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Reduced order quadrature (ROQ) methods can greatly reduce the computational cost of gravitational wave
(GW) likelihood evaluations and therefore greatly speed up parameter estimation analyses, which is a vital
part to maximize the science output of advanced GW detectors. In this paper, we do an in-depth study of ROQ
techniques applied to GW data analysis and present novel algorithms to enhance different aspects of the ROQ
bases’ construction. We improve upon previous ROQ construction algorithms, allowing for more efficient
bases in regions of parameter space that were previously challenging. In particular, we use singular value
decomposition methods to characterize the waveform space and choose a reduced order basis close to optimal
and also propose improved methods for empirical interpolation node selection, greatly reducing the error
added by the empirical interpolation model. To demonstrate the effectiveness of our algorithms, we construct
multiple ROQ bases ranging in duration from 4 to 256 s for compact binary coalescence waveforms,
including precession and higher order modes. We validate these bases by performing likelihood error tests
and percent-percent tests and explore the speedup they induce both theoretically and empirically with
positive results. Furthermore, we conduct end-to-end parameter estimation analyses on several confirmed
GW events, showing the validity of our approach in real GW data.
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I. INTRODUCTION

Gravitational wave (GW) astronomy has been made
possible in recent years by ground-based observatories like
LIGO [1], Virgo [2], and KAGRA [3], revolutionizing our
understanding of the Universe by enabling the direct
detection of GW signals emitted during extreme cosmic
phenomena such as the mergers of binary black holes,
binary neutron stars, and neutron star—black hole binaries.
With the continuous improvement in sensitivity of current
detectors [4] and the advent of next-generation detectors,
including projects like the Einstein Telescope [5], Cosmic
Explorer [6], and LISA [7-9], we anticipate a dramatic
increase in the number of GW candidates detected. For
maximum science outputs, a parameter estimation (PE) for
each candidate will have to be performed. With standard PE
methods [10], this can be prohibitively computationally
expensive, especially as we reduce the frequency from
which we can detect gravitational waves and the duration of
the signals becomes much longer [11].

To fully exploit the enhanced sensitivity of these advanced
detectors, it is essential to use accurate waveform models that
incorporate important physical effects such as precession or

-
gonzalo.morras @uam.es

Tjose.nunno@uam.es

“juan.garciabellido @uam.es

2470-0010/2023/108(12)/123025(21)

123025-1

higher order modes [12]. However, the computational chal-
lenge of calculating the likelihood of such signals poses a
significant bottleneck in the analysis pipeline. Traditional
likelihood calculations can be computationally intensive,
particularly for long-duration waveforms. Several methods
have been explored in the literature to reduce this computa-
tional burden, such as multibanding [13], heterodyned like-
lihood [14,15], likelihood-free approaches [16,17], reduced
order quadrature (ROQ) methods [18-23], and others [24-26].

In this work, we will focus on the ROQ method, which is
one of the most promising approaches to fast GW like-
lihood evaluations, due to its ability to achieve very large
speedups while maintaining high accuracy and being able
to accommodate the effects of precession and higher order
modes [20,21]. ROQ methods exploit the fact that, for a
given parameter range, the corresponding GW waveforms
span only a small subspace of the vector space of all
possible signals. By constructing reduced bases that capture
the essential information of the templates, ROQ techniques
provide an efficient representation that enables fast like-
lihood evaluations. The ROQ has a startup cost associated
with the off-line basis building stage, which needs to be
performed in advance only once per waveform model and
parameter space. However, since for typical PE analyses we
have to compute more waveforms than what is needed to
construct the ROQ and a basis can be used to perform
multiple PEs, this startup cost quickly pays off.

© 2023 American Physical Society
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This paper presents several algorithms for ROQ con-
struction, which offer some key advantages over existing
methods. They are specifically designed to tackle the
challenges of speed in the basis construction and accuracy
in GW likelihood evaluation while maximizing the ROQ
speedup. As we will see, these algorithms have the ability
to handle complex waveform models in parameter ranges
that were intractable with existing procedures.

The paper is organized as follows. In Sec. II, we
introduce the basic theoretical framework, including a
discussion on GW inference as well as on the basics of
ROQ. In Sec. IIl, we describe the ROQ algorithms we
introduce in depth, going through the construction of the
reduced order basis, the choice of empirical interpolation
model, and how to construct a ROQ with a set tolerance for
a given parameter space. In Sec. IV, we present several
bases created for two phenomenological waveform models,
IMRPhenomPv2 [27] and IMRPhenomXPHM [28], and
test their speed and accuracy. We further test the ROQ by
performing parameter estimation analyses on three con-
firmed GW events. In Sec. V, we finally conclude. We
relegate some of the more convoluted numerical methods
used by our algorithms to the Appendixes.

The methods introduced in this paper have been imple-
mented in a PYTHON code called EigrOQ [29].

II. THEORETICAL FRAMEWORK

In this section we will briefly describe the basic
theoretical framework to contextualize the rest of the paper.
In Sec. I A, we give a very brief overview on the basics of
GW parameter estimation, and in Sec. Il B we summarize
the basics of the ROQ rule. For more details, we refer the
reader to Refs. [10,20].

A. A primer on gravitational wave inference

GW inference refers to the modern scientific discipline
taking care, among other things, of computing the posterior
probability distribution of the GW model parameters 6 that
best fit the data, using the Bayes theorem,

L£(d|0)r(6) .

p(Bld) ===7

(1)

In this equation, there are several objects that enter the

calculation. The first, 71'(5) refers to the prior employed,
from the nature of the event, which throughout this paper
will always be a compact binary coalescence (CBC) to
the distributions describing the parameters of the binary.

Next, the likelihood function £(d |5) of the data given the

parameters 6 and the evidence Z represent the probability
of the data given the model.

The likelihood is the most computationally expensive
part of estimating the posterior. Given a CBC signal
without eccentricity, there are 15 different parameters to

fit that enter the likelihood computation. The typical
gravitational wave astronomy likelihood is based on the
hypothesis that only Gaussian noise is present in the
detector and deviations from it are the result of a GW
signal. In such case, the likelihood can, up to a normali-
zation constant, be expressed as [30]

log £(d|f) = (d h(6).d - h(6))

——E(d,d) + (d, h(0 ))——(h() h(@)), (2)

where h(é) represents, in this specific case, the CBC

waveform with parameters 6 used to fit the data d. The
overlap integral (-,-) is defined as

(d. h(6) XL:& f” ), (3)

where S, (f) is the detector’s noise power spectral density
(PSD) and a(f) denotes the Fourier transform of a(z).
Since the data of GW detectors are discretely sampled, we
will have discrete Fourier transforms having a frequency
spacing Af = 1/T, with T being the observation time.
For a frequency window (fhigh — flow) there will be
L = int[(fhigh — fiow)T] terms in the sum of Eq. 3).!
Repeatedly computing the overlap integrals in Eq. (2) is
the bottleneck in gravitational waves inference and the
main part we aim to speed up in this paper.

B. Basics of reduced order quadratures
for gravitational wave inference

The parameters 6 of the GW signal h(é) we are fitting to
the data [Eq. (2)] can be split on intrinsic and extrinsic
parameters. The extrinsic parameters are common to all
transient GW sources and they are the sky location, usually
measured with right ascension a and declination &, the
polarization y, luminosity distance d; , and a reference time
of arrival of the signal tc.2 The intrinsic parameters are
related to the source of the GW and are generically referred

to as 1. For a quasicircular CBC they are composed of the
two component masses 7, and m,, three components per
black hole spin vector s;, the inclination angle ¢, and the
coalescence phase ¢.. For CBCs with at least one neutron

star (NS), 7 can also contain a tidal deformability parameter
A per NS in the binary [31], as well as any other matter
effect information included in the model. If we break the
assumption of quasicircular orbits, the eccentricity e would

'Here int[x] refers to taking the integer part of x.

We use t. because, for the CBC case, the reference time of
arrival for the signal is usually given by the coalescence time at
the geocenter.
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also have to be taken into account in the intrinsic param-

eters [32].

We assume that the signal h(z,0) is short enough to
ignore the dependence of the detector antenna patterns
F. , with time and the time-varying Doppler shift due to
motion of the detector with respect to the Solar System
barycenter [33]. In practice, the signal will have to last less
than a few hours to be able to ignore the effects of Earth’s
rotation. Then, in the frequency domain, the GW signal can
be written as

—i2zft,

(7.8) = e (F a6, (1)

+ Foo(a.8.)h (£, 7))
— e—i2ﬂftfh( )

4)

The main idea of the_ROQ is to represent the GW
waveform model /i(f;;0) and its modulus squared

\h(f:; )|2 in terms of an empirical interpolant each, which
is described in more detail in Sec. III. For now, we assume
that they can be approximated to arbitrary precision as

Ny

h(fR)~ Y Bi(f)h(F}: A), (5a)

J=1

Nq

> CF)IRFGRP. (5b)

k=1

|il(fi;/_{)|2

where the main focus of this paper is to find the optimal
values of the interpolation nodes {F j}i_Vle and {F k}j.vfl and
of the “bases” B;(f;) and Cy(f;) such that we minimize the
required number of elements (N, + N) entering Eq. (5)
while respecting a given specified precision.

