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In the present work, we investigate the decayDþ
s → Kþπþπ− theoretically via considering the final state

interaction formalism, where the W-external and -internal emission mechanisms in the hadronization
processes of quark level are taken into account. In the hadron level, not only does the S-wave scattering
amplitude contribute to the invariant mass distributions, but the contributions from the resonancesK�ð892Þ,
K�ð1430Þ, ρ, ρð1450Þ, and f0ð1370Þ are also considered. For the combined fit of the πþπ−, Kþπþ, and
Kþπ− invariant mass spectra measured by the BESIII Collaboration, we take the coherent effects between
the S and P waves into account and obtain consistent results with the experimental measurements.
Moreover, we also calculate the branching fractions for each decay channel, some of which are in good
agreement with the experiments.
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I. INTRODUCTION

The hadronic decays of the Ds meson, which contains
the charm and strangeness quarks, can be tested with the
nonperturbative properties of quantum chromodynamics
(QCD), which have caught much attention both in theories
and experiments. Thus, in recent years the investigation for
these decays has made great progress both experimentally
and theoretically. In particular, in experiments, the CLEO,
Belle, BABAR, and BESIII Collaborations, and so on, have
studied nonleptonic three-body decay of Ds families with
Dalitz plot analysis and measured the related branching
fractions of intermediate resonances [1]. Some recent
progress can be found in Ref. [2].
The E678 Collaboration once analyzed the Dþ

s ðDþÞ →
KþK−πþ decay with the Dalitz plot analyses and obtained
the decay fractions and relative phases for different
intermediate states [3], such as K̄�ð892Þ0, ϕ, f0ð980Þ,
and so on, which were confirmed later by the measurements
of the CLEO [4] and BABAR [5] Collaborations.
Meanwhile, in Ref. [5] the relative branching fraction of
the decay Dþ

s ðDþÞ → KþK−πþ and the other two decays
Dþ

s → KþKþπ− and KþKþK− were also measured
through a Dalitz plot analysis. The branching fractions
for the Dþ

s ðDþÞ → KþK−πþ decay were reported by the
CLEO [6] and BABAR [7] Collaborations, given by ð5.50�
0.23� 0.16Þ% and ð5.78� 0.20� 0.30Þ%, respectively.
Subsequently, an improved measurement of the branching
fractions for the Dþ

s → KþK−πþ decay were done by the
Belle [8] and CLEO [9] Collaborations, obtained as

ð5.06� 0.15� 0.21Þ% and ð5.55� 0.14� 0.13Þ%, respe-
ctively, which were consistent with the recent result of
the BESIII Collaboration, ð5.47� 0.08� 0.13Þ% [10].
The ratio of the branching fractions BðDþ

s → πþπ−πþÞ=
BðDþ

s → KþK−πþÞ was measured by the BABAR
Collaboration with a high precision [11]. Recently, the
BESIII Collaboration reported the results for the Dþ

s →
πþπ−πþ decay [12], which were consistent with the latest
measurements of the LHCb Collaboration [13], and where
the contributions from the S wave πþπ− were found to be
dominant and the contributions from the P and D waves,
such as the intermediate states ρð770Þ and f2ð1270Þ, were
also considered. Reference [13] also considered the con-
tributions from the ωð782Þ, ρð1700Þ, and f02ð1525Þ reso-
nances and compared the resonant contributions with the
Dþ → πþπ−πþ decay to indicate the dominant mechanisms
of the tree-level W emission and the final state rescattering
in the decay procedure. Analogously, using the first ampli-
tude analysis to the decay Dþ

s → πþπ0η, its branching
fraction was measured with significantly improved preci-
sion in Ref. [14], which claimed that the dominant
W-annihilation decays Dþ

s → a0ð980Þþπ0 and Dþ
s →

a0ð980Þ0πþ were observed for the first time and the related
absolute branching fractions were found to be larger than
the other measured pure W-annihilation decays. The
branching fraction of the decay Dþ

s → K0
SK

0
Sπ

þ was mea-
sured by the BESIII Collaboration in Ref. [15], where the
contributions from the resonances Sð1710Þ, the ones
f0ð1710Þ and a0ð1710Þ, were determined. An enhancement
in the K0

SK
0
S invariant mass spectrum near 1.7 GeV=c2 was

found [15], which implied the existence of the resonance*xiaochw@gxnu.edu.cn
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a0ð1710Þ. Note that this enhancement was not seen in the
decay Dþ

s → KþK−πþ [10]. A precise measurement of the
absolute branching fraction BðDþ

s → K0
sKþπ0Þ was done in

Ref. [16], where an a0-like state around 1817 MeV was
found in the K0

SK
þ invariant mass spectrum and this state

was assumed as the isovector partner of the f0ð1710Þ state at
first. Recently, the BESIII Collaboration reported the ampli-
tude analysis results for the Dþ

s → Kþπþπ− decay [17],
which had been measured in an early work of the FOCUS
Collaboration [18], and was found that, except for the
main contributions from the resonances ρ and K�ð892Þ,
the contributions from the intermediate states f0ð500Þ,
f0ð980Þ, and f0ð1370Þ in this decay process were observed
for the first time.
Furthermore, these experimental findings have drawn

much theoretical attention, which provided an opportunity
to investigate the production and properties of the reso-
nances that appeared in these decay processes [19]. The
decay properties of the Ds meson were studied in Ref. [20]
using a four-flavor extended linear σ model, where the
obtained weak decay constants were in good agreement
with the experimental results. Motivated by the measure-
ments reported by the BESIII Collaboration [10], the
KþK− invariant mass distribution of the decay Dþ

