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We present a derivation of quantum kinetic theory for massive spin-1 particles from the Wigner-function
formalism up to first order in an #-expansion, including a general interaction term. Both local and nonlocal
contributions are computed in a covariant fashion. It is shown that, up to first order in #, the collision term
takes the same form as in the case of spin-1/2 particles.
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I. INTRODUCTION

The study of polarization phenomena in noncentral
heavy-ion collisions has become an active area of research
in recent years [1-6]. The quark-gluon plasma produced
in such collisions behaves as a relativistic fluid, whose
hydrodynamic gradients polarize the particles that are
detected in experiments. An example of such an effect is
the global spin polarization of A-hyperons, which was
measured at different collision energies by the STAR,
ALICE, and HADES Collaborations [7-10]. Despite
global polarization data being well described by models
which assume local equilibrium of spin degrees of free-
dom [4,11-17], the polarization as a function of transverse
momentum remains an active field of research [5,18-22],
spurring also the formulation of relativistic spin hydro-
dynamics [23-62].

In contrast, the theory behind explaining the spin
alignment of vector mesons such as the ¢ and K*°
mesons, which was measured by the ALICE and STAR
Collaborations [63—65], is not yet as developed. There have
been notable steps taken toward providing a theoretical
framework for this kind of polarization [66—77]. In par-
ticular, in Ref. [75] we discussed a new mechanism which
relates the spin alignment to the shear stress of the fluid and
provided a formula which can be used for phenomeno-
logical applications. In this paper, we systematically for-
mulate the quantum kinetic theory for massive spin-1
particles based on the Wigner-function formalism used
in Ref. [75].

Vector mesons have a richer structure as compared to spin-
1/2 particles. While the spin-density matrix of spin-1/2
particles only has three independent entries which determine
the polarization vector, spin-1 particles feature eight internal
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degrees of freedom [78]. Three of these entries are again
associated with a polarization vector, while the remaining five
quantify the so-called tensor polarization. In present heavy-
ion collision experiments, since strong decays of vector
particles are studied, only the effects of tensor polarization
can be accessed through the 00-element of the spin-density
matrix. Thus, the spin alignment of vector mesons can be
considered as a genuine spin-1 effect, which necessitates the
development of an adequate formalism.

As opposed to approaches put forward in
Refs. [66-70,72-74] where the properties of the vector
mesons are determined through the polarization of the
individual quarks, the aim of this work is to construct a
quantum kinetic theory using the Wigner-function formalism
where the effective degrees of freedom are massive spin-1
fields. Employing a semiclassical expansion, the equations of
motion are truncated at first order in the Planck constant,
resulting in a Boltzmann-type equation. This procedure
stands in line with Ref. [36], where such a formalism,
accounting for general interactions, was developed for
spin-1/2 particles, and later used as a foundation for the
formulation of spin hydrodynamics [57,79].

This paper is structured as follows. In Sec. II, we discuss
the quantum kinetic theory for massive spin-1 particles and
obtain a Boltzmann equation for the Wigner function. In
Sec. III, we expand the collision integral on the right-hand
side of the Boltzmann equation in terms of the Wigner
function, restricting ourselves to binary elastic collisions.
Section IV focuses on the derivation of the local-
equilibrium distribution function that makes the previously
obtained collision term vanish, while Sec. V discusses the
implications for the formulation of spin-1 hydrodynamics.
Finally, in Sec. VI we give the conclusions and outlook.

© 2023 American Physical Society
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We use the following notation and conventions: a - b :=
ab,, a[ﬂbv] = a,b, —a,b,, a(ﬂbb) =a,b, +a,b,, g, =
diag(1,—1,-1,-1), €"23 = —¢y1»3:=1, and repeated
indices are summed over. Projection operators parallel
and orthogonal to the four-momentum £* are denoted by
EM = k*k¥ /k* and K" := ¢" — EF, respectively. We use
natural units with ¢ = kz = 1, but do not set 7 to unity in
order to allow for a clear semiclassical expansion.

II. KINETIC THEORY FOR INTERACTING
VECTOR BOSONS

We start from the Lagrangian for a charged vector
field V¥,

/ ot m ATy [
L=-h EV V'W_FV V# +£int1 (1)

where V* := gV and ﬁim is a general interaction
Lagrangian, which we assume not to depend on the
derivatives of the field. Defining

— l a‘zint (2)
hovi’
the equations of motion read
m’ (v 0 AU
D+ﬁ VW —0"0-V =p", (3)
from which the constraint equation
. h*

follows.
The Wigner function is defined as [58,80-84]

2 R
(2xh)'h / dtoem MGV, (5)

where V4 := V#(x 4+ v/2) and its evolution equations are
found via the Bopp operators D¥ := k* + %6" [85], which
fulfill

WY o

DWW (x, k) = —ih / doe (Ve VL),

(2zh)*n
(6a)

U : 2 —ikv . (7tfa\{/p -
DWW (x, k) :zhm/d%e ko/h(: (Vi) PE ).
(6b)

Acting with appropriate combinations of the Bopp oper-
ators to make use of the field equations (3) and defining the
collision term

2 iky it Ay
= _W/ dye (V) (7)

we obtain the equation of motion for the Wigner function,
h

(D* + m*)W# — — DD, C'* = —hCH. (8)
m

In addition to the fact that the Wigner function is Hermitian,
we employed the constraint equation (4), whose analog for
the Wigner function reads

17 h v
DW=~ D, C. (9)

In order to disentangle the equations of motion for the
Wigner function into several expressions determining its time
evolution as well as its structure in momentum space, we
define two Hermitian combinations of the collision term (7):

i

W — _

/d4ve_ik'”/h<:VT+”p”_ —prves)

(2zh)*
= % (Cw — Cw), (10a)
1 : 1
SMHY = (zﬂ-h)4 / d4ve_’k"’/h<ZVYpli —|—pr'11>
1
= - (v +Cm). (10b)

From the constraint equation (9) and its complex con-
jugate, we obtain

ih
kW = o,wh

h e/l v h v . v
Zp[kﬂ(ﬂﬁ = OM") +50,(Cs” + i6M )], (11a)

v ih v
kWA =50, W5
h . AUV Uy h Uy . Hv
:W k”(LCS _5MA ) +§6”(CA +15MS) s (11b)

where we split both W#* and the collision terms 6M* and
C* into symmetric and antisymmetric parts, denoted with
the subscript S and A, respectively. Note that the symmetric
parts of SM*, W and C* are real, while their antisym-
metric parts are imaginary. Using this fact, we obtain the
Boltzmann-like equations for the symmetric and antisym-
metric parts of the Wigner function from Eq. (8),

v v 1 n? via . v)a
k-oWg =¥ = KkakW —Zaaaw) (€ — isM")")

_|_

o S

(k@ + 0, k™) (iCY" + 5M§>“)] . (12a)
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v v hz " . v]a
koW =Ci =5 Kkaklf‘ - Zaad[‘>(15MS] -

Ci")
Rk o+ o k) (iC & sMP 12b
_E( a?” + 0y )(l s T A ) : ( )

In order to further clarify the structure of the constraint
and evolution equations (11) and (12), it is helpful to
decompose the Wigner function and all related quantities
with respect to the four-momentum k*,

Jm
W = B f + = FY + Fi + K" fy,

2k
v k[ﬂ v 7701 k(z
Wﬁ = lz_kFA] + iet /};Gﬁ, (133)
C/“’ — EnC +k_(ﬂcy> +Cﬂ” 1+ K
S E 2 S K K>
v ke
CZ = lz_kCA] + iet ﬁECG,ﬂ’ (13b)
i k(ﬂ ) v
5MS :EIWDEﬂ’ﬁDS +Z)’;( +K”DDK,
oy k[ﬂ vl P uvaf ka
5MA = lﬁDA + 1€ %DG’/}, (130)

where Fg-k=F,-k=G-k=0, Fik, =0, and F% is
symmetric and traceless. Analogous properties hold for the
components of the collision terms C* and oM*. We
remind the reader that the projection operators with respect
to the four-momentum used above are defined as E* :=
k'kY/k* and KM = g — EM.