If we input Eq. (4) into  Eq. (2) and use the approximation
for the GW waveform A(f; ) and its modulus squared

\i(f;:60)? of Eq. (5), we can represent the likelihood as

log £(d|f) ~ — (d.d) + (d. h())roq

(h(6). h(6))gog- (6)

NI»—-N"—‘

where the term —3(d.d) =log L, is a constant that
depends only on the data and cancels with the evidence Z
when we compute the posterior probability distribution
using the Bayes theorem [Eq. (1)]. In Eq. (6) we have also
implicitly defined the quantities

(d.h(0))roq =R > _wi(t)R(F;:A).  (7a)

(h(8).h(0))goo = > _wilh(F: NP, (70)
k=1

which approximates the corresponding overlap integrals
appearing in the likelihood calculation of Eq. (2). In Eq. (7)
we have introduced the linear and quadratic ROQ weights
w;(t.) and v, defined as

4Afzd* fl)B (fl e~i2nfite (8a)

~ Culf)
W 4Af; S0 (8b)

Before starting PE analysis on an event, the weights have
to be computed for the observed data strain d(f) and the
corresponding PSD [S(f)]. Since the linear weights are
smooth functions of time, they are usually evaluated in a
discrete set of times N, and are interpolated for the PE
analysis [20]. The spacing between time samples is usually
on the order of the expected resolution in .., which for CBC
signals can be as small as 0.1 ms, and for the typical ¢,
prior, which is uniform in £0.1 s around trigger time, this
equates to N, ~ O(10?). Therefore, at the beginning of the
analysis, we have to perform N,N; + N, full overlaps, as
prescribed in Eq. (8), and the startup cost of the ROQ

Once the weights have been initialized, computing the
ROQ likelihood will only require Np + Ng terms to
estimate the overlap integrals [Eq. (7)], compared to the
L terms in the full overlap integrals. We can therefore
expect a speedup in the likelihood computation of
O(L/(Ny. + Ng)) when using the ROQ rule. In GW
astronomy, typical CBC PE analyses require O(108-10")
likelihood evaluations, which dominate the computational
cost required to sample the posterior of Eq. (1). In most
applications, the startup cost of the ROQ is negligible
compared to the sampling time and the ROQ will greatly
speed up the whole analysis. The likelihood speedup is
further explored in Sec. IV C.

The biggest overhead when using the ROQ rule is in
constructing the ROQ basis [Eq. (5)], since to explore
typical CBC parameter spaces we need O(10°~107) ran-
dom waveforms. With the methods outlined in this paper,
we also aim to reduce the computational time of the basis
generation, allowing us to handle complex waveform
models in parameter ranges that were intractable with
existing procedures. In practice, for the CBC case, we
train the ROQ on the A, polarization, varying only the
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values of the intrinsic parameters Z, defined in Eq. (4). The
same ROQ basis is valid for both polarizations since they
can be jointly decomposed in spherical harmonics of spin
weight =2, _,Y, as [12]

) !
Z Z —2Ylm ¢C hlmv (9)

=2 m

where the inclination : and coalescence phase ¢, are also
being sampled.

III. EFFICIENT ALGORITHM
FOR ROQ COMPUTATION

A. Reduced order basis

We generate N templates from the waveform model we
are trying to approximate,

(ha(x),A=1,....N}, (10)

where, in GW astronomy, x can be either frequency f or
time 7. We can define the matrix of inner products between
templates as

Myp = <hA’hB>- (11)
In this context, the inner product is usually defined as

(g hg) = / I e (P ha(f)df (12)

low

although we could also use a reference PSD S, (f) to give
different weights at different frequencies to the integrand,
as in Eq. (3). Since M 45 is a matrix of inner products, it is
Hermitian and positive semidefinite and, therefore, can
always be diagonalized as

N
Mas =Y EacicEpc, (13)
=

where Ac > 0 are the eigenvalues and E,p is a unitary
matrix whose columns are the orthonormal eigenvectors

N
ZE*CAECB = Oap- (14)
C=1

In the waveform space, we can then define the eigen-
vectors with 14 # 0 as

eax) =—=Y_ hc(x)Ecy. (15)

It can be proven that these are an orthonormal set of

vectors under (-,-). That is,
1 & 1 &
cep) = (=S he(¥)Ecp——=> " hp(x)E
fenes) = (D hel)Een S o) Eon )
Ay
= E¢ 4 Epp(he, hp)
Aalp C=1 D=1
Mcp
SRy
= T Ec,y McpEpp (16)
Aalp c=1 D=1
~———
ApEcp
dps
= TZECAECB:5AB- (17)
AcC=1

We can also prove that the inner product between one of
the waveforms used to compute M, and a given eigen-
vector will be given by

1 N
7 th X)ECB>
Vs &

=1
1 N
= N U he) E
7 2 s hie) Eeo

<hAaeB <hA’

|
= _TZMACECD =\ gEsp.  (18)
B c=1

~————
ApEap

We can define our reduced order basis (ROB) as a subset
of n < N elements of {e,})_,, which we will learn how to
optimally select later. To represent the waveform h, in
terms of this ROB {e,}’_,, we project h, using the
orthonormality property of the ROB,

Z\/—E pen(x (19)

n

= Z<eb’hA eb

b=1

RO (x)

We can compute the representation error of projecting
hy as

oro.a = |4 = h{OP|> = (hy = 3P, hy — HEOP)
= <hA = (ep hadey ha - Z<ecth>EC>
b=l c=1
hAth Z| eh’hA
= (ha, hy) Z Ap|Eqpl. (20)
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Ideally, to construct a ROB we would take a very large
number of templates {4 })_, that capture most of the
variability of the waveform in the parameter space of
interest, compute the matrix M,z as in Eq. (11), diago-
nalize it, and, to construct our ROB, pick the minimum
number of eigenvectors {e,}”_, such that the ROB error
of Eq. (20) is smaller than a specified tolerance.
Unfortunately, this cannot be done in practice, since the
number of random templates needed to fully span the
typical parameter spaces for GW applications is of order
O(107). Using the fact that M4, is Hermitian, we need
N(N —1)/2 complex numbers to store the off-diagonal
elements and N real numbers for the diagonal elements.
Assuming that each real number is stored with ng bytes, the
memory required to store M ,p is’

N ng

2
Memory(MAB) = Nan =80 GB <1—05> <@) . (21)

Therefore, in current computers, examining more than a
few tens of thousands of waveforms at a time is unfeasible,
and we will not be able to analyze the entire parameter
space at once. Motivated by this issue, we have developed a
multistep approach summarized in Algorithm 1. We con-
struct a first ROB for a set tolerance with random wave-
forms. Then, we calculate its orthogonal space and obtain
the corresponding ROB, which we add to the original ROB.
We repeat this process iteratively, reducing the tolerance at
every step. The equivalent to the matrix M 45 of Eq. (11) for
the orthogonal space to the basis {e,}"_, is

MES® = (hn = B3O%. iy = %)

- <hA - i(ec, haYec, hy — i:(ed’ h3>ed>

c=1 d=1
n

= <hA7hB> _Z<hAveC><eC7hB>‘ (22)

c=1

We observe that the same formulas and reasoning of
Egs. (11)—(21) apply to the space orthogonal to the ROB if
we make the identification sy — hy — hX9B. To find the
minimum number of elements that have to be added to the
ROB to reduce the error below the set tolerance o, we use
Algorithm 2, where we iteratively subtract the contribution
of the eigenvalue that produces the largest drop in any
OroB.4» according to Eq. (20), until ogop 4 < o for all A.

The process of diagonalizing the matrix M 45 of Eq. (11)
and finding the eigenvalues in the waveform domain using
Eq. (15) is equivalent to performing singular value decom-
position (SVD) on a set of waveforms {4 }_,, which has
been previously used in the literature for the reduced order
modeling of GW waveforms (see Refs. [34,35]). However,

1 GB = 10° bytes = 8 x 10° bits.

Algorithm 1. Construction of reduced order basis.

1: Input: Maximum number of waveforms selected N,
tolerances of each step [0y, ..., 6,], maximum number of
waveforms computed per step [Ny 1. ---» Niim.s]

2:  Generate N waveforms {hy})_,

Compute the matrix My = (hy, hg)

4: Diagonalize M ,p to obtain eigenvalues 1, and eigenvectors
Eyp

5: Input {cg, {hs}\_,, 4. Esp} in Algorithm 2 to obtain initial
ROQ basis {e;}°,

b

6: for j=1- s5do

7: repeat

8: Generate Ny, ; waveforms {h, }2’1"‘1’ and compute
their ROB error ogrop 4

9: Select the N waveforms {h, }\_, with largest orop

10: Save the minimum value of oo for the selected
waveforms: 6roB min

11: MEQ® = (ha, hg) = 37001 (hasec) (e, hg)

12: Diagonalize ME9B and obtain eigenvalues 1,4 and
eigenvectors E p

13: Input {c;,{hy—hR°B}Y_ | ,14,E4p} in Algorithm 2
to obtain next ROQ basis elements {e,»}?;nj_I +1

14: until orop min < 0

15: end for

16: Output: ROB {¢;}",

we follow the procedure outlined in this paper since it has a
few numerical advantages. Namely, if we have waveforms
with a number of sampling points M, storing them will
require 2M Nng bytes, which in the usual case that M > N,
will be much larger than the memory needed to store M 45
[Eq. (21)] and we will be even more limited in the number
of waveforms we can analyze at once. Moreover, if we are
studying the ROB of the space orthogonal to {e,}_,,
our algorithm is equivalent to computing the SVD of the
orthogonal part of the waveforms {h, — h59B}Y_, . Finding
this orthogonal part is, in general, a computationally

Algorithm 2. Selection of eigenvectors.

