supersymmetric standard model extension g, (T;) =
228.75 [61]. This latter value will be used to fix the
coldest dark gluon scenario, which gives (7!~ 0.26,
where we have used g, ,(7,) = 3.909. This consideration
gives a sense of how the dark sector can be colder than the
visible one, proving that in this scenario of freeze-out the
two temperatures are never too different.

On the other extreme, a hot dark gluon sector is con-
strained by the measurements of the number of relativistic
species. Indeed, dark gluons cannot contribute to the
effective number of relativistic species Ny more than
the constraint AN 4 < 0.35 at the 95% CL [62]. For a dark
sector that is not in equilibrium with the thermal bath, this
constraint translates into [63]
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where the number of degrees of freedom is g = N? — 1 for
N ={3,4,5}. Therefore, ¢;' <037 for N=3 and
(71 <028 for N=35. We consider the former, more
conservative, value as the upper limit on ¢7!. This con-
straint requires that dark gluons confine after the big bang
nucleosynthesis, which happens at T, ~ 1 MeV.

There are several realizations of the parent particle decay
scenario, and we consider the one that we consider the
simplest. In this case, a heavy field (that can be associated
with the inflaton) decays into standard model particles and
also in dark gluons. We take the branching ratio to decay
into dark gluons to be f (and 1 — f is the branching ratio
into standard model radiation). Compared to the photon
energy density, the dark gluon one decreases because of
entropy production events in the visible sector and the
temperature evolves accordingly,

1/3 1/4
&t = <g"”(m> / ( / ) " (23)
g*VS(Td ) 1- f

Compared to the freeze-out case, depending on the value of
f, the dark sector can be extremely cold compared to the
visible one (see also the recent Ref. [64] for a discussion on
the temperature of confining dark sectors). We assume that
the coldest dark sector case corresponds to a confinement
happening soon after inflation, when the photon bath has a
temperature T, ~ 10'® GeV. This limit corresponds to the
breakdown of our calculation, which is valid when the
Universe is radiation dominated. This discussion reveals
that dark gluons can be extremely cold compared to the
thermal photon bath, leading to a very early phase
transition, perhaps during inflation. In this case, we expect
a strong damping of the oscillations of the glueball field,
suppressing the relic density. Therefore, we consider that,
in order to produce glueball DM, the phase transition
cannot happen before or during inflation. This discussion
motivates us to use (7! as a free parameter: if (7! ~ O(1),
we are modeling a dark sector with interactions strong
enough to establish thermal equilibrium soon after infla-
tion; if ¢7! <1, the interactions are so feeble (or even
absent) that there is no relation between the temperatures of
the visible and dark sectors. Thus, casting this discussion in
terms of {7! is an extremely powerful and general method

describing in a unified way several possible models.
We remark that, despite the fact that glueballs undergo
3 — 2 number-changing interactions (a cannibalistic
phase) for a period of their evolution, this phase has to
end before matter-radiation equality in the case that glue-
balls make up the majority of DM. This condition is
verified in the allowed region of the parameter space.
When cannibalism is finished, glueballs are mildly

relativistic, with an average energy roughly 1.5my,
After that, they cool down quite rapidly because of the
Universe expansion, effectively becoming CDM. As shown
in Eq. (19), the glueball self-interactions are repulsive and
one may wonder if this feature affects structure formation.
A simple estimate of this effect is obtained by comparing
the intensity of self-interactions, proportional to the glue-
ball field amplitude ¢, with the particle mass m,, [65]. The
field amplitude is directly connected to the glueball number
density ng, = Qp./mg, ~ 94 cm™(A/eV)~! through ¢y =

Ngy/2mg, 2.5 x 1077 eV(A/eV)~'. Since my, > ¢y,
the structure formation is indistinguishable from collision-
less DM.

This discussion is motivated by the flexibility in model-
ing interactions between dark gluons and ordinary matter,
determining the cosmological evolution of the hidden
sector. This results in a broad parameter space available
to glueballs to explain the nature of DM.

VI. CONCLUSIONS

In this work, we explored in detail the formation of scalar
glueballs in generic SU(N) dark gauge sectors. We showed
that this composite state is a good DM candidate, viable in
several cosmological models. The delicate interplay
between microphysics governing the phase transition
(the confinement-deconfinement phase transition scale
A) and the macroscopic cosmological evolution (the
dark-to-visible temperature ratio ¢7') determines the relic
density of the glueball DM. In Fig. 6, we summarized our
findings in the A vs {7! parameter space, showing that a
large portion of it is viable and unconstrained.
The red band shows the parameter space where glueballs
constitute the whole DM, depending on the gauge group
considered. Above this line, glueballs would overclose the
Universe and this gray region is excluded. Moreover, we
require the phase transition to happen in a radiation-
dominated era, when the photon bath temperature is
assumed to be approximately below 10'® GeV; otherwise
the glueball relic density would be strongly suppressed by
inflation. Precisely, we require that the confining scale
matches the glueball temperature after inflation, i.e.,
T=A={;'T, <{;'10'° GeV. As another consistency
condition, we also mark the region where the confinement
scale is super-Planckian. The blue region shows the range
of ¢3! easily accommodated in a freeze-out scenario for
dark gluons. For example, we find that a window with
2 < A 521 keV would explain the DM in a simple freeze-
out scenario for the dark gluons forming glueballs.
However, this region is in tension with constraints on
DM self-interactions, requiring the cross section to mass
ratio be 6/m <0.19 cm?/g [66]. In our model, glueballs
undergo 2 — 2 scatterings with a cross section ¢ ~ m32, in
the nonrelativistic limit, exceeding the current constraints if
A <17 MeV and glueballs constitute the majority of DM.
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FIG. 6. Parameter space of glueball DM expressed in terms of
the confinement scale A and the dark-to-visible sector temper-
ature ratio ¢7'. Each point in this parameter space represents a
possible DM scenario with A fixed by the properties of the gauge
sector and {7 by its cosmological evolution. The gray regions are
excluded by various arguments (see the text for more details): the
confinement scale has to be sub-Planckian; the phase transition
(PT) has to happen after inflation; dark gluons cannot exceed the
observed ANy; glueballs cannot overclose the Universe; and
DM self-interactions are constrained by observations. The red
region corresponds to DM fully composed of glueballs; the
variability range takes into account the differences between the
gauge groups. The blue region for {7! =~ 0.26 is favored in freeze-
out models, corresponding to a phase transition scale 2 <A S
21 keV (values corresponding to the largest variability shown in
Table II, 30 < Ay <372 eV) to have all the DM in the form of
glueballs. However, this region is in tension with constraints.

Cosmological observations of AN constrain models in
which dark gluons are extremely hot, excluding the
possibility for a very low confinement scale A <« 100 eV.
In conclusion, this study allowed us to delineate a useful

parameter space for glueball DM. We expect future studies
using observational constraints from cosmology and astro-
physics, as well as those produced from upcoming labo-
ratory experiments, will populate Fig. 6 to provide a clearer
picture and better understanding of glueball DM properties
and behaviors.

This work sets the necessary basis for future investigations
of the glueball phenomenology as a promising candidate
for unveiling the dark sector. Because of its very inter-
disciplinary nature, a line of research focused on glueballs
also opens up the possibility of various synergies between
cosmological surveys and collider searches [67-69].
In addition to phenomenological applications, future inves-
tigations should focus on comparing the results obtained in
the presented formalism with alternative methods to describe
the phase transition, in order to assess the robustness of these
calculations.
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