In the remainder of this section, we aim at performing a
semiclassical expansion to next-to-leading order in powers
of h, ie., setting B:= 3 %, #/BU) for any quantity B in
Egs. (11) and (12) and truncating the sum at j = 1. We note
that, since factors of % are always accompanied by a
gradient of the Wigner function, this expansion is effec-
tively a gradient expansion. At this point it is evident that,
in the course of such an expansion in 7, the effect of the
constraint equations (11) consists of expressing f, F, and
F, (i.e., the components of the Wigner function which are
parallel to the four-momentum in at least one index) in
terms of f, Fi’, and G*, while the kinetic equations (12)
determine the time evolution of the latter quantities.

In order to expand the kinetic equations to first order in
the Planck constant, we have to clarify which parts of the
collision terms enter at leading order. Using the definition
of the collision term (7) and the constraint (4), we obtain

ih in N\
<ky—20ﬂ>Cﬂv:O(h), <k”+26ﬂ>cﬂ :O(h),

(14)

from which it follows that Cg)) = Dg)) = 0. Note that there
are no such constraints on the other components of C* and
OM*, which can in principle enter at zeroth order already.
However, following Refs. [34,58], we consider a situation
where no initial large (vector or tensor) polarization is
present. In this case we conclude that G¥ =0 and
FO"™ —0 as well as ¢ = = DO = DO — o,
which follows from the fact that there are no vector or
tensor structures at our disposal at order O(1) which possess
the required symmetries of the aforementioned terms.

With these simplifications, we obtain from the real parts
of Eq. (11)

fr= Z;Ka/’a(,a,, S %DE +O(1),  (15a)
F% = O(h?), (15b)
kFY, = hK*9, ) + O(r?). (15¢)
Furthermore, from Eq. (12) we obtain a simple form of the

Boltzmann-like equations for the independent parts of the
Wigner function,

k-ofx = Cx + O(h?), (16a)
k-oFY =C¢ + O(n?), (16b)
k- oG = Cf + O(h?), (16¢)

while the mass-shell equations follow from the real part
of Eq. (8),

(k* = m?)fx = hDg + O(h?), (17a)
(k> —m*)F = DY + O(h?), (17b)
(k> = m*)G* = hD, + O(h?). (17¢)

In order to account for the degrees of freedom of the
Wigner function connected to spin, in analogy with
Refs. [34,36,58], we may enlarge the phase space by
introducing an additional variable 8¥, together with a
respective measure

3
dS(k) = %d%&(éz L o)5(k-8),  o2=2, (18)

such that

/dS(k) =3,

8
/ aS(K)Kise/s7s"s) = L Ko, (19)

/ dS(k)8+g" = —2K",
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lKﬂ KY. —

where K =3 K| K},

1
§K”U ap> and

/dS(k)glll .8t = (0 formeN. (20)

Note that the measure (18) differs from the spin-1/2
case [34,36,40] in the normalization of the spin vector
84, whose squared length is given by 6> =2 =s(s + 1)
with s = 1, while the normalization of the phase-space
volume is given by the spin degeneracy, as expected. We
remark that the introduction of the continuous variable 8
does not imply a classical treatment of spin. Instead, it
provides a tool to define a scalar distribution function that
still contains all information related to spin degrees of
freedom, which are contained in G* and F¥%;.

Defining a distribution function in this enlarged phase
space

5
f(x.k.8) = f =8 G+ 88 Fy . (21)
which fulfills
1 1
S SWi=re 5 [ asw#i=cn

/ dS(k)K},8°8/F = F, (22)

Egs. (16) and (17) become

k- of = €[], (23a)
(k> — m?)f = hIM, (23b)
where we defined
Clf] :==Cx—8-Cg +g§ﬂ§yc’,‘f,
M =Dy —3-Dg —I—%%é,,@’,‘(". (24)

In analogy with the decomposition of the Wigner function,
the components of C* and 6M* are defined as

1 l ky 1 U nq
CK gKl”’C C/é; = —5 H ﬁacaﬁ, C’u —KZ/}C ﬁ,
(25a)
1 PR
DK = gK'uD5M N G = —E 5Maﬂ7
D = K*5M“P, (25b)

Similar to the spin-1/2 case discussed in Ref. [36], the
solution of the mass-shell equation (23b) is given by

f(x,k, 8) = 6(k* — M?)f(x,k, 8), (26)

where M? := m?> + hém*(x, k, 8), and

ho(k* — m?)om?(x, k, 8)f(x, k, 8) = AN (x, k, 8) + O(h?).

(27)

We will show in Appendix C that the off-shell effects cancel
in the Boltzmann equation.

III. EVALUATING THE COLLISION TERM

In this section we follow the approach by De Groot
et al. [86] to expand the collision operator appearing
in Eq. (23a) in terms of the distribution function f. The
steps performed here are similar to the ones for scalar
particles discussed in [86], but differ in some aspects due to
the nontrivial spin structure of vector particles. For this
reason we recap some of the steps of Ref. [86] here, with
more technical details explained in Appendix A.

The main idea is to express any operator in terms of the
asymptotic initial states (“in” states), which are defined by

|k Am)y, = a (K", 47)|0), (28)

where

T AP LTS Ny N
ag, (k" Am) = aj (ky.Ay)al (k. do) -+~ af (ky. Ay). (29)

These states form a complete and orthogonal basis of the
Fock space; i.e., we have the relations

S A2, = (27h)32k085) (k — K5, (30a)
=1 d*k”
1=» — kramy. (k" A, (30b
;nl;/ 277.’71 3112 kO | >1n1n< | ( )
Here, we defined
/ &3k '_/ &k, / d’k,
(2zhr)2(k%) T | (27h)32k) ) (22h)324Y
/ &k,
X —7
(277)32k0
3 3 3
do=d Dy (31)
F =1 A=1 =1
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The factorial in Eq. (30b) is needed to account for double
counting, such that the Fock space is spanned by all distinct
in-states. Note that the same completeness relation also
holds for the asymptotic final states (“out” states). Using
these creation and annihilation operators, we define the in-
fields

O(k")s(k> — m?)

X e‘ﬁk"‘e o ”(k)ain(k, o), (32)
where the prefactor is needed to recover the correct units of
the vector field. Here, e(®#(k) are polarization vectors,
which fulfill the following orthogonality and completeness
relations

Wiy (x

k) == 2 /d4ve‘ék"”
(2nh)*h

x <\7§;‘ (x +§> i (x —%) > (34)

In a subsequent step, we use the fact that an arbitrary
operator may be expressed in terms of the in-Wigner
functions. This step contains the assumption of molecular
chaos, thus rendering the evolution of the Wigner function
irreversible; cf. Appendix A and Ref. [86]. Then, one can
use this expression to express both the Wigner function
itself and the collision kernel C* in terms of W%’. Both
calculations are detailed in Appendix B.