1: Input: Tolerance o, waveforms {h4}Y_,, eigenvalues A4,
and eigenvectors E,p of the matrix Mg = (hy, hg)

2: Initialize O\l {O'A = <hAa hA)}X:]

3:  Compute the maximum contribution of each eigenvector
{5O-A.max = AAm%X‘EBAF},[X:l

4: Find order of 664 max: {Bu}Y_; = argsort(66 5 max)

5 n=N

6: Trepeat

7: Compute current error {6, < 04 — Ag |Eap [*})_,

8: n—n-1

9: wuntiloy <o VA=1,....N

10: Output: Eigenvectors in waveform domain

{erl) = = Th s}

k=n
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expensive process that can be avoided if MROB is obtained
using Eq. (22). Since we are going to select n,., < N
eigenvectors of MR9B, we can just compute the orthogonal
projection of their corresponding eigenvectors in the wave-

form domain at the end of the algorithm.

B. Empirical interpolation model

Writing a given template in the form of Eq. (19) will not
save computational cost, since one needs the full waveform
hy(x) to compute the inner product (A, eg). To avoid this,
we approximate the inner products (h(ﬁ), e;) by some
coefficients c,-(z) that will, in general, be functions of the
parameters of the waveform 7 (e.g., for a CBC this would
be masses, spins, inclination, and coalescence phase). The
approximate waveform can then be written as

n

LR (x, 2) = > ci(A)e;(x). (23)

i=1
We force the approximation to be exact at some
interpolation nodes {X;}" |,

n
-

LIR(X ) = h(X; ) =Y ei@eilX;).  (24)

i—1
This is what we define as an interpolant. If we identify the
martrix

Aij = ej(xi)’ (25)

and take the number of interpolation nodes m to be equal to

the number of basis elements 7, then A is a square matrix
that we construct by choosing the interpolation nodes

{X;}}_;. Assuming that we construct A to be invertible,

we can solve Eq. (24) for ¢;(4) in the following way:
ci(2) =Y (A™);h(X;.4). (26)
=1

-

We therefore observe that the value of ¢;(4) will just be a
linear combination of the values of the waveform at the
different interpolation nodes {X;}"_;. In practice, the func-

tions /(x) and the ROB elements {e;(x)}" , are discretely
sampled in a setof points {x; }?2 |, and we can define the matrix

V=l[e,...,eé, eCch, (27)

where &, = e, (X) € CM. From Egq. (25), we observe that the
matrix A can be written in terms of V as

A=PVecrn, (28)

where the matrix P € CM*" is a projector that selects the rows
of V corresponding to the interpolation nodes. That is,

Paj = 5(1/}]-7 (29)

with {f; %y as the indices of the interpolation nodes (i.e.,
xp, = X;). In terms of these matrices, the empirical interpo-
lation model (EIM) can be written as

1,[h] = V(PTV)"1PTh, (30)

which is an interpolant because P1, [ﬁ] = P'h. In terms of
the matrix V, the ROB representation of his given by

WO = VVTh. (31)

Note that, even though the basis elements ¢, are ortho-
normal, and therefore VIV = 1,,,, since the matrices are
not square, we have that, in general, VVT # 1,4 From
Eqgs. (30) and (31), we can explicitly see that the EIM acting
on a waveform in the ROB space will have no effect. That is,

A A

1,[R5%) = V(P V)7 T (VU h) = V(PT0) (PHD) VR
= VVth = "8, (32)
This can be used to relate the representation error of the
EIM with the representation error of the ROB. Computing

the modulus of the difference between the exact waveform
and its EIM representation, we obtain

- )

o (h) = |1 = L[R)||* = ||[1 = V(PTD)~1P1)h)?
PHOY P (h - RO

[
< |1 = V(@) P3| IR - BROP, (33)
— —

oros (/1)

where ||-||, denotes the matrix two-norm, which is given by

. MX
1], = max P
TRl

=V /?'max(MMT)’ (34)

where ||%|| is the usual vector norm and A, (M' M) denotes
the maximum eigenvalue of M'M. Since V(P'V)~'P" is
idempotent, that is (V(PTV)~1P")2 = V(PTV)~' P, and it
is different from O or the identity 1, it follows that [36]

Amax (M B

1= V(PTV) Py = |V(PTV) P, (35)
Furthermore, since V'V =1,,, and PTP = 1,,,, from

the definition in Eq. (34) of the matrix two-norm, we have
that

V)P = [[(PTV) 7|, (36)
Substituting in Eq. (33),

UEIM(}_i) < ||(pT‘A/)_1||%6ROB(ﬁ> = ”A_IH%GROB(;;)‘ (37)
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Using the definition of the matrix two-norm of Eq. (34), we
have that

JAT 3 = A (A™)TAT) = A (A1) 1A
an 1
= Apax (AATN) ™) = —————| 38
(A1) = e (38)
and we can rewrite Eq. (37) as
7 O'ROB(E)
h) £ ————=i~. 39
O'EIM( ) — lmm(AAI) ( )

Therefore, given a maximum error of the ROB, the error
of the EIM model is bounded from above by Eq. (39).
To make this bound as stringent as possible, we could
maximize the smallest eigenvalue of AAT, Using the

definition of A from Eq. (28), we can write

n
(A1), = Y eXei(X)) = (7.7).  (40)
k=1
where we have defined the vectors {(7;), = ex(X;)|k =
1,..., n}fi | as the rows of 1% corresponding to the inter-
polation nodes X;. We then observe that AAT is the same as
the scalar product between the corresponding selected rows
of V.

If the vectors 7; were orthonormal, we would obtain that
(AAT) = 0;j, and therefore Amin(AAT) =1 and the EIM
would not introduce additional error over the ROB.
Selecting n orthonormal rows of V is, in general, not
possible; however, we can try to minimize the EIM error by
picking rows that are as close to orthogonal as possible
using Algorithm 3.

We observe that Algorithm 3 is equivalent to picking
the EIM nodes that maximize the determinant of AA", since

det(AAT) = det(A) det(AT) =

11657 (41)
=1

| det(A)[?

Algorithm 3. Selection of interpolation nodes.

1: Input: Evaluated basis {¢;}",

2:  Define row vectors: {7, = {e;(x,)}" M

3: Initialize orthonormal base (OB) of columns OB = {w b
4: [Initialize the norm of the orthogonal part of 7, to OB:

{No = 7al* Yol

for j=1—-ndo
Choose vector with largest N,: f; = argmax(N,,)
Append v Up, to OB using the Gram Schmidt process
Update N,: {N, < N, — |(w;, T,)|}}L,

end for

10: Output: EIM interpolation nodes {f;}/_,

AN

Algorithm 3 does not directly maximize the minimum
eigenvalue of AA". However, based on the expression for

the determinant of AA",

det(AAT) =

H iy (42)

to maximize it, the values of the individual eigenvalues
have to be large, and thus, the output of the algorithm is
near to the minimum of ||A~'||3. When compared to the
greedy algorithm typically used in the literature (e.g.,
Refs. [18-21]) to compute the interpolation nodes, we
observe a superior performance of Algorithm 3, as we will
later discuss in relation to Fig. 1.

If we wanted to create an EIM with a tolerance
smaller than o, from Eq. (39) we could, in principle, just
construct a ROB with a tolerance better than A, (AA")6.
However, in real settings, we observe that Eq. (39) is a loose
upper bound on the EIM error, and we can obtain an EIM
with a tolerance better than ¢ using fewer basis elements.

Instead of bounding ogp(h) using the inequality of
Eq. (33), we can refine this expression by doing

oena(h) = [|[1 = V(PTV) 1 PH](h — B*P)|

= [l = KPP 4 [V (PT9) P (= 5P

= oxon(h) + [ (PTV) P (= H")|%. (43)
where we have used that V'V =1 and that the EIM
projects the waveform onto the ROB, and therefore
(V(PTV)1 P (h = hR9®), h — i*°®) = 0. From Eq. (43)

we have that the EIM error is always larger than or
equal to the ROB error. We also observe that for the

bound of Eq. (39) to be saturated we need P’ (}_i - ZROB) to

be the eigenvector of ATA with the maximum eigenvalue,

which is extremely unlikely in general. To explore this, we

7ROB

assume that /1 — h = 6h is a random variable, such that

E[6hy0hs] = COup. (44)

where E[-] denotes the expected value (i.e., the average over
random waveform realizations). Using Eq. (44), we com-
pute the expected value of ogpy as

Z[E&h*éh
DB
Ca+zzcﬁk “ul?

A—1,2
I (45)

G EIM

JE[61, 5hy ]

I
Ma

1

<
Il

I
M=

Cot A

5}
Il
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10°
5 —— Greedy (]|A7}[|3 = 463016)
A 10t —— Orthogonal (||A~1]]3 = 123208)
8 —— Frobenius (]|A~!||2 = 58531)
% 1072 —— Training (J|A~1]|2 = 66602)
Ju —— ROB error
c —_
5 1073
2
2 1074
G
c
2 10°°
19)
©
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10-6 l—,H ‘
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o
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< 10*
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o
3 102
1S
=
z
10t
10° i ‘
10° 10! 102 103 104 10° 108
Okim/Oros
FIG. 1. Comparison of methods to compute the EIM for the

256 s IMRPhenomPv2 ROB of Table I. We test the different
EIMs on the same 10° samples randomly drawn from the
parameter space over which the ROB is generated (see Table I).
The “greedy” method is the one outlined in [19], the “orthogonal”
method stands for Algorithm 3, the “Frobenius” method corre-
sponds to using Algorithm 4 to minimize ||A~'|, and the
“training” method is the one used to construct the EIM of Table I
with Algorithm 5. Upper: fraction of samples with an EIM error
larger than a tolerance ¢ as a function of . For comparison
purposes, we also show the distribution of the ROB error. Lower:
histogram of the ratio between the EIM error and the ROB error
for the same methods and test samples as in the upper figure. The
vertical dashed lines represent an upper bound, defined by the

value of ||A~!|3 for each method.

where A is the matrix

~ 1 1

Akl = Akl =
VB VB

ei(xg,); (46)

such that (A™") . = /¢ (A™"),, and || - || is the Frobenius
norm, defined as

11]p = [D>DIMu* = \JTe{81'd1}. - (47)
k=1 =1

Therefore, to optimize the EIM such that the expected
value of ogpy 1S minimum, we want to minimize the value

. 2] . .
of the Frobenius norm of A . Using the properties of the
trace, we can rewrite it as

(48)

To minimize the Frobenius norm of A we can start from
the EIM given by Algorithm 3 and allow the interpolation

nodes to “walk” in the direction of diminishing ||121_1 Il as
outlined in Algorithm 4.