s →
KþK−πþ was investigated in Ref. [21] with the final state
interaction formalism under the chiral unitary approach
(ChUA) [22–27], where the experimental data from the
BABAR [5] and BESIII [10] Collaborations were analyzed
to hint at the resonance contributions of f0ð980Þ and
a0ð980Þ. In fact, the decay Dþ

s → KþK−πþ combined
with Dþ

s → πþπ−πþ were earlier studied in Ref. [28] with
a similar approach, and the invariant mass distributions of
the KþK− and πþπ− pairs were consistent with the
experimental data [5,11] with a clear signal of the
f0ð980Þ state. Furthermore, a full analysis of the KþK−,
K�πþ invariant mass spectra for the decay Dþ

s →
KþK−πþ was performed in Ref. [29] by considering the
resonance contributions from both the S and P waves,
where the experimental data were described well and the
obtained corresponding branching fractions were in agree-
ment with the measurements of the BESIII Collaboration
[10] and Particle Data Group (PDG) [30]. In addition, two
decays Dþ

s → KþKþπ− and Dþ → K−πþπþ were inves-
tigated by using a naive factorization approach in Ref. [31]
based on the analysis of the semileptonic decays
Dþ → K−πþlþνlðl ¼ e; μÞ. Using a Khuri-Treiman for-
malism under the dispersion theory, the Dþ → K−πþπþ
decay was analyzed in detail in Refs. [32,33], where the
experimental data were described well by considering the
contribution from the higher partial waves. Reference [34]
adopted the W-internal emission mechanism to describe
the Dþ

s → πþπ0η decay with the contribution from the
a0ð980Þ resonance, which was dynamically generated
from the coupled channel interactions of KK̄ and πη; they
solved the puzzle of the measured absolute branching

fractions larger than those of other measured pure W-
annihilation decays found in Ref. [14]. Moreover, the large
branching fractions for the Dþ

s → πþπ0η decay [14] were
also explained in Ref. [35] with the triangle rescattering
mechanism of ρπηð0Þ. More concerns on the Dþ

s → πþπ0η
decay can be found in [36,37]. With a phenomenological
model, the production of the scalar resonances f0ð500Þ and
f0ð980Þ was discussed in detail for the decay Dþ

ðsÞ →
πþπ−πþ in Ref. [38], where some theoretical predictions
for the decay Dþ

ðsÞ → πþπ0π0 were also made. In fact, the

decay Dþ
s → πþπ0π0 had been measured by the BESIII

Collaboration [39], of which the results were investigated in
Refs. [40–42] with the resonance contribution in the final
state interactions. With the final state interaction formalism
under the ChUA, Ref. [43] analyzed the Dþ

s → K0
sK0

sπ
þ

decay to understand the properties of a0ð1710Þ, the iso-
vector partner of f0ð1710Þ, and obtained good reproduction
of the experimental data for the K0

sK0
s and K0

sπ
þ invariant

mass distributions [15]. Moreover, the experimental results
of the Dþ

s → K0
sK0

sπ
þ decay [15] were also studied in a

further work [44] to reveal the nature of the states f0ð1710Þ
and a0ð1710Þ, where the prediction for the branching ratio
of a0ð1710Þ in the Dþ

s → K0
sKþπ0 decay was made,

obtained as BrðDþ
s → π0a0ð1710Þ; a0ð1710Þ → KþK0

SÞ ¼
ð1.3� 0.4Þ × 10−3. After the experimental finding [16],
Ref. [45] investigated the Dþ

s → K0
sKþπ0 reaction by

considering the resonance contribution from a0ð980Þ and
a0ð1710Þ in the final state interactions and reproduced the
experimental invariant mass distributions well. To inves-
tigate the nature of the resonances a0ð980Þ and a0ð1710Þ, a
former work by two of the current authors [46] also
concerned the productions of these resonances in the Dþ

s →
K0

sKþπ0 decay and made a full analysis for the invariant
mass distributions of K0

sKþ, Kþπ0, and K0
sπ

0 with a
combined fit of the experimental data [16]. Furthermore,
the evidence of the four-quark nature for the f0ð500Þ and
f0ð980Þ states was discussed in detail in Ref. [47] based on
the high-statistics experimental data from the BESIII
Collaboration [48]. In the present work, motivated by the
results of the Dþ

s → Kþπþπ− decay measured by the
BESIII Collaboration [17], we focus on this decay process
with the final state interaction formalism to hint at the nature
of the resonances f0ð500Þ and f0ð980Þ. Note that, even
though this singly Cabibbo-suppressed decay Dþ

s →
Kþπþπ− was measured in detail for the first time by the
FOCUS Collaboration nearly 20 years ago [18], of which
the branching fractions had been reported by the CLEO
Collaboration [9], there is no theoretical work to investigate
this decay (except for the one mentioned in the note
added later).
Our work is organized as follows. In the next section, we

introduce the formalism of final state interaction under the
ChUA for the Dþ

s → Kþπþπ− decay. In Sec. III, we show
the main results, including the combined fitting results of
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the experimental data for the πþπ−, Kþπþ, and Kþπ−
invariant mass distributions, as well as the branching ratios
of each decay process with different intermediate resonan-
ces. Finally, a short summary is displayed in Sec. IV.