The Wigner function itself can simply be written
as W = W + - - ., where the dots indicate contributions

6*(’1)/4(]()6’9,)(]() =8, (33a)  of higher order in the density, which we neglect in this
work in the collision term [36,86]. We show in Appendix B
Ze*(z)ﬂ( k) 6(/1)1/(]() — _KW. (33b) that the components of the collision term that are
7 orthogonal to the four-momentum (marked by a subscript
“1”) read to lowest order in the density and to first order
Using Eq. (32), we define the in-Wigner function in h
|
HY = (2ﬂh>7/ &’k / &'k, &K’ 71726102 pg€1&amin / 42
C'L on-shell 4 35,0 35,0 350M M d*u
(2zh)2k) ) (2zh)2ky ) (2zh) 2k

U + Uy\#e Ui+ Uy\¥
K'KY | K ————= K+ —=
sy (k-2 ) (k53
X {5(4)(141)Wzﬁ/}slheu { 15
X {5(4)(1’!2)W0;ﬁshell x, ko) lh[ 25

1 U
- 5 {5<4) (u1>Wgn shell ( 7)

s
) (5(4> (k+ K — ki — k2) s, 9p¢, K,

a1 Py U U
)19 Won/}shell(x’ kl)} (Kl - 2') (Kl + 21),;
7o 1M
U U
} orzlp;hell(x kz)} (Kz - 72> (Kz + 22)
r2e Pamn
u
(4)(141)] 9 Wonﬂslhell (x, k— 72> }

a . U
X {5(4) (MZ)Worzfszhell (X, k/) —ih {0/)“25( ( )i| 9 Won Shell('x’ k/)} <K/ - 72> K1~51§1 K2q52§2
7202

Uu -U U u
X Gaa, py, | K + : 2 K +=2 SO k+k —ky —ky+—
2 Aim 2 P 2

1 u . u
- E {5<4) (ul )Wl())(lfslhell <)C, k + ?2> —ih [05115(4)( )] 9 Won shell <x’ k + 72> }

x {5(4) (1) Wb

on-shell

(x, k')

U,

—ih [%25(‘0( )i| 9 Won shell('x’ k/)} <K/ - 7) K1~5|§1 K2-52C2
7202

U,-U U
X Gaon, 98, (K += 1) (K’ + 22),; 5@ (k K =k -
71 212

ky — %) ) (35)

In this equation, the fourth-rank tensors M are the tree-level vertices of the theory, defined in Eq. (B30). Compared to
Ref. [36], we neglected the contribution of collisions that exchange only spin, but not momentum, since this term can be
considered as a modification of the left-hand side of the Boltzmann equation (cf. Ref. [§7]). In the following subsections, we

evaluate the local and nonlocal components of Eq. (35).
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A. Local collisions

The local collision term is obtained by taking into account only the contributions in Eq. (35) that are proportional to

8@ (u1)6™ (u,), and it is thus given by

(27h) &k, Bk,

local uv _
CJ_.on—shell ()C, k) -

dBk/

54 (k + k' — ky — ky) M71725152 pf&acomn

1 7 / (2m)32k?/ (2ﬂ7:“1)32k3/ (

27h)32Kk"

ap
X |:Wox11—slhell(x kl) on- shell(x kZ)K K Kl ylalK272a2K57§2K1ﬂlszﬂzﬂz

1
- 2 Wgrll{jslhell ()C, k) ngfszhe” ()C, k/)Ki/’zazKl-llel K2-52C2K})’2712 (K;’/I KI‘;I Kﬁlm + Ké'll K;l KVlal ) : (36)
|
As a next step, we want to express the collision kernel in » L o k, S oa 5
extended phase space. In order to do this, we first express " (k.8) = §K T 5 m gﬁ T3 8 Kep8™®.  (39)

the on-shell part of the noninteracting Wigner function in
the collision term via the distribution function in extended
phase space as

Wek e k) = [ a5 (68)f (ke 8). (37
where

W (k, 8) = %K’“’ + 2eﬂmﬁ ka 3, + Ky8°8/. (38)
Note that in this form only the components of the Wigner
function that are orthogonal to the momentum have been
considered, which is justified since all Wigner functions
that appear in Eq. (36) are contracted with projectors
orthogonal to their respective momenta. Similarly, we

define the second-rank tensor

Clocal

on-shell —

where the local transition rate is given by

(2zh)?

A2 prired 57M41§2'71'72h
32

W =

In this expression, the curly brackets denote the anticom-
mutator. Note also the similarity of Eq. (43) to its spin-1/2
counterpart given in Ref. [87]. Note that a similar result has
already been obtained in Ref. [88], where mean-field
effects were included as well, but nonlocal contributions
to the collision term were omitted.

B. Nonlocal collisions

In order to obtain the nonlocal collision term, we have to
evaluate the u; and u, derivatives appearing in Eq. (35),

(klv §l)h

7212

such that we can express the collision kernel in extended
phase space defined in Eq. (24) as € :=H,,(k,8)C".
Introducing the phase-space measure

&k,

dr; := dK;dS;(k;), (27h)3 K0

dK, = (40)

and using the fact that

/ dS (k) (k, 8) — / dS(K) ™ (k,8) = K™, (41)

we can then write the on-shell part of the collision kernel in
extended phase space as

! / T, d0,dTdS (k) (227)46®) (k + K — ky — ko )WIF(x, k1, 81)f (x. k. 85) — f(x. K, 8 f(x. k. 8)].  (42)

(ka.82)he,s, (K, 8 ){H(k,8), h(k,8)}, 5, - (43)

I

which we achieve by integrating by parts. The result can be
split into three contributions, which we label with Roman
numbers below. First, the term with the u; and u,
derivatives acting on the projectors (K+U,/2+U,/2)"
is evaluated using the relation

1
9 (g U e P
au/l 2 u=0 aui 2 u=0

K k/‘ Kk
Hpv) 4
29‘ :

(44)
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and the result reads

ih (2zh)

Cnonlocal,;w o
L ,on-shell,I 2m2 32

/dKldszK/Mylnél62M§142n1n25(4) (k+ K —k — kz)([(/wka[(vﬁ — Kra gk
x al’ |:Wg11fslhell (x’ ky )ngzfszhell (x’ kZ)K],/flm leylal Kz-ﬂz'iz KQ»YZ“Z K:32§2g“‘slgﬁgl

1
- 5 Wgrzl{}szhell(x’ k/>Wa]ﬂl (xv k)on—shellK1,5]C| K2,§2§2 K;//zaz K/ﬂzﬂz (gaalg/)’yl Kﬂ]nl + g{m, g/i/i] Kylal ):| . (45)

Translating this equation into extended phase space, we find

ih (2h)’
@poniocal —ﬁ( ’3’ 2> / Ay T dT M08 palene 5O (k + K = ky — ky)h,, (K1, 81y, ks, 85)
’ m
1
s () [ (k808 = b i (0. 8)]0, 103K ) = 30 0.8 (46)

Here, we used the symmetries of M (cf. Appendix B) as well as the fact that the distribution functions are spin-independent
at zeroth order in #.