The time complexity of Algorithm 4 is O(N,gunas?NF ),
where Ny denotes the number of operations required to

- -

compute F(f3). Given that our target function is F(f) =

||;\_1|| p» one could naively expect that, based on the size
n x n of the matrix A, directly inverting it would take O(n?)
operations, and therefore the time complexity of Algorithm 4
would be O(N,gungs*). This can be computationally very
expensive even if n < M. However, updating the value of
|A™!|| > when only one row of the matrix changes can be
done in O(n?) by following the procedure in the Appendix,
and we can implement Algorithm 4 with target function

F(E) = ||1f\_1 ||  in a way that takes O(N unasn’ ) Operations.
Even though Algorithm 4 is considerably better than the
greedy algorithms used in the literature, as we will later

Algorithm 4. Selection of interpolation nodes to minimize
target function of the EIM F(-).

I:  Input: Maximum number of rounds Ny, initial
interpolation nodes f, function to be minimized F(f3).

2: for j=1— N,y do

3 for k=1—-ndo

4: for 6 in [-1,1] do L
5: Copy interpolation nodes: ﬂ/ =p
6: repeat

7 Test new EIM: S < f, + op

8: it F(f) <F(p) then
9: Update reference EIM: f « Vs
10: end if -

11: until F(5') > F(p)

12: end for

13:  end for

14: if {#;}", did not change this iteration then
15: break for loop

16:  end if

17: end for

18: Output: EIM interpolation nodes {f;}",

123025-8
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discuss in relation to Fig. 1, it can still be improved by
training the EIM directly on the waveform data. For this
purpose, we assume that we have an initial ROB {¢;}"_,
with a corresponding EIM that can be computed with, e.g.,
Algorithm 4. We want to update this EIM to better fit a
training set of waveforms {h,}Y_,. We first generate a
ROB for the part of the training set orthogonal to the initial

ROB (% — #*°®), which can be done by diagonalizing the
matrix of Eq. (22). Analogously to Eq. (19), we can write

"ROB

Z /IBE 3”37 (49)

where 1, and E,p are the eigenvalues and eigenvectors of
the matrix MROB defined in Eq. (22) and iip represent the
eigenvectors in the waveform domain. Substituting Eq. (49)
in the expression for ogyy derived in Eq. (43), we obtain

= )
oemva = ||ha — L[4

N 2
> Vg Ejyiig
B=

2

N N
+ 37N Vagh EigEacliic. s).  (50)

where we have defined

wg = (PTV)"1Pliiy. (51)

From Eq. (50), we can compute the sum of all the EIM
errors of the waveforms in the training set. That is,

N
OEIm = ZUEIM,A = 233(1 +
B=1

V)~ Pliig|?)

Wg. Wp))

Ap(1+ | (PF

I
=L

1

= T

By

A

~ ) dg(1+ [(PTV) 7 Pliig|?). (52)

B=

where we have used that £, is unitary and that the matrix
MROB will usually have a small number of large eigenval-
ues, with the rest of the eigenvalues close to 0. Therefore,
we can truncate the sum to be made only over the largest n;

eigenvalues and obtain a very good approximation of {5y

To minimize the value of 65}, we follow Algorithm 5, in

which we start with an EIM and perform walks around the
initial solution in the direction of diminishing ofS),. For
the initial solution, we will use the EIM generated by

Algorithm 4 with target function F (/3 ) ||A || - Since we
want to fit {h, }Y_,, following Eq. (44), the weights ¢, of
Eq. (46) are

N

1
=52 haa = W3O

A=1

N N N
l Z Z Z VAsAc EApEactuc 4Up.a

A=1 B=1 C=1
N 1 n;
—Z B|MB,(1|2NNZ/13|”B.(1|2, (53)
B=1 B=1

where we have once again used that £, is unitary and that
the sum can be approximated by taking only the largest n,
eigenvalues. In Algorithm 4, using o5}, as target function,
the value of o9y, can be efficiently updated with O(nn,)
operations, as described in the Appendix. Therefore, using
Algorithm 4 to walk around an initial solution minimizing
o, will require O (N oungsn>n;) operations.

In Fig. 1, we show for the 256 s IMRPhenomPv2 ROB
listed in Table I a comparison between Algorithms 3-5
proposed in this paper, the usual greedy algorithm used
in the literature, and the lower bound imposed by the
ROB error. We show only the analysis for the 256 s
IMRPhenomPv?2 basis of Table I, but we find similar results
for all the other cases in Tables I and II. In the upper panel
of Fig. 1 we show the fraction of points with an EIM error
larger than a tolerance o as a function of 6. Comparing the
methods, we observe that the training one (Algorithm 5)
outperforms the others, which is expected since it has been

= E[Shzh,]

2

2

Algorithm 5. Selection of interpolation nodes trained on a set
of waveforms {hs}_,.

1: Input: Evaluated basis {¢;}",, maximum number of rounds
Niounds» 1, €igenvalues Ap, and eigenvectors in waveform

(ha = B3y = B).

2:  Compute weights: ¢, = > % | Azlupq|*
3: Compute weighted basis:

M n
{wilr B b, = {{ata 7
Get initial EIM f inputting {w;}/_, in Algorithm 3
5: Update f using Algorithm 4 with maximum rounds N quu4s
and target function F(§) = ||/~1_1
6:  Update ﬁ again with Algorithm 4 with maximum rounds

domain iig of the matrix MXOB =

F» Where A;; = w;(xs)

: 2\ tot ot __
NmundS and target function F(ff) = o9y, where ojgy,=

L Ap(1H200 D00 (AT ),j“B,ﬁj\z) and A;; = e;(xp,)
7:  Output: EIM interpolation nodes {f;}7_,
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TABLE L. Summary of the reduced bases constructed with EigROQ for the IMRPhenomPv2 waveform model. We limit the mass ratio
1 < ¢ <8, the magnitudes of the two spins —0.8 <y; <0.8 for i€[l,2], and the full range for the spin angles
(0,0) < (0;,ay) < (7, 27x). For the first base (Af = 0.25 Hz) we extend the coverage in spins to —0.88 < y; < 0.88. For the creation
of all the bases, we run EigrOQ with the same configuration. In Algorithm 1, we set the maximum number of waveforms selected
N = 20000, tolerances of each step o; =[107',1073,1073], and maximum number of waveforms computed per step
Niim.; = [10%,3.16 x 109]. In Algorithm 6, we set N = 107, 6 = 107>, Ny, = 107, and the maximum number of eigenvectors used
n, = 5000, except for the 256 s basis, where we set 1, = 4000 due to memory limitations. The bases are tested on 107 randomly
generated waveforms in the same parameter space on which the training was done. The “Theoretical” speedup has been computed with
Eq. (56), while the “Empirical” speedup is the median and 90% credible interval of the corresponding points in the upper panel of Fig. 5.

Frequency range (Hz) M. (My) Basis size Test set 6g max Test set oy > 107 Likelihood speedup
Min. Max. Af (Hz) Min. Max. Linear Quadratic ~ Linear Quadratic Linear Quadratic Theoretical Empirical
20 1024 1/4 123 45 242 194 1.00x 1073 1.09 x 107* 31 19 9.2 3_73%_-2
20 1024 1/8 793 1476 369 294 491 x107* 1.46x107* 55 31 12.1 7,1jg:17
20 2048 1/16 5.14 9.52 493 389 6.85x 107 572x107* 110 59 36.8 22,3j(1)f
20 2048 1/32 335 6.17 631 438  6.88x107*5.83x10™* 98 75 60.7 38.1f8ﬁ
20 2048 1/64 218 4.02 848 407 1.51x1073571x10™* 103 71 1034 65749
20 4096 1/128 1.42 2.60 1315 306 6.4x 107 2.46 x 1073 83 50 321.9 232.3f§:8
20 4096 1/256 0.95 1.72 2196 300 1.43x107* 6.32 x 107 69 28 418.1 350,7j;‘79:§
TABLE II. Summary of the reduced bases constructed with EigroQ for the IMRPhenomXPHM waveform model. We limit the mass

ratio 1 < ¢ <4, the magnitudes of the two spins —0.8 <y; <0.8 for i€[l,2], and the full range for the spin angles
(0,0) <(0;,ag) < (7,2x). For the creation of all the basis, we run EigRoQ with the same configuration. In Algorithm 1, we set
the maximum number of waveforms selected N = 20000, tolerances of each step o; = [10‘2, 1073, 10‘4], and maximum number of
waveforms computed per step Ny, ; = [10°,3.16 x 10°]. In Algorithm 6, we set N = 107, 6 = 107%, Ny,, = 107, and the maximum
number of eigenvectors used n; = 5000. The basis are tested on 107 randomly generated waveforms in the same parameter space on
which the training was done. The theoretical (Th.) speedup has been computed with Eq. (56), while the empirical (Emp.) speedup is the
median and 90% credible interval of the corresponding points in the lower panel of Fig. 5. For the empirical speedups, we show the
values both without (Emp.) and with (MB) the IMRPhenomXPHM multibanding option enabled [37].