II. FORMALISM

In the present work, we investigate the weak decay
process of Dþ

s → Kþπþπ− by considering the final state
interactions under the coupled channel interaction formal-
ism. As discussed in Refs. [19,34,49–51], the contributions
of the weak decay topography can be divided into the
following categories: W-external emission, W-internal
emission, W-exchange and annihilation, and horizontal
and vertical W loops, which have been ordered by their
importance. Except for the first two types, the contribution
from the others is extremely small due to the suppression of
the helicity conservation and color factor. Therefore, we
only consider the first two dominant diagrams, which are
shown in Figs. 1 and 2, and omit the others. For the weak
decay processes of the Dþ

s meson, as shown in Figs. 1
and 2, the component of the c quark can decay into a d or s
quark by emitting a Wþ boson, which can further decay
into a quark pair ud̄ or us̄, and the component of the s̄ quark
can remain unchanged as a spectator.
For the case of the W-external emission as shown in

Fig. 1, the quark pair ud̄ (us̄) created by the Wþ boson
forms a πþ (Kþ) meson directly, and the other quark pair ds̄
(ss̄) becomes two final states via the hadronization with
quark pairs qq̄ ¼ uūþ dd̄þ ss̄ produced from the vac-
uum. Meanwhile, another situation also exists, where the

quark pair ds̄ (ss̄) goes into a K0 (η) and the other quark
pair ud̄ (us̄) made by the Wþ boson undergoes the
hadronization. Thus, the corresponding decay procedures
for these hadronizations can be written as

Hð1aÞ ¼ VPVcdVudfðud̄ → πþÞ½ds̄ → ds̄ · ðuūþ dd̄þ ss̄Þ�
þðds̄ → K0Þ½ud̄ → ud̄ · ðuūþ dd̄þ ss̄Þ�g

¼ VPVcdVudfðud̄ → πþÞ½M23 → ðM ·MÞ23�
þðds̄ → K0Þ½M12 → ðM ·MÞ12�g; ð1Þ

Hð1bÞ ¼ V 0
PVcsVus

�
ðus̄ → KþÞ½s̄ s̄ → s̄ s̄ ·ðuūþ dd̄þ ss̄Þ�

þ
�
s̄ s̄ → −

2ffiffiffi
6

p η

�
½us̄ → us̄ · ðuūþ dd̄þ ss̄Þ�

�

¼ V 0
PVcsVus

�
ðus̄ → KþÞ½M33 → ðM ·MÞ33�

þ
�
s̄ s̄ → −

2ffiffiffi
6

p η

�
½M13 → ðM ·MÞ13�

�
: ð2Þ

Similarly, for the other case of the W-internal emission,
see Fig. 2, it also has two different hadronization processes.
First, the pair dd̄ (ss̄) becomes the final state π0 (η), and the
other pair us̄ hadronizes into two hadrons with extra qq̄
from the vacuum. Second, the pair us̄ goes into the Kþ

directly, and the other pair dd̄ (ss̄) hadronizes into two final
states with the qq̄ pairs produced from the vacuum. Thus,
these mechanisms can be expressed as

FIG. 1. W-external emission mechanism for the Dþ
s → Kþπþπ− decay. (a) The creations of ud̄ and ds̄ quarks, (b) the creations of us̄

and ss̄ quarks.

FIG. 2. W-internal emission mechanism for the Dþ
s → Kþπþπ− decay. (a) The creations of dd̄ and us̄ quarks, (b) the creations of ss̄

and us̄ quarks.
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Hð2aÞ ¼ βVPVcdVud

��
dd̄ → −

1ffiffiffi
2

p π0
�
½us̄ → us̄ · ðuūþ dd̄þ ss̄Þ� þ

�
dd̄ →

1ffiffiffi
6

p η

�
½us̄ → us̄ · ðuūþ dd̄þ ss̄Þ�

þ ðus̄ → KþÞ½dd̄ → dd̄ · ðuūþ dd̄þ ss̄Þ�
�

¼ βVPVcdVud

��
dd̄ → −

1ffiffiffi
2

p π0
�
½M13 → ðM ·MÞ13� þ

�
dd̄ →

1ffiffiffi
6

p η

�
½M13 → ðM ·MÞ13�

þ ðus̄ → KþÞ½M22 → ðM ·MÞ22�
�
; ð3Þ

Hð2bÞ ¼ βV 0
PVcsVus

��
ss̄ → −

2ffiffiffi
6

p η

�
½us̄ → us̄ · ðuūþ dd̄þ ss̄Þ� þ ðus̄ → KþÞ½ss̄ → ss̄ · ðuūþ dd̄þ ss̄Þ�

�

¼ βV 0
PVcsVus

��
ss̄ → −

2ffiffiffi
6

p η

�
½M13 → ðM ·MÞ13� þ ðus̄ → KþÞ½M33 → ðM ·MÞ33�

�
; ð4Þ

where the VP and V 0
P are the production vertex factors of

the weak decay process, which can be assumed as
constants [29,52,53] and determined by fitting the exper-
imental data, see the results later. β is the coefficient, which
presents the relative weight between the W-internal and
W-external emission mechanisms [41,54]. The factors
−1=

ffiffiffi
2

p
, 1=

ffiffiffi
6

p
, and −2=

ffiffiffi
6

p
are due to the flavor compo-

nents of the π0 and η mesons, given by

jπ0i ¼ 1ffiffiffi
2

p jðuū−dd̄Þi; jηi ¼ 1ffiffiffi
6

p jðuūþdd̄−2ss̄Þi: ð5Þ

The Vq1q2 is the element of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix for the quark transition q1 → q2,
and the matrix M with qq̄ elements in quark level of SUð3Þ
is given by

M ¼

0
B@

uū ud̄ us̄

dū dd̄ ds̄

sū sd̄ ss̄

1
CA: ð6Þ

After the hadronization, the SUð3ÞmatrixM is transferred to
the hadron level form in terms of the pseudoscalar meson
fields, rewritten as