The second contribution is obtained from the u; and u, derivatives acting on the other projectors that differ between the
gain and loss terms, yielding

: 7
Cnonlocal.;w _ ih (Zﬂh)
| ,on-shell,II 2m2 32

/dKldszK’M“ml52M¢1C2’71’726(4)(k + K =k — k)
x { [aﬂwgrll{;slhell(x’ kl)} W on-shell o, (x. k2>5g‘1K§1 KEIngCzKlﬁl[mklsh]

+ {@, Wgtzfszhell (x, kz)} Won-shell.5,¢, (x, k) 3a, Kgl KZ] K :3242 L ey A k2,72]
1

on-shell on-shell

[apWazﬁz (x’ kl)i| Walﬂl (.X', k)K1,51C1 K2s52C2 [Kgl K;] (Kﬂlﬂlép Ky .k

) D7 Balna o]
+K;2“2K/ﬂ2'725§| kﬂl) +K}’;1 KZ’I (KVI“I 5/;2 K/ﬁz['hk;z] - KJ/’ZO‘Z K;)’Mz(s'g’l k}’l)}
1
- E |:al’ Wgrll‘—ﬂslhell (X, k)] WOH-ShCIL}’zﬂz (x’ kl)KlﬁlCl KQﬁzCzéﬁl <K¢’l‘ K;l k}’l - K;l K}D’l k’?l ) } . (47)

Here, we used that, since the nonlocal contributions are of order O(%), we may take the Wigner function to be symmetric,
since W*(x, k) = K* f9(x, k) + O(h). Contracting Eq. (45) with H,,(k, 8) and using Eq. (37) as well as the symmetries
of the vertex M, we obtain

. in (2h)’
Gog—sll’?gﬁl.ﬂ = 2—’712 32

/ dl d,dI (277)48@) (k + K — ky — ky)M717201%2 pg&icamn

X {f(x» ky)[0,f (x. ky)] W’n, (ky,81)ki,, — kl,r/]hylp(kl’?’l)}hyzﬂz (ky. 82)hy 5 (K, 8" )H 5, (K, 8)

+ (k) [0, (3 k) gy (K 80) (17, (Ko 82) oy, = Ko,y (Ko 80) e 5 (K 8) H 5, (K, 8)

= (. 0)[0,f (%, k)], (ky.81)hy, (K2, 82) [hpéz (K', 8")kt, = kg, he,” (K, §’)}H§151 (k.8)

~ S KIOF(R) = £ K (xR, (k1 80 82)

X Iy, (K. 8) [, (k. @)k, = i, He (K. 8)] } (48)
The third contribution consists in the derivatives acting on the Wigner functions and delta functions in the loss term in

Eq. (35). We compute it as
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nonlocal uv ih (2”h>7

C1 onshellm = I—/ dKdK,dK' M7ir200 pasemn 58 (k + k' — ky — ky)

32

o,
X { [apWon—shell,yznz (x’ k/):| [a’IiW:)rL{s]hell

(X, k)} + [ap WZIIQhell(x’ k)] |:a§;/ Won—shell.}’zﬂz (x’ k/)} }

u u
X K1,51§1 K2a5z§2 (Kal KJIjl Kﬂlm - KWIK,IH/IKYWH)

= O().

The second equality follows from the fact that W"*

on-shell

(49)

(x,k) is proportional to K at zeroth order, such that this

contribution to the nonlocal collision term vanishes up to first order in . This is consistent with the result for spin-1/2

particles found in Ref. [87].
We define the nonlocal shifts

. 11 (2zh) in

73w 32 w2

M:=li(2ﬂ'fl)3ﬁ
2730 32 m?

A b1 (2zh)® in

T3W 32 m?

, 11 (2zn)*in

T3IW 32 ml

616 H /
— M71726 2M§1C2'717/2(h1mk1’y1 _ kl,r]lhl,ylﬂ)hlJ’zVIzthézHCl(sl’

5,6 P
M6 ZMCICMW'hI,hmh2,72nzh,§252(HM51kC1 _k‘S]HCI”)’

(50a)

Mrro by (k) = ko b, PR 5 Hes, (50b)
_M}'ﬂzélézMélézmnzhwlm h2~72172<hm§2k22 — kgz hZZM)HCM’ (50c)
(50d)

where we used the shorthand notation i, := h(k, 8;) (and analogously for h,, #’, and H). Note again the similarity of
Eq. (50) to the analogous expression for spin-1/2 particles reported in Eq. (100) of Ref. [87]. With these definitions, the
nonlocal collision term, defined as the sum of the individual contributions, reads

@nonlocal _ 1

on-shell 2

- / dr,dr,dr'dS (k) (2zh)*6@ (k + k' —

ky = k)W

X [f(x. ko) (A = )0, f (x. ky) + f(x. k1) (85 — )0, f(x. ka) — f(x. k) (A = M), f(x. k)], (51)

where we introduced a spurious integration over & in order to be able to combine Egs. (42) and (51) in the next subsection.

C. Full collision term

Adding up the results (42) and (51), we arrive at the main result of this work,

1 _
k-of(x,k,8) = 3 / dr,d0,dIdS (k) (272h)* 6@ (k + K — ky — k)W

X [f(x + Al - A, klv él)f(x + Az - A, k2, §2) - f(x + A — A, k/, §’)f(x, k, g)], (52)

where W is defined in Eq. (43), while the nonlocal shifts
A, A5, A, and A* have been introduced in Eq. (50).
Furthermore, we used the fact that the nonlocal shifts are of
first order in 7, such that we may interpret the local and
nonlocal contributions as the zeroth and first term in a
Taylor series, respectively.

At this point it should be noted that it is in general not
possible to formulate a weak equivalence principle for the
collision kernel as done in Ref. [36], i.e., remove the
integration over 8. The reason for this lies in the appearance
of terms of second order in the spin variables, and thus the

|
inequivalence of h**(k,8) and H"(k,8) at this order.
Nevertheless, in cases where only terms up to first order
in the spin vectors are needed, a weak equivalence principle
can be formulated (cf. Secs. IV and V).

IV. EQUILIBRIUM

In addition to conserved scalar quantities such as baryon
number or electric charge, the so-called summational invar-
iants in binary elastic collisions are the four-momentum &*
and the total angular momentum J* := xk*! + AXA where
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the first term constitutes an orbital partand X = —e#v@/ “ 8y

denotes the dipole-moment tensor. Since local equ111br1um is
defined by maximizing the entropy, which in kinetic theory is
equivalent to a vanishing collision term, the local-equilibrium
distribution function has to consist of the conserved quan-
tities. Furthermore, since we consider the low-density
approximation, the local-equilibrium distribution function
has to be of Maxwell-Jiittner form, i.e., an exponential.
Thus, we may write the local-equilibrium distribution func-
tion as [34,36]

h
feq(xv k, Q’) -

1
(2zh)?
(53)
|

exp [a(x) - p(x)k, + EQ"” (x)zg”] ,

where a, f#, and Q" are Lagrange multipliers (cf. also
Refs. [30,34,57,79]). Note that p* := b* + Q*x,, where b*
is the Lagrange multiplier for the four-momentum and
QH* the Lagrange multiplier for the total angular momen-
tum [34]. It should be stressed that with this form of the
local-equilibrium distribution function there is no tensor
polarization in local equilibrium, since the tensor polari-
zation is related to the components of the distribution
function that are bilinear in the spin vector. Thus, when
taking vector particles as fundamental degrees of freedom,
to first order in 7 the tensor polarization is a purely
dissipative effect (cf. Ref. [75]).