Frequency

range (Hz) M. (Mg) Basis size Test set ogy max Test set o > 1074 Likelihood speedup
Min. Max. Af (Hz) Min. Max. Linear Quadratic =~ Linear Quadratic Linear Quadratic Theoretical Empirical MB
20 1024 1/4 55 110 303 195  3.67x 1072 247x 1072 119 86 8.1 32402 14703
20 1024 1/4 35 66 339 192 695x1072 247x 102 115 64 76 45T 1783
20 1024 1/4 26 42 328 204 957x107% 1.04x 1072 84 21 7.6 6.151 % 2.270¢
20 1024 1/4 18 33 348 201  1.80x 1072 1.32x 102 70 19 73 7.8104 26707
20 1024 1/4 12 20 371 264 1.18x 1072 1.03x 103 67 16 6.3 7.570% 31707
20 1024 1/8 10 15 491 386 432x1073 439x 104 50 6 92 111133 4312
20 1024 1/8 86 118 505 435 933x 1073 1.96x 10-4 48 3 85 105103 48708
20 2048 1/16 51 9.6 868 942 295x 107 2.38x 1073 56 11 179 246777 4853
20 2048 1/32 335 617 1539 1826 9.62x 1074 2.53x 104 46 1 193 276000 4678
20 2048 1/64 218 402 2924 3636  6.37x 107 2.68x 104 19 7 198 286707 4247

trained on the waveform data to reduce the EIM error. The
worst performer is the greedy method, since it induces the
largest EIM error in all cases tested. We also observe that
the Frobenius method, which uses Algorithm 4 to minimize
|A=Y|| ., induces the smallest EIM error among the algo-
rithms that do not train on waveforms, which could make it
more robust against overfitting.

In the lower panel of Fig. 1, we show the ratio between the
EIM and the ROB error for the same methods and test samples

as in the upper panel. We observe that this ratio is in the range
1 < op/oros < ||A™'13, as was derived in Egs. (37) and
(43). In general, we observe that the EIM errors obtained with
the different methods are always considerably below the
upper limit imposed by Eq. (37) (6gm/oros < [[A713).
This is expected, since to saturate this upper bound we need
PT(h = h*®) to be the eigenvector of A*A with the maxi-
mum eigenvalue, which is hard to get in practice. We also
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observe that the training method is almost optimal since most
samples are close to the lower bound of ogp/orog = 1. In
contrast, most of the samples for the methods that do not
involve training on waveform data concentrate at values of
oem/0ros & 10°. This is probably because, when we train
on the waveform data, we are selecting an EIM that avoids
coincidences between P* (ii — ﬁROB) and eigenvectors of ATA
with large eigenvalues.

C. Construction of the ROQ

In this section, we describe how we use the methods of
Secs. IIT A and III B to create, in an efficient way, an EIM
that fits a waveform model over a parameter space with a
tolerance better than o.

We obtain an initial ROB {¢;}"_, using Algorithm 1 and
construct its corresponding EIM with Algorithm 5, where
the set of training waveforms is the {/4 }}\_,, selected in the
last step of Algorithm 1. We add elements to this initial
ROB following a similar philosophy to that of Algorithm 1,
in which we generate Ny, random waveforms, compute

Algorithm 6. Enrich ROB to construct an EIM under tolerance.

1: Input: Initial ROB {¢;}/ | and EIM {f;}" |, maximum
number of waveforms selected N, tolerance ¢, maximum
number of waveforms computed Ny;,,, maximum number of
eigenvectors used 7,

2: repeat

3: Generate Ny, ; waveforms {/, }2":1/ and compute their
EIM error oy 4

4: Select the N waveforms {4 })_, with largest ogpy

5: Save the minimum value of oy, for the selected
waveforms: ogp min

6: MEQ® = (has hg) = 3200 (hasec)ec, hp)

7: Diagonalize MROB and obtain eigenvalues 1, and
eigenvectors E,p

8: Compute the n; normalized eigenvectors in waveform

o 2. =
domain with largest 664 max = 44 n};ax|EAB\ RNy

9: repeat
10: Compute the maximum contribution of each
eigenvector to Ogpa:

{56§¥Max = (1 + H(ISTV)_IISWBHZ)maXB\EBA|2}ff:1

11: Find largest 565w : Agel = argmax (o, )

12: Add the corresponding eigenve/étor to the ROB:
{eti, < {eki, u{ia,}

13: Remove the selected eigenvector from the
eigenvector list: {iig )y « {ia}y \{ia }

14: Input {&;}7_ |, Nyounds> {4 }y—; and their

corresponding eigenvalues {14 },", into Algorithm 5 to
obtain a new EIM {f;}-,.

. H new N
15: Find new error of selected waveforms {ofiy 4 }i_,
. 7 new
16: until max, ogpy 4 <0

17: until OEIM.min < O
18: Output: ROB {e;}"

their EIM error ogpy, and select the N waveforms with
largest EIM error for further study. Again, we want N to be
as large as allowed by the memory [see Eq. (21)]. We then
compute the matrix ME9B for the N selected waveforms,
find its eigenvalues Az and compute the n; < N most
relevant eigenvectors in the waveform domain {iig}y ;.
where the value of 7, is again limited by the memory of the
system. We iteratively select the eigenvector with the
largest contribution to the EIM error, add it to the ROB,
and construct a new EIM with Algorithm 5 until all N
waveforms are fitted with a tolerance better than the
required one. The process is summarized in Algorithm 6.

IV. CODE VALIDATION

In this section, we aim to quantify and assess the validity
of the ROQ basis obtained using the algorithm described in
Sec. III. For that matter, we would like to evaluate the
accuracy of the different bases in reconstructing the original
waveform as well as the speedup gained. First, in Sec. IVA
we describe the bases to be tested and compare them with
examples found in the literature, in Sec. IV B we show the
results of two statistical tests for the various bases, in
Sec. IV C we comment on the theoretical and empirical
speedups using the ROQ, and finally in Sec. IVD we
compare the results of doing a parameter estimation
analysis with the standard and the ROQ likelihoods.

A. Basis generation and comparison
with other ROQ methods

In this section, we describe how we generate the bases that
will be used for testing and parameter estimation. We construct
bases for both IMRPhenomPv2 [27] and IMRPhenomXPHM
[28]. Both waveform models take into account the effects of
spin precession and IMRPhenomXPHM also includes higher
order mode GW emission.

For IMRPhenomPv2 we generate the bases listed in
Table I, covering a chirp mass (M) range between 0.95M o
and 45M 4. Given that integration is performed from a low-
frequency cutoff of 20 Hz, we find the bases’ duration
ranging from 256 to 4 s. For IMRPhenomXPHM, we
generate the bases listed in Table I, with chirp masses
ranging between 2.18M and 110M and corresponding
durations between 64 and 4 s from 20 Hz. We show in
Fig. 2 an example of an IMRPhenomXPHM waveform and
its corresponding empirical interpolant. More specifically,
the upper panel shows the real part of the plus polarization
Re(/. ) and the lower panel shows its square |7, |? in the
frequency domain. The corresponding interpolation nodes
and empirical interpolant are shown to visually confirm the
goodness of the fit to the original waveform. The param-
eters of the template are shown in the caption of Fig. 2 and
are selected so that the quadratic EIM error is equal to the
median quadratic EIM error over the testing set of wave-
forms of the basis of Table II covering M €[10, 15]M,.
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Re(h ) [Hz1]

—— Original Waveform
fffff Empirical Interpolant
Interpolation Nodes

102 103
f[Hz]

FIG. 2. Example of an IMRPhenomXPHM template and its
empirical interpolant. Upper: we show the real part of the plus
polarization of the template Re(/.,) as a function of the frequency.
Lower: we depict its square |/ |>. We superimpose in each panel
the corresponding interpolation nodes and empirical interpolants
as defined in (24). The template shown has M = 13.6M,
q =261,y = —0.011[38,39], ¥, = 0.208 [40], and inclination
angle 1 = 61.6°. Using the ROQ basis of Table II covering
M e 10, 15]M, we have linear and quadratic EIM errors of

oEIM — 126 x 107 and 6EIM = 6.06 x 1078, respectively.

We can observe how both the linear and quadratic parts
have a complicated dependence on frequency, coming
from the interference of the higher order modes with
the main (2,2) mode. This is the principal reason for the
larger number of linear and specially quadratic elements
when comparing the basis of IMRPhenomPv2 and
IMRPhenomXPHM.

The 4 and 8 s basis of IMRPhenomPv2 and
IMRPhenomXPHM are directly comparable with those
published in Ref. [21] computed using PyROQ, since they
cover the exact same parameter space and frequency range.
We observe that the number of basis elements in PyROQ and
EigROQ is generally similar and we expect it to be smaller

than that of a comparable basis constructed with GreedyCPP.
However, the number of test points over the set tolerance is
about an order of magnitude smaller in our bases than in the
PyROQ ones.! We attribute this improvement to the way we
approach the minimization in the error of the empirical
interpolant. In the PyrROQ algorithm, it is implicitly assumed
that once a template is below the tolerance it will remain
like this throughout the computation, which would be true
if the EIM error were monotonically decreasing. This,
however, is not true, in general, as adding new templates to
the base can deteriorate the fit and, in particular, it can bring
some of the waveforms that were under the tolerance, back
over tolerance. The fact that this is happening can be
explicitly seen in Ref. [21] because the maximum EIM
error in the training set is over the tolerance. To alleviate
this problem, we simultaneously use the N waveforms with
initially more EIM error, even if some of them are already
below tolerance.