M→

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA; ð7Þ

where we take η≡ η8 and do not consider the η1 since it is
not relevant to our present case, as done in Ref. [55]. In fact,
the singlet of SU(3) components η1 is always not considered
in chiral perturbation theory [56], due to no interaction with
it, see more discussions in Ref. [57]. Furthermore, we also
do not taken into account the η-η0 mixing for the threshold of

the η0η0 channel far away from the energy region of our
concern, where the resonance f0ð980Þ appears in the S-wave
coupled channel interactions. As found in Ref. [55], the
contribution of η-η0 mixing is small and has less effect on the
final results, and thus, we ignore its contribution. More
discussions on η-η0 mixing in the SU(3) chiral effective field
theory can be found in Ref. [58]. Then, the hadronization
processes at the quark level in Eqs. (1)–(4) can be expressed
in the hadron level as

ðM ·MÞ12 ¼
2ffiffiffi
6

p πþηþ KþK̄0;

ðM ·MÞ13 ¼
1ffiffiffi
2

p π0Kþ þ πþK0 −
1ffiffiffi
6

p ηKþ;

ðM ·MÞ22 ¼ πþπ− þ 1

2
π0π0 þ 1

6
ηη −

1ffiffiffi
3

p π0ηþ K0K̄0;

ðM ·MÞ23 ¼ π−Kþ −
1ffiffiffi
2

p π0K0 −
1ffiffiffi
6

p K0η;

ðM ·MÞ33 ¼ KþK− þ K0K̄0 þ 2

3
ηη: ð8Þ

Then, from Eqs. (1)–(4), we can get all the final states
with πþ (π0), η, and Kþ (K0) directly produced in the
hadronization processes,

Hð1aÞ ¼ VPVcdVud

�
πþπ−Kþ −

1ffiffiffi
2

p πþπ0K0

þ 1ffiffiffi
6

p πþK0ηþ KþK0K̄0

�
; ð9Þ

Hð1bÞ ¼ V 0
PVcsVus

�
KþKþK− þ KþK0K̄0 þ Kþηη

−
1ffiffiffi
3

p π0Kþη −
2ffiffiffi
6

p πþK0η

�
; ð10Þ
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Hð2aÞ ¼ β × VPVcdVud

�
πþπ−Kþ þ KþK0K̄0 −

1ffiffiffi
2

p πþπ0K0 þ 1ffiffiffi
6

p ηπþK0

�
; ð11Þ

Hð2bÞ ¼ β × V 0
PVcsVus

�
KþKþK− þ KþK0K̄0 þ ηηKþ −

1ffiffiffi
3

p ηπ0Kþ −
2ffiffiffi
6

p ηπþK0

�
: ð12Þ

Note that the elements of the CKM matrix have the following relationship, VcdVud ¼ −VcsVus [30]. Thus, we can obtain
the total contributions of the weak decay processes as shown in Figs. 1 and 2 for the decay Dþ

s → Kþπþπ−, having

H ¼ Hð1aÞ þHð1bÞ þHð2aÞ þHð2bÞ

¼ VcdVudð1þ βÞ
�
VP

�
πþπ−Kþ −

1ffiffiffi
2

p πþπ0K0 þ 1ffiffiffi
6

p ηπþK0 þ KþK0K̄0

�

þ V 0
P

�
−KþKþK− − ηηKþ þ 2ffiffiffi

6
p ηπþK0 − KþK0K̄0 þ 1ffiffiffi

3
p ηπ0Kþ

��
: ð13Þ

Since the ηπ0 has isospin I ¼ 1, it cannot contribute to the final states πþπ−Kþ upon the rescattering process. Therefore, we
have the total contributions finally,

H ¼ VcdVudð1þ βÞ
�
VP

�
πþπ−Kþ −

1ffiffiffi
2

p πþπ0K0 þ 1ffiffiffi
6

p ηπþK0 þ KþK0K̄0

�

− V 0
P

�
KþKþK− þ ηηKþ −

2ffiffiffi
6

p ηπþK0 þ KþK0K̄0

��

¼ C1

�
πþπ−Kþ −

1ffiffiffi
2

p πþπ0K0 þ 1ffiffiffi
6

p ηπþK0 þ KþK0K̄0

�

− C2

�
KþKþK− þ ηηKþ −

2ffiffiffi
6

p ηπþK0 þ KþK0K̄0

�
; ð14Þ

where the factors C1 and C2 are defined as C1 ¼ VPVcdVudð1þ βÞ and C2 ¼ V 0
PVcdVudð1þ βÞ, which also include the

normalization factors when we fit to the experimental data later.
From Eq. (14), we can see that, except for the termKþπþπ−, which directly contributes to the final states on the tree-level

hadronization processes, the other terms should be proceeded through the rescattering procedures to the final states
Kþπþπ−, as shown in Fig. 3. Thus, the amplitudes for these processes of the Dþ

s → Kþπþπ− decay in the S wave can be
written as

tðs12; s23Þ ¼ C1

�
1þ Gπ−Kþðs23ÞTπ−Kþ→π−Kþðs23Þ þ Gπþπ−ðs12ÞTπþπ−→πþπ−ðs12Þ

−
1ffiffiffi
2

p Gπ0K0ðs23ÞTπ0K0→π−Kþðs23Þ þ
1ffiffiffi
6

p GηK0ðs23ÞTηK0→π−Kþðs23Þ

þGK0K̄0ðs12ÞTK0K̄0→πþπ−ðs12Þ
�
− C2

�
GKþK−ðs12ÞTKþK−→πþπ−ðs12Þ

þGηηðs12ÞTηη→πþπ−ðs12Þ −
2ffiffiffi
6

p GηK0ðs23ÞTηK0→π−Kþðs23Þ þ GK0K̄0ðs12ÞTK0K̄0→πþπ−ðs12Þ
�
; ð15Þ

where sij ¼ ðpi þ pjÞ2 is the energy of the two-body system, pi and pj are the four-momenta of the corresponding
particles, with the indices i, j ¼ 1, 2, 3 representing three final states πþ, π−, and Kþ, respectively. It should be mentioned
that there is a factor of 2 in the term related to the identical particles ηη in Eq. (15), which has been canceled with the 1=2
factor in their propagators within our normalization scheme; more discussions are found in Ref. [59]. Furthermore, GPP0 ðsÞ
is the loop function of two intermediate meson propagators, which can be written as
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GPP0 ðsÞ ¼ i
Z

d4q
ð2πÞ4

1

q2 −m2
1þ iε

1

ðp1þp2 −qÞ2−m2
2þ iε

;