Expanding the right-hand side of Eq. (52) up to first
order in A, the collision term reads

Consheli[feq) = — / dI,d,dIYdS (k) We2aFtkitka) [%a(A" + A" — A} — A%)

+ 0., (MK + ALK —

To proceed, we would like to use the conservation of the
total angular momentum, J{* + J5" —J — J'H =0,
which, however, is not immediately possible because the
spin variable after the collision is 8, and not 8. As
mentioned at the end of Sec. III, in this case it is possible
to formulate a weak equivalence principle as done in
Ref. [34]. There the goal is to eliminate the integration
over 8 in order to obtain a form of the collision term with
standard gain and loss terms. Since only spin-integrated
quantities are physical, we aim to find a new distribution
function f(x, k, 8) as well as a collision term (omitting the

subscript “on-shell”) G[f] such that

k- of (x,k,8) = C[f],

/ dS(k)bQ = / dS(k)bQ

where b e {1,8", K}/8"8/}, O {f.G}, and Qe {f.G}.
Analogous to the argumentation put forward in Ref. [36],
we obtain f = f from Eq. (55b). For parity-conserving
interactions it holds that

(55a)

(55b)

_ vl gagh
/dSi(ki)Wé’;—O, /dSl-(k) ( )Wé”Kaﬂéjs’a] 0,
(56)

where 8;,8,€{8,,8,,8',8,8}, since the quantities in
Eq. (56) transform as pseudotensors under parity, while

h
AR — ARY) 2 Q0 (S + 2

- ). (54)

[

the only tensor structures at our disposal are given by an
odd number of powers of momentum, which transform as
tensors. Thus, the only term that is nonzero after integration
over spin space is the one linear in 8. Making use of the
equalities

/ AS(k)[H# (k, 8)h," (k. 3) + W (k, 3)H, > (k. 8)]

= 2H"(k, 8), (57a)

/ A8 (k)83 (k)37 [HH (k. 8)h,* (k,3) + Wi (k, 8)H.* (k. 8)]

2 / dS(K)8787 H (k. 8), (57b)

we may replace 8 with 8 and remove the dS-integral in
Eq. (61) while redefining the transition rate as

(2zh)’?
16 ) 72712(k2a§2)

X H52§2(k/’ 6/)1{5151 (k’ g)’ (58)

A = 56 2
W = M7172010 pg&iomm | wn(kl’

where we used that A*(k,8) = H*(k,8) to linear
order in 8 (which are the only relevant terms for this case).
Then, we are able to employ the conservation of the
total angular momentum to obtain the modified collision
term
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Clfey = - / d0yddlWe ™ kitk) |9, a( AP + A — Af — A)

1
5 0 (AR -+ AKs — AR — AR

which is equivalent to the original equilibrium collision
term (54). Here, the thermal vorticity is defined
as wh ::—%()[/‘[}"]. Thus, as in the case of spin-1/2
particles [36], the collision term vanishes to this order if
d,a =0, Q¥ = ", and 9¥p*) = 0, which are the con-
ditions for global equilibrium as well.

V. SPIN HYDRODYNAMICS FROM
KINETIC THEORY

In this section we shortly discuss the implications of the
kinetic theory developed previously to the formulation of
spin hydrodynamics for massive spin-1 particles. Such a
theory was recently derived for spin-1/2 particles in
Ref. [57] by using the method of moments to obtain
hydrodynamic equations of motion from the Boltzmann
equation. The main difference between spin and standard
hydrodynamics lies in the fact that, in addition to the
equations of motion for the energy-momentum tensor and
other conserved currents, one has to supply an evolution
equation for the spin tensor S*** as well [24,25]. The form
|

A,
a/ISHl\;\l//hocal = /drzgy(sl)onc—ilhell [f]

h v v v v
- E (Q/w - wyu)(Egl + zgz - zlg - Zl;’ ) ’ (59)

[

of this equation of motion depends on the so-called
pseudogauge [40,89], which has recently been discussed
for interacting spin-1/2 and spin-1 particles in Ref. [58]. It
was found that for the case of spin-1/2 particles the so-
called Hilgevoord-Wouthuysen (HW) spin tensor is con-
served for free fields or in global equilibrium as well as for
a purely local collision term [34,40]. We will show in the
following that this property of the HW spin tensor also
holds for spin-1 particles.

We consider the spin tensor in the HW pseudo-
gauge [40,58]

h
Sﬁ% _ /dl—‘k’l (2;;/ _ ﬁk[ﬂ@”])f(x, k,8) + O(n?),
m
(60)

where off-shell contributions are neglected due to the low-
density approximation [86]. Using Eq. (23) with the local
collision term given by Eq. (42), we obtain the following
equation of motion for the spin tensor:

:% / drdr, d,dIdS (k)28 (277) 0™ (k4K —ky — ko) )WIf (x, k1, 81) f (X, k2, 85) — f(x, K, 8) f (x,k,8)]. (61)

In order to proceed, it is important that the right-hand side of
Eq. (61) takes on the standard form of gain and loss terms; i.e.,
3 has to be replaced by 8. Because the dipole-moment tensor
2" islinear in 8, itis possible to employ the weak equivalence
principle as shown in Sec. IV, i.e., replace WW by W and
remove the dS-integration. Since JV is manifestly symmetric
under the exchanges (ki,8;) < (k2,8;), (k,3) <
(k',8'), and [(ky, 81); (ky, 8,)] <> [(k, 8); (K, 8')], the sum-
mational conservation of spin in local collisions,
T+ X = X5 4 X4, implies that in this case the HW
spin tensor is a conserved quantity. On the other hand, for
nonlocal collisions the dipole-moment tensor would not be a
collisional invariant and, therefore, the HW spin tensor is in
general not conserved.

VI. CONCLUSIONS

In this paper, we have derived the collision term for massive
spin-1 particles from the Wigner-function formalism

up to first order in #, following the method outlined in
Ref. [86] and recently employed for spin-1/2 particles in
Refs. [34,36]. Both local and nonlocal contributions have
been computed in a covariant fashion, resulting in similar
expressions to those derived in Ref. [87] for spin-1/2
particles.

We find that it is in general not possible to formulate a
weak equivalence principle for the collision term as done in
Ref. [36] in order to obtain the standard form of the gain
and loss terms. However, when the distribution function is
at most of first order in the phase-space spin variable, such a
replacement is possible, allowing one to establish the usual
form of the local-equilibrium distribution function and to
show that the dipole-moment tensor X5° is conserved in
local collisions. Furthermore, we do not find contributions
of second order in the spin variable in local equilibrium,
suggesting that all effects related to the spin alignment of
vector mesons are either of dissipative origin [75] or of
higher order in 7.
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The theory developed in this paper can be employed
to evaluate the spin alignment of particles such as the
¢-mesons, which can then be compared to experimental
results. As a first step in this direction, Ref. [75] evaluated
the hydrodynamic Navier-Stokes limit of the kinetic theory
presented here to derive a relation between the spin
alignment of vector mesons and the shear stress of the
medium. In order to refine these results, one can derive
second-order dissipative spin-1 hydrodynamics by using
the method of moments, as it has recently been carried out
for the spin-1/2 case [57,79].
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APPENDIX A: REWRITING EXPECTATION
VALUES

In this appendix we show how to express the expectation
value of an arbitrary operator in terms of the in-Wigner
function (34). Consider a general operator O acting in the
Hilbert space. Inserting Eq. (30b), we can express its
statistical average as

d3 K™

A A | d’k” A
0)=Trp0 = o (K5 2T O™ )i (K5 2 DL A7)
< > I'p Z (n!)Z Z / (2ﬂfl)3n2(k0) / (271'%)3’12(](/0)” |n< | | >1nm< |p| >1n

(A1)