We have also extended the parameter space of the ROQ
bases with respect to those computed by PyrOQ in Ref. [21],
with durations up to 256 s for IMRPhenomPv?2 and 64 s for
IMRPhenomXPHM. Doing this in PyROQ is computation-
ally challenging since finding the template with the
largest associated EIM error requires the recomputation
of the waveforms in the training set many times. With our
methods, this is no longer the case, as we only need to
compute any given waveform once. This allows more
complex case studies to be feasible.

B. Statistical tests

In this section, we perform two different statistical tests
to check the faithfulness of the ROQ basis in gravitational
waves inference, a likelihood test and a percent-percent
(P-P) test.

The likelihood test consists of a comparison of the log-
likelihood ratios evaluated using the standard waveform
with those obtained using the ROQ approximation. The
log-likelihood ratio is defined as the ratio between the
likelihood of Eq. (2) and the likelihood of the noise
hypothesis (4 = 0); that is,

L(d|h(6))
£(d0)

= (@ h@) - 5 (@), h(@).  (54)

log Eratio(d|9) = log

This quantity, which is just the likelihood of Eq. (2)
removing the constant part that only depends on the data, is
what we will be referring to as the log-likelihood throughout
the rest of the text. The log-likelihood is the crucial quantity
used in estimating the parameters of a given GW event,

*Note that while in Ref. [21] the bases use 10° points for
testing, we use 107 points.
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which is the ultimate end for which the ROQ is created.
We perform likelihood tests on the IMRPhenomPv2 and
IMRPhenomXPHM bases described in Tables I and II,
respectively, and show the results in Fig. 3. To obtain the
difference in the log-likelihood, we create a random reali-
zation of Gaussian noise and inject a waveform calculated
using the corresponding approximant. The injected wave-
forms’ parameters are randomly sampled from uniform
distributions whose boundaries are the respective ROQs’
ranges of validity. We use a fixed distance of 100 Mpc and
randomly sample the incoming direction of the GW from a
uniform distribution in the sky. We then compute the
standard log-likelihood and the ROQ log-likelihood using
the same injected waveform and compare them. What we
plot is the relative difference between both logarithms for a
total of 1.5 x 10° realizations. We see the maximum
discrepancy lies below 0.1 for every case considered here,
and the bulk of the samples lie below 1073

Given that the likelihood is the only signal-dependent
quantity that enters the computation of the posterior [Eq. (1)],
as long as the ROQ and standard likelihoods agree

IMRPhenomPv2
4 MI[M ¢ ] range
10 [0.95,1.72]
[1.42,2.6]
£ 10° 1 [2.18,4.02]
3 1 [3.35,6.17]
o 1 [5.14,9.52]
& o [ [7.93,14.76]
£ 10 3 (12.345.0]
=}
pd
10
100 M H
IMRPhenomXPHM
4  M[Mg]range
10 [2.18,4.02]
[3.35,6.17]
= 03 [5.1,9.6]
3 107 — [8.6,11.8]
o 1 [10,15]
& o [ 1[12,20]
£ 10 1 1833
5 1 [26,42]
< | [ [35.66]
10 [ [55,110]
10"l Jﬂ ..‘Iﬂ
10711 107 1077 105 103 107!
Alnc/inc

FIG. 3. Likelihood error tests for various M ranges. Specifi-
cally, we plot Aln£L/In L, that is, the fractional error of the
InL£ when calculated with and without the ROQ. Upper:
IMRPhenomPv2. Lower: IMRPhenomXPHM.

reasonably well, we can expect the PE posteriors with and
without the ROQ to be virtually the same. According to the
Wilks theorem [41] in the frequentist and large sample size
limits, the quantity —210g{L/L .} is distributed as a y?
with a number of degrees of freedom equal to the number of
parameters being fitted by the PE. In the case of a CBC, we
need 15 parameters to fully characterize the binary, although,
since the azimuthal spin angles and phase of coalescence are
usually so poorly constrained, in most cases the effective
number of parameters is reduced to 12. We then expect
log{L/ L} = —5.777¢, which is in accordance with most
of the GW observations, especially those with high signal-to-
noise ratio (SNR). Under the same model, the standard

deviation of log £ is 6, ~ \/Neg/2 ~ /6 ~ 2.4, where N
is the effective number of parameters. Therefore, as long as
the difference between the logarithm of the standard and the
ROQ likelihoods is much smaller than 6, ~ 2.4, we expect
the posteriors to be similar.

From Eq. (54), we observe that the likelihood ratio of a
GW signal will approximately be given by log £ ~ p?/2,
where p is the SNR. Therefore, the condition that A log £ <«
2.3 can be translated into a condition on the SNR,

log £
24 | ———, 55
p= Alog L (55)

which can be used to interpret Fig. 3 in terms of up to which
SNR we can trust the posteriors obtained when using the
corresponding ROQ. If we want the ROQ to be valid for
the analysis of larger SNRs, we can always decrease the
tolerance o with which we generate it, at the expense of
having more basis elements.

The second of the tests is the percent-percent plot [42,43].
P-P plots have been widely used in the literature [44] to
validate codes that perform Bayesian parameter estimation.
Therefore, we use the P-P plots to directly test the ROQ’s
faithfulness in its intended use. In this specific case, to
make the P-P plots shown in Fig. 4, we use the posteriors
probability density functions (PDFs) resulting from perform-
ing PE on 200 injections. The PE analyses are done using the
ROQ likelihood and the DYNESTY [45] sampler within the
BILBY [46] framework, and the injections use the same
waveform model for which the corresponding ROQ was
constructed. The priors of the PE and the distribution from
which the injections are drawn are the same and coincide with
the parameter space in which each ROQ basis has been
constructed. For the extrinsic parameters, we put priors that
are uniform in the sky and in comoving volume, going to a
maximum distance tailored for each chirp mass range to have
detectable signals.

In the P-P plots of Fig. 4 we show the fraction of
posterior PDFs for which the injected value of the param-
eter is found in a given confidence interval (C.I.) as a
function of that same confidence interval. We expect the
fraction of injected parameter values that fall into a
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FIG. 4. P-P plots performed with different ROQ bases as stated
in each subplot’s legend. We show here the result of 200
injections being drawn from the corresponding ROQ-compatible
prior, as stated in Tables I and II. The contours in gray delimit the
lo, 20, and 30 regions. We plot a line for every parameter that
uniquely characterizes a given CBC with consistent colors and
styles across subplots. The lines represent the cumulative fraction
of events.

particular confidence interval of the posterior PDFs to be
drawn from a uniform distribution. We can thus assign a p
value quantifying such claim [43], individually for each
binary parameter and jointly for all the parameters. The p
values are shown in the legends of Fig. 4. For all the P-P
plots shown, the cumulative distribution functions of the
majority of the parameters fall within the 3¢ regions,
leading to p values that are consistent with a uniform
distribution. The combined p values lie between 0.49 and
0.89, indicating that the posterior PDFs produced using
these ROQs are well calibrated.

C. Speedup analysis

The main purpose of the ROQ is to accelerate the
computation of the GW likelihood. To test how good it is
in this regard we perform a series of speedup trials shown in
Fig. 5. There are two quantities that we evaluate for the
benchmarking test: the waveform and the Gaussian log-
likelihood described in Eq. (2). The tests consist of timing
several calculations of both quantities for the standard case
and the ROQ case. The sets of parameters used as inputs are
drawn from uniform distributions with boundaries based on
the range of validity of the corresponding ROQ basis. The
ratio between the time for the standard method and the ROQ
is what we call the empirical speedup, where we use the
term empirical because we perform the actual likelihood
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FIG. 5. Speedup factor for the IMRPhenomXPHM (upper) and
IMRPhenomPv2 (lower) waveforms in the different regions in
chirp mass where the ROQ has been computed. We can differ-
entiate theoretical and empirical speedups. The empirical speed-
ups are calculated as the ratio between the time spent in
computing the waveform without and with the ROQ and are
plotted as triangles. Squares are obtained in the same way, but
employing the likelihood. In the IMRPhenomXPHM case, we
include the likelihood speedups with the multibanding option
enabled (circles) and disabled (squares). The theoretical speedups
are drawn as bars. The dashed bars represent the speedup when
array frequency duplications are accounted for, while solid bars
are for when they do not.

and waveform computations using PYTHON [47] and the
BILBY [46] framework. For IMRPhenomXPHM waveform
speedups, we disable the default multibanding [37], which is
used to speed up the full waveform computation by reducing
the number of frequencies the model is evaluated at and then
interpolates between them. Therefore, we disable this to test
if the model is linear with the number of frequencies at
which it is evaluated. However, for the likelihood test, we
compute the speedups both without and with multibanding
enabled, to explore real-world speedup gains.