ð16Þ
where pk are the four-momenta of the initial particles, mk
are the masses of the intermediate particles (P and P0), and
s ¼ ðp1 þ p2Þ2. Since the loop integral is logarithmically
divergent, there are two ways to solve this singular
integral. The first one is the three-momentum cutoff
method [22,23,25,60], having

GPP0 ðsÞ ¼
Z

qmax

0

q2dq
ð2πÞ2

ω1 þω2

ω1ω2

h
s− ðω1 þω2Þ2 þ iε

i ; ð17Þ

with ωk ¼ ðq⃗2 þm2
kÞ1=2. The other one is the dimensional

regularization method, of which the explicit form is given
by [26,61–64]

GPP0 ðsÞ ¼ 1

16π2

�
aμðμÞ þ ln

m2
1

μ2
þm2

2 −m2
1 þ s

2s
ln
m2

2

m2
1

þ qcmðsÞffiffiffi
s

p ½ln ðs − ðm2
2 −m2

1Þ þ 2qcmðsÞ
ffiffiffi
s

p Þ

þ ln ðsþ ðm2
2 −m2

1Þ þ 2qcmðsÞ
ffiffiffi
s

p Þ
− ln ð−s − ðm2

2 −m2
1Þ þ 2qcmðsÞ

ffiffiffi
s

p Þ

− ln ð−sþ ðm2
2 −m2

1Þ þ 2qcmðsÞ
ffiffiffi
s

p Þ�
�
; ð18Þ

where aμ is the subtraction constant, of which the values
for different channels will be introduced later, μ is the
regularization scale, which is chosen as 0.6 GeV with the
value of cutoff qmax from Refs. [22,28,36,57], and qcmðsÞ
is the three-momentum of the particle in the center-of-mass
frame, given by

qcmðsÞ ¼
λ1=2ðs;m2

1; m
2
2Þ

2
ffiffiffi
s

p ; ð19Þ

with the Källén triangle function λða; b; cÞ ¼ a2 þ b2 þ
c2 − 2ðabþ acþ bcÞ. Note that the parameters aμ and μ
are not independent of each other [see the first two terms of
Eq. (18)], between which the relationship can be found in
Refs. [26,65] and on which more discussions can be found
in Refs. [66–68]. In our work, we adopt the latter method
for our main calculations, where, of course, the choice of
these two regularization methods does not affect our
conclusions. Additionally, TPmPn→Pm0Pn0 in Eq. (15) is
the two-body scattering amplitude, which can be calcu-
lated by the coupled channel Bethe-Salpeter equation of
the ChUA [22,23],

T ¼ ½1 − VG�−1V: ð20Þ

Note that the matrix G is constructed by the loop
functions, which is a diagonal matrix with the elements
given by Eq. (16), and the matrix V is made of the
interaction potentials for each coupled channel, which can

FIG. 3. Diagrammatic representations of the Dþ
s → Kþπþπ− decay. (a) Tree-level production. (b) Rescattering of Kþπ−, K0π0, and

K0η. (c) Rescattering of πþπ−, K0K̄0, KþK−, and ηη.
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be evaluated from the chiral Lagrangians. In the present work, for the I ¼ 0 sector, there are five coupled channels,
πþπ−ð1Þ, π0π0ð2Þ, KþK−ð3Þ, K0K̄0ð4Þ, and ηηð5Þ, and thus, the elements of the 5 × 5 symmetric V matrix are given
by [29,52,57]

V11 ¼ −
1

2f2
s; V12 ¼ −

1ffiffiffi
2

p
f2

ðs −m2
πÞ; V13 ¼ −

1

4f2
s;

V14 ¼ −
1

4f2
s; V15 ¼ −

1

3
ffiffiffi
2

p
f2

m2
π; V22 ¼ −

1

2f2
m2

π;

V23 ¼ −
1

4
ffiffiffi
2

p
f2

s; V24 ¼ −
1

4
ffiffiffi
2

p
f2

s; V25 ¼ −
1

6f2
m2

π;

V33 ¼ −
1

2f2
s; V34 ¼ −

1

4f2
s;

V35 ¼ −
1

12
ffiffiffi
2

p
f2

ð9s − 6m2
η − 2m2

πÞ; V44 ¼ −
1

2f2
s;

V45 ¼ −
1

12
ffiffiffi
2

p
f2

ð9s − 6m2
η − 2m2

πÞ;

V55 ¼ −
1

18f2
ð16m2

K − 7m2
πÞ: ð21Þ

For the I ¼ 1=2 sector, three channels are coupled, Kþπ−ð1Þ, K0π0ð2Þ, K0ηð3Þ, and then the elements of
3 × 3 symmetric matrix are given by [29]

V11 ¼
−1
6f2

�
3

2
s −

3

2s
ðm2

π −m2
KÞ2

�
;