Note that, to arrive at this expression, we assume that the density matrix commutes with the number operator of in-state
particles [86]. The next task is to express the matrix element of the density matrix through expectation values of bilinear
products of creation and annihilation operators. For this we first compute, using the cyclicity of the trace,

(k7Y (0, 27) ) = T (7, 27 (1, )

0

1 / d’pt
= — I in<pk’ k’”;O'k,ﬂ'”|/A)|pk, kn;dk,ﬂn%n. (AZ)
The inversion of this relation, proven in Ref. [86], gives
) <k/nﬂ/n|ﬁ|knﬂ.n> — ( 1 / / d3p/m . <pm.om|plm.0/m>'
n ’ ’ in (m' ot 2”7;1 3m2 (2ﬂ_h)3m2(p/0)m n ’ > in
% &?n(k”,Pm,/ln m) (k/n,p,m /I/n m)>’ (A3)
which we may insert into Eq. (A1) to obtain
N d3k" 3k’ .
— . kn;/ln 0 k/n;ﬂ/n in
< > Z (n! 2%:/ 27h) " 2(K0)" / )y ks 4O 2)
d3p/m , ,
X ] m. | plm. gim "
“— 0 | I sz/ 27fh 3m2 /(2ﬂfl)3m2<p/0)mm<p o |p o >
T " pm " é\lin n’pma n’am .
k ., K m_am ol Ad

Introducing a new summation index, j := n + m, and using the fact that > % (> "% =

=>% Z{n:U’ we arrive at
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- d’k/ &3k A o -
= ( )X [ oy | sy w AW a0 a1 2)). (a5
< > ) =] @an)¥2(k0) ) (2xh)72(k0) < >

where we defined the expression (taken to be symmetric under the exchange of primed and unprimed variables)
o J 7\2
RO 2 = D1 (L) s (0 2O 2 ()
m

m=0

Next we put in the essential assumption of molecular chaos, implying that the expectation value of creation and annihilation
operators factorizes pairwise as

<a§;l(k",zn)am(k'm,a'm >—5anH< k;. 4;) k;,a;)> (A7)

Here, the symbol P stands for the symmetrization with respect to the primed and unprimed variables, which is necessary
because of the bosonic nature of the particles. In terms of the fields, Eq. (A7) becomes

(Vi) e o) Vin () - v%<xm>—5mzn< V) Vi (). (A8)

Inverting the definition of the in-fields (32), we have

1 i % A
ST / déxe e, (k) (x) = ~O(K)S(K* — m?) i (k. 7). (A9)
T

Inserting this expression into Eq. (AS), we obtain

n

Z [ [0, e [TV ) V) (A10)

j=1

where

) n. ,/n -n d4kn d4km s —4(kjx; =K x") (%) *(%) / n.n| | /n. 3n
On’ﬂlylmﬂn%(x 1 X )::h o ™ e AT €u; (kj)e,,j (kj) in«k (A |0|k (A »in' (All)
(2zh) (2zh)
anam Li=1

Using the definition of the in-Wigner function (34), we obtain

<fo(x+§>%<x—§>>:—§/ W) a2

Defining the center and difference variables X; := (x; +x;)/2 and v; = x; — x, Eq. (A12) in conjunction with Eq. (A10)
yields

= n./d4 /d4’<” nann - (X k")HW”’”’( k), (A13)

where we defined
0 (X k) o= /d4 "Z [erome (k- <) ™ (& +2 ) ofr = amorr + % amy
NI 2T 7 27[fl 7l J 2 2 in 2 ’ D) i in
(A14)

Note that in this calculation & is the integration variable appearing in Eq. (A12), and we used the emerging delta function

5@ (215 ~ k) and defined k; — K, =tu;.
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Equation (A13) is the sought-after relation that allows
one to express the expectation value of any operator in
terms of W'

APPENDIX B: EXPANSION IN TERMS OF W

In this appendix we show how to use Eq. (A13) in order
to express both the Wigner function and the collision kernel
in terms of Wi".

1. Expansion of W in terms of W,

The (positive-frequency) Wigner function may be
expressed as the following ensemble average:

Wi (x, k) = (P (e, (B1)

where

‘i””’(k) =

oo ()

and P is the usual momentum operator. Since the in-states
are eigenstates of the total momentum, we may replace

e x| kns qn). = [T e[k 7)., Rethinking the steps
that led to Eq. (A13), we observe that the definition of X;
will contain an additional term of x. Thus we have

(9] 1 . B
W k) = — / d*x" / AR (R EK) HW Pi(x+ x;.k;), (B3)

n=0 """

where
v n 4 fupx; ) (7 Uj\ =)+ uj
anafl[il anﬁ( k |k 2 fl /d |: en g, (kj_?>€/jj (kj +?>:|
anm Lj=1
- un A - u"
X <<k” —— P (k) |k + —;ﬂ’"» . (B4)
mn 2 2 in

Following Ref. [86], we compute P/ op forn=0,1

In the case n = 0, inserting Eq. (A6) and making use of the completeness of the out-states, we obtain

<k+2k,,ﬂ> (B5)

where we employed the fact that the out-states are eigenstates of the momentum as well. Since due to the Heaviside
functions (which are also implied in the momentum integrals) the zero component of the momenta is always positive, and
the delta function is always zero, such that

Wi 00 =000 S LS [ o OO 52170

W (0[k) = 0.

. 1wx U\ =) u
(5 PIK) = / ) eitvel <p - —> <p + —)
2(2 h)* ™ 2
u u u u -
— 54 i) = (p=5idp + 514 ), (019*|0) |
) |:in<p 2 p+2 >in in<p 2 p+2 >1n< | | >i|
Note that the second term vanishes for the same reasons as W;". Inserting a complete set of out-states again, we have
1 u )
Hv . o Uu-x
Wap(x: plk) = W/ “%;e” = (p _§>€ﬂ < > va Z
d*p™ u |
. S — — — AVH0)| pm: 6™
G (r 5o

p
) in<
« (o

out

(B6)

Similarly, the n = 1 case yields

P

o

out

o V”(O)’p+— /1’> <k+2pf )

(B7)
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Using the fact that the one-particle in or out-states are orthogonal, we find that

(0

A u / u
VD(O)‘p+§;/1/>‘ = \/ﬁe(’””<p+§>,

(B8)

which may be used to obtain an explicit expression for the m = 0 term in Eq. (B7). The other terms in the respective sum

require that

= (k+p')? =2m* + 2k p' > 2m?,

(B9)

which implies including the possibility of creating particles with masses larger than twice the mass of the original vector
bosons. This possibility we will neglect, such that only the m = 0 term in Eq. (B7) contributes, yielding

L Loy
p¥e

. _ 1 4 u-x U\ =) U\« u v u 4
1aﬁ(X,P|k)—W/d uZeh €l (P—§>€ﬁ <P+§>€<)” P=3 ) pT3 89 (k= p). (B10)

Truncating the sum in Eq. (B3) after the first term (higher orders would lead to nonlinear dependencies of W#* on W) and

expanding the in-Wigner function around x, we obtain

WH (x, k) /d“uZe

(1)

_u\ ) wN u
k 2) €y <k+2>€ <k+2>

x {Wf’f(x, K)6@ (u) — if [aﬁ5<4>(u)} 9, W (x, k)}

= KhKsW (x. k) — ih / d4u<

where we defined

Integrating by parts and using

U\
#(x+3)

u=0

U\* U\"
K——) <K+—) [J’M(S(‘*)(u)}a,,wgf(x,k), (B11)
2/, 2/,
(B12)
1 kP ket k¥
e Y T Bl
712 (G - ) (B13)

as well as the fact that k - 9W" (x, k) = 0, we can evaluate the second term in Eq. (B11) to get

WH (x, k) = K’;K;Wg/’ (x, k) + iho, K

i
— KAKYW (x,k) + %

Remembering that the in-Wigner function corresponds
to free particles, we know from the results of free
Proca theory [58] that kW' ~ O(A*) and kWY =
(ih/Z)d”fﬁ?) + O(h?). Thus, we may rewrite this expres-
sion up to first order in A as

ikl
Wi (e, k) = KERGWEY (x.) + 5 0 (. K)

= W (x, k). (B14)

U\# U\
K—=) (K+=) [9,WZ(x k)
2 . 2 ﬂ m

k=2 (a<”ka)

— 0k KW (x. k).

|
Manifestly, we may identify the Wigner function with its in
counterpart to this order. Note that this does not mean that
k - OWH ~ O(h?), as the low-density approximation (B14)
will only be used inside the collision integral.