In Fig. 5, we differentiate the speedups using triangles
for the waveform, squares for the log-likelihood, and in the
IMRPhenomXPHM case, circles for the log-likelihood
with multibanding enabled. We can also compare with
the theoretical speedups that are plotted as histogramlike
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bars in the figure. There are two kinds of bars, the solid
ones represent the quantity

L

theoretical speedup = N E NG
L Q

(56)

where L is the number of frequencies for the waveform
evaluation in the standard computation, and Ny, and N, are
the frequency nodes for the linear and quadratic ROQ bases
without factoring out repeated frequencies. This is the
theoretical speedup that is usually attributed to the ROQ
in the literature [20]. The dashed bars are the same quantity as
in Eq. (56) when the frequencies belonging to both the linear
and the quadratic interpolation list of frequency nodes are just
considered once, thus the notation L/Ny . In the ROQ
likelihood we need to call the waveform model only once at

the frequencies defined by {f,-}?/:,UQ = {F]-}?/:Ll U {]—"k}ﬁ{vfl,
asis done in BILBY. Therefore, L /Ny, will be the theoretical
speedup of the waveform evaluation if we assume that its
computation time is proportional to the number of sampling
points. For the IMRPhenomXPHM case, the difference
between Np, + Ng and Ny can be significant since there
are many repeated interpolation nodes at low frequencies.
The reason s that, in the low-frequency region, the amplitude
is larger and the waveform oscillates more rapidly than in the
high-frequency part. Consequently, the interpolation nodes
tend to concentrate at low frequencies, leading some of them
to coincide in the linear and quadratic ROQ. This behavior
can be seen in Fig. 2.

For M smaller than ~20M,, we see that the waveform
speedups are constant in the entire M range of a given basis
and are always close to the theoretical value of L/Ny .
This is in agreement with our expectations, since the
IMRPhenom models describe the inspiral in a way that
the computation time is linear with the number of sampling
points, and their implementation in LALSimulation [48]
being tested is written efficiently in C [49], with minimal
overheads. In the case of large M, above ~20M, the

TABLE III

waveforms start being dominated by the merger and ring-
down, the last two phases of a CBC, which are harder to
model, and the speedup of the IMRPhenom models is
smaller than the theoretical expectation. This can be due to
the waveform generation stopping above the ringdown
frequency, meaning that the model is evaluated at fewer
frequency points for high mass signals. Furthermore, when
the waveform uses sufficiently few frequency points, fixed
costs associated with calculating post-Newtonian and
phenomenological parameters of the model become impor-
tant. Therefore, as M increases, the trend of the waveform
speedup is to decrease until a value of O(1) is reached and
we have no speedup at all.

For the IMRPhenomXPHM likelihood speedups, we
show both the results with and without disabling the default
multibanding [37], which is used in the standard likelihood to
speed up the full waveform computation. We observe that
without multibanding IMRPhenomXPHM has a likelihood
speedup very close to the theoretical value. This is due to the
fact that the computation time of the likelihood is dominated
by the waveform evaluation, and the BILBY implementa-
tion of the ROQ likelihood only generates the waveform
once at the frequencies {f,-}?’:LIUQ = {Fj}ygl U {fk}ffgl.
However, when one includes the multibanding option, the
IMRPhenomXPHM is already internally being evaluated in
fewer frequency points, and therefore the speedup can be
significantly lower than the expected one, although it still
reaches median values that can be as large as 5 and which will
be noticeable in PE applications. Looking at the targeted
bases that are introduced in Table III, we observe that, in this
case, the speedup over the standard multibanded case can be
even larger, reaching a value of 29.21,¢ for the base targeted
at GW170817 [50].

In the IMRPhenomPv2 case, we observe that the like-
lihood speedup is significantly below the waveform speedup
and, therefore, also below the theoretical speedup. To
understand this discrepancy, we note that, for the standard
likelihood case, the computation time is dominated by
evaluating the waveform in all the required frequencies

Focused IMRPhenomXPHM bases for GW190814 (Af = 1/16 Hz) and GW170817 (Af = 1/256 Hz). We limit the

magnitudes of the two spins —0.8 < y; < 0.8 for i €[1,2] and the full range for the spin angles (0,0) < (8;, ay) < (x,2x). For the
GW190814, we limit the mass ratio ¢ < 16, while for GW170817 we limit it ¢ < 4. For the creation of the two bases, we run EigROQ
with the same configuration. In Algorithm 1, we set the maximum number of waveforms selected N = 20000, tolerances of each step
o; = [1072,1073,107%], and maximum number of waveforms computed per step Niimi = [10°,3.16 x 10°]. In Algorithm 6, we set
N =10° 6 = 107*, Ny, = 107, and the maximum number of eigenvectors used 1, = 5000. The theoretical speedup has been
computed with Eq. (56), while the empirical speedup is the median and 90% credible interval of the corresponding points in the lower
panel of Fig. 5. For the empirical speedups, we show the values both without (Emp.) and with (MB) the IMRPhenomXPHM

multibanding option enabled [37].

Frequency range (Hz) M. (Mgy) Basis size Likelihood speedup

Min. Max. Af (Hz) Min. Max Linear Quadratic Theoretical Empirical MB
20 2048 1/16 6.2 6.6 1090 816 17.0 216538 4875,
20 2048 1/256 1195 1200 1392 2007 152.7 151.8537  29.27,%
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and computing the overlap integrals of Eq. (2), both of which
will be proportional to L. However, for the ROQ likelihood,
the time to compute the waveform and overlap integrals is
significantly reduced since they are proportional to
Ni, + Nq < L. Given the fact that IMRPhenomPv2 is much
faster to generate than IMRPhenomXPHM, the computation
time starts to be dominated by fixed-cost operations, which,
for example, include computing the parameters of the
waveform models and finding the detector responses as well
as possible overheads.

To further explore this hypothesis, we model the com-
putation time of the likelihood as a coefficient multiplying
the number of frequencies being evaluated plus a constant
term that represents the fixed-cost operations. Since for
IMRPhenomPv2, Niug ~ N + Ng, we have

T=A-L+B, (57)

To compute the speedup, we divide Eq. (57) by Eq. (58),
obtaining

L+B

a(NL—f—NQ)—i—b’ (59)

f(L,N,No;B,a,b) =

where we have divided all the coefficients by A, which is not
expected to be 0. In Fig. 6, we show the ratio between the
empirical and theoretical likelihood speedups, together with
the best fit of our model in Eq. (59). We observe very good
agreement between the model and the data. From the fitted
values of B, a, and b, also displayed in the plot, we can
substantiate our hypothesis that the fixed-cost operations in

1.1 6.0
s Empirical IMRPhenomPv2
1.0 x  NitNo, L +983
0.9 L 0.998 - (N_+ No) + 668 5.5
g 0.8
=l 503
| 07 * g
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B=(9.8+8.8) 102 4.0
0.4 a=1.00+0.16
b=(6.7+2.0)- 102
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NL+ Nq

FIG. 6. Ratio between empirical speedup and the theoretical
speedup of Eq. (56), plotted as a function of the total elements of
the ROQ basis (N, + Ng) for IMRPhenomPv2. The color of the
error bars encodes the logarithm of the number of frequencies
where the waveform is evaluated in the standard computation
log L. In the inset, we show the functional form we fit, which
comes from Eq. (59), as well as the 1o uncertainty for the three
fitted parameters. We also plot as black crosses the results
obtained evaluating the best fit in the data points.

the ROQ likelihood is making the empirical speedup of the
IMRPhenomPv2 smaller than the theoretical value. We find a
value of @ = 1.00£0.16, and therefore, from Eq. (59),
we observe that, if the coefficients B and b describing
the fixed costs were zero, we would recover the theoreti-
cal speedup result. However, since we find a value of
b= (6.7+2.0) x 10>, the IMRPhenomPv2 speedup is
reduced with respect to the theoretical unless we have a very
large number of basis elements such thata - (N, + Nq) > b.

D. Application to GW events

We now perform four PE analyses [ 10] on three confirmed
GW events using the ROQ approximation. More specifically,
we use the IMRPhenomXPHM 16 s basis described in
Table II for the GW191129_134029 [51] event and the
IMRPhenomPv2 256 s basis of Table I for the GW170817
[50] event. For the other two PE analyses of GW190814 [52]
and GW170817 with IMRPhenomXPHM, in a similar spirit
to Refs. [22,23], we construct targeted ROQ bases with
narrow M ranges, listed in Table III. These bases are
centered on the search M value and have a narrow width
tuned to be larger than the expected chirp mass resolution.
Note that the bases have been generated using a factor of 10
times fewer waveforms than that of Tables I and I, since the
parameter space they cover is smaller.

The analyses use the ROQ likelihood and the DYNESTY
[45] sampler within version 2.1.0 of BILBY [46] and the
version 5.1.0. of LALSimulation. The PSDs employed were
estimated using BayesWave [53,54] and are those used by the
LVK Collaboration for the public analysis of the events. We
also include the effects of calibration uncertainties [55-57]
in the phase and the amplitude.

The first event we discuss is GW191129 134029
[51,58]. This is an event with Mdetector = 8 480007 .
so we can use the 16 s IMRPhenomXPHM ROQ basis. It
has a relatively big median network SNR of 13.1, allowing
us to put tight constraints on the parameters and better see if
any differences arise between the ROQ and the standard
posterior. We perform two BILBY runs with the exact same
configuration, one using the standard GW likelihood and
the other using the ROQ likelihood.

In Fig. 7, we show the difference between the logarithm
of the standard and the ROQ likelihoods, for the posterior
samples of the PE with the ROQ likelihood. This difference
corresponds to the ROQ error in the log-likelihood. We find
a 90% C.L. error of Alogl =0.07510%2]. Since
Alog L <« 1, we expect the posteriors with and without
the ROQ to be almost the same. Using that the log-
likelihood of this event is log £ = 84.21’2‘19, and the frac-
tional error in the ROQ log-likelihood computation is

8y = (9.1783) x 10*.° The distribution of errors is

>We define the fractional error in the ROQ log-likelihood
computation as §, = Alog L/ log L.
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FIG. 7. Difference between the logarithm of the standard
likelihood and the logarithm of the ROQ likelihood for the three
events analyzed.

centered at a positive value, as one would expect if the
waveform model were a good representation of reality,
since any error in the ROQ modelization of the waveform
would push it away from the true GW and, thus, to a lower
likelihood value.