V12 ¼
1

2
ffiffiffi
2

p
f2

�
3

2
s −m2

π −m2
K −

ðm2
π −m2

KÞ2
2s

�
;

V13 ¼
1

2
ffiffiffi
6

p
f2

�
3

2
s −

7

6
m2

π −
1

2
m2

η −
1

3
m2

K þ 3

2s
ðm2

π −m2
KÞðm2

η −m2
KÞ
�
;

V22 ¼
−1
4f2

�
−
s
2
þm2

π þm2
K −

ðm2
π −m2

KÞ2
2s

�
;

V23 ¼ −
1

4
ffiffiffi
3

p
f2

�
3

2
s −

7

6
m2

π −
1

2
m2

η −
1

3
m2

K þ 3

2s
ðm2

π −m2
KÞðm2

η −m2
KÞ
�
;

V33 ¼ −
1

4f2

�
−
3

2
s −

2

3
m2

π þm2
η þ 3m2

K −
3

2s
ðm2

η −m2
KÞ2

�
; ð22Þ

where f ¼ 0.093 GeV is the pion decay constant [22], and
mP is the corresponding mass of pseudoscalar mesons.
Note that the phase convention for the isospin basis is
jπþi ¼ −j1; 1i and jKþi ¼ −j 1

2
; 1
2
i [22].

As we know, for the contribution of the W-external
emission in Fig. 1, the quark pair ds̄ not only can form
Kþπ− via hadronization in the Swave, but also can produce
the intermediate states K�ð892Þ0=K�

0ð1430Þ0 in the P=S
waves, which decays into the Kþπ− final states. Similarly,
for theW-internal emission of Fig. 2, the dd̄ quark pair also
can form ρ=ρð1450Þ and f0ð1370Þ mesons in the P and S

waves, respectively, and then decay into the πþπ− final
states. These production mechanisms are depicted in Fig. 4.
The full relativistic amplitude for these decays can be
written as [55]

MK�ð892Þðs12; s23Þ ¼
DK�ð892ÞeiαK

�ð892Þ

s23 −m2
K�ð892Þ þ imK�ð892ÞΓK�ð892Þ

×

�
ðm2

K −m2
πÞ
m2

Dþ
s
−m2

π

m2
K�ð892Þ

− s13 þ s12

�
;

ð23Þ
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MK�ð1430Þðs12; s23Þ ¼
DK�ð1430ÞeiαK

�ð1430Þ

s23 −m2
K�ð1430Þ þ imK�ð1430ÞΓK�ð1430Þ

× ½ðs23 −m2
K −m2

πÞ
· ðs13 þ s12 −m2

K −m2
πÞ�; ð24Þ

Mf0ð1370Þðs12; s23Þ ¼
Df0ð1370Þe

iαf0ð1370Þ

s12 −m2
f0ð1370Þ þ imf0ð1370ÞΓf0ð1370Þ

× ½ðs12 − 2m2
πÞ · ðs13 þ s23 − 2m2

πÞ�;
ð25Þ

Mρðs12; s23Þ ¼
Dρeiαρ

s12 −m2
ρ þ imρΓρ

ðs23 − s13Þ; ð26Þ

where the DK�ð892Þ=K�ð1430Þ=f0ð1370Þ=ρ and αK�ð892Þ=K�ð1430Þ=
f0ð1370Þ=ρ are the normalization constants and the
phases, respectively, which can be obtained by fitting
the experimental data, see our results later. Additionally,
the ΓK�ð892Þ=K�ð1430Þ=f0ð1370Þ=ρ and mK�ð892Þ=K�ð1430Þ=f0ð1370Þ=ρ
are the total widths and masses of these intermediate states,
respectively, of which the values are taken from the
PDG [30]. By the way, the amplitude of ρð1450Þ is similar
to the one of ρ, which can be obtained via changing the
values of the corresponding width and mass and introduc-
ing two more free parameters, Dρð1450Þ and αρð1450Þ. Note
that the variables sij are not independent totally and fulfill
the constraint condition,

s12 þ s23 þ s13 ¼ m2
Dþ

s
þm2

Kþ þm2
πþ þm2

π− ; ð27Þ

which indicates that only two of the sij are independent.
Finally, considering the coherence as done in

Refs. [21,29,35,37,69], the double differential width dis-
tribution for the three-body decay Dþ

s → Kþπþπ− can be
calculated by [30]

d2Γ
ds12ds23

¼ 1

ð2πÞ3
1

32m3
Dþ

s

�
jtðs12; s23Þ þMK�ð892Þ

þMK�ð1430Þ þMf0ð1370Þ þMρ þMρð1450Þj2
�
:

ð28Þ

Thus, the invariant mass spectra dΓ=ds12 and dΓ=ds23 can
be obtained by integrating the other invariant variables in
Eq. (28). Meanwhile, dΓ=ds13 can be obtained via Eq. (27).
For the limits of integration, taken from the PDG [30],
we have

ðs23Þmax ¼ ðE�
2 þ E�

3Þ2 −
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�2
2 −m2

2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
3 −m2

3

q �
2

;

ð29Þ

ðs23Þmin ¼ ðE�
2 þ E�

3Þ2 −
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�2
2 −m2

2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
3 −m2

3

q �
2

;

ð30Þ

where E�
2 ¼ ðs12 −m2

1 þm2
2Þ=2

ffiffiffiffiffiffi
s12

p
and E�

3 ¼ ðm2
Dþ

s
−

s12 −m2
3Þ=2

ffiffiffiffiffiffi
s12

p
. As mentioned in Refs. [29,55,70], the

ChUA has a limit on the effective energy range. Therefore, in
order to make reliable calculation in the higher energy
region, we should extrapolate the scattering amplitude above
the energy cut

ffiffiffiffiffiffiffi
scut

p ¼ 1.1 GeV smoothly,1

GðsÞTðsÞ ¼GðscutÞTðscutÞe−αð
ffiffi
s

p
− ffiffiffiffiffi

scut
p Þ; for

ffiffiffi
s

p
>

ffiffiffiffiffiffiffi
scut

p
;

ð31Þ

where G is the loop function of two meson propagators as
mentioned above, T is the scattering amplitude obtained by

FIG. 4. Mechanisms for the Dþ
s → Kþπþπ− decay process through intermediate states. (a) Diagram via K�ð892Þ, K�ð1430Þ.