2. Expansion of C* in terms of W/,

Similar to the Wigner function itself, we may also
express the expectation value given in Eq. (10), which
determines the right-hand side of the Boltzmann equation,
via the in-Wigner functions:
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& (x, k) Z /d4 /d4k” e, R T W (x+ 55, )), (B15)
j=1
where
v n 4 Ly X uj *(’1;) 7 uj;
cpl:’,alﬁl“‘“uﬁ (x k |k /d Z |:H er je ( ?)eﬂj kj +?
l” /1/;1 ]
X <<k =L | (k)R +M—;/1’”>> (B16)
mn 2 2 in
and
& i ; L)) v v\ ~ v
o P 4 —Lk~1): ful Z\av [ 2 _atu 2 v _ 2 . B1
== g | et [+ (5)or(=5) -7 (3) 7 (-3) @

Note that the sum in Eq. (B15) starts at n = 2, which,
following Ref. [86], can be understood as follows: The
n = 0 term vanishes via the same argumentation as before,
since the line of reasoning did not depend on the objects
appearing in the two-point function, but rather on their
arguments (i.e., =v/2). The n = 1 term has to vanish as well
since the in-Wigner function represents the distribution of
particles without interactions, such that k - oW’ = 0.

(2zh)>m2(KO)m

0/m> <k/m. U/m
out out
d*k’ u?
— 3 - k2 _ ;/12
Z/ (27h) 32" < 2

: k’;6’> <k’;a’ V”(O)}
out out

Note that in the last equality we assumed some conserved
charge to be present (e.g., baryon number or electric
charge) and assumed only one species of particles. Under
these conditions, the only permissible scattering with two
outgoing particles is 2 — 2 scattering.

Our next task consists in evaluating the matrix elements

involving the field operators, for which we use the Yang-
Feldman equation relating the fields to the in-fields and the
source operators p [86],

k2

d3k/m uZ
K== )2
G

V(o))

[V(0)

2
+%;A/2>_ S (k+ K —ky — k).
mn

The kernel (B16) will be analyzed in the following
for n =2, corresponding to 2 — 2 collisions. It should
be noted that, considering Eq. (23a), only the parts
of ®" orthogonal to k* will contribute to the kinetic
equation.

Inserting a complete set of out-states and using the fact
that the in and out-states are momentum eigenstates, we
obtain

[\7*”(0)|k’m;a’m> <k””;o"’" p4(0):
out out
LT () o
R4ia?) 6 K+ K=k =k
n j=0

p*(0):

ko > < ko
out out

(B13)

P(0) = 91,0) + [ aixaf(=xp 0. (B19)

Here, A% is the (symmetric) retarded vector boson propa-
gator. Making use of the Fourier decomposition of the in-
field operators,
d’k’
=Y [ Gy

2 fl 32k/0 a (k/ 0)6(6/)ﬂ(k/)a

(B20)
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and the orthogonality of the in and out-states in conjunction with the fact that one-particle momentum eigenstates are stable,
we obtain

/.
<k,0'
out

v#(0)

2
k2+%;/1’2> = Vh(2xh)? 2k’°[ G (kl + 2>5<3> (k’—kz—%>5awz (1 92)]
ug + u

—K U k2 _|_u_2./1/2
2 out e 2 ’ in'

Here, we also used the Fourier decomposition of the propagator. Inserting Eq. (B21) into Eq. (B18), we have

u2 u2
k2 _ _;/12 _;/1/2
in< 2 - 2 >in
d3k/ 5 MZ )
=% [ (o O ),
X {\/ﬁ(Zﬂh)Qk’o [e*wﬂ <k1 —%) 50 <k/ o+ >50%2 (1< 2)]

+&Z’ya k_M1+M2 kz_u_z;XZ k/;G/ — K —
2 in 2 out in

{\/?z(znh)Szk/O[ () <k + 2>5<3> (k’ — ks —%>56%’2 + (1< 2)}

+ Ay (k +at ”2) <k’
2 out

Notice that we may rewrite the expectation value of a source term as

u? 3 U +u U +u
Ko k2 _;lIZ _ o6 (o)v k 1 2\ (o) k 1 2 k/; /
out< ? - 2 >in ;g ‘ " 2 ‘ - 2 out ?

+ AY (kl +ky + 5,(0)

(B21)

" (k) K2

p*(0):

Pe(0):

/ 6/ >
out

Pa(0): (B22)

2
k? +”2;,1’2> }>5<4>(k +k -k — k).

p*(0)

Pa(0)

2 uw 1)
R+%) L (B23)

|
where we introduced a timelike polarization vector
€O (k) := k* /k, such that

3
S g (ke
=0

Note that the term containing the timelike polarization
vector in the sum in Eq. (B23) is actually of higher order in
h. To see this, consider the action of the respective four-
momentum on the source term,
12
paofe o)
2 in

2 out
k2 +u_2.1/2
2’ in

_ <k/ o

out

=1ih <k’;o’ K* + /1’2> .
out in

(k) =E" + K" =gv. (B24)

pa(0). P

(0-9)(0) (B25)

If the source was conserved, this term would vanish
identically. Even though we do not assume this, we will
find that this term will not contribute to the Boltzmann
equation to first order in 7.

The contraction of a polarization vector with a
source term can be related to the transfer-matrix elements
through [86]

€ (k) (k'3 0| : Do (0) 2 K71 27,

1 Lo 32 g2

\/%<k,k,a,a|t|k s A%). (B26)
From this equation and Eq. (B25) we deduce that all
transfer-matrix elements in which one of the polarizations
is timelike, i.e., where ¢ = 0, are one order higher in 7 than
their counterparts where all polarizations are spacelike.
Next we note that the retarded propagator of a massive
vector boson may be written as
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. B K
0 ] - —
7 () <m2 k> —m? + ir/k0>

3 2
~ k
= An(k 66 (o) k *(o)v k) — —— Emv
ol0) [ H e ) -
. 3 K>
= AR(k) Zgaae(ﬂ)ﬂ(k)e*(a)u(k) <1 __256())’ (B27)
c=0 m
where we defined the scalar retarded propagator Ag (k) := —h?(k* — m* + ink®)~" and used the fact that 5 is an infinitesimal

quantity prescribing which contour to take in the complex plane.
Inserting Eqs. (B23), (B26), and (B27) into Eq. (B22), we obtain

u? u?
k2 _ 7;12 7;/1/2
in< 2 - 2 in

=i Z Pl e ( < — K0+ \/<k2—%>2+m2>5(3)<k—k1—%)6”]
6,6/=0

2
X <k_|_u1 +u27k2_u2;0,/12?k2+u2;/1/2>€(6)y<k—|-u1;u2>€*(ﬂ/)/‘<k—ul;—u2>

2 2
+<M>_[5<ko_k?_kg+¢(kz+ Y ) (k- 2

2
x<k2—%;22?"k—u1;u2 k2+50/1’> ( u1+u2> o) k+u1+u2>
e (k3)