In Fig. 8, we corroborate that, indeed, the posteriors
with and without the ROQ are similar by showing the
corresponding distributions for the detector frame chirp
mass M and the mass ratio g. We find a Jensen-Shannon
divergence [59] of 1.3 x 107* and 1.9 x 107#, respectively,
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Mdelector [ MO ]

FIG. 8. Posterior distributions for the mass ratio and M in the
detector frame for the ROQ and non-ROQ analysis of
GW191129_134029. The 90% credible regions are indicated
by the solid contour in the joint distribution and by the dashed
vertical and horizontal lines in the marginalized distributions.

robustly assessing the similarity between the distributions
with and without the ROQ approximation.

The second event we analyze is GW190814 [52,58].
This event was measured to have a chirp mass of
M =642;00°Mg and a very unequal mass ratio of
0.11591, which is below the mass ratios of g > 0.25
explored in the bases of Table II. Therefore, we create
a targeted ROQ base with 16 s of duration and a
chirp mass range from 6.2Mg to 6.6M for the
IMRPhenomXPHM waveform. In Fig. 7, we show the
ROQ log-likelihood errors of the posterior samples of
the PE performed using this targeted basis. We have that
Alog L = 0.034f8"8138, which is similar in magnitude to
that of GW191129_134029. Again, since Alog £ < 1, we
expect the posteriors with and without the ROQ to be
almost the same. However, for this event, the log-likelihood
is larger, at log L = 310.3¢ +02“_L§4'5, and therefore the
relative error in the ROQ log-likelihood computation is
smaller, at 5, = (1.17]7) x 1074,

The last GW event we analyze is GW170817 [50], the
event with the largest network SNR (~33) ever detected.
It was identified as a binary neutron star with M =
1.1976 53505 [60] and we use it to probe the longest of
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FIG. 9. Posterior distributions for the mass ratio g and the
inclination angle 6,y for the ROQ analysis of GW170817. In blue
we plot the IMRPhenomXPHM run and in green IMRPhe-
nomPv2. Three contours per run delimit the 1o (68.3% C.L.),
26 (95.4% C.L.), and 30 (99.7% C.L.) credible regions in the
joint ¢ — @, distribution. Note that the noncontinuous behavior
of the contours near the border is an artifact of the Gaussian
kernel employed in the drawing. This is expected whenever the
parameter is bounded and presents many samples close to the
border.
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our IMRPhenomPv2 bases with 256 s in duration as well as
a targeted ROQ using IMRPhenomXPHM for such long
signals. For our analysis, we make use of the public strain
data after noise subtraction [61]. In Fig. 7, we show the
ROQ log-likelihood errors of the posterior samples of both
PEs. For both cases, we do not expect the ROQ error to
significantly impact the posterior, since Alog £ <« 2.3. The
IMRPhenomPv2 PE has an order of magnitude smaller
ROQ error than the IMRPhenomXPHM case. This is most
likely the result of the IMRPhenomPv2 basis being con-
structed with a tolerance ¢ = 107, which is an order of
magnitude smaller than the tolerance ¢ = 10~ used in the
IMRPhenomXPHM case. In the IMRPhenomPv2 case, the
log-likelihood is 536.1 ﬁ_‘% and the corresponding fractional

erroris 5, = (—0.172%) x 107. In the IMRPhenomXPHM

case, we find a larger likelihood of 538,1f§‘"13, which is

expected since the higher order modes give more freedom
to the waveform to fit the data. The corresponding frac-
tional error is 8, = (0.577) x 10~*. Comparing the Bayes
factors of both PE runs, adjusted to have the same priors,
we find log B = 1.1 £ 0.3 in favor of IMRPhenomXPHM,
which can be taken as evidence for higher order modes in
the signal. This highlights the importance of considering all
physical effects of the waveform. To further make this
point, we show in Fig. 9 how the addition of the higher
order modes improves the determination of the mass ratio
and the inclination angle 8y, even for this low mass CBC
for which the higher order modes are harder to measure in
LIGO-Virgo [12].

V. CONCLUSIONS

In this paper, we have explored in-depth reduced order
quadrature methods applied to GW data analysis and have
presented novel algorithms to improve different aspects of
the ROQ bases’ construction. ROQ methods offer a signifi-
cant advantage by reducing the computational burden
associated with likelihood evaluations, especially for
long-duration waveforms and therefore can greatly speed
up parameter estimation analyses. Existing procedures for
constructing ROQ bases encounter challenges in approxi-
mating waveforms that include complicated features such as
precession or higher order modes. We present algorithms to
address these limitations by making use of SVD methods to
characterize the waveform space and choose a reduced order
basis close to optimal. We also propose improved methods to
select the empirical interpolation nodes, greatly reducing the
error induced by the empirical interpolation model.

We have demonstrated the effectiveness of our
algorithm by constructing multiple ROQ bases for the
IMRPhenomPv2 and IMRPhenomXPHM waveforms,
ranging in duration from 4 to 256 s. These bases have
been subjected to various tests, including likelihood error
tests and P-P tests, to validate their accuracy and trust-
worthiness for data analysis applications. The speedup of

these bases has also been empirically explored, confirming
that ROQ methods provide close to the expected reduction
in computational time compared to traditional likelihood
calculations.

Furthermore, we have performed end-to-end parameter
estimation analyses on several confirmed GW events. The
results provide compelling evidence of the algorithm’s
ability to generate ROQ bases that accurately represent
complex waveform models over both broad and targeted
parameter spaces. By directly comparing the posterior
distributions using the ROQ and standard methods and
understanding the log-likelihood error distributions, we
validate that our bases can straightforwardly be incorpo-
rated into current pipelines to produce precise and unbiased
parameter estimations in real gravitational wave detec-
tor data.

In conclusion, the algorithms introduced in this paper
represent a step forward in the quest to efficiently exploit
the capabilities of advanced gravitational wave detectors.
We improve upon previous ROQ construction algorithms
allowing for more efficient bases in regions of parameter
space that were previously inaccessible. As gravitational
wave astronomy continues to evolve, and the number of
events detected per year continues to grow, having fast and
accurate techniques to perform parameter estimation will
undoubtedly play a vital role in maximizing the scientific
potential of future observatories and advancing our knowl-
edge of the Universe.
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APPENDIX: FAST WAY TO UPDATE
IA~" ][> AND oitty;
In this appendix, we assume that we have the inverse of
the matrix A;; = ¢;(X;) and its Frobenius norm ||1f\_l I
defined in Eq. (47), and we want to compute the inverse and

Frobenius norm of the inverse of the matrix A;;, defined as

i#k
i=k, (A1)

which is just the result of changing the row k of A We
then use the fact that, from the properties of the inverse A;
we have

A &_l 51]
(AA )ij = n 2]
2o el(xﬂ;)(A

lj’

i#k

i=k (A2)

)leCj

Since the matrix of Eq. (A2) has such a simple structure,
it can be analytically inverted as

6 i#k

AL _ Cj . .

(AAT) )y =4~ i=kj#Fk  (A3)
1 i=j=k,

and we can use that A~ = ;\_1(2\2_1)‘1 to show that

j#k
j=k

(A4)

We observe that this way of computing the inverse will
require O(n?) for computing ¢; with Eq. (A2) and also
O(n?) operations to update each element of Al using
Eq. (A4). So the total number of operations will be O(n?),
much smaller than the O(n?) required to directly invert the
matrix.

Using this expression for the updated inverse, we can
find a way to update also the Frobenius norm of the inverse,
which is given by

A = 31
_ Z ——1 ——1

i,j=1

l ck lk
1A+ o 1+ Z |c,»|2) [Z |<2‘1>,-k|2]
~oRe (ikz Ao @

i=1

where we can precompute with O(n?) operations the

factors in square brackets that only depend on A for each
row k that we will change, and afterward, updating the
Frobenius norm will only need O(n) operations on top of
the O(n?) operations needed to compute ¢ ; for each new
row g we want to test. Since with Eq. (A5) we do not need
to update the inverse each time that we want to update its
Frobenius norm, we can avoid the O(n?) memory alloca-
tions that are needed in Eq. (A4).

We will now also look for a method to rapidly compute
ol We assume that we have the value computed for an
EIM whose variables we denote with a bar over them,

n

—to! 2—1=2 2
G = (s + A7 T5]"), (A6)
B=1
where we have defined
Up;i = \/Aglpp,- (A7)
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When we change the kth interpolation node of the EIM
from f; to f, this becomes

A I #k
vps { VAgugy, I# (A8)

Vagugg 1=k,

and the value of multiplying A by v will change to

n

—~
o
1
S
—
I
(]
b
—
<
<
&
<.

Il
=
>
1
<
&=
Z
+
o
~ |'_
7 N
<
=
=~
|
\'Ms
o
~.
S
i
~
~__
_ 1
»
=L

where we have used the updated value of A computed in
Eq. (A4) and we put a bar over the variables that do not
depend on the value of the new interpolation node. Using
Eq. (A9), 6§, becomes

n; n
OElv = Z </13 + Z Qg + ®Bri|2)
=

B=1 i

n, n
— 5+ (Z |@B|2) [Z M
B=1 i=1
n,

+ 21«:{32_‘T (@B [Z; Qg,if,} ) } (A10)

In general, we will assume that n; > n. For each row k that
we change, we can precompute with O(nn, ) operations all the
factors in square brackets that will stay constant. Afterward,
the computational complexity of updating the value of o}y,
will require O(nn,) operations for computing ®5 and only
O(n,) additional operations to evaluate Eq. (A10).
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