(b) Diagram via ρ, ρð1450Þ, and f0ð1370Þ.

1Note that only one parameter was used in Refs. [22,71] with
the ChUA, where the experimental data were described well up to
1.2 GeV. Thus, the results of KK̄ interactions with its coupled
channels were still trustworthy for

ffiffiffi
s

p
< 1.2 GeV as commented

in Ref. [72]. In the present work, we are only interested in the
resonance region of f0ð980Þ below 1.1 GeV.
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the coupled channel interactions above, and α is a smoothing
extrapolation parameter, of which the value will be deter-
mined in the next section.

III. RESULTS

As mentioned in the previous section, we need to
determine the subtraction constant aμ for different decay
channels in the loop functions. In fact, we can get these
values by connecting two regularization methods, which
means that the loop functions with different regularization
methods at the threshold for certain channels have the same
values. Then, for the given μ, a relationship between the
free parameters aμ and qmax is obtained as [60,71]

aμ ¼ 16π2½GCOðsthr; qmaxÞ −GDRðsthr; μÞ�; ð32Þ

with GCO and GDR given by Eqs. (17) and (18), respec-
tively, and taking μ ¼ qmax ¼ 0.6 GeV as mentioned
above. For the I ¼ 0 sector, we can get

aπþπ− ¼ −1.30; aπ0π0 ¼ −1.29; aKþK− ¼ −1.63;

aK0K̄0 ¼ −1.63; aηη ¼ −1.68: ð33Þ

Similarly, for the I ¼ 1=2 sector, the subtraction constants
are obtained as

aπ−Kþ ¼−1.57; aπ0K0 ¼−1.57; aηK0 ¼−1.66: ð34Þ

Therefore, the free parameters in our formalism are C1,
C2, and α in the S wave and Dρ, αρ, DK�ð892Þ, αK�ð892Þ,
Df0ð1370Þ, αf0ð1370Þ, DK�ð1430Þ, αK�ð1430Þ, Dρð1450Þ, and
αρð1450Þ for the S=P-wave resonance contributions, which
can be determined by fitting the experimental data. As
mentioned in the last section, the coherence between the S
and P waves is taken into account. In fact, we have made a
test with the incoherence for them and obtained similar
results with a bit worse total χ2. In order to describe the
invariant mass distributions of πþπ−, Kþπþ, and Kþπ−
simultaneously, we make a combined fit with the BESIII
experimental data, where the fitted parameters are pre-
sented in Table I. Meanwhile, with these fitted parameters,
we can get the contribution of intermediate resonances ρ,
K�ð892Þ, K�ð1430Þ, f0ð1370Þ, and ρð1450Þ in different
invariant mass distributions and show the best fitted results
in Fig. 5.
In the πþπ− invariant mass distributions as shown in

Fig. 5(a), one can clearly see that the structure around
0.8 GeV is the contribution of the ρ resonance, while the
narrow peak at 0.98 GeV of our results represents the
signal of the dynamical generation of the resonance
f0ð980Þ. Note that the effect of the f0ð980Þ in the
πþπ− distribution of the B̄0 → πþπ−D0 decay is also
important [73], while this signal in experiment is not so
visible [17]. Additionally, the wide bump structure around

the low energy region is, in fact, the contributions from the
resonances f0ð500Þ and K�ð892Þ, whereas the one in the
high energy region is mainly contributed from the states
K�ð892Þ and f0ð1370Þ, where the other resonances play
little role in this spectrum. In Fig. 5(b), the Kþπþ invariant
mass distributions are presented, where one can find that
the bumps in the low energy region benefits from the ρ
resonance, which also contributes to the peak around
1.7 GeV. Meanwhile, the influence of the K�ð892Þ state
around 1.7 GeV is also important, which also dominates
the region of 1.1–1.3 GeV. Finally, the Kþπ− distributions
are plotted in Fig. 5(c), where the first peak below 1.0 GeV
is caused by the state K�ð892Þ, and the other two wide
structures in the high energy region are dominated by the
resonances K�

0ð1430Þ and ρ, ρð1450Þ, respectively.
Moreover, the signals closed to the threshold and below
the K�ð892Þ peak are contributed from the states ρ,
ρð1450Þ in the P wave and f0ð500Þ in the S wave.
In addition, we also calculate the ratios of the branching

fractions for different decay channels based on the fitting
results. Since the unknown weak production vertex factors
and normalization factors have been absorbed into the
fitting parameters, to reduce the uncertainties, it is better to
evaluate the ratios of the branching fractions for different
channels due to the cancellation of these factors, which are
more reliable. Thus, by integrating the πþπ− and Kþπ−
invariant mass distributions, we get results as follows:

B½Dþ
S → Kþf0ð500Þ → Kþπþπ−�

B
h
Dþ

S → K�ð892Þ0πþ → Kþπþπ−
i ¼ 0.20þ0.02

−0.02 ;