&k’ , u +u2
(1< 2) () !
e ] hz/ 22K (
2
2t 2k2 /1/2>

2
LAY _u1+u2 re / uy+u,
X<k 2,/1 'k > ,k,6,6><k,k+ R

. Uy +u (k —13t2)2 . Uy +u (k+—"‘+"2)2
x{AR<k— 12 2)[1— m; Syl = An( k+ 12 2 l_m—225"°

Dk + K~k ~ k2)>, (B28)

O (k)| k?

where we inserted identities in order to be able to factor out the sums over ¢ and ¢’. In the third and fifth lines of Eq. (B28)
we separate the real and imaginary parts of 7 and 7' in order to make use of the optical theorem

27772
— (k% 2%t — L% = / / —k —k
2< | |p Z 27ffl 32q1 (Zﬂh 32 0 ( q1 + 9> 1~ 2)
x <k2;/12|t|q 07 ) (% P i [P A7), (B29)
In order to arrive at the expression in the main text, we furthermore need to rewrite the scattering-matrix elements as
(kK001 22) = e (k)6 (K)e™ (ky ey (k) Mo (k, K Ky k). (B30)

where M is the tree-level vertex function of the theory. In the remainder of this work we will assume that M* = M, similar to
Ref. [87]. Note that the vertex fulfills M#*# = prrob = ppuba — ppobuy,

Truncating the sum in Eq. (B15) at n = 2, inserting Eqs. (B28)—(B30), as well as using the completeness relation of the
polarization vectors, we find for the components of the collision term that are orthogonal to the four-momentum
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Cl oneshen (¥ k) = C g + C'1 . (B31)
Here, ', is defined as
3 3 31/ 4.2
cH ks = d4x2 &'k, / &'k, / dk / d"u er( T itur o) ppriv2818: pgiSomm
Lks (2zh) 32/(0 27‘[f1)32kg (27[ft>32k/0 (271’71)8
U, + U,\We U, +UN\YP[ _ _
X Kﬁ/Kz’ (K - 2 2) (K + 1 2 2) |:Worlfslhell(x + X, k )Wonﬂshell(x + X, k2)
U U U U
<o gpe (K1 =51 (Ka=57)  Kpg (Kit ) (Kot 7] 69k +K =k —k)
RS 2 p 2 252 2 2
14 12 Bim Pomn
[ . U\ 1 ) U
5 Worl1ﬂslhell (X + X,k — 72> Worzfszhell(x + X, k/)gaalgﬂyl (Kl - 72> Klﬁlé'l K2-5252
722
Uu -U U
x<1<+172) <K’+—2> 5<4><k+k'—k1—k2+ﬂ)
2 pim 2 Pama 2
—EW“‘ﬂ1 x+Xx k+ W2 (x4 X5, k) K’—ﬁ Ki5: K
5 " on-shell 1 on-shell 2+ K°)Gam, 9pp, 2 16181 2.6:0
V20
U,-U U
x <K + 2’) <K’ + 2) P <k + K =k —ky — ”‘ﬂ . (B32a)
2 71 2 b 2

This term will turn out to describe collisions exchanging both momentum and spin; cf. the discussion in the main text. The
term C'", will be responsible for the collisions exchanging only spin, and it reads

&k, du?

eé(”] Xty Xa) f 11726162

o = 2”7’ /42/
18" 2mh)32Kk)
Uz) < U,
Ky ——= 2+
< 2 7202 2
<

_ U
k-2
(x—l—xl 2>
_Wlﬁ

- U
on- @hell<x+xl’k+?>

Note that, as mentioned in Ref. [87], it can be shown that
this term gives a correction to the drift term and a Vlasov-
like contribution on the left-hand side of the Boltzmann
equation.

In these expressions, we already used that the Wigner
functions entering the Boltzmann equation are on the mass
shell (cf. Appendix C). Furthermore, we employed the
relation

/

Wl

on-shell

Walﬂl

on-shell

(x

Wazﬁz

on-shell

Ag(k) = Ax(k) = 27in>5(k> — m?).
In Eq. (B32), it can be seen that to first order the terms in
the sum in Eq. (B28) where 6 =0 or ¢/ =0 do not
contribute to C*’_ .- This is due to the fact that the
transfer-matrix elements containing timelike polarizations
are one order higher in the A-gradient expansion than their

(B33)

116017-

(X + XZ’ k2)ga7]g/1ﬁ1 (K +

(27h)3

)M (x-

U +U,
2

Ha U, + U,\"#
> <K+g> K" KY,
2 Wy
U, - U2>
6,

o]

U, - U,
2
counterparts containing only
[cf. Eq. (B25)].
In order to arrive at Eq. (35) in the main text, we neglect the
pure-spin exchange term C",, approximate (for j € {1,2})

+ X2, k2) Gaa, Ips, (K +

(B32b)

spacelike polarization

WH (x + X, k) = Wi (x, k) + ;- OW*(x, k),  (B34)

and perform the d**?-integrations.

APPENDIX C: PROOF THAT THE OFF-SHELL
TERMS CANCEL

In this appendix, we show that the off-shell terms in the
kinetic equation vanish to first order in 7. Acting with the
Bopp operators on the collision integral (7) and neglecting
terms of higher order in #, it holds that
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212 A
(D* - D* —m?)C" (x,k) = thﬁ;K; / d*ve=ikv/n(pta(x 4+ v/2)pP (x — v/2)) = hZM(x, k). (Cl1)
T

Note that it is sufficient to consider the components of C** orthogonal to k* since only these enter into Eq. (23). Since
Z*H = 7 we have that

RezW =7, Imz" = —iZ}. (C2)
Splitting the equation of motion for C* into real and imaginary parts, we obtain
(k* — mZ)ReC’f’S + hik - olmC"" g = hZI (k* — mz)ReC’fA + hk - olmC"", = 0,
(k* = m*)ImC"", — hk - oReC"’, = —inZly, (k* — mz)ImC’fS — hk - 0ReC' s = 0. (C3)
Subtracting the fourth equation from the second one multiplied by i, we have
(k* —m?)(iReC"’, —ImC") + hk - d(ReC' s + ilmC'’, ) = 0. (C4)
Making use of Eq. (10), this becomes
(k> —m*)C" = hk - 06M"", (C5)

which implies that the collision kernel may be expanded as

12 v v h v
O = 6(k2 = m) (€7 + CU ) + gk OO+ O(R2). (Ce)
Remembering the mass-shell equations (17) we get to first order in #

v 0),uv 1),uv h v
WA (x k) = S(K2 = m?) WP () - WL (e, K)) oy oM ()

Inserting this solution into the kinetic equation k - W (x, k) = (!} and making use of Eq. (C6), we obtain

Sk = m2)k - oW (. k) + AW o (6, K)) = k- 06M!
v v h v
= 5k = m?) (" + M) + k- 06 (C8)

kK — m?

It is straightforward to see that the off-shell terms cancel and the Boltzmann equation is on-shell:

k- aW’fon-shell(x’ k) = C/f,on-shell‘ (C9)
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