B½Dþ
S → Kþf0ð980Þ → Kþπþπ−�

B
h
Dþ

S → K�ð892Þ0πþ → Kþπþπ−
i ¼ 0.06þ0.02

−0.02 ;

B½Dþ
S → Kþρ → Kþπþπ−�

B
h
Dþ

S → K�ð892Þ0πþ → Kþπþπ−
i ¼ 1.59þ0.02

−0.03 ;

B½Dþ
S → f0ð1370ÞKþ → Kþπþπ−�

B
h
Dþ

S → K�ð892Þ0πþ → Kþπþπ−
i ¼ 0.58þ0.06

−0.11 ;

B½Dþ
S → Kþρð1450Þ → Kþπþπ−�

B
h
Dþ

S → K�ð892Þ0πþ → Kþπþπ−
i ¼ 1.28þ0.02

−0.05 ;

B½Dþ
S → K�ð1430Þπ− → Kþπþπ−�

B
h
Dþ

S → K�ð892Þ0πþ → Kþπþπ−
i ¼ 0.57þ0.01

−0.01 ; ð35Þ

where the integral limits of the central values for the Dþ
s →

Kþf0ð500Þ; Kþρ processes are from the threshold to 0.9 and
1.1 GeV, respectively, and the uncertainties are due to the
limits 0.9� 0.05 and 1.1� 0.05 GeV, respectively. For the
Dþ

s → Kþf0ð980Þ process, the central values of the integral
limits are from 0.9 to 1.1 GeV, and the uncertainties come
from 0.9� 0.05 and 1.1� 0.05 GeV, respectively. For the
Dþ

s → f0ð1370ÞKþ, ρð1450ÞKþ decays, the integral limits
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are taken from the threshold to 1.4 GeV, while the ones for
the Dþ

s → K�
0ð1430Þπ− decay are up to 1.7 GeV, and the

uncertainties come from the changes of 1.4� 0.05 and
1.7� 0.05, respectively. Then, taking the branching fraction
of the decay channel via K�ð892Þ0 measured by the BESIII
Collaboration B½Dþ

S →K�ð892Þ0πþ;K�ð892Þ0→Kþπ−�¼
ð1.85�0.13�0.11Þ×10−3 [17] as input, we can calculate
the branching fractions for the different intermediate

process, where the results are presented in Table II. It is
found that the branching of the intermediate states ρ and
ρð1450Þ are obviously bigger than the experimental mea-
surements due to the interference between the P-wave
amplitudes, which can be seen from their line shape in
Fig. 5(a), and the one for the contribution of the f0ð980Þ is
nearly one-half smaller than the measurements; whereas, the
branching fractions of the other intermediate resonances are

FIG. 5. Combined fit for the invariant mass distribution of the decayDþ
s → πþπ−Kþ: (a) πþπ−, (b)Kþπþ, (c)Kþπ−. The solid (black)

line is the total contributions of the S and P waves, the dashed (cyan) line represents the S-wave contribution, the dotted (red) line is the
contribution of the ρ. The long-dash-dotted (purple), long-dashed (blue), dash-dotted (green), and dash-dot-dotted (gray) lines are the
contributions of theK�ð892Þ,K�

0ð1430Þ, f0ð1370Þ, and ρð1450Þ, respectively. The dot (black) points are the experimental data measured
by the BESII Collaboration [17].

TABLE I. Values of the parameters from the fit.

Parameters C1 C2 α Dρ αρ DK�ð892Þ αK�ð892Þ

Fit 263.74 −63.08 12.34 80.77 0.18 62.99 3.54
Parameters DK�ð1430Þ αK�ð1430Þ Df0ð1370Þ αf0ð1370Þ Dρð1450Þ αρð1450Þ χ2=d:o:f:
Fit −62.50 1.21 −60.24 3.07 −456.70 0.93 1.43
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almost consistent with the results obtained by the BESIII
Collaboration in Ref. [17] and PDG [30] within the
uncertainties.

IV. SUMMARY

Motivated by the BESIII Collaboration measurements for
the decay Dþ

s → πþπ−Kþ, we investigate this decay proc-
ess by considering the final state interactions from the
S-wave pseudoscalar-pseudoscalar interactions with the
chiral unitary approach, where the resonances f0ð500Þ
and f0ð980Þ are dynamically generated in the coupled
channel interactions. In addition, we also take into account
the contributions of the intermediate resonances K�ð892Þ,
K�ð1430Þ, ρ, ρð1450Þ, and f0ð1370Þ (most of them in the
Pwave), which play a key role in theDþ

s → πþπ−Kþ decay
process. Considering the coherent effects between the S and
P waves, one obtains the free parameters by fitting the
experimental data and then can figure out the contributions
of the S- and P-wave intermediate resonances. The obtained
results show that the combined fit for the πþπ−, Kþπþ, and
Kþπ− invariant mass distributions is consistent with experi-
ments. However, the contributions of ρ and ρð1450Þ in
the coherent fit is significantly bigger than experiments; also
see their obtained branching fractions. Note that the peak
around 0.98 GeV in the πþπ− mass distribution implies the
signal of the f0ð980Þ, which is similar to the B̄0 → πþπ−D0

decay. Meanwhile, we also calculate the branching fractions
of the dominant decay channels, and it is obvious that the
theoretical results are almost in agreement with the exper-
imental measurements and PDG within the uncertainties,
except for the branching ratios decaying into the intermedi-
ate resonances ρ and ρð1450Þ are a bit large and the one for
the f0ð980Þ becomes small.

Note added. Recently, the decay Dþ
s → Kþπþπ− was also

studied in Ref. [74] with similar formalism. In the present
work, our fits for the data are improved by introducing the
interference phases and more results for the branching
fractions are presented.
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